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Abstract

This research focuses on fixed point results in extended b-suprametric spaces. The
study is based on the fixed point theorem presented by Ahmad et al. for extended
b-suprametric spaces. Their result is reviewed and used as a starting point for
further development. In this work, the existing result is first extended from the
single control setting to a double controlled metric space by using two independent
control functions. After that, the obtained result is further extended to a double
controlled suprametric space, where the double control functions are included in
the suprametric structure. Fixed point results for admissible mappings under a
rational type contraction are established in these new settings. Some examples

are also given to explain the main results.
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Suprametric (cross-term) constant, o > 0
Suprametric control function, 6 : X x X — [1,00)
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Chapter 1

Introduction

Fixed point theory (FPT) deals with mappings and the points that stay fixed
under them. If 7" is a mapping from a space X into itself, a point z € X is called a
fixed point (FP) of T when T'(x) = x. This area is useful because it gives a way to
show that solutions to a problem exist and are unique. It shows up in functional
analysis, differential equations, integral equations, optimization, and basically any

problem that can be written as a mapping.

A large part of FPT is built around the Banach contraction principle (BCP) [1].
It says that on a complete metric space (CMS), a mapping satisfying a certain
contraction condition has exactly one FP, and this FP can be found just by iter-
ating the mapping starting from any point. This is what makes the BCP so useful
in practice, it does not just prove that a solution exists, it also tells you how to

get to it.

The BCP is powerful but its assumptions are often too strong for real problems,
so a lot of work has gone into generalizing it. Some of this work generalizes the
contraction condition while keeping the metric space as it is. Other work changes
the space itself by relaxing the triangle inequality. This second direction has
produced several new spaces: b-metric spaces [2, 3|, controlled metric spaces [4],
suprametric spaces (SMS) [5, 6], and extended or double-controlled versions of

these [7-9].



Introduction 2

Relaxing the triangle inequality gives more freedom in how distance is defined. In
controlled metric spaces, for example, the triangle inequality depends on control

functions instead of a fixed constant, as in the work of Sagheer et al. [10].

Double controlled metric spaces (DCMS) take this further by using two control
functions instead of one. SMS generalize the triangle inequality in a different way,

by adding an extra product term to it.

Combining both ideas control functions and the suprametric product term gives
an even more general structure, one that can handle FP problems that do not fit

into ordinary metric spaces (MS).

Another direction in FPT comes from admissibility conditions [11, 12] combined
with generalized contraction functions. Instead of requiring the contraction in-
equality to hold for every pair of points, these conditions only require it for a

restricted class of pairs.

Rational-type contractions add more flexibility on top of this, since they mix
distances between points with distances between points and their images in the
same inequality. Put together, admissibility conditions and rational contractions

have led to many FP results in both classical and generalized metric spaces.

This thesis works in that setting. It looks at FP results in extended b-suprametric
spaces, DCMS, and double controlled suprametric spaces (DCSMS), for single-
valued mappings that satisfy generalized rational contractions and are £-admissible

with respect to 7.

Results are first proved for extended b-suprametric spaces, and several known

spaces are recovered as special cases. The same approach is then carried over to

DCMS and DCSMS.

The goal is to prove FP results under conditions that are more general than what
is already available, by combining generalized contractions with flexible distance
structures. At the end, these results are applied to a nonlinear Volterra—Fredholm

integral equation, to show that the theory also works on a concrete problem.
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1.1 Literature Review

FPT has developed mainly through the study of self-mappings on different kinds
of spaces. It started with Brouwer’s FPT, which guarantees a FP for continuous
mappings on compact, convex sets. Banach [1] then gave the contraction principle:

in a CMS (X, 9), if a self-mapping 7" satisfies

0(Tz,Ty) < kd(z,y), 0 <k <1,

then T" has a FP which is unique, and iterating 7" from any starting point converges
to it. These two results set the direction for later work in FPT: either generalize

the space, or relax the condition on the mapping.

1.1.1 Generalizations of the Space

MS are the standard setting for FP results, where the distance function satisfies

the usual triangular inequality

6z, 2) < o(z,y) +(y, 2).

Several generalized spaces have since relaxed this in different ways. Bakhtin [2]
introduced the b-metric space, later developed by Czerwik [3], where a constant

s > 1 scales the triangle inequality:

3z, z) < s[d(x,y) + d(y, 2)].

Replacing this constant with a control function gives extended b-metric spaces,
studied by Kamran et al. [7], where the coefficient now depends on the points

involved rather than being fixed.

Suprametric structures are a separate line of work. Berzig [5, 6, 13] introduced
SMS and b-SMS, where the usual triangle inequality is replaced with a relation

that includes an extra distance term. Panda et al. [14] added a control function



Introduction 4

to get extended SMS, and in later work [15] combined this with b-scaling to get

Os(,y) < b[0s(x, 2) + 65(2,y)] +v(x,9)ds(, 2)0s(2, ).

This was studied further by Ahmad and Albargi [16].

Control functions have also been added directly to metric type spaces. Mlaiki et
al. [4] introduced controlled MS, and Abdeljawad et al. [8] extended this to a
double controlled version using two control functions. Double controlled metric-
like spaces [9] extended this further. This body of work provides the background

needed for the double controlled suprametric spaces used later in this thesis.

1.1.2 Generalizations of the Contraction Condition

Banach’s condition relates the distance between two points directly to the distance
between their images. Several later contractions add in distances involving each

point and its own image. Kannan-type contractions [17], for example, use

5(Tw, Ty) < k[5(z, Tx) + 6(y, Ty)], O§k<%

while the Chatterjea condition [18] uses the cross-distances instead:

5(Tx, Ty) < k3(z, Ty) + 8(y, T, O§k<%

Reich combined several distances in one condition, using weighted contributions

from 6(x,y), 6(x,Tx), and 0(y, Ty), with a + b+ ¢ < 1.

"Ciri’c [19] went further and took the maximum over several distances:
6(Tx,Ty) < kmax{d(z,y),d(z,Tx),0(y, Ty),0(z, Ty),0(y, Tx)},  0<k<L

These generalized conditions make it possible to prove FP results even when the

direct Banach contraction does not apply.
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The rest of the thesis has four more chapters.
Chapter 2 covers the background needed later, going from MS and CMS through
SMS, DCMS, and DCSMS, with a formal definition and worked example for each.

Chapter 3 proves FP theorems for single-valued mappings that are &-admissible
with respect to 7 and satisfy a generalized rational contraction, in extended b-
suprametric spaces. The extended suprametric, b-suprametric, and suprametric
cases follow as corollaries, and the results are applied to a nonlinear Volterra-

Fredholm integral equation.

Chapter 4 carries the same approach into DCMS and introduces DCSMS. FP
theorems are proved here as well, with a ratio-limit condition for convergence,

backed up by concrete examples.

Chapter 5 closes the thesis by summarizing the contributions and pointing to

future work.

The bibliography at the end lists all the references used.



Chapter 2

Preliminaries

This chapter puts together the background needed for the rest of the thesis. It
starts with Fréchet’s MS and completeness, then covers the BCP, which is one
of the central results in FPT. After that we go through the generalizations in
the order they were introduced: SMS, b-suprametric spaces (b-SMS), extended

suprametric spaces (extended SMS), extended b-suprametric spaces (extended b-

SMS), and finally DCMS.

Each of these spaces relaxes the triangle inequality in a different way, and that is
what makes them useful for FP results that do not fit the classical setting. For
each one we give a short note on where it came from, its formal definition, and a

worked example.

Definition 2.1.
Take a set X that is non-empty, together with a distance function ¢ : X x X —

[0,00). The pair (X,0) is called a MS if § obeys, for every v,(,p € X, the four
requirements below:
i. Non-negativity: d(v, () > 0.
ii. Identity of indiscernible: d(v,{) =0 <— v = (.
iii. Symmetry: §(v, () = (¢, v).

iv. Triangle inequality: d(v, () < d(v, p) + d(p, ) [20].
6
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Definition 2.2.
Suppose (X, ) is a MS. A subset G C X is called open when, for every z € G,

there is some r > 0 such that

B(z,r) € G,

where

B(z,r)={y € X : d(x,y) <r}
denotes the open ball centered at z with radius r [20].

Example 2.1. Take X = Cla,b], the set of continuous real valued functions
on [a,b], with §(f,g) = sup,eay [f(t) — g(t)]. We check the four axioms one by

one.
i. 0(f,g) > 0 because it is a supremum of non-negative values.
ii. d(f,g) = 0 means |f(t) — g(t)| = 0 for every ¢, ie. f=g.

L. [f() — g(t)] = |g(t) — f(t)] for every ¢, so 6(f,g) = (g, f)-

| < [f(&) = h(®)] + |h(t) = g()] < 6(f,h) +(h, g)

iv. For any h € X, |f(t) — g(¢)
< 0(f,h) +6(h, g).

for all ¢, which gives §(f, g)

So all four axioms hold, and (C|[a, b],d) is a MS.

Definition 2.3. Given a MS (X, ), a sequence {v,} C X is called Cauchy
20] if, for every € > 0, there is an index N € N such that

O(VmyVn) < € for all m,n > N.

Example 2.2. Take (R,d) with 6(v,¢) = |v — (|, and the sequence v,, =

3=

For any € > 0, pick N > % Then for all m,n > N,

1 1

m n

<&,

so {1/n} is Cauchy.

Definition 2.4. A MS (X, 6) is complete if every Cauchy sequence drawn from
X approaches a point that itself belongs to X [20].
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Example 2.3. Take the non-empty set X = [0, 1] with d(v,¢) = |v —(|; this is
complete. To see why, note the sequence v,, = % stays inside [0, 1] for every n > 1,
is Cauchy by Example 2.2, and converges to 0 € [0,1]. Any Cauchy sequence in

[0, 1] behaves the same way, which is exactly what completeness requires.

Definition 2.5. Consider a set X with a self map 7 : X — X. A point v € X
is called a FP of T if T'(v) = v. Depending on how many such points exist, three

cases can arise.

A FP is called unique if there is exactly one v € X satisfying T'(v) = v. A
mapping has more than one fixed point if there exist finitely many distinct
points vy, vs, .. ., Uy, each satisfying T'(v;) = v;. A mapping has infinitely many

fixed points if the set of all points satisfying 7'(v) = v is an infinite set.

Example 2.4. The three examples below show what each of these cases looks

like in practice.

1. Let T'(v) = (v 4 2)/3. Setting T'(v) = v gives v = (v + 2)/3, s0 3v = v + 2,
2v=2,and v =1. So v =1 is the only FP of T'.

4

- y=v
—_— Tv)=(v+2)/3
31 @ fixed point

- unique fixed point
P v=1

v

FIGURE 2.1: Unique fixed point: T'(v) = (v +2)/3

2. Let T(v) = v3 — 2v. Setting T(v) = v gives v*> — 3v =0, i.e. v(v? —3) =0,
so v =0,v3,—v/3. So T has three distinct fixed points here.
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———y=v
24 = T(v) =Vv3-—2v
® fixed points
1
—
2 o
=
-1
-2 u< V3
’/
-2 -1 0 1 2

FIGURE 2.2: Three fixed points: T'(v) = v® — 2v

3. Let T'(v) = v + sin(nv). The equation T'(v) = v forces sin(nv) = 0, which

holds for every integer v. So T has infinitely many fixed points.

3 infinitely many fixed points
(every integer v)
but T is not the identity map

———y=v
— T(v) = v + sin(nv)
® fixed points: every integer v

-3 -2 -1 0 1 2 3
A\

FIGURE 2.3: Infinitely many fixed points: Identity map T'(v) = v

4. Let T'(v) = v+2. Setting T'(v) = v gives v+2 = v, i.e. 2 = 0, which is never

true. So T has no fixed point.
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6 -
no fixed point
(lines never meet — always 2 apart
4
2 21
[_.
0 —
-2 ’.” === y=v
el —_— Tu)=v+2
-4 -3 -2 -1 0 1 2 3 1

v
FIGURE 2.4: No fixed point: T(v) = v + 2

FIGURE 2.4: Infinitely many fixed points: Identity map T'(v) = v

5. Let T'(v) = €, defined for all real v. Setting T'(v) = v gives ¢’ = v. But
e’ > v holds for every real v, so the exponential curve always stays above

the line y = v and never intersects it. Hence 7" has no fixed point.

no fixed point
64 (e"=viforallrealv)

Tiw)

v
FIGURE 2.5: No fixed point: T(v) = e¥

FIGURE 2.5: Infinitely many fixed points: Identity map T'(v) = v

Theorem 2.1 (BCP).
Suppose (X, §) is a complete MS and T is a self map for which a constant A € [0,1)
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exists satisfying

(T, TC) < Xo(v,(Q) for all v, ¢ € X.

Such a T is called a contraction mapping, then 7" has exactly one FP v* € X, and

for any starting point vy € X the Picard sequence v, = T"v, converges to v* [1].

Definition 2.6.
Take a MS (X, 9), aself map T': X — X, and a function £ : X x X — [0,00). We

say T is &-admissible if, for every v, ( € X,

()21 = (Tv,T¢) =1,

that is, once £(v, () > 1 holds it continues to hold after T has been applied [11].

Example 2.5.
Let X = [0, 00) with the usual metric d(v, () = |v — (|, and define T': X — X by

T(v) = , velX.

Define £ : X x X — [0,00) by

2, ifv,Cel0,1],
(o= 4 Treeln

0, otherwise.

Suppose &(v, () > 1 for some v, € X; then v, € [0, 1].

Since T' maps [0, 1] into itself, Tv, T¢ € [0, 1] too, so {(Tv,T¢) =2 > 1. Hence T

is &-admissible.
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12
. T(v) = v/(1+v): T maps [0,1] into [0,1]
f’,
I”
s
f”
s
4 ’,,’
'/
- y =V
— T(v) = V/(1+v)
4 5
v
FIGURE 2.6: £-admissible
o 14
5= Gy v - T+v
“ /,,/‘ —_——— = C
41 A0 = [0,1] % [0,1] x [0,1]
(otherwise) -~ W, 0)=2)
3 £(1,¢) =0
N // (otherwise)
K, &mo=2

FIGURE 2.7: 3D view of {-admissibility
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2.1 Generalizations of Metric Spaces

The BCP above was stated for an ordinary MS. But as noted in Chapter 1, the
triangle inequality can be relaxed to get more general kinds of metric spaces, and
this section goes through them in the order they appeared historically. We start
with the SMS introduced by Berzig, move to its b-scaled and control function

variants, and end with the DCMS, which is used directly in Chapter 4.

2.1.1 Suprametric Space

Berzig [5] introduced the SMS in 2022 as a common setting for nonlinear metric
equations and error perturbation problems. The one thing that separates a SMS
from an ordinary MS is an extra term added to the right side of the triangle
inequality: a multiplicative cross term with a fixed weight ¢ > 0, built from the

product of the two intermediate distances instead of their sum.

Definition 2.7.
Suppose X is a non-empty set and ds : X x X — [0,00). We call the pair (X, d;)

a SMS if some constant ¢ > 0 exists such that, for all v,(,p € X:

i. 6,(1,0) =0 <= v =
ii. 05(v,¢) = 05(¢,v);

iii. 05(v,C) < 65(v, p) + 05(p, Q) + 0 05(v, p) 5(p, €) [5].

Example 2.6.
Take any MS (X, 6) and define

0s(v,¢) =0, Q) (0, ) +2), v (CeX

We claim (X, d5) is a SMS. Axioms (i) and (ii) carry over directly from . For (iii),
write d5(v, ) = 6%(v, () + 26(v, ¢). Since §(v,¢) < 6(v, p) + d(p, ), squaring both
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sides and rearranging gives

0s(v,¢) = 6%(v,¢) + 26(v, )
< (8(v, p) + 6(p, ¢ ) +2(0(v, p) + 8(p, )
= 8%(v, p) + 6%(p, C) + 26(v, p)S(p, C) + 26(v, p) + 25(p, C)

(52(V p) +20(v,p ) (5 ¢) 4+ 24(p, C)) +26(v, p)d(p, C)
= 05(v, p) + 05(p, C) +265(v, p)ds(p. C)-

So Definition 2.7 holds with o = 2.

2.1.2 b-Suprametric Space

Berzig [13] later added a second relaxation on top of the suprametric cross term,
by scaling the two additive parts of the triangle inequality with a fixed constant
b > 1, the same idea used when passing from a MS to a b-metric space. Putting

this scalar together with the suprametric term gives the b-SMS.

Definition 2.8.

Fix a non-empty set X, a constant b > 1, and a fixed number § > 0. A map

8ps © X X X — [0,00) is called a b-suprametric if, for every v,(,p € X:

i. 03,(v, () > 0, with equality to 0 precisely when v = (;
il 05(v, C) = 035(C, v);

iii. 0 (v, €) < b(8s(v, p) + G5(p, C)) 4 0 655 (v, p) G55, €).

Then (X, d3,) is called a b-SMS [13].

2.1.3 Extended Suprametric Space

Instead of using a fixed number b to scale the triangle inequality, Panda et al.

[14] proposed in 2023 letting the scaling factor vary with the pair of points, the
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same idea behind the extended b-metric spaces mentioned in Chapter 1. This is
what gives the extended SMS, where the fixed weight ¢ in Definition 2.7 becomes

a proper control function 6(v, () > 1.

Definition 2.9.
Fix a non-empty set X and a control function § : X x X — [1,00). A map
dps + X x X — [0,00) is called an extended suprametric provided the following

three properties hold for all v,(,p € X:

i. dps(v,¢) > 0, with d0gs(v, () = 0 exactly when v = (;
ii. 5E5(V7 C) = 6ES(<7V);

1ii. 6E3(Va C) S 5E5<V7 P) + (sEs(pa C) + 9(”7 C) 5ES(1/7 p) 5Es(p7 C)

In that case (X, dgs) is referred to as an extended SMS [14].

Example 2.7.
Take X = (*°(R) = {{vs}n>1 : Vs is bounded real sequence}, with

6(v,¢) = sup v, — G ", p€(0,1),

n>1

and control function

O(v,¢) = 1+ sup |v,| + sup |C,|.
n>1 n>1

It is straightforward to check that (X, dpg,) built this way is an extended SMS.

2.1.4 Extended b-Suprametric Space

Combining a fixed scalar b with a variable control function  gives the most general
space in this chain: the extended b-SMS, put forward by Panda et al. [15] in 2024.
It brings together every ingredient seen so far, the cross term from the SMS, the
scalar b from the b-SMS, and the control function 6 from the extended SMS, into
one structure. Choosing b and 6 appropriately recovers each of the earlier three

spaces as a special case, which is used repeatedly in Chapter 3.
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Remark 2.2. (X,05,) is an extended b-SMS if X #0,b6>1,0: X x X —
[1,00), and g5, : X x X — [0, 00) satisfies, for all v, (, p € X, non-negativity with

dgis(V, () =0 < v = (, symmetry, and

5E’53(V7 C) S B(éEl_)s(Vv p) + 5El_zs(p7 C)) + 6(”7 C) 5E53(V7 :0) 6El_;s(p7 C)

This gives the following special cases:

1. If 0 is constant, we get back the b-SMS of Definition 2.8.
2. If b = 1, we get back the extended SMS of Definition 2.9.

3. If both hold at once, we get back the plain SMS of Definition 2.7.

This structure, and the FP theorem built on it, is worked out in full in Chapter 3,
following [15] and [16].

2.1.5 Double Controlled Metric Space

DCMS extends the earlier extended b-metric spaces from Chapter 1. Abdeljawad
et al. introduced it in their 2018 paper [8]. The main idea is that the two terms
in the triangle inequality are each controlled by their own function, rather than a
single constant, so the amount of relaxation can depend on which points are being

compared.

Note that, unlike the SMS discussed above, DCMS has no multiplicative cross
term. It simply controls the two triangle inequality terms independently. The
formal definition and worked examples for DCMS, along with DCSMS (which

combines this idea with Berzig’s suprametric term), come in Chapter 4.



Chapter 3

A Study of Fixed Point Theorems

in Extended b Suprametric Spaces

This chapter is built around the work of Ahmad et al. [16]. We use their FP
theorem for extended b SMS and add a few more examples to make the results
easier to follow. We first go over the basic notions needed for the main result,
MS, b SMS, extended SMS, and extended b SMS, and then state a FP result
(Theorem 3.4) for single valued self mappings that are £ admissible with respect

to n and satisfy a rational type contraction built from the functional M (v, ().

Choosing b and the control function 6 in the right way, the main theorem also

gives us the same kind of result for extended SMS, b SMS, and plain SMS.

3.1 Preliminaries

Definition 3.1. [15]
Fix a nonempty set X, a constant b > 1, and a prescribed function 6 : X x X —
[1,00). A mapping g, : X x X — [0,00) is called an extended b suprametric if

the following conditions hold for all v,(,p € X:

Ogis(1) : Opis(v,¢) >0, and dggs(v, ) = 0 if and only if v = (.
17
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5E55(2) : 5EI§5(V’ g) = 5E133(C7 V)’

5E55(3) : 5Ebs<y C) S (6Ebs(y p) + 5Ebs(p7 C)) + 0(”7 C) 5E55<V7 p) 5E58(IO7 C)

The pair (X, dpp,) is then called an extended b SMS.

Example 3.1.
Consider X = ¢?(R) with p € (0,1), where

P(R) = {{yn} CR ‘ i P < oo},

and define g5, : X x & — [0, 00) by

0o 1/p
5E5s({yn}7 {Cn}) = (Z |V — Cn‘p> for all {v,},{¢.} € X.

Then (X, z;,) constitutes an extended b SMS with b = 2%/7 [15].

Example 3.2.

Let X = ([0, 1] denote the space of continuous real valued functions on [0, 1], and

define "
5Ebs ¢ Q/} </ |¢ |pdt> , bE& (07 1)

Then (X, 0gp,) is an extended b SMS with b = 21/7.

Remark 3.1.

Each of the spaces discussed earlier turns out to be a special case of Definition 3.1,

once the parameters are restricted suitably:

(i) If (v, ¢) > 1 is held constant, the space reduces to a b SMS;
(ii) If b = 1, we get back an extended SMS;
(iii) If both hold at once, we get back an ordinary SMS.

Panda et al. [15] proved the following BCP type result for complete extended b
SMS.
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Theorem 3.2.
Suppose (X, 555) is a complete extended b SMS with b > 1, and 7 : X — X is a

self map satisfying, for some \ € [0, 1),

>~

5EBS (TV, TC) <= 6E53(V7 C)

f=p)

for all v, € X. Then T possesses a unique FP, and for any initial vy € X', the

Picard sequence v, = Tv,_1, n € N, converges to it [15].

We also recall below how convergence, Cauchy sequences, and completeness are

defined for this class of spaces [15].

Lemma 3.3.
Suppose (X, dgp,) is an extended b SMS and {v, }neny € X. Then:

(i) {vn} converges to v if, for every € > 0, all but finitely many terms lie in the

open ball B(v, €); this is denoted lim,, o0 dgps(Vn, v) = 0.

(ii) {vn} is Cauchy if for every e > 0 there exists an index k such that d g, (v, Vi)

< € whenever n,m > k.

(iii) (X,0pp,) is complete if every Cauchy sequence in X' converges to a limit

within X' [15].

3.2 Main Results

We now state the main theorem of this chapter. It concerns a single valued self
mapping satisfying a rational type contraction on a complete, continuous extended
b SMS. The theorem and its proof below follow Ahmad et al. [16]. The corollaries
afterward show that several known FP theorems in SMS fall out of this one as

special cases.

Theorem 3.4.
Suppose (X, dz,) is a complete, continuous extended b SMS with b > 1, and
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T : X — X is a mapping. Assume there exist functions £, : X x X — [0, +00)

and a constant A € [0, 1) such that whenever

one has

where

§(v, Tv) (¢, TC) = (v, Tv)n(¢, TC),

A
6EB$(TV7 TC) S EM(% C)? (31>
M(Va C) = max<5El_zs<V7 C)a (32>
. 5E5$(V7 TV) 6El;s(<7 TC)
mm( T 0, Q) (33)

8 s (v, TC) 6Ez,s<<,7v>>)

1 + 5El_75(y7 C)

for all v, € X. Additionally, suppose:

(i) 7T is £ admissible with respect to 7;

(i) there exists vy € X with &(vy, Tro) > n(vo, To);

(iii) either 7T is continuous, or for any sequence {v,} in X with v, — v* and

E(Wny Vns1) = N(Vn, Vnt1), we have E(v*, Tv*) > n(v*, Tv").

Then 7 has a unique FP.

Proof.

Select vy € X satistying {(vp, 1) = &(vo, Tro) > n(vo, Tvy) = (v, 1), and

generate the sequence which is iterative {v,} C X by v,11 = T"vy = Ty, for each

n € N. Since T is £ admissible relative to 7, we obtain

§(vi,v2) = E(Tvo, Trr) = n(Tvo, Trr) =0, va).
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Repeating this argument inductively yields
EWn—1,vn) = E(TVn-2, TVn-1) 2 (T V-2, TVn-1) = NWn-1, V),
and
EWnyVny1) = E(T V-1, Tn) > (T Vi1, TVn) = 0(Vny Vns1), Vn N
These may be rewritten equivalently as
EWn-1,Vn) = E(Wn-1, Tvp-1) 2 0(Wn-1, TVn-1) = N(Vn-1,Vn), (3.4)
and
§(Wns Vni1) = EWn, Tvn) 2 0(Wn, Tvn) = n(Wn; Vnia), Vn €N (3.5)
Multiplying (3.4) and (3.5) gives
EWn—1, TVn-1) EWn, Tn) = Vi1, TVn-1) N(Vn, Tvy), ¥neN. (3.6)

If for some ny € N we have v, 11 = vy, then v, is already a FP of 7, and the

proof is complete.

We therefore assume v, 1 # vy, i.e., Oggs(TVn—1, Tvn) > 0, for all n € N. Applying
(3.1) and (3.2) yields

A
(SEI_)s(Vm Vn-i-l) - 6E53(Tyn—1’ Tl/n) < z M(Vn—b Vn)’ (3'7)
where a direct computation gives

M(vy—1,v,) = max <5E55(Vn_1, Un),

min ( 6E55(Vn*1 ’Ty’n«*l) 6EES (Vn7TVn) 6ET)5 (y’"«*l 7TVn) JEE.S (1/7“7—1/’71*1) ) >

1+§EES(V71717V7L) ’ 1+5E55(Vn7111’n)
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= max <5Ebs(’/n—17 Vn),

- <5Ebs<un_1,vn> Gt (Vs V1)

1+ 6E55(Vn*17 VTL)

O55s(Vn—1, Vn+1) Ogps(Vn, Vn)
1+ 5EBS<VTL—17 Vn)

= Opps(Vn-1,Vn), YmeN.

Consequently, from (3.7),

| >~

5E53(Vm ’/n+1) < 5E53(Vn71’ ’/n) < Ops(Vn—-1, Vn)-

Thus the sequence {0gps(Vn, Vnt1)} is strictly decreasing, and for any fixed index

KZ?
A

O5ps(Vn, Vng1) < (g) Ogts (Vis Ver1), Vm > K. (3.8)

In particular, lim dg,(vn, Vpy1) = 0, existence of k in N depends on every € > 0
n—oo
such that

5El_)s(yn7 Vn-i—l) <e (39)
for all n > k. It remains to establish that {1,} is Cauchy. Using (3.8), (3.9), and

the triangle inequality for the extended b suprametric,

5EBS<VP7 VQ) S B[(SEBS(VI” VP+1) + 5E55(VP+1a Vq)}

+ 6(”}77 Vq) 5EBS(VP7 VP-H) 5EI35(VP+17 Vq)

HVSNtal
< b (z) 5]:7(35(”’67 Vk;+1) + 6E55(Vp+17 Vq)

A\
+ Q(VP’VQ) (z) 5E?)s(”k7Vk+1)5EBS(VP+1qu)

/NP
<b (z) €+ 5EBS(VP+17 Vq)
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p—k
()

A\
b+ 0(vp,vy) (E) €| 0ghs (Vpt1, Vg)-

(3.10)
_l’_

Similarly,

5E58 (VP—H? Vq) S B[éEBS (Vp—i-l’ VIH-?) + 5EBS (VP+27 Vq)}

+ 0 (Vp+1, Vq) 0 f5bs (Verla Vp+2) 0 zbs (l/p+27 Vq)

[\ PR A\ PR
<b [(E) € + Opps (Vp+2,Vg) | + 0 (Vpi1, 1) <E> € 0pps (Vpra, V)
N p—k+1 - p—Fk+1
<b (3) €+ b+‘9(Vp+17Vq> (3) 8] 5E5$ (VP+27V(]>' (311>

Substituting (3.11) into (3.2) and iterating this process, while applying (3.9) at
each stage, yields

PR Il it A\P
0 s (VP’V‘I)SI)(E) © — (E) i—0 _> |

oo
€ [0,1), the series Z U; converges by the ratio test, where

i=0
U= A\
= (E) H b+eb (Vpsj, vg) (5) ] .
=0

Therefore dg5,(vp,v,) — 0 as p,q — oo, establishing that {v,} is Cauchy. By

fwpll

b+eh (Vptjs Vg) <

o>

Since

completeness of (X, dz3,), there exists v* € X such that

lim v, = v".
n—oo

If 7 is continuous (case (iii)), then passing to the limit in v, = T, gives v* =

Tv*. In the alternative case, the convergence v,, — v* together with &(vy,, v 41) >
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N(Vn, Vny1) yields E(v*, Tv*) > n(v*, Tv*), and consequently
W TV) €W, Tvn) = n(V", Tv*) n(va, Try).
Appealing to (3.1) and (3.2),
* k )\ *
Ogps(Vnt1, V) = 0pps (T, TV™) < zM(Vn,V ), (3.12)

M (v, V") = max <6Eb5(yn, v,

. 5E55<Vn7 ; Vn) 5EI_;S(V*> ‘ y*) 5El_>s<yna ; V*) 5El_>s(1/*7 ‘ Vn)
min ,
1+5EBS(V71’V*) 1+5E55(Vn71/*)

= max <5E55(1/n, v,

. 5EBS(Vn7Vn+1) 5E5s(V*> ] V*) 6El_;s(yn7 ] V*) 6EZ_73(V*7 Vn+1)
min , .
1+ 6 s (v, v¥) 1+ 6 s (U, v¥)

(3.13)
Taking the limit n — oo in (3.12) and (3.13) forces v* = Tv*, so v* is a FP of T.

Assume that there is another FP v/ 2 v* satisfying

W TV EW, TV) Z n(v™, Tv ) n(, TV).

Then (3.1) and (3.2) give

5EES(V*> V/) - 5EBS<TV*> TV/) S

| >

M, V), (3.14)

where

M(V*7 Vl) = max <6Ebs(y*v Vl)?

. 6EBS(V*> TV*) 5E55(V/7 TV/) 5EBS(V*7 7—1/) 6E55(1/7 TV*)
min ,
1+6E53(U*71/) 1+6E55<V*7l//>
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= max <5El_;s<y*7 Vl)?

1+5E53(V*7y/) ’ 1+6El_)s(y*7yl)

. (5E55<u*,u*>6ms<v',u'> A 5Ef,s<z/,u*>>>

= 5EES(V*7 V/)'
Thus M(v*, V') = dgs(v*, V), and (3.14) becomes

5EES(V*’V/) S 5E55<I/*7V/) < 5El_)s<1/*7l/l)7

| >

a contradiction since % < 1. Therefore v* = v/, guarantees unique FP. O]

Example 3.3. Let X = R and define 0z, : X x X — [0, +00) by the squared

Euclidean distance

Opss(, Q) =v—(>, v (CeX,

with control function 6 : X x X — [1,00) given by
0w, () =1+ [v—=(|.

Define £, : X x X — [0,400) and T : X — X by

1 1
f(’/aC)ZlﬂLm, 77(7/7@)255(’/7(),
and
14
Then
1 1 1
R i R T Ve () B e e

and similarly n(v, Tv) = 1 (v, Tv).
The admissibility condition &(v, Tv)&(C, TC) > n(v, Tv)n(¢, T¢) reduces to

€ Tw) €6 TC) > 60, TH) (G, TO)
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which holds trivially since £(v,Tv) > 1 and £(¢,7¢) > 1. Moreover, whenever
£, ¢) = n(v,Q),
T T =1+— > 1(1+;) — (T, TC)
B A S 172 VARG

so T is £ admissible with respect to 7. Taking vy = 0 gives Ty = 7 (0) = 2 and

= 77(07 2) = 77(V0; TV0>7

[GURINTEN
[GVRIN

5(7/07TV0) :§(072) = >

so hypothesis (ii) is satisfied. Since 7T is linear, it is continuous.

Finally,

2 12
B S L S

5E“(TM‘TC):'§—+2—-(§—+2) o =3

with A = 2 and b = 2. Since dz3,(v,¢) dominates the other terms in M(v, (),
we have M(v, () = dgs(v, (). Thus conditions (3.1) and (3.2) of Theorem 3.4 are

satisfied with A = % € [0,1). Consequently, 7 has the unique FP v* = 3.

Three corollaries follow from Theorem 3.4, either by fixing particular functions or
by rewriting the contraction condition in a different form. Throughout, M(v, ()

keeps the meaning given in (3.2).

Remark 3.5.

When 7(v,() = 1 then admissible condition becomes

§(v, Tv) (¢, TC) = 1 and and 1 = n(v, Tv)n(¢, T¢) when £(v, () = 1

Corollary 3.6.
Suppose (X, dx5,) is a complete, continuous extended b SMS with b > 1 and

T : X — X, where the contractive condition is
A
6(”7 TV) f(gaTC) >1 = 5EES(TV7 TC) < EM(Vv C)v

then by hypotheses (i)—(iii) of Theorem 3.4 T has a unique FP.
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Proof.

With n(v, () = 1 the contraction condition in Theorem 3.4 retains the form
A
6EI;S(TV7 TC) < z M(V7 C)

Existence and uniqueness of the FP are then inherited directly from Theorem 3.4.

O

Corollary 3.7.
Take (X,0z5,) to be a complete, continuous extended b SMS with b > 1, and
T : X — X. Assume there exist a map £ : X x X — [0,400), a constant

A € [0,1), and a number a > 0 such that

(6550 (T, TC) +a) 77T < 2 M(1,¢) +a (3.15)

o >~

then, under hypotheses (i)—(iii) of Theorem 3.4, 7 has a unique FP.

Proof.

The contraction condition from (3.15), we obtain
200 THTE) < (60, Tv) §(¢, TC) + 1) THT < g3 M),
Since the exponential function is strictly increasing, this implies
A
6EBS(TV7 TC) < z M(”? C)

Therefore, the condition of Corollary 3.6 is satisfied, ensuring that 7 has a unique

FP. O

Corollary 3.8.
Consider (X, dg,), a complete, continuous extended b SMS with b > 1, and T :

X — X. Suppose there exist amap 1 : X x ¥ — [0, +00) and a constant a € [0, 1)
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such that whenever n(v, Tv)n((,T¢) <1,
(n(r, Tv) (¢, TC) +1) =TT < 9f Mi0), (3.16)
then, under the hypotheses (i)—(iii) of Theorem 3.4, 7 has a unique FP.
Proof.
(3.16) yields
206 (T TC) < (n(v, Tv) (¢, TC) + 1)515;5(71/7() < 25 MW,
Again, strict monotonicity of the exponential function gives
S3s (TV, TC) < 7 M(v.Q).

then from Theorem 3.4 7 has a unique FP.

3.3 Consequences in Extended Supra MS

By Remark 3.1(ii), setting b = 1 in Definition 3.1 turns an extended b SMS into
an extended SMS. So the result below follows directly from Theorem 3.4: % just
becomes A, while M(v, () keeps the form given in (3.2).

Corollary 3.9.
Suppose (X, dg;,) is a complete, continuous extended SMS and 7 : X — X. If
the hypotheses of Theorem 3.4 are imposed with b = 1, so that

Ev, Tv)E(CTEC) 20w, Tv)n(C, T¢) = 0ms(Tv, TC) < AM(v, (),

then 7 has a unique FP.
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3.4 Existence of Fixed Points in b Suprametric

Spaces

By Remark 3.1(i), holding the control function fixed at 6(v,{) > 1 in Defini-
tion 3.1 turns an extended b SMS into a plain b SMS. The corollary below is what
Theorem 3.4 looks like in that case, with M(v, () still given by (3.2).

Corollary 3.10.
Take (X, 0x5) to be a complete, continuous b SMS with b > 1, and 7 : X — X.

Applying Theorem 3.4 with constant control function yields
A
§WTv)E(C, TC) 20w, Tv)n(C.TC) = dg(TV, TC) < = M(¥,Q),

then 7 has a unique FP.

Proof.
Holding the control function constant, §(v, () > 1 for all v,{ € X and under the
hypotheses (i)—(iii) of Theorem 3.4 T has a unique FP. O

3.5 Fixed Point Findings in Suprametric Spaces

By Remark 3.1(iii), fixing both §(r,¢) > 1 and b = 1 in Definition 3.1 brings an
extended b SMS all the way down to a plain SMS. Below is the matching version
of Theorem 3.4 for this case, with M(v, () still as in (3.2).

Corollary 3.11.
Consider (X, dg,), a complete, continuous SMS, and 7 : X — X. Applying

Theorem 3.4 with b = 1 and constant control function gives
W, Tv)E(CTC) 20w, Tv)n(C, TC) = Ogss(Tr, T¢) < AM(v, (),

and 7T has a unique FP.
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Proof.
Imposing b = 1 together with a constant control §(v, () > 1 then T has a unique
FP. O

3.6 Applications

With Theorem 3.4 and its special cases now in place, we close the chapter with
an application that shows the extended b SMS framework at work on a concrete

problem.

Nonlinear Volterra-Fredholm integral equations turn up often in applied science, in
areas such as physics, engineering, mathematical biology, and economics. When-
ever a system carries some kind of memory effect or nonlocal interaction, popu-
lation dynamics, heat conduction with aftereffects, or the response of viscoelastic

media are typical examples, this is the natural type of equation to model it with.

FPT gives a useful way to handle such equations: once the integral equation is
rewritten as a FP equation, the machinery built up so far can be used directly,
giving existence, uniqueness, and even a way to approximate the solution itera-
tively. With this in mind, we look at the nonlinear integral equation known as

Volterra-Fredholm.

t b
v(t) = o(t) + 1/1/ Ki(t,s,v(s))ds + VQ/ Ks(t,s,v(s))ds, (3.18)

where

e v(t) is the unknown function on [a, b],
e ¢(t) is a given function on [a, b],
e 1,y are prescribed scalar parameters,

e ¢ and b are the limits of integration,

Ki(t,s,v(s)) and Ks(t,s,v(s)) are kernels depending on ¢, s, and the un-

known v(t).
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Let X = C([a, b],R) denote the space of continuous real valued functions on [a, b],
equipped with
Ogps (v, ¢) = max [v(t) — ()],

te(a,b]

and with 6 : X x X — [1, 00) defined by

(v, ¢) =1+ [v()] +IC(®)].

With these choices, (X, 6g;,) is a complete extended b SMS with b = 2.

Theorem 3.12.

Consider the operator

T(v)(t) = o(t) + 7/1/ Ki(t,s,v(s))ds + Vg/ Ks(t,s,v(s)) ds,

and suppose the following conditions hold:

(i) The kernels K (t, s, v(s)) and Ks(t,s,v(s)) are continuous in ¢ and s and
bounded:
[Ka(t,s,v(s))| < Cr, o [Ka(ts,v(s)] < G,

for some C7,Cy > 0 and all t,s € [a,b], v € X;

(ii) Both kernels are Lipschitz in their last argument:
[ K1 (t,s,0(s)) — Ki(t,s,C(s))| < lalv(s) = C(s)],
| Ks(t,5,0(s)) — Ka(t, s,C(s))| < baofv(s) — C(s)],
for some £1,0, > 0 and all ¢, s € [a,b], v,{ € X;
(iii) The constant A = 2(|[¢1(b— a) + |va|la(b — a))2 satisfies A < 1;
(iv) There exist £, : X x X — [0,400) such that

o (v, Tv)&(C, TC) = n(v, Tv)n(¢, TC),

e 7T is ¢ admissible with respect to 7,
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e there exists vy € X with &(v, Tvo) > n(vo, To),

e cither 7 is continuous, or for every sequence {v,} in X with v,, — v*

and &(Vn, Vpt1) = NV, Vny1), one has E(v*, Tv*) > n(v*, Tv).

Then 7 has a unique FP v* € X, which solves the nonlinear Volterra-Fredholm

integral equation (3.18).

Proof.
Fix v, € X. Then

|Tv(t)—TC()| = 1/1/ Kl(t,s,y(s))ds—i-VQ/ Ks(t,s,v(s))ds

[ K (t,5,(5)) ds — v / " Kalt, ,C(5)) ds

< w/ Ky (L, 5,0(s)) — K (L, 5,C(s))] ds

Ty /ab Kot 5,0(5)) — Kot 5, ((s))| ds.
Using the Lipschitz bounds on K; and K5 gives
7o) =01 < okt [ wt6) = Gl + Il [ 1) <o) s
Since [v(s) — ((s)] < v/0gps(v, (), we obtain
[ Tv(t) = TC)] < [nllin/0gss(v, Q) (t — a) + [valle/ gss(v, C) (b — a).
For t € [a, b], this yields

Gso(T. TC) = maas [T(t) = TCO < (a6 = a) + w2l — 0)) "5 (v,C)

~

IA
DO | >

6Ef)s (V7 C) :
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Since 6, (v, ¢) < M(v, (), with

M(v, () = maX<5Ezs(V, <),

. 5EES(V7 TV) 6E55(<7 TC)
mm( T+ 0me(1,Q)

5E53(V7 TC) 5El_)s<<7 TV)
1+ 5El_zs(y7 C) 7

the contractive estimate of Theorem 3.4 is satisfied, and the remaining hypotheses
follow from assumption (iv). Therefore 7 admits a unique FP v* € X'| which is

precisely the solution of (3.18). O

Example 3.4.
Let X = C([0,1],R), the space of continuous real valued functions on [0, 1], with
0gps : X X X = R given by

Opps (v, Q) = max [v(t) — C(1)],

te(0,1]
and 0 : X x X — [1,00) given by
0(v, Q) = 1+ [v(O)] +IC(H)],

so that (X, dgp) is a complete extended b SMS with b = 2. Consider the operator

Tw)(t) = o(t) + 1/1/0 Ki(t,s,v(s))ds + VQ/O Ks(t,s,v(s)) ds,

where

e 6(t) =1t on [0.1],
) Vlziandygzi,
e the limits of integration are a = 0 and b = 1,

e the kernels are K;(t,s,v(s)) = % and Ks(t,s,v(s)) = 5 _:E;)(S)
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Since

<

)

s (o)l = |

DO | —

1 v(s)
S5 s = |5

hypothesis (i) holds with C} = % and Cy = i. Differentiating K; and K, with

|

respect to v(s),

d v(s) 1—1v2%(s) d v(s) 2 — 12(s)

dv(s)1+12(s) (14 v%(s))?’ dv(s)2+v2(s) (24 1v3(s))?
Their suprema on [0, 1] are

1—1v%(s)
(1+2v2(s))?

2 — 1%(s)
(1+2v2(s))?

max
s€[0,1]

1
27

=1, max
s€[0,1]

so hypothesis (ii) holds with ¢; =1 and ¢, = % Consequently,

1 11 ? 11\’ 3\ 9
—92(=2.1.(1= .21~ —9o(l=24+2) =9(2) = 2 1.
A 2(41(1 0)+7-5-(1 0)) 2(4+8) (8) 5 <
Now define £,7: X x X — [0, +00) by
§(v, Q) =1+ [lv® + <@,
where [|v(t)|| = max;cp,1 [v(t)], and
1
Then T is £ admissible with respect to 7, since
1
§w, Tv) =1+ v+ [TVl = 5+l +1Tv]) = n(v, Tv).
With vy(t) = 0, we have
1
§(o, Tro) = L+ [[woll+ [ Twoll = 140+ ([T = 5 A+ [0l +[Twoll) = nlvo, Tr).

Since 7T is built from integrals of continuous functions, it is continuous. Alterna-

tively, for any sequence {v,} C X with v,, — v* and {(Vpn, Vns1) = 0(Vn, Vns1) for
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all n, since £(v, () > n(v, () everywhere on X x X', we have {(v*, Tv*) > n(v*, Tv*).
All hypotheses of Theorem 3.12 are satisfied, so 7 has a unique FP v* € X, which

is the unique solution of the Volterra-Fredholm equation under consideration.



Chapter 4

Results in Double Controlled and
Double Controlled Suprametric

Spaces

This chapter puts together the ¢ admissibility framework and the rational con-

traction function M(v, () for DCMS and DCSMS.

We introduce a new space, DCSMS, built with a modified structure, and prove a

matching FP theorem for it.

Convergence of the Picard iteration is guaranteed through an explicit ratio limit
condition placed on the two control functions, and a few examples are worked out

to illustrate how the results play out.

We then combine the ¢ admissibility condition with the rational function M (v, ()

to get a more general FP theorem.

This theorem rests on hypotheses about the control functions together with a ratio
limit test, and we finish with a worked example showing it in action.

36
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4.1 Double Controlled Metric Spaces

Definition 4.1. Fix a nonempty set X together with two control functions
p,q: X XX — [1,00). A mapping 6. : X x X — [0,00) is called a double
controlled metric if the following conditions hold for all v, (,p € X

(0:1): 6.(r, () =0 <= v=_C(.

(6:2): 0e(v,C) = 6c(C,v).

(0c3): 0c(v, C) < p(v, p) de(v, p) + a(p; €) be(p, C).-

Example 4.1. Let X = {1,2,3} and define a symmetric map 6, : X x X —
[0, 00) by
3.(1,2) = 5, 3.(1,3) = 2, 0.(2,3) =1,

with 0.(v,v) = 0 for all v € X. Taking p = 3 as the intermediate point, we verify
the double controlled triangle inequality for the pair (1,2).

Note that the standard triangle inequality fails since
0:.(1,3) +9.(3,2) =24+ 1 =3 <5 =10.1,2).

This confirms that (X, d.) is not an ordinary MS, so the relaxed inequality (4.3)

is genuinely needed here rather than being a formality.

For (4.3), choose the control functions

p(r,O)=v+<¢,  qv,¢) =2
Then

0:(1,2) < p(1,3)6:(1,3) + q(3,2) 6.(3,2)
=(143)(2) +2(1)
—8+2=10>5
= 0.(1,2).
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Thus the double controlled triangle inequality is satisfied. Since (d.1) and (6.2)
are also clearly satisfied, (X, d.) is a DCMS.

Theorem 4.1. Take (X,4.) to be a complete, continuous DCMS with controls
p,q: XXX — [1,00), and T : X — X a map for which there exist functions
&n: X x X —[1,+00) and a constant x € [0, 1) satisfying

§(v, Q) nw, ¢) 6(Tv, TC) < K M(v, ), (4.1)

where

5.(1, T) 6.6, TC) 8, TC) 5447’”}} (4.2)

M(v, () = max {55(% ¢), min{ 11 0.0,() 1+ 6.(v, Q)

for every v, ( € X. Suppose further that:

i. T is € admissible with respect to 7;
ii. there exists vy € & satisfying (v, Tvo) > n(vo, To);

iii. 7 is continuous, or else, for any sequence {v,} in X with v, — v and

é(ynv V7L+1) > W(Vna Vn+1)7 one has 5(”7 TV) > 77(1/7 TV)J

1v.
lim p(VT—i—lv VT—I—Q)

1
: T »y ¥m < ) v 07]. . 43
ol p(Vr; Vr—l—l) q(V +1, Y, ) K K€ ( ) ( )

Then T possesses a unique FP in X.

Proof. Select an arbitrary initial point vy € X and generate the sequence {v,,} by

repeated application of T :

n="Tvy, vr=Tv, ..., Vp1=Tv, VYneN

Since both ¢ and 7 assume values in [1,+00), we have

E(v,()>1 and n(r,¢)>1, VYr,(eX.
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Consequently, for every consecutive pair,

f(l/n,l/n-H) Z 1 and n(ynal/n-H) 2 1a VneN

Substituting v = v,,_; and ¢ = v, into the contraction inequality yields
é(Vn—h Vn) n(yn—la Vn) 5C(Tyn—1a Tyn) S /{M(Vn—la Vn)~

Thus
g(ynfla l/n) 77(an17 I/n) 50(1/717 Vn+1) S RM(anla Vn)' (44)

Since £ > 1 and 1 > 1, their product is at least 1; therefore,
Oe(Vny Vna1) < K M(Vp_1,Vn). (4.5)

Now

M(l/nfl, I/n) == max{50<1/n17 Vn)v

)l

min 50(”71—17 Vn) 5C(Vna V’n—l—l)
]. =+ 5c(Vn—17 Vn)

Oe(Vn—1, Vnt1) 0c(Vn, V) } }

1 + 60(7/71—17 Vn)

= max{d.(Vn-1,Vn),0}.

Hence

M(Vp_1,0n) = 0c(Vn_1,Vn). (4.6)
Substituting this back yields 6.(vp, Vni1) < KOe(Vn_1, Vn)-
Iterating this inequality gives
Oc(Uny Vny1) < K™ de(10, 1), Vn € N. (4.7)

To establish that {v,} is Cauchy, take indices m,n € N with m > n. Applying
the triangle inequality (0.3) repeatedly:
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50(’/7“ Vm) < p(l/n, Vn+1)56(1/m Vn+1) + Q(VnJrla Vm)dc(’/nJrl’ Vm)
< p(”m Vn+1)5c(’/m Uny1) + Q(Vn+1> Vm) [p(’/nﬂ, Vn+2)0c(Vnt1, Vni2)

+ Q(Vn—i-Qy Vm)éc(yn—i—Q’ Vm)} .

Continuing this expansion up to index m — 1 yields

m—1

%
5C(Vn7 Vm) < p(Vn7 Vn+1)5c<yn7 Vn—‘rl) + Z H q<Vj7 Vm) p(Vi, Vi+1)5c(Vi7 Vi+1)-
i=n+1 \j=n+1

Since each control value is at least 1, extending the product from 7 = 0 only

increases the right hand side:

m—1 7
6C(Vn7 Vm) < p(Vna Vn—i—l)(sc(yn? Vn—i—l) + Z H Q(Vja Vm) p(Vi, Vi+1)5c(yi7 Vi—i—l)'
i=n+1 \j=0

Using the estimate d.(v;, vi41) < £'0.(vo, v1), We obtain

m—1 %
5C(Vna Vm) < 6C(VO> Vl) lp(’/m Vn—&-l)’fn + Z H Q(Vja Vm) p(’/h Vz'—H)”€Z .
i=n+1 \j=0

Define the partial sums

R, = Z <H q(vj, Vm)> p(Vi, Vi1 )K"

Jj=0

Rr+1 X

The convergence of these sums is governed by the ratio
T

Ryq1 T p(Vr+1,Vr+2)
m = lim Q(VrJrla Vm)—
r—00 T =00 p(Vm Vr+1>

By condition (iv),
li p(’/r+1,7/r+2)
m—

< —
r—00 p(Vr7Vr+1) q<Vr+1;Vm)
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Therefore,

lim q(vp41, I/m)wlﬂ < 1.

o0 p(Vr7Vr+1)

By the ratio test, the series converges absolutely. Letting n,m — oo gives

lim  d.(vp, V) =0,
n,m—00

so {v,} is Cauchy. Completeness of (X,d.) ensures the existence of v* € X such
that

v, — U asn — oo.

From the inequality d.(vn11, Vnia) < K™"0c(10, 1) and the fact that k € [0,1), we

have kK — 0 as n — o0.

If 7 is continuous (condition iii), then

Tv' = T( lim Vn> = lim v, =",
n—oo n—oo

Thus v* is a FP.

For uniqueness, suppose v* and (* are distinct FPs with 7v* = v*, T{(* = (*, and

5o(v*,C*) > 0.

From the contraction inequality,
5C<V*> C*) = §C(TV*7 TC*) S RM(V*v C*>7

where

5C V*7l/* 50 *7 * 6c *,V* 5C V*, *
€)= e {8.,0), in { SLVEE ) EC )|

L+ 6.(v%,¢*) 7 146.(v*¢*)

Since 0.(v*,v*) = 0, we have M(v*,(*) = 0.(v*,(*). Thus
3 (v, ") < Ko(v", CY).

As k < 1, this forces d.(v*, (*) = 0, hence v* = (*. Therefore the FP is unique. [
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Example 4.2. Let X = {1,2,3}. Define a symmetric distance function
de : X x X — [0,00)

such that
de(v,v) =0

and

5.(1,2) =3, 6.(2,3) =4, 50(1,3):%.

Define the control functions

Pq: X x X —[1,00)

by
2.0, if (iv,0) =(1,2),
p(v. ¢) =
1.0, otherwise,
and )
2.5, if (v,() =(2,3),
q(v, () =
\1.0, otherwise.

Let T : X — X be defined by

Take
€0 =12, Q) =11

We verify that (X, 0.) is a DCMS.

Since &(v, () = 1.2 > 1.1 = n(v, () for all v,(, we have {(v, () > n(v, (). Conse-
quently,
§(Tv, T¢) 2 0(Tv, TC),
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as 1.2 > 1.1 holds universally. Thus 7T is £ admissible with respect to 7.

The contractive condition takes the form

Ev, (v, Q)oc(Ty, TC) < K M(v, (), (4.8)

for some x € [0,1).

Consider the pair (v, () = (2,3). The left hand side is

€(2,3)0(2,3)6.(T2,T3) = (1.2)(1.1) 6.(2,1) = (1.32)(3) = 3.96

For the right hand side,

M(,3) — max { 6.(2,3), min { 50(2,T2)6.(3,T3) 0.(3,T2)0.(2,T3) }} |

14+6,2,3)  ° 1+6.(2,3)

Using 6.(2,3) =4, T(2) =2, 6.(2,2) =0, T(3) =1, and 6.(3,1) = 1, we get

=1
M(2,3) = max {4, min {O, 4T3}}

=4.

The contraction inequality requires 3.96 < 4k, so k > 0.99. Taking ~ € [0.99,1)

satisfies all conditions of Theorem 4.1. The point v* = 2 is the unique FP.

Theorem 4.1 gives rise to five corollaries below. Each one loosens or specializes a
different piece of it, the rational functional, the admissibility pair, the space itself,
or the way the contraction constant is expressed, so that someone coming from
any of these neighboring theories can see where their own result fits within this

framework.

In each of the following corollaries, the function 7 is taken to be identically 1,
ie. n(r,¢) =1 for all v, € X. Accordingly, the symbol 7 is omitted from the

statements and proofs below.
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Corollary 4.2. Take (X,d,.) to be a complete DCMS with control functions
p,q: XXX —[1,00), and T : X — X a mapping for which there exists a constant
k € [0,1) satisfying:

E(1,0)0.(Tv, TC) < Kée(v, (), Vv,( € X.

If, in addition:

e 7 is £ admissible;
e there exists vy € X satisfying &(vo, Tro) > 1;

e 7 is continuous, or else, for any sequence {v,} in X with v, — v and

g(yn77/n+1) Z 17 one has 5(”7 TV) 2 1;

e lim p(VT+17 VT+2)

1
' r+1; Vm) < — fi € 07 1 )
o) q(Vri1, Vm) — for every « (0,1)

then 7 has a unique FP in X.

Proof. Since d.(v,() < M(v,() by definition, the hypothesised bound on 6.(v, {)

automatically forces

£, Q)0c(Tv, TC) < kM(v, (),
so the claim reduces to an instance of Theorem 4.1 with n = 1. O

Corollary 4.3. Suppose (X,6,) is a complete b metric space with parameter
s>1,and T : X — X is a mapping for which there exists a function £ : X x X —

[1,00) and a constant x € [0, 1) satisfying:
f(lj’ g)(sb(TVa TC) < /{M(V7 C))

where M(v, () is defined using the b metric J; in place of d.. If:

e 7 is ¢ admissible;

e there exists vy € X satisfying &(vo, Tro) > 1;
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e 7 is continuous, or else, for any sequence {v,} in X with v, — v and
E(VnyVny1) > 1, one has {(v, Tv) > 1;

1 .
V'

o s <

then 7 has a unique FP in X.

Proof. Taking both controls equal to the constant s, i.e. p(v,() = q(v,() = s,
collapses the double controlled metric of Theorem 4.1 to an ordinary b metric.
Under this identification, the ratio limit hypothesis reads s? < %, equivalently
5 < %, and the stated conclusion is then immediate from Theorem 4.1 with

K

n=1. L]

Corollary 4.4. Consider (X,4.), a complete DCMS with control functions
pq: X xX — [l,00), and T : X — X a mapping for which there exists a

function £ : X x X — [1,00) and a constant x € [0, 1) satisfying:
§(v,Q)0c(Tv, TC) < kM(v,(), Vv, € X,

where M(v, () is as in Theorem 4.1. Suppose additionally that:

T is £ admissible (i.e., {(v,() > 1= &(Tv,T¢) > 1);

there exists vy € X with {(vo, Tro) > 1;

7T is continuous, or for any sequence {v, } in X with v,, — v and {(v,,, V1) >

1, one has &(v, Tv) > 1;

o lim p(Vr+17 Vr+2)

( )<L € (0,1)
~q(Vpg1, v, — for every k 1),
r—00 P(VmVH—l) 1 e R Y

Then 7 has a unique FP in X.

Proof. This is the special case of Theorem 4.1 in which = 1, so the contractive

hypothesis reduces to the form stated here, since {(v,() - 1 = &(v, (). O]
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Corollary 4.5. Suppose (X,6,) is a complete controlled MS with a single

control function 0 : X x X — [1, 00) satisfying

0c(v,€) < O(v, p)de(w, p) + 0(p, ()oc(p, €)-

Let 7 : X — X be a mapping satisfying:
§(v,Q)0c(Tv, TC) < kM(v,C), Vv, € X,

where:

e 7 is £ admissible;
e there exists vy € X satisfying &(vo, Tro) > 1;

e 7 is continuous, or else, for any sequence {v,} in X with v, — v and

g(y’rwyn-i-l) Z 17 one has 5(1/7 TV) Z 1.

If the Picard iterates v, = T "y, satisfy:

hm 9(1/71"!‘17 Vn+2)

1
-0 n) < —,
oo Q(Vnayn+1) (Vn—i-hy) K

then 7 has a unique FP in X.

Proof. Identifying both controls with a single function, p(v, () = q(v, ) = (v, (),
reduces the double controlled metric of Theorem 4.1 to a controlled MS, under
which the ratio limit hypothesis becomes precisely the condition stated here, and

the result follows from Theorem 4.1 with n = 1. O

Corollary 4.6. Take (X,d,.) to be a complete DCMS with control functions
p,q: XXX = [l,00),and T : X — X amapping. Suppose there exists a function
which is continuous strictly increasing w : [0,00) — [0,00) with w(t) = 0 <=

t =0, and a constant x € [0, 1) such that:

§(v, Qw(0:(Tw, TC)) < rw(M(v,Q)),
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where M(v, () is as in Theorem 4.1. If, in addition:

e 7 is £ admissible;
e there exists vy € X satisfying &(vo, Tro) > 1;

e 7 is continuous, or else, for any sequence {v,} in X with v, — v and
E(Wny Vns1) > 1, one has {(v, Tv) > 1;

e lim p(’/r+1, Vr+2)

1
Vg1, V) < — i € (0,1);
e ) q(Vri1, Vm) — for every & (0,1)

then 7 contains a unique FP in X.

Proof. Because w is continuous, strictly increasing, and vanishes only at 0, it

1

admits a continuous inverse w™!; applying w~! throughout the hypothesised in-

equality gives

£, Q)o(Tv, TC) < w™ (kw(M(, ().

Setting () = w™!(kw(t)), strict monotonicity of w guarantees &(t) < t for all
t > 0, and Theorem 4.1 applies through this comparison function, with n = 1, to
yield the claim. O

4.2 Double Controlled Suprametric Spaces

Definition 4.2. Fix a nonempty set X, control functions p, ¢ : X x X — [1, 00),
and a constant o > 0. A mapping 0.5 : X X X — [0, 00) is called a DCSMS if, for
all v, (,pe A:

1. 565<Vﬂ§)20 A VZC'
2. 505(7/’ () - 503((7 I/)'

3. 0es(v, Q) < (v, p) s (v, p) + q(p, C) Oes(p; C) + 0 0es (v, p) des(p; €).-
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The idea here is simple: take the two independent control functions p,q from a
DCMS, and add on top of them the multiplicative cross term o d.s(v, p) dcs(p, C)
that Berzig used when defining SMS. If ¢ = 0, condition (3) collapses back to
(0:3), so every DCMS is automatically a DCSMS with ¢ = 0, the case worth

paying attention to is when o > 0 actually matters.

Example 4.3. Let X = [0,1] and define 6.,(v,¢) = (v — )% Take p(v,p) =
2,q(p,¢) =3 and 0 = 2. Then (X, d.s) satisfies the double controlled suprametric

axioms.

Conditions (1) and (2) follow immediately from the properties of the squared

difference. For (3), expanding the square gives

v=0?=(v—p+(p-0)
=02+ (=0 +2w—p)p—20)
< Ges(V, ) + Oes(py C) + 2/ 0es(v, p) V/0es(p, €)

6(28(]/7 C)

IN

With p = 2,q¢ =3 and 0 = 2, we obtain

5CS(V7 C) S 26C5<V’ p) + 35C5(p’ C) + 2605(1/’ p)écs(p7 C)‘
Thus (X, d.s) is a DCSMS.

Theorem 4.7. Consider (X,0.s), a complete DCSMS with independent con-
trols p,q : X X X — [1,+00) and a structural parameter ¢ > 0, and let &, 7 :
X x X — [1,400) be two controlled functions. Suppose T : X — X is a self map

fulfilling, for all v, € &X', the unified contractive condition

5(”7 C) ’ 77(7/7 C) ' 5cs(7-ya TC) < kK- M(V> C)? (49)

where x € [0,1) and

M0 C) — max { (020, i { 5us (1, T) 82(C, TC) 8ealv, TC) 8¢, T) }} |

1+ 0¢s(v, Q) ’ 1+ des(v,€)
(4.10)
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Presume moreover that, for each m > 1, the dynamic control bounds obey the

ratio limit requirement, and that:

r+1, Vr 1
lim (v, v) - Dt 202 1 (411)
=00 p(VT7yT+1> K

2. T is £—admissible with respect to n;
3. some vy € X satisfies &(vo, Tro) > n(ve, To);

4. T is continuous, or else, for any sequence {v,} in X with v, — v and

f(l/n, Vn-‘rl) > n<yn7yn+1)v one has 5(”7 TV) > 77(”7 TV)

Then 7 owns a unique FP in X

Proof. Fix any starting point vy € X and iterate T

v =Tvy, vo=Tvr, ..., VUps1="TUy, Vn e N.

As £ and 7 take values > 1 throughout:

&, () >1 and n(v,() >1, Vv, e X.

Hence along every consecutive pair,

EWnyVns1) > 1 and  n(vn, vpe1) > 1, Vn e N.

Set v =v,,_1, ( = v, in the governing contractive inequality:

g(Vn—la Vn) . U(Vn—lu Vn) : 5CS<TV7‘L—17 TVn) S R M<Vn—17 Vn)7

5(”77,—17 Vn) : n(Vn—la Vn) : 605(”717 Vn+1) S R M(”n—la Vn)- (412>

As ¢ > 1 and n > 1, the product &(v,_1, Vn) D(Vn_1,Vs) > 1; therefore

Oes(Vny Vni1) < K- M(Up_1, Vp). (4.13)
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M(Vn—hyn) max{(scs Up— 17Vn)

)

508 Vn 17Vn cs(ynayn—‘rl)
1 + 505 Vn 17Vn)

605 Vn 1 Vn+1) 503(]/717 Vn) }}

1 + 5cs(yn—1a Vn)

min 6CS(VTL—1a I/n) 503(1/”’ Vn+1) s 0, = 07
1 + 6cs(7/n—1a Vn)

M1, ) = max{0es(Vn-1,Vn), 0} = des(Vn—1,Vn). (4.14)

Replace this in the previous display:
508(7/717 Vn—i—l) S K- 505(1/71—17 Vn)-
Inducting over the preceding steps again and again, we obtain the following:

Oes(Vny Una1) < K™ Oes(v0, 1), Vn e N. (4.15)

To confirm the Cauchy property of {v,}, for indices m,n € N with m > n,

605(”717 Vm) S p(yna Vn+l)5cs(yn7 Vn—i—l) + Q(Vn-‘,-la Vm)dcs(yn-‘rla Vm)

+o 6cs<yn7 Vn+1)5cs(yn+17 Vm)-

Collecting the common factor d.s(Vpi1, Vm),

- p(Vna Vn+1>5cs<yna Vn—i—l)

+ [Q(VnJrl; Vm) +0o 5cs(yn7 Vn+1>] 5cs(l/n+17 Vm)'
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Expanding d.s(Vp41, Vi) in its turn,

505(1/117 Vm) S p(l/na Vn+1)5cs(l/n> VnJrl)
+ [Q(Vn+17 Vm) + U(Scs(ynv Vn—i—l)}
X (p(Vn+1, Vn+2)5cs<7/n+1, Vn+2)

+ [Q(Vn—l—Qy Vm) +o 5cs(yn+17 Vn+2)} 505(”’@—}—27 Vm)) .

Expanding once more, the term d.s(vp19, V) delivers

5cs<yn7ym) S p(ynal/n+1)5cs<yn7yn+1)
+ [Q<V7L+17 Vm) + 0608<Vn7 Vn—i-l)}p(yn-&-lv Vn+2)6CS(Vn+17 Vn+2>
+ [Q(VnJrl; Vm) + Jacs(”n: Vn+1)}

X [Q(Vn+27 Vm) +o 5cs(yn+17 Vn+2)] 505(Vn+2a Vm)-

Extending the expansion up to index m — 1 furnishes

605(7/717 Vm) S p(Vna Vn+1)5cs(yna Vn+1)

+ Y (H [q@j,vm)+oécs<vj—1>Vj>}>

X D(Vi, Vig1)Ocs(Viy Vig1)-

Inserting the term-by-term bound d.,(v;, vi11) < K%es(10, v1), the full expansion

transforms into

568(1/1’1,7 Vm) S 505(”07 Vl) [p(Vn, Vn+1>"'€n

+ Z_ (H [9(vi, vm) + 0 K7 bes(w0, Vl)])
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Let the partial sum
'

RT = H [Q(V]7 Vm) + Uﬁj_l(;cS(VO’ Vl)] p(]/r7 VT-}—I)K/T

j=n+1

Now applying the ratio test using condition (1),

. p(Vr+1) Vr+2>
=1 r+1s Vm T(Scs 5 -~
00 r TLIEO [Q(V v ) ror (VO yl)] p(VT, I/rJrl)

As 0 <k <1, we have k™ — 0 as r — 0o, and the ratio reduces to

lim R, — ( lim q(u y >P(Vr+1,Vr+2) K
r—0o0 Rr r—00 e m p(Vr7Vr+1>

I; Rr—i—l
1M

r—oo R,

1
< —-rk=1.
K

The series, therefore converging absolutely to a finite value, and passing to the limit
n,m — 00,liMy, ;m—00 Ocs(Vn, Vm) = 0, hence {1, } is Cauchy. By completeness, this

Cauchy sequence possesses a unique limit in the space:

lim v, =v* € X.

n—o0

Using condition (2) of Theorem 4.7, since Ocs(Vpi1, TV*) = Oes(T v, TV*), the

contractive condition furnishes
S(me*)n(ym ) cs(TVnyTV ) § /{'M(Vnay*)a
where

M(v,,v*) = max{écs Un, V"),

Y

588 Vn7Vn+1 ( TV )
1+ es (v, v¥)

Oes(Un, TV) Ocs (V7 Vnﬂ)}}

1+ des (v, v¥)
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Passing to the limit n — 0o, both 0.5(vy, v*) = 0 and des(Vn, Vpy1) — 0, hence
My, v*) = max{0, min{0,0}} = 0.

Thus &V, vV )N (U, V) 0es(T U, Tv*) > 0; this compels 6.5(7T v, Tv*) = 0 in the

limit, that is, dcs(vnq1, Tv*) — 0. This establishes that v* is a FP of 7.

For uniqueness, let (* € X be another FP with 7¢* = (* and d.s(v*,(*) > 0.
Then

g(y*a C*) U(V*ac*) 505<TV*7TC*) S K- M(V*7<*)

Then
des(V*, C7) < k- MV, (7).

Now

1+ g (v*, C*) ’

- {cxs(v*,ﬁ*) 0es(C*, TCY)
Ses (", TC*) 80s (C*, T) } }

1+ des (v, C*)

so, as Jv*=v* and T(* = (¥,

M(v*, (") = max {5cs(y*,<*), min {O, %}} = 00s(V", (7).

Hence

6CS(V*7<*) S K- 5CS<V*7C*)7

and as 0 < k < 1, this is impossible unless d.s(v*,(*) = 0, compelling v* = (*.

The uniqueness of the FP is thereby established. O]

Example 4.4. Let X = {1,2,3}. Define ., : X x X — [0, +00) by
des(, ) =0, 6e5(1,2) = 005(2,1) = 2,

0es(2,3) = 005(3,2) =3, 0es(1,3) = 0¢5(3,1) = 25.
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Take 0 = 1, and define

p(1,2) =p(2,3) =5, p(v, () =1 otherwise,

q(1,2) = q(2,3) =5, ¢q(v,¢) =1 otherwise.

Let £(v,() = n(v,¢) = 1 for all v, (, and define T : X — X by

Then (X, d.s) is a DCSMS.

The corollaries below do for Theorem 4.7 what the Boyd-Wong, Geraghty, and

Matkowski-type theorems do for the classical Banach principle: in each case, the

fixed contraction constant s is replaced by a weaker, function based comparison

condition, and each turns out to be a special case of the main theorem.

In each of the following corollaries, the function 7 is taken to be identically 1,

ie. n(v,() =1 for all v, € X. Accordingly, the symbol 7 is omitted from the

statements and proofs below.

Corollary 4.8. Consider (X,d,,), a complete DCSMS. Let S be the class of

functions 6 : [0,00) — [0,1) with the property that limsup,,_, . 0(¢,) = 1 implies

t, — 0. If T satisfies the Geraghty-type contraction
§(, Q)oes (T, TC) < O(M(v, ()M (v, C)

for v,{ ¢ FP(T), and:

. p(Vri1, Vo) 1
—— < =
* nglo Q(VT-H?VW) p(’/m’/r-i-l) ’%’

e 7 is ¢ admissible;

e some vy € X satisfies (v, Try) > 1;

e 7 is continuous, or else, for any sequence {v,} in X with v, — v and

E(Vny, Vny1) > 1, one has {(v, Tv) > 1;
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then 7 has a unique FP.

Proof. Because 6 belongs to the class S, it satisfies 0(t) < 1 for every t > 0;
substituting this bound gives

f(’j? C)gcs(TV, TC) < M<I/7 C)

whenever M(v,() > 0, which is exactly the contractive form treated in Theo-
rem 4.7 once k is allowed to vary as 8(M(v,()) and n = 1; the stated existence

and uniqueness therefore carry over directly. O

Corollary 4.9. Let @ : [0,00) — [0, 00) be upper semi continuous with
®(t) < tfort > 0. If T satisfies the Boyd-Wong-type contraction

§(v, Q)0es (T, TC) < B(M(v,())

and:

o lim g,y - DY) L

r=o0 P vrp1) K

e 7 is & admissible;
e some vy € X satisfies (v, Trg) > 1;

e 7 is continuous, or else, for any sequence {v,} in X with v, — v and

&(VnyVns1) > 1, one has £(v, Tv) > 1,

then 7 has a unique FP.

Proof. Since ®(t) < t holds for every ¢ > 0, the successive distances produced
by the Picard iteration decrease strictly, which is enough to force the sequence
to be Cauchy by the same estimate used in Theorem 4.7. Upper semi continuity
of ® then guarantees that the sequence’s limit is fixed by 7, so existence and

uniqueness follow as in Theorem 4.7 with n = 1. O
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Corollary 4.10. Let ¢ : [0,00) — [0,00) be non-decreasing with
limy, 00 ©™(t) = 0 for t > 0. If T satisfies the Matkowski-type contraction

(v, Q)0es (T, TC) < p(M(v,())

and:

Vpi1, V 1
e lim Q<VT+17Vm) ’ M <=
royoo p(Vr,Vrs1) K
e 7 is £ admissible;
e some vy € X satisfies £(vg, Trg) > 1;
e 7 is continuous, or else, for any sequence {v,} in X with v, — v and
§(Vn, Vny1) > 1, one has (v, Tv) > 1;

then 7 has a unique FP.

Proof. As ¢ is non-decreasing and ¢"(t) — 0 for every ¢ > 0, the distances
des(Vn, Vni1) generated by the Picard sequence are driven to zero in the limit, and

the remaining argument mirrors Theorem 4.7 with n = 1. O]

Corollary 4.11. If T satisfies the Edelstein-type strict contraction

f(lj, C)écs(T% TC) < M(”a g)

for v, ¢ FP(T) with M(v,{) > 0, and:

1
° hm q(l/r+1, Vm) . p(VT+17 VT+2) < =
r—roo p(Vra Vr+1) K

e 7 is ¢ admissible;
e some vy € X satisfies (v, Trg) > 1;
e 7 is continuous, or else, for any sequence {v,} in X with v, — v and

g(Vn,Vn-H) > 17 one has 5(1/7 TV) > 1;

then 7 has a unique FP.
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Proof. Whenever M(v, () > 0, the strict inequality d.s(Tv, T() < M(v,() leaves
each Picard iterate strictly closer than the last, and the existence and uniqueness

of the FP again follow by the reasoning of Theorem 4.7 with n = 1. O

Corollary 4.12. If for some k& > 1, T* satisfies the Sehgal-Guseman-type
contraction

E(, O)0es(TH v, THC) < kM (v, )

where

Mk(V, C) = maX{(scs(Va C)7

mln 6CS(V7 Tkl/) 605((7 TkC) 508(1/7 ch) 5CS(€7 Tk]j)
1+ 0w, C) 1+ 6es(v, C) ’

and:

i yor 1
=00 p(l/ra Vr—i—l) K

o 7% is ¢ admissible;

e some vy € X satisfies &(vo, T*1p) > 1;

e 7% is continuous, or else, for any sequence {vp} in X with v, — v and
é(VmVn—i-l) > 1, one has 5(”7 TkV) > 1;

then 7 guarantees a unique FP.

Proof. Use Theorem 4.7 with n = 1; 7" has a unique FP v* € X. From T (T*v*) =
T (v*) = T*(Tv*), the point Tv* is seen to also solve T*v = v; uniqueness for T*
then forces Tv* = v*, so v* is fixed by T itself, and its uniqueness is inherited

from that of T*. O



Chapter 5

Conclusion and Future Work

5.1 Conclusion

This thesis looked at FPT across several generalizations of classical MS. There were
two goals behind this: to pull together results that already exist in the literature,

and to push the range of settings where contraction based arguments still work.

We started from Fréchet’s MS and the idea of completeness, then went through
how the triangle inequality has been loosened step by step, first into SMS, then
DCMS, and finally into their combination, DCSMS. Each of these spaces came
with its own definition and a worked example to show what makes it different

from the others.

One of the main results here is a FP theorem for single valued self mappings that
are ¢ admissible with respect to n and satisfy a generalized rational contraction
written in terms of M (v, (). This theorem is general enough that, by choosing the
constant b and the control function  appropriately, it reduces to the corresponding
results for extended SMS, b SMS, and ordinary SMS. To show this is not just an
abstract exercise, we used it to prove existence and uniqueness of solutions for a
nonlinear Volterra-Fredholm integral equation, backed up by a concrete numerical

example.

58
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We carried the same admissibility idea over to the controlled metric setting as well.
The main result there establishes FPs in DCMS, where the single scalar used in
the extended b SMS setting is now split into two independent control functions, p
and ¢g. We also introduced DCSMS, a space that combines the DCMS structure
with the multiplicative perturbation term from SMS, and proved a FP theorem
for it too. Convergence of the Picard iterates in this setting is guaranteed by an
explicit ratio limit condition, which gives a practical way to check the hypotheses

when applying the theorem.

Taken together, this thesis both brings several existing FP results under one roof
and introduces new spaces that connect generalization programs that had, until

now, developed mostly separately.

5.2 Future Work

There are a few directions worth pursuing from here. Right now the screening
functions £ and n are assumed to take values in [1,00). Allowing them to take
values in [0, 00) instead would make the admissibility condition do more work, and

might bring a wider range of known results under this same framework.

The ratio limit condition used for convergence could probably be relaxed or made
more general. It would be worth looking for weaker convergence conditions that
do not demand such strict asymptotic behaviour from the control functions, since

this would widen where the theorems can be applied.

The distance functions used in controlled and SMS are not required to be contin-
uous. A closer look at when continuity does hold, or what extra assumptions are
needed to guarantee it, would put the limiting arguments used in the proofs on

firmer ground.

Moving from single valued to multivalued mappings would also be a natural exten-
sion, and would open the door to applications in areas like differential inclusions

and optimization.
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The framework built here is not limited to the integral equation used as an exam-
ple, it could just as easily be applied to fractional differential equations, boundary
value problems, or more general integral equations. Each such application would

both test the theory further and possibly point to new directions for extending it.

Finally, building numerical algorithms based on these FP theorems, along with
an analysis of how fast they converge, would help connect this theoretical work to

actual computation.

This thesis adds to the broader effort of generalizing MS and extending FPT.
DCSMS in particular gives a flexible setting that draws together two lines of
generalization that had mostly been developed on their own. Hopefully the results
here can serve as a starting point for further work, both theoretical and applied,

in nonlinear analysis.



Bibliography

1]

——, “Fixed point results in generalized suprametric spaces,

S. Banach, “Sur les opérations dans les ensembles abstraits et leur application

aux équations intégrales,” Fund. Math., vol. 3, pp. 133-181, 1922.

I. A. Bakhtin, “The contraction mapping principle in almost metric space,”

Funct. Anal., Gos. Ped. Inst., Ulianowsk, vol. 30, pp. 26-37, 1989.

S. Czerwik, “Contraction mappings in b-metric spaces,” Acta Math. Inform.

Univ. Ostrav., vol. 1, pp. 5-11, 1993.

N. Mlaiki, H. Aydi, N. Souayah, and T. Abdeljawad, “Controlled metric type
spaces and the related contraction principle,” Mathematics, vol. 6, p. 194,

2018.

M. Berzig, “First results in suprametric spaces with applications,” Mediterr.

J. Math., vol. 19, p. 226, 2022.

2

Topological
Algebra and its Applications, vol. 11, p. 20230105, 2023.

T. Kamran, M. Samreen, and Q. Ain, “A generalization of b-metric space and

some fixed point theorems,” Mathematics, vol. 5, no. 1, p. 19, 2017.

T. Abdeljawad, N. Mlaiki, H. Aydi, and N. Souayah, “Double controlled
metric type spaces and some fixed point results,” Mathematics, vol. 6, p. 320,

2018.

N. Mlaiki, “Double controlled metric-like spaces,” J. Inequal. Appl., vol. 2020,

p. 189, 2020.
61



Bibliography 62

[10]

[11]

[12]

[16]

18]

[19]

[20]

D. Sagheer, S. Batul, A. Daim, A. Saghir, H. Aydi, S. Mansour, and W. Kallel,
“Well-posed fixed point results and data dependence problems in controlled
metric spaces,” Journal of Inequalities and Applications, vol. 2024, no. 1,

p. 31, 2024.

B. Samet, C. Vetro, and P. Vetro, “Fixed point theorems for a-i-contractive

type mappings,” Nonlinear Anal., vol. 75, pp. 2154-2165, 2012.

E. Karapmar and B. Samet, “Generalized a-¢-contractive type mappings and
related fixed point theorems with applications,” Abstr. Appl. Anal., vol. 2012,
p. 793486, 2012.

M. Berzig, “Nonlinear contraction in b-suprametric spaces,” J. Anal., vol. 32,

pp. 2401-2414, 2024.

S. Panda, R. Agarwal, and E. Karapinar, “Extended suprametric spaces and

Stone-type theorem,” AIMS Mathematics, vol. 8, pp. 23 183-23 199, 2023.

S. Panda, V. Velusamy, I. Khan, and S. Niazai, “Computation and conver-
gence of fixed-point with an RLC-electric circuit model in an extended b-

suprametric space,” Sci. Rep., vol. 14, p. 9479, 2024.

J. Ahmad and A. Albargi, “Fixed point theorems in extended b-suprametric
spaces with applications,” AIMS Mathematics, vol. 10, no. 9, pp. 20759—
20781, 2025.

R. Kannan, “Some results on fixed points,” Bull. Calcutta Math. Soc., vol. 60,
pp. 71-76, 1968.

S. Chatterjea, “Fixed point theorems,” Comptes Rendus de I’Académie Bul-
gare des Sciences, vol. 25, pp. 727-730, 1972.

L. Ciri¢, “A generalization of Banach’s contraction principle,” Proc. Amer.

Math. Soc., vol. 45, pp. 267-273, 1974.

M. Frechet, “Sur quelques points du calcul fonctionnel,” Rend. Circ. Matem.

Palermo, vol. 22, pp. 1-72, 1906.



	Author's Declaration
	Plagiarism Undertaking
	Acknowledgement
	Abstract
	Abbreviations
	Symbols
	1 Introduction
	1.1 Literature Review
	1.1.1 Generalizations of the Space
	1.1.2 Generalizations of the Contraction Condition


	2 Preliminaries
	2.1 Generalizations of Metric Spaces
	2.1.1 Suprametric Space
	2.1.2 -Suprametric Space
	2.1.3 Extended Suprametric Space
	2.1.4 Extended -Suprametric Space
	2.1.5 Double Controlled Metric Space


	3 A Study of Fixed Point Theorems in Extended  Suprametric Spaces
	3.1 Preliminaries
	3.2 Main Results
	3.3 Consequences in Extended Supra MS
	3.4 Existence of Fixed Points in  Suprametric Spaces
	3.5 Fixed Point Findings in Suprametric Spaces
	3.6 Applications

	4 Results in Double Controlled and Double Controlled Suprametric Spaces
	4.1 Double Controlled Metric Spaces
	4.2 Double Controlled Suprametric Spaces

	5 Conclusion and Future Work
	5.1 Conclusion
	5.2 Future Work

	Bibliography

