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Abstract

In this thesis, we propose a new generalization of the Banach Contraction Princi-
ple, referred to as the (I', v)-p-Q-contraction, which is influenced by the concept
of ¢-contraction in generalized b-metric spaces. Our main focus is to investigate
the conditions for the existence and uniqueness of fixed points for mappings in
a generalized b-metric spaces. Furthermore, we present several examples to illus-
trate the enhancements introduced by this approach, along with an application to

iterated solutions of non-linear integral equations.
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Chapter 1

Introduction

1.1 Background

Mathematics is crucial subject of scientific knowledge. It is the science of logical
reasoning with the large range of applications in all aspects of life. It is a system-
atic way to understand this world wisely using different mathematical techniques
and it is also regarded as “the mother of sciences”. Since, it offers different tools
for precision, problem solving and innovations, it is divided into different branches.
One of the most important branch of mathematics is functional analysis.
Functional analysis investigates mathematical spaces equipped with limit opera-
tions, continuity and mappings, providing essential tools for analysing functions
and operators. It also provides an extension for analysing their properties.

One of the main part in functional analysis is fixed point (FP) theory, which stud-
ies the existence and properties of points that remain invariant under specific self
mappings. Specifically, for a function a § : W — W, a point { € W is called a
FP if S(¢) = ¢. The FP theory has wast applications in various fields of sciences
such as,optimization theory, mathematical economics and approximation theory.
In last 5-7 decades FP theory is playing a vital role and rising rapidly in research
area of mathematics .

Henry Poincare [1] provide platform to initiate the metric FP theory. His work
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laid basic aspects for dynamical systems and topology which deeply influenced
FP theory. In (1886) topological FP ideas were introduced by Poincare. He used
qualitative (topological) approaches by examining the existence of FPs in surfaces
flow and dynamical systems.

This basic step leads toward topological FP theory. A French mathematician,
Maurice Frchet [2] was the pioneer of metric space (MS) in 1906. Later, in 1912,
Brouwer [3] clearly examined the FP problem and establish the FP theorem to
lead the equation S(¢) = (.

Stefan Banach, in 1922 established the Banach Contraction Principle (BCP) [4]
which was the very crucial result in FP theory due to which Stefan Banach has
risen as cornerstone of FP theory.

This basic idea ensures the existence and uniqueness of FPs for contraction map-
pings and also provides effective method for finding them. Depending upon Ba-

nach’s work, many researchers have expanded FP theory in main two directions.

e One is mapping condition such as weaker contractive conditions or alternative
mapping properties.

e Second is considering generalized spaces.

The BCP has undergone significant extensions and generalizations by various re-
searchers. Notably, Edelstein [5] introduced a globally contractive mapping, broad-
ening the BCP’s scope. Later, In 1965, Presic S.B [6] expanded the principle to
operators on product spaces, further developing the concept. Similarly, in 1968
proceeding ahead Kannan [7] introduced kannan mapping by generalizing BCP
and by changing contraction mapping to Kannan mapping and prove the FP re-
sults known as Banach-Kannan contraction principle.

The concept of MSs has undergone numerous generalizations through modifica-
tions of its axioms. In 1989, Bakhtin [8], pioneered the concept of b-metric space
(b-MS), laying the groundwork for extending the BCP to such spaces and enabling
novel applications. Later on, in 1993, Czerwik [9], also worked on b-MS, character-
ized by a relaxed triangle inequality known as the b-triangle inequality. Czerwik

also worked on generalized b-MS (GbMS). In 2017, Kamran et al. [10] generalized
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the concept of b-MS, which is known as extended 6-MS by further weakning the
triangular inequality. In 2018, Mlaiki et al. [11] gave us novel type of extended
b-MS | that is controlled MS and double controlled MS [12]. In 2016, Kamran et
al. [13] introduce the notion of a C*-algebra-valued b-MS. Later on Shehzad et
al. [14] introduced a novel concept of (P,%)-type almost contractive conditions
for fuzzy mappings in the context of b-MSs, broadening the applicability of FP
theory. Researchers have derived numerous FP results within the bDMS framework.
Partial MS was introduced by Matthews [15] in 1994 characterized by the property
that the point’s distance to itself may be non-zero. Nazam et al. [16, 17] have

established various FP and common FP theorems in the settings of partial MSs.

Wardowski [18] proposed a significant generalization of the classical Banach con-
traction by developing the concept of F-contractions, and demonstrated a FP
theorem for complete MS.

A notable generalization of MSs was introduced by Branciari [19] known as gener-
alized metric space (GMS). Every MS qualifies as a GMS but the converse is not
necessarily true. Hence a GMS may lack the properties required to be a MS.

In 2006 Mustafa et al. [20] extends the concept of a traditional MS to a GMS
by altering or relaxing one or more of its standard axioms. Despite these modifi-
cations, these spaces retain enough structural properties to facilitate the analysis
of notions such as continuity, convergence, and FP results. This broader frame-
work offers greater versatility, making it applicable in various mathematical fields,
including topology, functional analysis, and FP theory. The GMS framework pro-
vides greater adaptability compared to the traditional MS, particularly in dealing
with non-linear problems and functions involving multiple variables. Certain map-
pings that do not meet contraction conditions in standard MSs may still satisfy

them within the context of GMS.

Jleli et al. [21, 22] introduced f-contraction mappings and established a corre-
sponding FP theorem, offering a novel generalization of the BCP that is distinct
from existing literature. Kari et al. [23] established novel FP theorems in rectan-
gular MSs and generalized asymmetric MSs, utilizing altered forms of generalized

f-contraction mappings.
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Hussain and Salimi [24] introduced a-GF-contractions in 2014, proving corre-
sponding FP theorems. Meanwhile, Hussain et al. [25] derived new FP results for
generalized \-u-G-F-contraction mappings in complete b-MSs.

In this thesis, a new notion of generalized (I'-v)-¢-Q-contraction is presented which
generalizes p-contraction in frame of generalized b-metric space (GbMS), and pro-

vide illustrative examples along with corollaries that follow from our findings.
The rest of thesis is arranged as:

e Chapter-2 provides foundational concepts and results essential for later chap-

ters.

e Chapter-3 gives a detailed review of Kari et al.[26], where they used (I'-v)-¢-)-
contraction in GMS to prove some FP results. Illustrative examples are provided
to clarify our findings, and applications are also presented to demonstrate the
validity and relevance of the main results.

e Chapter-4 introduces a new class of contraction mappings known as (I'-v)-¢-
(Q-contraction in setting of GbMS. Some important FP results are established by
using this idea. To explain the obtained results some examples and applications

are provided.

e Chapter-5 includes the conclusion of the thesis.



Chapter 2

Basic Definitions

In this chapter, some basics definitions with examples are presented that will be
used in the next chapters. The first section covers some basics of MS and examples.
The second section covers some generalization of MS including b-MS, GMS and
GbMS with some fundamental results and examples. The third section deals with
the FP and related concepts of (I'-v)-GMSs. Moreover ¢-contraction is introduced

with suitable examples.

2.1 Metric Space

A MS is a set equipped with a distance function (called a metric) that defines how
far apart elements of the set are from each other, satisfying specific properties
like non-negativity, symmetry, and the triangle inequality. Geometrically, you can
think of a MS as a generalization of familiar spaces like the Euclidean plane, where

points have measurable distances between them.

In 1906, Frechet developed the idea of MS.

Definition 2.1.1.
“A MS is a pair (W, 0), where W is a non-empty set and 0 is a metric on W (or

distance function on W), that is, a function define on W x W s.t V (,&, ¥V € W

we have:
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(M1): 3 is real-valued, finite and non-negative,

(M2): 3(¢,€) =0 if and only if ¢ = ¢,

(M3): 9(¢,€) =9(&, ©), (Symmetry)

(M4): 3(¢, ) < B((,€) +0(€, D). (Triangular inequality)” [2]

Example 2.1.2. Consider W = R? then the mapping 0 : R? x R? — R defined

as:

9(¢,6) = V(G — &)+ (G — &)?
V (= (¢, 6),€ = (&1,&) € W, is metric on R? and (R?,0) is a MS.

Definition 2.1.3.

“A sequence {(,} in a metric space YW = (W,0) is said to converge or to be

convergent if thereisa ¢ € W s.t
lim 9(¢,, ) = 0.
n—oo

¢ is called limit of {(,} and we write

lim ¢, =¢ or ¢, —C(.

n—oo

We say that {(,} converges to ¢ or has the limit ¢. If {(,} is not convergent, it is
said to be divergent.” [2]

Example 2.1.4. Consider the real number line R equipped with the metric
defined by

9(¢, &) =[¢ =&l
Then, the sequence {(,} = % in WV is a convergent sequence.

Definition 2.1.5.
“A mapping S : W — X of a metric space W = (W, 9) to X = (X, 9;) is continuous
at a point ¢ € W if and only if

(o — (o implies  S¢, — S¢."[2]
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Definition 2.1.6.
“A sequence {(,} in a metric space W = (W, 9) is said to be Cauchy (or funda-

mental) if for every € > 0 there is an N = N(e) s.t,
0(Cm,y Cn) < € for every m,n > N.”[2]

Definition 2.1.7.

“A space W is said to be complete if every Cauchy sequence (CS) in W converges

(that is, has a limit which is an element of W).”[2]

Example 2.1.8. With usual metric on R the closed interval [0, 1] is complete.

Also the real line and complex plane are complete metric spaces.

2.2 Some Generalizations of Metric Space

In 1989, Bakhtin [27] introduce the concept of b-MS.

Definition 2.2.1.

“Let W be a non-empty set and let s > 1 be a given real number.
A function d,: WX W — [0, 00) is called a b-metric if V (,&, ¥ € W the following

conditions are satisfied,

(b1) = 06(C,€) =0 & ¢ =¢,
(b2) = (¢, &) = Bw(&,€),

(bs) = Tp(C, W) < s[0(¢, &) +Bp(&, V)]

The pair (W, 0,) is called a b-MS.”

Definition 2.2.2. “Let (W,d;) be a bMS. A sequence {(,} in W is said to
be:

(i): Cauchy if and only if 8,((y, () — 0 as n,m — oo,
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(ii): Convergent if and only if there exist ( € W s.t 0,((,,() — 0 as n — oo

and we write lim (, = (,
n—oo
(iii): The b-MS (W, ;) is complete if every CS is convergent.” [28]

Example 2.2.3. Consider W = R, the mapping J; : R x R — R defined by;

(¢, 6) = I1¢ — ¢

is a b-metric on R with s = 2.

Example 2.2.4. Let (W,d) be a MS and;

61)((7 5) = (6(<7 g))p

V(,EeWandp>1inR. Then, (W,d,) is b-MS with s = 2P~1.

Example 2.2.5. Consider the space [,

{{un} CR: io]unr < oo}, 0<p<1).

Define 0y : I, x [, = R" as:

(.6 = (S hua—wal?)’.
n=1

where ¢ = {u,}, £ = {va}. Then 0y is a b-MS with s = 2.
Definition 2.2.6.
“Let W be a non-empty set and 9, : WxW — [0, +00) be a mapping s.t V (,§ €
W and if V distinct points W, & € W, each of them different from ¢ and &
(i) 95(¢.&) =0 ¢ =¢,
(ii): Tg(C,§)=04(&:¢) V (,E €W,
(ili): 94(C, &) < 0y(C, V) +0,(¥, @) + 0y(0, ),
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Then (W, 0,) is called a GMS.”[21]

Definition 2.2.7.
“Let (W, d,) be a GMS, and let {(, }men be a sequence in W, with ¢ € W. Then,

we can say that :

(i): sequence {(m }men is convergent to ¢ if and only if 9,(¢, () — 0 as n — oo.
(ii): sequence {(p }men is Cauchy if and only if ,(Gn, () — 0 as n,m — oo.

(iii): (W,0,) is complete if every CS {(,} in W converges to some element ¢ in

W [21]

Example 2.2.8. Let £={0,2}, M ={1/n, n€ N} and W= LUM.
Define 9, : W x W — [0, +00) as follows:

0, ¢=¢;

1, ¢(#&and (,§C Lor(,{C M,
0,(¢,€) = ' '

§ (€L, §eM;

¢, (eM, el

\

Then (W, 0,) is a complete GMS.

Example 2.2.9. Suppose W =R and ¥ # 0 € R.
Define 8, : W x W — [0, +00) by

(

0 ifC=¢
04(¢,€) = {30 if ¢ and € are in {1,2},( #¢,

U if ¢ and £ cannot both in {1,2},( # &.
\
Then, (W, 9,) is a GMS.

In [29] Stefan Czerwik introduced the idea of GbMS.

Definition 2.2.10.

“Let YW be a non-empty set and s > 1 be a given real number, and let

Ogp: W x W — [0,00) be a mapping s.t V (,£& € W and all distinct points
V. € W, each distinct from ¢ and &:
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(69171) : 696(C7§) =0« C = 57
(69172) : 6gb(Ca 5) = 6gb(§v C):

(69173) : 6gb(C7 §) S 8[6917((:7 \Ij) + 69()(\1/7 ¢) + 69b<¢7 é)]

Then (W, 0y) is called a GbMS or rectangular 6-MS.”[29]

Example 2.2.11. Let (W, 9,) be a GMS and consider a real number p > 1.
Let 044(¢, &) = (0,4(¢,€))P. Then, (W, dy) is a GbMS when s > 3P~ where s is a

b-metric coeflicient.

2.3 Banach Contraction Principle (BCP) and Some

of 1t’s Generalizations

Banach FP theorem also known as BCP was first presented in 1922 by Polish math-
ematician Stefan Banach. Under certain conditions, It guarantees the existence

and uniqueness of FP results in complete MSs.

Definition 2.3.1. “Let (W, d) be a metric space. Then a mapping S : W —
W is called a contraction mapping on W if there exists a positive real number

Ae0,1) st
9(SC,8) <A 0B(C,E), V(EeW.

Geometrically, this means that any points ¢ and £ have images that are closer

0(8¢, S
together than those points ¢ and &; more precisely, the ratio M does not

(¢, €)

exceed a constant which is strictly less than 1.”[2]

Example 2.3.2. Consider the MS W = R, with metric 3(¢,&) = |[¢ — &|.
Define a function S : W — W as follows:

S(g):%ﬂ, V(eW.

1
Then § is a contraction mapping with A = T



Basic Definitions 11

Definition 2.3.3.
“A fixed point of a mapping S : W — W of a set W into itself is an ( € VW which
is mapped onto itself (is “kept fixed” by §), that is,

the image SC coincides with ¢.”[2]

In general a mapping may or may not have FPs, and a FP may or may not be

unique.

Example 2.3.4. Let W = R. Define the mapping S : R — R by S(¢) = 2.
Then ¢ = 0,1 are the FPs of S. Figure (2.1) represents the graphical picture of
this mapping.

Graphical representation:

FIGURE 2.1: Mapping having more than one FPs

Example 2.3.5. Let W = R, define the mapping S : R — R by S(¢) = ¢ + 1.
Then S has no FP. Figure (2.2) represents the graphical picture of this mapping.

Graphical representation:



Basic Definitions 12

FIGURE 2.2: Mapping having no FPs

Example 2.3.6. Let W = R, define the mapping S : R — R by
SC) = % + 2. Then § = 3 is the UFP of S. Figure (2.3) represents the graphical
picture of this mapping.

Graphical representation:

-6

FIGURE 2.3: Mapping having unique FP (UFP)

Example 2.3.7. Let W = R, define the mapping S : R — R by considering

the following trigonometric function
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S(¢) = tan(().

2
This function has infinitely many FPs, one in each interval <n_7r M) along

27 2
_ Nr —
(n ;_ )W, ;m) along the negative

the positive x-axis and one in each interva,l(
x-axis that are shown in Fig (2.4).
Graphical representation

20

15

/ :

FIGURE 2.4: Mapping having infinitely many FP

Definition 2.3.8. “Let S be a self-mapping on W and let ' : W x W —
[0,400) be a function. One says that S is an I'-admissible mapping if

vV ¢Eew, T((¢) =1
= (8¢, 8¢) =1.7[25]

Definition 2.3.9. “Let S be a self-mapping on W and let I',v : W x W —
[0,400) be two functions. One says that S is an I'-admissible mapping with

respect to v if

Y CEEW, T((E) >u((.€)
= T(S¢, 8€) >1(S¢, S€).

Note that if we take v((,&) = 1, then this definition reduces to (2.3.8) . Also, if

we take I'((,&) = 1, then we say that S is an v-sub-admissible mapping.”[25]
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Definition 2.3.10. “Let S be a self-mapping on W and let I', v : W x W —
[0, 4+00) be two functions.

We say that S is an (I, v)-admissible mapping if
V (EeW, (¢ 21=T(8C8E) =1,

and

V GEEW, v((§) <1=v(S8CS8) <1

One can easily see that an (I', v)-admissible mapping is an I-admissible and v-

sub-admissible mapping simultaneously.” [30]

Definition 2.3.11. “Let S W W and I',v : W x W — [0, +00).
We say that S is a triangular (I, v)- admissible mapping if

(S1): T(C,€) > 1=T(S¢,8¢) > 1, forall (, £ € W

(S2): v((,€) <1=v(S8(8E) <1, forall (,£eW

(

['¢,¢) >1
(S3): AT(6,0) >1

:>F(C7\Ij)21 v C,g,\IJEW

v(¢,§) <1
(S1): qI(E, W) <1 [30]

SO <1 Y GETEW

\

Definition 2.3.12. “Let (W,d,) be a GMS and let T', v : W x W — [0, +00)
be two mappings. Then,

(i): S is a I'-continuous mapping on (W, d,) if for a given point ( € W and
sequence {(n} in W, ¢, — ¢ and I'(Gn,y Gry1) > 1 V. m € N, then S¢,, —
SC.
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(ii): S is a v sub-continuous mapping on (W,d,) if for a given point ( € W
and sequence {(,} in W, ¢, — ¢ and v(Gn,Gns1) < 1 V. m € N, then
S¢n — SC.

(iii): Sis a (I, v)-continuous mapping on (W, d,) if for a given point ¢ € W and
sequence {(,} in W st (G — ¢ with I'(Gn, Gnr1) > 1 and v(Gn, Grar) <1
vV m € N, we have §¢,, = S¢.”[30]

Example 2.3.13. Let W = [0,+00) be equipped with the usual metric

04(¢, &) = [¢ = ¢l.
Assume that S: W = W and I',v: W x W — [0, +00) be defined by

s if 0,1
S(C) _ 29 1 CG[ ) ]7
arcsin ¢ +sinh ¢ + 2, if ¢ € (1, +00),
CHH 1, if¢Eeo,1],
I, ¢ =

0, otherwise,
\

;

1
15¢24£6
p(¢, €)= T
2

if ¢,¢ €[0,1],

, otherwise.
\

Then S is (I', v)-continuous (I-continuous and v-sub-continuous) on (W, 9,).

Example 2.3.14. Let W = [0, +00) and 3,(¢, &) = [¢ —¢&|.
Assume that S: W — W and I', v : W x W — [0, +00) be defined by

¢’ if ¢ €[0,1],
S(0) = 1
sinw¢ +2, if ¢ € (1,+00),
G+ +1, if(Ee0,1],
N(C.6) = resend
0, otherwise,
(¢, &) =%

Then S is discontinuous mapping, but S is (I', v)-continuous on (W, d,).
Indeed, if ¢, — ¢ as n — oo and I'((p, Guy1) = v(Cny Gui1 ), then ¢, € [0, 1] and so
lim S¢, = lim ¢ = ¢° = S¢.
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Definition 2.3.15. “Let (W,d,) be a GbMS and let
Lyv: W x W — [0,+00) be two mappings. Then, the space W is said to be:

(i): [-complete if every CS in W with I'((n, (me1) =1 ¥V m € N, converges in
W.

(ii): v sub-complete, if every CS in W with v((, Gni1) <1V m € N, converges
in W.
(iii): (T, v)-complete, if every CS in W with ['((n, Gnr1) > 1 and v(Gn, Gng1) < 1

vV m € N, converges in W.” [30]

Example 2.3.16. Let W = (0,00) and 0,(¢, &) = |¢ — £| be a metric on W.
Let B* be a closed subset of W. Define I', v : W x W — [0, +00) by

G2, if¢een,
rGo=4 7

0, otherwise,
v((,§) = 2¢¢.

Clearly, (W,0,) is not a complete MS, but (W,0,) is an I'-v-complete MS.
Indeed, if {¢,} is a CS in W.

Definition 2.3.17. “Let (W,9,) bea GbMS and let I, v : WxW — [0, +00)
be two mappings. Then, the space W is said to be:
(i): T-regular, if ¢, — ¢, I'(Gn,Gne1) = 1 ¥V m € N, implies I'((, () > 1
vV meN.

(ii): w-sub-regular, if ¢, — ¢, V(Gn,Gne1) <1 V. m € N, implies v((,, () < 1
vV meN.

(iii): (T, v)-regular, if ¢, — ¢, T'(Gny Gna1) = 1 and v(Gny Gna1) <1 ¥V m € N,
imply that ['((,,,¢) > 1 and v((,, () <1 V m € N.”[30]

Example 2.3.18. Let W = R, and define 9,(¢,£) = |[¢ — &|?, and define the

mapping
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(

2 if[¢(—¢| > 2 forany n €N,
if ¢ =¢,

1 otherwise.

I'(¢, €)

I
o

0 if{=¢,
v(6,6) =1 if|¢—¢ <L forsomen €N,

2  otherwise.

\

Then (W, 0y) is a (I-v)-regular GbMS.

Definition 2.3.19.
“Let ©yy denote the family of all functions ¢ : (0,+00) — (1,400) that satisfy

the following properties:

(p1): @ is increasing.

(p2): For each sequence {(,,} C (0,+00)
lim ¢, =0 < lim ¢((,) = 1.
n—0 n—00

(psw): ¢ is continuous.

Throughout this thesis by ©g we mean the family of all functions ¢ : (0, +00) —
(1, +00) that satisfies 1, @2 and

(p3g) There exist r € (0,1) and [ € (0,00] s.t limp(l) — llr =1.[21]

1—0

Definition 2.3.20. “Let (W,d,) be a complete GMS and : W — W be a
mapping. Then, § is said to be a p-contraction if there exists a function ¢ € O¢

and a constant d € (0,1) st V (€W,

0,(S¢, 8€) > 0 = ¢[0,(S¢, 8] < [p(M(C, ),

where

M((, ) = max{9,((, €), 04(5C, €), (¢, SE) ;" [20]
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Remark 2.1. The sets ©¢g and 0,y are distinct.i.e, they contain different elements

or have different properties.

Example 2.3.21. Define ¢ : (0, +00) — (1,+00) by

2
1
et ift e |:§,+OO) .

o Vi+1 ifte (0,1},

Then ¢ € O¢ but for any t > 0,

1
lim o(t) = \/i—l- 1
t—1" 2

lim ¢(t) = ez,

1+
t—2

1
Since \/;4— 1+ e2 | so, o does not satisfy the condition (g3 ), then, ¢ ¢ Og.

Example 2.3.22. Define ¢ : (0, +00) — (1,+00) by
o(t) = eVie' £ >0,

Then, ¢ € Oy, but for any r > 0,

. p(t)—1 Coevte —1 eVt (et + te?)
lim ———=lim — = lim ———~.
t—0+ t* t—0+ tr t—0t+ 2r+/tet x tF—L

t) —1
= lim (1) = 00
t—0+ t

SO, S @g.



Chapter 3

FP Results for
(I', v)-p-{2-contraction in

Generalized MSs

3.1 Introduction

In this chapter, we extend the concept of p-contraction in GMS by introducing the
idea of a generalized (I, v)-¢-Q-contraction. This concept provides a more general
framework for analysing contractions in GMS to demonstrate the applicability
of our results. Some illustrative examples are also provided. Furthermore, we
derive some useful corollaries from our main results, which can be used to acquire

additional insights and extensions.

Definition 3.1.1. Consider the set o of all functions €2: [0, +00)® — [0, +00),
satisfying the following:

for all (1, 0y, 03, 04,05 € [0, +00) with ¢1 €5 (3 €4 {5 =0, I ~ €]0,1[ such that
by, b, 05, Ca, 5) = 7.

Example 3.1.2. If Q(€1,£2,€3,€4,€5) = min{€1,€2,€3,€4,€5} + v where v €
10, 1], then, Q € 0.

19
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Example 3.1.3.
If
min{€17 EZ) 63) E47 65}

Qly, 0y, l3,04,05) =
(1’ 253 5> max{€1,€2,€3,€4,€5+1}+7

where v € ]0,1[ , then, Q € 0.

Definition 3.1.4. Let (W, 9,) be a (T, v)-complete GMS, and suppose S be
a self-mapping on W, where I', v : W x W — [0, +00) are two functions. Then S
is a (I, v)-p-Q-contraction, if V ¢,£& € W with (I'(¢,£) > 1 and v((,§) < 1) and
04(S8¢, S¢) > 0, we have

90[55,(8(, 55))] < [ﬁp(M(C, 5))]9(59(C,Sc)ﬁg(6785),%(C,é)ﬁg(&Sc)ﬁg(szc,&)), (3.1)

where ¢ € Oy, Q € o, and

M(C? 5) = max{ag(C7 5)7 59((7 SC)? 69(67 85)7 59(8C7 5)7
0,(87¢,€),0,(57C, §€), 94(S*¢, SO) }-

(3.2)

Example 3.1.5. Let W = [1,+00) and ¢(j) = ¢’ V j€]0,+00].
Then, ¢ € O.
Define 9, : W x W — [0, +00) by

04(¢,€) = 1¢ = ¢|.

Then, (W, 9,) is a complete GMS.
Define S : W — W by

S() =7 ¥V g€ll,+00),
F(C?é-) = ]‘7
V(C’ 5) = 17

miﬂ{]1,j27j37.74)]5}
max{j1, J2, )3, Ja Js } + 1

Q91,925 93, 94, J5) = V' 1,02,73. 04, 05 € Ry

Then § is a (I', v)-continuous and triangular (I', v)-admissible mapping.

Case 1. 0 < (¢ <¢
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Now

3,(S¢, S€) = (VE - /<),
Aﬂ%@fﬁ=mw{@@£%@@wf%%@w@%@@w@)

(2 (9 8 (9}

Since ( < &, we get

M(¢,€) =max { (¢ = ©), (¢ = V), (€ = VO, (6 = VO)

() (D) ()}

Thus,

= o(M((, Q) = ¢(0,(¢, €)) = 9.

Thus,

©(0,(C, 5)) (04(¢,5¢),04(£,5€),04(¢,S5€) 04 (£,5¢),04(S3C.6))
— e(gic) (Cffvgf\/;ch\/zvgf\/sz V \/Z)

< -0,
Thus,
0(3,(S¢,8€)) < (M (Dy(¢, €)))HO0(CEa(:50),04(6:56)04(6,50)04(S7¢,6)

Case 2. ( > &> 0.

Similarly, it can be concluded that
©(8,(S¢,8€)) < p(M(3,(¢, £)))2@ )3 (¢,5€),0g (£,5€),04(£,:5€),04(S¢.€)

Hence, S is an (I, v)-¢-Q-contraction.



FP Results for (I',v)-p-Q-contraction in Generalized MSs 22

3.2 Main Results

We now present a novel concept of generalized p-{2-contraction in the framework

of (I', v)-GMS as follows.

Theorem 3.2.1. Suppose (W, d,) be a (T, v)-complete GMS, and S : W — W

be a mapping, which fulfils the following assertions:
(i) : S is a triangular (I, v)-admissible mapping.
(i) : Sisa ([, v)-p-Q-contraction.
(iii) : 3 o eW st I'(¢,S¢) > 1 and v(y, S¢) < 1.

(iv) : Sis a (I', v)-continuous.

Then S has a FP. Also, S has a UFP when I'(¢,£) > 1 and v((,§) <1 V FPs
¢Eew.

Proof. Let (, € W s.t TI'((y,SC¢) > 1 and v({p, S¢) < 1.
Define a sequence {(,,} by

Gn = 8" = SGm-1-

Then by (iii)
I'(Co, ¢1) = I'(Co, S¢o) > 1.

Since S is a triangular (I', v) admissible mapping

= (8¢, 8¢) > 1ie

I'(¢G,G) > 1,

similarly

v(Co, C1) = (G0, S¢o) <1
= V(SCQ,SCl) <1

= (¢, ¢) < L
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Proceeding this way, we have I'((;,—1, () > 1 and v((no1,(n) < 1,V n € N. By
83 and 84,

L(Cmy Cn) = 1 and v(Gn, Gn) <1, ¥V m,n € Nym # n. (3.3)

Let Gy # SCa, i€, Oy(Cuo1,Ca) >0 ¥V neN.
Also
CTL#CTTH \V/ m,nEN,m#n. (34)

Indeed if (, = (,, for some m =n + k > n, then
Cn+1 = Sgn = SCm = Cerl-

Express 0y, = 04((m» Gn1), therefore p(d,, ) = (g, ).
Then, (3.1) implies that

©(04(SCn-1,5¢n))
S [@(M(Cm_17 gm))]Q(ag(gm_l’Cm)759(cm7<m+1)769(<m—17Cm)769(CmaCm)769(Cm+17<m)) (35)

= @(M(Cm—la gm))]9(5gm_1v O9m—1Ogm 0 6gm+1)’

here

M(gmfla Cm) = maX{ﬁg(Cmflv Cm)v 5Q<Cm717 Cm)v 69(<m; Cm+1>
6g(<m> Cm)a 6g(Cm+la gm)a 6g(Cm—i—la Cm+1)7 E-§g(<m—}-l> Cm)}
= maX{ﬁg(gm—h Cm)’ 69(Cma gm—l—l)}'

Since 9, ,.0,,,.0.0

1:0g,,,-0.0g,, ., = 0 which implies that 3 v €]0,1[ s.t

Q(Dy,,_1:0g,,_1:0g,,:0,0g,,11) =7

Thus, (3.5) becomes
#(0g,,) < [(M(Gn1, Gm))]- (3.6)

Suppose that
M<Cm—17 Cm) = 6g(gma Cm+1)'
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Then, by (3.6), we have

©(9g,,) < [¢(0g,,)]" < (9y,,),

which is not possible, therefore

M(Cm—l» Cm) = 69(@71—17 Cm)

Since ¢, = G

= 0y, = 0y,, < 0y, 1.

<0
which is a contradiction. Thus, (3.4) holds.

<0 <..<0

Continuing this process, we get 9, =0 G < -

9m Im—1 9n>

Substituting ¢ = (,_1 and { =, in (3.1), V n € N.

P(0g(SCn-1,SGCn)

= 90(69<Cn7 Cn-l—l))
S [('O(M<<'n_17 Cn>)]Q(ag(cnfl7Cn)739(CanJrl):ag(Cnfl7Cn+1)759(Cn:§n):5g(<n+lan))

= [gp(M(Cn_l, Cn>)]g(6g (Cn717Cn)’89(<’ﬂ7<n+1)769 (<n717<n+1)70769(§n+1 »C’ﬂ)) .

Now by definition (3.1.1) 3 v € (0,1) s.t

Q[ﬁg(gn—la Cn)? 69(@1; Cn+1)7 69(91—17 Cn+1)> 07 69(Cn+1a gn)] =7

= M(Cn—lv Cn) = maX{69(§n_1, Cn)> 69(@1—1, Cn)7 69(@1, Cn+1)7
6Q(Cn—i-h Cn)? 6g(<n+17 Cn>7 6!](Cn—i-h Cn+1>> 6g(<n+1; Cn)}
= max{ag(cnflv Cn)7 69(<n7 Cn+1>}'

Suppose that
M(Cn—la Cn-‘rl) = 69({717 Cn-i—l)-

In that case,

Sp(ég(Cm Cny1)) < [@(69@71’ Cnp1)]" < 90(69(Cm Cnt1)),
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which contradicts our assumption.

Therefore,

M(Cnfla Cn+1> = 69(@1717 Cn)

Hence

90(89<Cn7 Cnt1)) < [90(69(@1717 G)|” < 90(69(<an> Cn))-

Since ¢ is continuous,

= 69<Cn: Cn+1) < 6g(Cn717 Cn) (37)

Thus, 04(Cny Grt1)nen is a sequence of non-negative real numbers that decreases
strictly.
Therefore, 4 A\ > 0 s.t

nhﬁr{olo 6g(<r7,—i-17 Cn) = )\1-

Now, we claim that A; = 0. Assuming on contrary, suppose that \; is greater than
0.
Given that the sequence 94((,, (1) is non-negative and strictly decreasing V n,

we can conclude that

69(C7’L7 gn-i—l) Z /\1 vV on € N7 that is
69(C"7 CnJrl) > nh—{{olo 6g(<n+17 Cn)
= 90(69(Cm Cni1)) = ,}Ef,lo 90(59(Cn+17 Cn))-

Using property of ¢

Qp(ag(gm Cut1)) > L.

Consider ¢(94(¢y, (nt1)) and applying contraction condition

90(8g(<m Cn+1)) < [SO(M@nfla Cn)]'y
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As
M(gn—la Cn) = 69(61—17 Cn)
= ©(04(Gn, Cnt1)) < [0(0g(Gr1, )] (38)
Now consider
©(0(Cn—1,Cn))]" <0(Bg(Ca—1, Cn))]
<[p(0g(Cn—2, Cn1))]-
= 30(89(@1—17 Cn)) S [30(69(61—27 <n—1))]7‘
Now (3.8) gives
90<69(Cna gn—i—l)) S[SO(ESg(Cn—l; Cn))]’y
S@(ég(gn—% Cn—l))]ny-
Proceeding this way, it can be concluded that
1< 90(69(@“{71-&-1))
< (8,(Co, )"
Taking limn — oo in above inequality, we get
1< 30(>\1) < 1,
a contradiction. Therefore,

Now substituting ¢ = (,,—1 and £ = (41 in (3.1), ¥V n € N, we have

@(69 (Cn> Gnr2))

< [@(M<Cn71, Cn+1))]Q(Eg(Cn—1,§n+1),59(4n—1nd),ag(Cn+17Cn+2),5g(Cn,Cn+1),59(Cn+17Cn+1))

— [90 (M (Cn— e ) )] Q(0g(Cn—1,Cn+1),09(Cn—1,6n),0¢ (Cn+1,6n+2),0¢ (CnsCn+1),0))
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here

M(C’n—ly Cn—H) - maX{ag(Cn—la gn-l—l)v 69(Cn—17 gn)v 69(Cn+17 Cn+2)a
89(@14—1; Cn)7 69(Cn+17 gn—i-l)? 69(Cn+17 Cn)7 69(Cn+17 Cn)}

Since

69(Cn+17 Cn-‘r?) S 69(Cna gn—i—l) S 69(@1—17 Cn)v

= M(Cn—l, Cn-‘rl) - maX{ag(Cﬂ—la gn-l—l)v 69(Cn—1a gn)}7

and 3 v € (0,1) s.t

Q<69(Cn—1a Cn—i—l)v 69(Cn—17 Cn)v 69(Cn+17 Cn+2)7 69<<m Cn+1)7 O) =7

Then,
90(69(Cn7 Cn+2) < [So(max{ﬁg(Cn—la gn-i-l)v 69(Cn—17 gn)})]7 (3'10)

Take a; = 59(@1; Cn+2) and b} = 69(@1, Cn+1)-

Thus, (3.10) can be written as:

p(ap) < lp(max{ar_y, by 1 1)),

using (1)

a, < max{a;_;, by}

By (3.7), we have

by < by_y < max{a;_;,b;_;},
= max{a;,br} <max{a’ ;,b; ;}, V neN.

Therefore, the sequence max{a;_;,b’_;},en forms a decreasing sequence of non-

negative real numbers. Thus, 3 Ay > 0 s.t

. * *
lim max{a;, b;} = Ao.
n—oo
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We assume that Ay > 0. By (3.9) and

lim supby, = lim sup 9,(¢y—1,Cn) =0,
n—oo

n—oo

lim supa’ = lim supmax{a’,b’} = lim max{a},b’}.
n—oo n—oo n—oo

Taking the limsupn — oo in (3.10), and using the properties of ¢, we get

¢(lim supa’) <e(lim supmax{a’ ;,b* ;})
n—00 n—00

=¢(lim max{a;_;,b;_;}).

n—oo

Therefore,

SO()\Q) < ()0()\2)’

which is a contradiction. Therefore,

nlggo 69(Cm CTH—Q) = 0. (3'11)

Now, we aim to show that the sequence {(, }nen is a CS.
To argue by contradiction, assume that this is not the case. Specifically, suppose
3 a positive real number € > 0 and two sequences of natural numbers, {n)} and

{m(k)}, s.t M) > N(k) > k and,

6g(Cm(k) ) Cn(k)> Z €

and

69(Cm(k>—17Cn(k)—1) <€

Now, using (3.7), (3.10) , (3.11) and the quadrilateral inequality

€ S 69(Cm<k)a Cn(k)) S [69(CM(k) 9 CM(k>+1) _l_ 69(€M<k)+17 €m<k)—1) + 69(Cm(k>—17 Cn(k))]

S [59(Cm(k>> Cm<k)+l) + 69(Cm(k)+17 Cm<k)—l) + 6]‘



FP Results for (I',v)-p-Q-contraction in Generalized MSs 29

Taking klim in the above inequality, it gives
—00

hm §) (Cm(k) ) Cn(k>) [hm ( Q(Cm(k>: Cm<k)+1) + 6Q(Cm(k>+17 Cm(k)fl) + 6)]
=(0+0+¢)

é k‘h—{go ﬁ!](CWL(;C) ) Cn(k>> S €.

Again applying quadrilateral inequality,

(Cm(k)Jrl; Cn(k)) [ (Cm(kﬂrlu Cm(k) 1) +0 (Cm(k) 1) Cm(k)) +0 (Cm(k)v Cmm)]
When k — oo the above inequality becomes

’}an}o 59 (Cm<k)+1 ) Cn(k) )
<L G 3Gy 2) 0oy 11 G + TG o)
<(0+0+¢) <e

Similarly, we can get

]}Lrgo 69(Cm<k)+17 Cn(k)-i-l) S €.

Using quadrilateral inequality once more,

one can obtain

(Cm(k)-‘r% (n(k)) (Cm(k)+27 Cm(k)> + 0 (Cm(k) ) Cm(k)+1> + 0 (Cm(k)—i-la C’n(k)>
Letting k — oo in the above inequality,

S[klggo(ég(gn(kﬂr% Cm(k)) + 6Q<Cm(k)7 Cm(k)+1) + 69(<m(k)+17 Cn(k) ))}

<(0+4+0+¢) <e

Similarly

klggo 69(Cm(k)+27 Cn(k)+1) S e
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From (3.1) and taking ¢ = G, and § = Gy,

M (Gingpy > Gy ) = max{Tg Gy > Gy )s g (G Gmy+1)5 09 (G > Gy 1)
g (Crmguy+2 Cmry+1) g (Gmpy 425 Gy )
g (G +25 Sy +1)5 Og (G +25 Gmy+1) }-
Therefore,
kliglo M (G s Gngry) < max{e, 0,0,¢,€,€,0} =e.
Using (3.1) with ¢ = (p,, and £ = (p,,, one can obtain

‘P[ag@m(k)-&—la Cn(k)-‘rl)]
S[@(M(Cm(k) ) CN(k) ))SZ[BQ(CM(M ’C"(k) ),59(Cm(k.) ’Scm(k) )’59(C"(k) 7SC"(’C) )09 (Scm(k') ’Cn(k‘) ),3g($2Cm(k) ’Cn(k))

_[L)O(M(Cm“) , Cn(k) ))]Q[Bg (CM(,C) 7<n(k) )189 (gm(k) 7<m(k)+1)759 (<7z(k) a<n<k)+1)76g(Cm(k)+17<n(k) )789 ((m(k)ﬁ-%Cn(k) )] .

As ) is a continuous function, therefore

lim € [69 (me) ’ ka)) 0y <<m<k>> Cm(k)“) g <C”(k) ’ <n<k>+1> ’

k—o0

Og <Cm(k)+17 ka)) ;0 (Cm(m”’ C"(’“)]

=0 [,}1_{20 (69 <Cm<k) ’ Cn(k)) 0y (Cm(kw Cm<k>+1> 0y (C”Uc) ’ C”<k>+1) ’
0y <Cm<k>+1’ Cn(k)) 0y <<m<k>+2’ Cﬂ(k) ) )]

= Q[e,0,0,€, €.

So, 3 v€]0,1] st Q[ 0,0,¢,¢] = 7.
Thus,
klggo 90(69(Cm(k)+17 Cn(k)Jrl)) S [k;li{go 90<M(<m(k) ) Cn(k)))]’y

Using the continuity of ¢ in the above inequality, it becomes

el (3G Garn) )] < [ (fim 21 (G o)) |

k—o0

= ple] < [p(e)]”
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Hence,

p(e) < [p(e)]” < le),

which is a contradiction.
So,
lim 69(Cm,Cn) =0.

n,M—00

Hence, {¢,} is a CS in W. By using completeness property of (W, d,), 3 ¥ € W

s.t
lim aq(gn, U) =0.

n—oo

Now, we will show that 9,(SV¥, ¥) = 0.
Assume by contradiction

0,(S¥, ) > 0.

Now by quadrilateral inequality we get,
0y(V,SV) < [0,(V, ) + 04(Cny SG) + 04(SCr, ST (3.12)

By letting n — oo in inequality (3.12), we obtain

lim [3, (0, S¥)] <[ Him (Jy(F, ) + 8y (Gar SGu) + 8, (SC, ST))]

n—o0 n—oo

= lim (0g(V, Cn) + 0g(Cn» Cng1) + 0g(SC, SV))]

[l (3,(,G,) +3,(5G,. ST) (.13
=[0+ lim 0,4(S¢,,SY)]
n—oo
= 0,(¥,SV¥) < lim 9,4(S5¢,,SV).
Consider

90@9(8(7“8‘1})7

and applying contraction condition

P(04(SCn, SV) <p[M (G, ¥)]”
= lim ¢(y(5¢n, SV) < lim o[ M (G, V)]
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As ¢ is continuous

lim (3,(S¢, S¥) < [ lim M(C, W),

n—o0

Here
M (G, V) = max{0,(Gn, ¥), g (G, SCn), 0y (¥, SV), 0y (SCr, V),
04(S%Cu, S),05(S%Cas 1), 3y(S?Cr S ) }
= max{ag<Cn> \11)7 69(Cn7 Cn—&-l)v 69(\117 SlI])7 E-Sg(Cn—i-la \Ij)a
69(Cn+2» S\I[)v 89(Cn+2, \I/)a 69(Cn+27 Cn—&-l)}'
Thus,

lim M (G, W) = max {1im [3,(Gu, W),y (G Gusn), By (¥, SP), By (G, W),

n—oo n—oo

0, (Cur2r SW), By (Cor2, ), (Gt Gurn)] |
— max {o, 0,3,(¥,S¥),0,9,(¥, ST),0, o}

= 9,(V,S).

Thus,
lim M(¢,,¥) =0,(¥,SV),

n—o0

and 3 y€]0,1] s.t

hm 9(59<CH7 \I/)v 69<Cn> Cn+1)7 69<\Ilv S\I[>7 af](Cm S\I[)v 6g(<n+27 \I})) =7

n—o0

Hence
0(09(S¢n, ST) < @[M(Cp, W)]7

< [0, (¥, SV)]
< 0,(V,SV).
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As ¢ is increasing, so

(3,(SCa, ST) < 3,(T, SV).

Taking n — oo, the above inequality becomes

lim 3, (8¢, SU) < 8, (¥, SD). (3.14)

n—oQ

Combining (3.13) and (3.14) ,we get

3,(T, SU) < lim 3,(S¢,, ST) < 8, (¥, SD).

n—o0

Therefore,

lim 3,(S¢,, ST) = 8, (¥, ST). (3.15)

n—oo

Given that ¢, - WV asn — oo V n € N and since S is an (', v)-continuous, we

conclude that lim S§¢, = SV. Then,
n—oo

lim 3,(S¢,, SU) = 8,(SV,ST) =0
n—oo

= 0,(SV¥, V) = 0.

So U =S8V,
For uniqueness, let ¥, € W are two FPs of S st ( # V.

Therefore,

9,(T,¢) = 3,(ST,5¢) > 0.

Applying (3.1) with ( = ¥ and £ = (,

we have

©(0,(V, () = ¢(04(S¢, SV))



FP Results for (I',v)-p-Q-contraction in Generalized MSs 34

here

M (¥, ) = max{0,(¥, (), 0,(¥,S5¥),0,(¢,S¢),0,(SVY, ¢),
0,(S*V,8V),8,(S*V,(),d,(S*V,S8¢)}

= max{0,(V, (),04(V, V), 0,(¢,(),04(¥, (), 0,(¥, V), 0,(¥, (),04(¥, ()}
= 69(1117 C)

Therefore,

90(69(8\11780) < [@(69(\1}7 Q)" < ‘P(ﬁq(‘k ),

which implies that
0y(W, () < 0,4(¥,¢),
this contradiction implies ( = ¥, thereby concluding the proof. O]

Corollary 3.2.2. Let (W,d,) be a (', v)-complete GMS, and
v :WxW — [0,+00[. Suppose S : W — W be a self-mapping which fulfils

the following assertions:

(1) = ¢[04(SC, SE] < [p(M(C,€))] k€ (0,1) and ¢ € Og,

(ii) : S is continuous.
Then, § has a UFP.

Proof. Define a function Q(j1, 72,3, Ja,75) =%k ¥ 1,72, 73, Ja; Js € Ry
Clearly 2 € 0.
Taking
I'(¢, ) =1,v(§) =1
Thus, S is a (I, v)-p-Q-contraction, and S is a triangular (T, v)-admissible map-

ping. Hence following Theorem (3.2.1), S has a UFP (. O

It is an evident that if ¢ is a FP of S then it’s also a FP of 8" for every natural

number n.
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Jeong and Rhoades [31] first introduce the idea of property P that if the set of
FPs of S coincides with the set of FPs of ™ V n € N, i.e.
Fixz(S) = Fixz(S™), then, a mapping S is said to have property P (or have no

periodic points).

Theorem 3.2.3. Consider (W,9,) be a (I',v)-complete GMS and let T, v :
W x W — [0,+00) be two functions. S : W — W be a mapping which fulfils the

following assertions:

(i) : S is a triangular (I', v)-admissible mapping.
(i) : Sisa (I, v)-p-Q-contraction.

(iii) : T(¥,8¥) > 1 and v(V,SY¥) <1, V ¥ e Fiz(S),

Then, S has the property p, that is
S"( = 8C.

Proof. Let for some fixed n > 1, let ¥ € Fiz(S"). As I'(V,S¥) > 1 and
v(U,S¥) <1 and S is a triangular (', v)-admissible mapping, then

[(SV,S*V) > 1 and v(S¥, S*¥) < 1.
Similarly, it can be written as:
0(S"V, 8" W) > 1 and v(S"¥,S"¥) <1 V neN.
By (S3) and (Sy)
L(SE™Y,8"P) > 1 and v(S™W,S§"V) <1, V m,n € N,n+#m.

Consider that U ¢ Fiz(S), i.e, 9,(¥,S¥) > 0.
Also we can write 9,(V, SV) as

3,(T, SU) = 3,(S"T, SV) = 3,(SS" W, SV), (3.16)
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consider 9,(SS" 'V, SV) and using (3.1)

0(0,(SS" 1, SV)

< [p(M(S™ 1w, ‘P))]Q(ag(sn—qu,\y),ag (S 10, S8 1) B, (V,ST),3,(SS" 10, W),3,(¥,S28" 1))

[go(M(S”’l\IJ, ,I,))]Q(ag(s”—lq/,xp),ag(3”—1\11,3”\1/),69(\1/,3\1/),89(sw,\p),zsg(\lf,sn+1\1/))

[@(M(S”_lkll, ‘I,mQ(ag(3”*1q/,q/),ag(snfl\p,anl),sg(\1/,3\1/)@(5"\1/,\1/),0).

So, 3 v€(0,1) st
Q0 (S" ', W), 0,(S" W, 8"V),0,(¥,SV),0,(S"V, ¥),0) = .
Since ¢ is continuous and an increasing function, therefore, (3.16) gives
(0,(U,8V)) = p(0,(S"V,SV)) = p(J,(SS" W, SV)).
Also ¢(0,(SS" 10, 8V)) < [p(M(S™ 10, 0))]”
= p(0,(V,80) < [p(M(S" 0, 0))]. (3.17)

Now to find M (8" 10, ¥)),

we proceed as follows:

MU, 8" 1)
= max{0,(S" 1, ¥),0,(S" W, SS" 1), 0,(¥,SV),0,(S" 1V, ¥),0,(S2S" 1, ¥),
0,(S*S" 10, 8V),0,(S*S" 1w, 8" 1)}

= max{0,(S" 'V, V), 5,(S" 'V, S"W),0,(V,SV),d,(S" "W, ¥),0,(SS"V, V),
0,(SS" U, SV),8,(SS"¥,S" ')}

= max{0,(S" W, V), 0,(S" ', ¥),d,(V,SV),d,(S" W, ¥),d,(SV, V),
0,(SU,8¥),0,(SV,S" ')}

Asn — oo and 9,(S" 1P, 8"V) — 0

= lim M(V,8" ') =5,(¥,SV).

n—o0
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Therefore (3.17) becomes
P(0y(V, ST) < [p(0,(V, SW))]” < ¢(0,(¥, SW)),
which is a contradiction. Hence,
0,(¥,SV) =0,

which implies that Fiz(S") = Fiz(S). Thus S has a property P.
Considering the following assertions, we prove that if S is not necessarily contin-

uous then Theorem (3.2.1) still holds. O
Theorem 3.2.4. Let (W,d,) be a (I',v)-complete GMS and let I, v are two
functions s.t I';v: W x W — [0, 400) .
Suppose S : W — W be a self mapping which fulfils the following assertions:

(i) : S is a triangular (I, v)-admissible mapping.

(ii) : Sis a (I, v)-p-Q-contraction.

(111) 3 (eW st F(COHSCO) > 1 and I/(Co,SC()) <1.

(iv) : (W,0,) is (I', v)-regular,

then, S has a FP. Moreover, § has a UFP with I'(V,¢) > 1 and v(¥,() < 1
vV U, ¢ e Fizx(S).

Proof. Let (y € W s.t T'((y,S) > 1 and v((p, S¢p) < 1.
Following the proof of Theorem (3.2.1), it can be concluded that

['(Cny SCry1) > 1 and v((G, SGrir1) < 1, and

(n = ¥V asn— oo,

where (11 = S8¢,. From (iv), I'(¢uy1, ¥) > 1 and v((py1,¥) < 1 hold V n € N.
Suppose that S¥ = (o1 = 8¢, for some ny € N. By Theorem (3.2.1), it is known
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that the elements of the sequence {(,} are different. So, SU # S(,, that is
0,(S¥,S8¢,) > 0 V n > ng. Consequently, one can apply (3.1) to ¢, and ¥

V n > ng to obtain

QD(E}Q (SCTL? S\IJ)) S I:(p(M(g'nd \D))]Q(ag (CTL’\II)’E}Q(C7L78<7L)7ag(\y78‘11)76g (Cn,s\p)yag(82<ny\y))
:[QO(M(Q'IH \Ij))]Q(Bg (qn7\11)769(Cn,<n+1)169(\Iivs‘ll)ﬁg(Cn’8@)169(<n+27"11))

Y

which implies that

0(0,(SC, ST)) < [p(M (¢, W))] ¥ (Gn )09 (CrCn1).8 (¥, ) B9 (Gr, S ¥),Bg (Grt2, )
(3.18)

Now

lim M(Cm \I/) =max | lim [69(Cm \IJ)? 69(Cm gn-i-l)v 69(\117 S\P)’ 59(Cn+1, \Il>a

n—oQ { n—o0

3,(Crvz S,y (G 0,8y (G Gurn)] .

As it is described earlier that (,, — ¥ as n — oo.

Then, the above equality becomes

— max {aq(\p, 0),8,(0, 0),8,(, ST),d,(¥, T),
Tim By (Gue, S),0,(W, W), 3,(, ¥) }
— max {o,o,ag(w,sm),o,g& 3, (Caya, ST), 0, o}.

Since

0 < 6g(Cn+278\Ij) < 6g(<n+2a<n) + 8g(<nv ‘Ij) + 59((:71,8\11).

Taking limn — oo

nlggo 69(Cn+2a S\Ij) S nlijgo[ﬁg(gn—i-% Cn) + 69(Cna ‘;[I) + 69(Cn7 S\P)]
<B,(V, W) +8,(V, ) +9,(¥, SV) (3.19)
= lim 04(Cyp2, SY) <0y (V,SV).
n—oo

Thus,
lim M ((,, V) < 0,(V,SVU).

n—oo
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Also

lim (8, (Cn, W), 0y (Cny Grt1): 0g (W, SV), 04(Cn, W), By (G2, W) = -

n—oo

If 9,(V,SV¥) > 0, subsequently by (3.19) and certainly ¢ and € are continuous,
(3.18) becomes

p(lim 8,(5Cn, SV)) < [p(0y(V, ST))]” < [p(0y (¥, ST))].

n—oo

Using (3.15), we get
P(0g (T, SV)) < [0, (¥, SV)],

which is a contradiction. Hence, 9,(¥,SV) = 0, that is, ¥ is a FP of S, which
implies that ¥ = SW. One can prove the uniqueness proof following the Theorem

(3.2.1). O

Definition 3.2.5. Let (W,9,) be a (I' — v)-GMS, and let S : W — W be a
self-mapping. Suppose that I';v : W x W — [0, +o0o[ are two functions. Then S
is a (I', v)-pg-Q-contraction, if V ¢,£& € W with I'(¢,£) > 1 and v(¢,€§) < 1 and
0,4(S¢, S¢) > 0,we have

90(59(3C,3§)) < [QO(M(Q5))]9(59(4,5)759(4784)759(6785)759(S<,£)75g(8247£)), (3.20)
where ¢ € O , 2 € 0 and

M (¢, &) = max{8,(C, €),04(C, SC), 0g(€, S€),04(SC, €), 04(S7C, €), 04(S7¢, 5€), 8y (57¢, S¢) -

Theorem 3.2.6. Let (W, 9,) be a (', v)-complete GMS, and let I', v are two
functions s.t I',v: W x W — [0,+00). Suppose S : W — W be a self-mapping
which fulfils the following assertions:

(i) : S is a triangular (I, v)-admissible mapping.

(i) : Sis a (I, v)-p-Q-contraction.

(111) — CO eW st F(Co,SCO) > 1 and V(CO;’SCO) < 1.
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(iv) : Sis a (I', v)-continuous.
Then, S has a FP. Also, S hasa UFP when I'((,£) > land v((,§) <1V (,£ € W.

Proof. Let (o € W s.t T'(¢y,S¢) > 1 and v((y, S¢) < 1. Following the proof of
Theorem (3.2.1),

it can be concluded that

F(Cm(ﬂ—ﬂ) > 1 and V(Cm(n+1) <1,
and
lim 69((717(71—&-1) =0 5
n—oo
lim 9,(¢y, Cny2) = 0.
n—oo
By property (¢3), 3 re]0,1] and [ € (0, +o0] s.t

. (90(69<<n7 Cn-i—l)) - 1) .
nh_g}o 8g(<m Cn—&-l)T =l

Suppose that [ < oco. So, 3 n; € N s.t

©(0g(Cns Cn1)) — 1 l
oGSy Y rEm (3.21)
_1 ©(0g(Cns Cna1)) — 1 B i
” 2 - 0g(Cny Cng1 ) b< 2

I [
= (—5 + l) 69(Cn7 Cn+1)r < 90(69<Cn: CnJrl)) —-1< (5 + l) 69(Cn’ C”+1)r

[ l
= 5 6g<Cn7<n+1)r < 90(69(<naCn+1)) -1< 35 6g(<m CnJrl)r
= ByGo Gusa) < 760G o) = 1) < 3y(Gas o)

= 04(Cns Gr1)™ < A*(@(04(Cny Guy1)) — 1), where A = %

= nag(Cm Cn+1)r < A*n<¢(69(Cna gn-i-l)) - 1)
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Now let [ = oco. Suppose R > 0 be an arbitrary non-negative number.

Then, 4 ny € N s.t

©(0g(Tn, Tny1)) — 1
(59(3571’ xn+1)>r

>R, (3.22)

Since 04(Cny Cr1) > 0 and also p(04(Ca, Cutr1)) s positive, so absolute value is

unnecessary and one can write it as

@(69(617 Cn—&-l)) —1
(6g<<m Cn—l—l))r

>R

= 90(69(@” Cn+1)) —1>R 69(Cn7 Cn+1)r

= 0y(Go Gun) <y #0(Gu Gus)) 1

e n[By Gy Cosn )] < A [P(By(Crs Cosr)) — 1], ¥ 10> ma, where A" — %

Therefore, in all cases, 3 A* > 0 and ¢ € N(c = max(ny,n2)) s.t

1[04 (Gns Cni1)*] <A™ [p(Tg(Cny Cuir)) = 1], V1= e, (3.23)

Consider (,0(59(@1, <n+1)) = @(69(5(7%17 Scn))
By using definition (3.2.5)

P(0g(Gns Gr1)) < M (Gt Ga))™ (3-24)
As M(Coo1,Ga) = 04(Caz1, Cn), therefore (3.24) becomes
©(0g(Gns Gnt1)) < 0y (Gns Gas1)) < Tyg(Gu15 G)
Using this in (3.23)

1[0y (Cus Gor1)]" < A" n[0(Tg(Cny Gut1))] — A" < ATy (Gumt, Go)] — A"
(3.25)
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Now applying contraction condition on ¢(9y(Cu—1,Cs))

90(69(@1—17 Cn)) S%O(M(Cn—% gn—l))r
=0(0g(Cn-2,Cn-1))"
Therefore (3.25) becomes
1[0y (Cn, Gupr) ] < (A"1[0y(Cr1, Go)]T = A™.n) =A"n[0g (1, Gn)" — 1]
<A*'n[¢(6g(6n72v Cnfl))r2 —1].
Continuing in the same way, we obtain

n

1[0y (Cns Cra1)]” < 1A [0(0g(Gn Gugr)) — 1] < oo < A"n[p(Bg(Co, un)))" — 1.
Taking n — oo in the above inequality to get

lim n[0y(Cn, Gus1)]" = 0

n—oo

= n[0,(Cn, Cot1)]" <€, ¥ e> 0.

Choosing e =1 and also 4 n3 € N s.t

1
69(Cﬂ7§n+1) S nl/r’ v n Z ns.

Now consider 0,((n, (ate2) and by using condition (¢3), 3 r € (0,1) and h €

10, +00] s.t
. ()0(69<<n7<n+2))_1
0, (G G

Now suppose that h < oo and 3 ny4 € N; then Following the same procedure, one

= h.

can get

10y (Cns Gr2))™ < T 1(p(Bg(Cns Cni2)) = 1), ¥ 1> ny.

Now let h = oo and let 3 an arbitrary non-negative number Q* > 0 and also

3 ns € N, then one can get

1[04 (Gns Cna2)]" < 1T [0(0g(Cns Cni2)) — 1], ¥V n = m5, where J* = 1/Q".
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Following the same procedure as in the equation (3.23), we get

[y (Gas Gur2)*] < 0T [@(Bg(Cas Cur2)) = 1] < oo < T [(B(Co, €2)))™ = 1]

Asn — oo

nlgrolo n[ag(Cm §n+2)r] = 0

= n[0y(Cn, Cuy2)™] < 1.

Then, 4 nge N s.t

1
69(€n7€n+2) S v n Z

nl/r’ Neg.

If m > n, then

59(Cn; Cm) S[ﬁg(cna Cn—l-l) + 6g<<n+17 Cm)]

Ség(Cm <n+1> + 6g(Cn+17 Cn+2) + 8g(<n+27 Cm)
§6Q(CTL)C’H/+1) + o + 69(§m—17€m)

= 69(Cm gm) S[ég(Cna gn—f—l) + 69(671—&-17 Cn+2) —+ ...+ 69(6771—17 Cm)]7

By combining the result, it can be concluded that

m—1
3y(CnsGn) <>

i=n

q1/r

Therefore,

o0

1
0 (CorGm) < D 77 (3.26)

=n

= 1 1

Since r € (0, 1), the series Z —— is a p-series with p = — > 1, which converges.
- ,Ll/r T
So, in (3.26) taking the limit n,m — oo , we get

lim 0,(Cpn, ) = 0.
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Hence,

it is clear that {(,}nen is @ CS. As W is complete, then 3 ¥ e W s.t

lim 3,(Cp, ¥) = 0.

n—o0

As S is (I', v)-continuous, therefore

lim 3,(SCy, ST) = 0,

n—oo
=V = lim (,y; = lim §¢, = SV.
n—oo n—oo
This clearly shows that ¥ is a FP of S. O]

Corollary 3.2.7. Let (W,d,) be a (I',v)-complete GMS and also suppose
that ', v are two functions s.t I',v:C x C — [0,400[. Let S : W — W be a

self-mapping which fulfils the following assertions:

(i) = ¢[0y(S¢ SO < [p(M(C,€))]r € (0,1) ¢ € Og.

(ii) : S is a triangular (', v)-admissible mapping.
(111) = C() eW sit F(CQ,SCO) Z 1 and V(((],SC()) S 1.

(iv) : Sis a (I', v)-continuous.

Then, § has a FP.
Also, § has a UFP when

I'(¢(,§) >1and v((,§) <1V ({eW.
Proof. Define a function Q : R}, — Ry by
Q(elu 62763764765) =r v €1,€2,€3,€4,€5 € R-l-

. Clearly Q € o and S is a (T, v)-¢-Q-contraction. Following the proof of Theorem
(3.2.6), S has a UFP ¢ e W. O
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Example 3.2.8. Let W = (0, +c0) and a € (0,1).
Define 9, : W x W — [0, +00) by

094(¢, &) = (I¢ = &)

Then, (W, 9,) is a complete GMS.
Define S : W — W by

S()=ayy ¥V 7€ (0,+0),

e (.6
maxi(,&r +a
F(Qf)Zm, vV (EeRy,
~ min{(,{} +a
V(C’g)_max{é’,g}jta’ \V/ CaSER-h

Q(]17]27.73aj47.]5) = \/a v J15J25 735 J45 J5 € R-‘r'

Then, S is an (I', v)-continuous and triangular (I, v)-admissible mapping.
Case1: 0<(<¢

6(8C7 Sg) = (CL\/E - a\/Z)a
M(0(¢,¢)) = maX{5(4’76),5(4",&\/@75(5,&\/@,3(5&\/@,

0 (aQ\/%, g) 0 (aQ\/%,a\/g) 0 <a2m,a\/z> 3

Since ( < ¢ and a € (0,1) , we get
M(C,€) = max { (€ = ), (¢ = av/D), (€ = avE), (§ — av/C),

(6= VVE) (avE-ay/VE) (avE- V) }

Thus,
M(C, &) = &= (= al§— Q).
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In contrast,

a(§ —¢) = Vava(§ - (),
= p(M(C.€)) = ¢(0(¢, €)) = ¢,

Thus,
D(D(C, £)) 208 IESE) ICE) IES) IS ) = Val—0) = oVaAVEVDVED),

P(3(S¢, S¢)) = Va0,

As (,£ €]0,00]
AVEV) < oValVEVOVER)

Thus,
0((SC, SE)) < (B, €))2OES)IESIC5).0(E50).0(E¢.0)),

Case: 2(>¢>0
B(S¢, S¢) = (av/C — av),
M(3(C, €)) = max {8(¢,€), (¢, av/C), (€, av/E), B(E, av/C),

3 (aQ\/%, g) 3 (aQ\/%,a\/E) 3 (a2m,a\/z) }

As (> ¢and a €]0,1],

M(¢,€) = max {(¢ =€), (¢ — av/D), (€ — av), (1€ — avl),

(16 VVal)  (lavE - @yVal) (avE -y VE) |
Thus,
M) > 6~ ¢ alc— )

Since,

al€ - ¢) = Vava( - €).
= p(M(C.£)) > p(0(C.£)) = €Y.
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Thus,
©(0(¢, g))Q@(C,SO6(&8&)ﬁ(c,ss),6<s,s<),a<52<,5))
—VaVEVOWTHVE)
P(B(SC, 8¢)) = VeV,
As C?é S ]0, OO[

(o(VEVE) < ValVi-VE(VCHVE).

Thus, ¢(3(SC, SE)) < (B(C, €))2ES)IES.IC5).0(650.0(5%¢.0),

where ¢ € ©), N Og. Hence, conditions (3.1) and (3.20) are satisfied.

Therefore, S has a UFP ¥ = %

3.3 Applications to Non-linear Integral Equa-

tions

This section establishes the existence and uniqueness of solutions for integral equa-

tions of Fredholm type by applying Theorem (3.2.1) and (3.2.6).

ba
Lot g(t):v*/ g(t,i, C(i))di, (3.27)

b1

where by,b, € R, ¢ € C([b1,h2],R), and g : [b1,h2]> x R — R are continuous

functions and v* represents a constant influenced by parameters b; and b,.

Theorem 3.3.1. Suppose the function g : [b1,bs)> x R — R is s.t

lg(t,1,¢(0) —a(t,i, &) < [C(t) —&M)[ VL ieR (3.28)

and C7£ € C([blv b2]7R)
Then, ¢ € C([b1, 2], R) is the unique solution of (3.27) with |v*| < E—l
2
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Proof. Let W = C([p1,b2],R) and & : W — W defined by
bo
SO0 =v* [ st i ¥ W, (3.29)
b1
and @(t) = e".
Define 9, : W x W — [0, +00[ by

06,9 = max 60 - €00)]).

te[bl bz]

Then, (W, 9,) is a complete GMS.

Suppose that ¢,£ € W and t,i € [by,bs].

Then
by b2
SC(t) — SE()] = v ( /b g(t. i, C(i))di — /b g<t,u,5<u>>du)
b2
— | /b g(t, i, C(0)di — glt, |, £(0))di
b2
< |V*| , ’g(t7|7<(|>>_g(t7|7§<|))|dl
By (3.28)
bo
S¢(t) —sew) < v [ (¢ — @
" (3.30)
= v [ /b (1cG) - |5<u>|>du]
From (3.30)
b2
téﬂﬁﬁ](lSC(t)—Sé(t)l)—tgl[b?ﬁ |V| g(t,i,¢(i) —g(t,i,&(i))di|
b2
<tglb?>b<] v / (1<)~ k(i) (3.31)

<t [ (mas |c<)|—|5<>|>



FP Results for (I',v)-p-Q-contraction in Generalized MSs 49

As 0,(8¢, S¢) > 0 and also 9,4(¢, &) > 0 for any ¢ # &, then from (3.31)

b2
v¥| rnaX/ \g(t,i,C(i))—g(t,i,f(i))di\]

l0s(S¢.S6)) _ J t€b1.ho] Jy,

h

As |v¥| < by

, the above equation becomes

by, N
(5659 e[Ef“ ((iéﬁiﬁ] <O |§(')|>d'>].

Thus,
p(0y(S¢, 8€)) < [p(M(¢, )%,

V (£ €W and Qt) = E—l . Then, S satisfies (3.1) and (3.20). Thus S has a
2

UFP which is a solution of (3.31).




Chapter 4

FP Results for
(I', v)-p--Contraction in
Generalized bMSs

4.1 Introduction

In this chapter, a new category of contraction mapping known as (I',v)-¢-0-
contraction in GbMS has been introduced. To generalize the notion of a (I', v)-
p-Q2-contraction, these mappings utilize two auxiliary functions ¢ and 2 and pa-
rameters (I', ) . The introduction of these two functions and parameters gives us
a more flexible approach to establish the existence and uniqueness of FPs.

Throughout this chapter we will consider the distance 0y, continuous.

Definition 4.1.1. Let (W,9,) be a (', v)-complete GbMS, and let S be a
self-mapping on W, where I';v : W x W — [0, +00) are two functions. Then S
is a (I, v)-p-Q-contraction, if V (,§& € W with (I'(¢,£) > 1 and v((,§) < 1) and
046(SC, SE) > 0, we have

w[836gb (SC, Sg))] S I:SO(M(C7 6))}Q(agb(<78<)7695(6785)769b(<7§)769b(§7SC)76gb(82Caf))7 (41)

50
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where ¢ € Oy, 2 € 0, and

M(<7 5) = maX{69b<C7 §>7 6gb(<7 SC)? 6gb(§7 85)7 8gb(SC7 5)7
0g(S7¢, €), 0n(S?C, S€), By (8¢, SO) -

(4.2)

Example 4.1.2. Let W = (0,+oc) and ¢(3) =€’ V j € ]0,+o0].
Then, p € Oyy.
Define 0y, : W x W — [0, +00) by

(¢, €) = (£ = O)*.

Then, (W, 0y) is a complete GbMS with s = 3.

Define S : W — W by

S(y) = g vV 7€ (0,+00),
F(gﬂg) = 17
v(¢, &) =1,

min{jla]27]37]47j5}
max{Ji, 2, J3, Ja; Js} + 1

Q91,925 73, Ja, J5) = V' 91.92,03, 04,05 € Ry

Then S is a (I', v)-continuous and triangular (I', v)-admissible mapping.

(5.5 = (L5 - ey WU

4 Y

M(Dg(¢, €))

= max {6917(476)’ 6gb<Ca §>769b <§7 §>7agb (5, é)
o (6] 0 (1) 0« (155
P\ov2 )\ ave 2 )\ a2 2 ) [
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Thus,
M(Cvg) Z (5 - C)Za
= p(M(G,€) = p(0(¢, £)) = 9",
Thus,

2
©(Bgn(¢, 5))Q(agb(C7S<)75gb(€7$f)76gb(<755)76gb(5154)76gb(5 ($19))]

ol () ) () ()

o[ )
VVC

=€

» maX(C—§>2,<§—§>27(4—§>27(§_7C)2’ (5_ 2\/§>2
<607
Now
P(B,(SC.56)) = T
As

= (VE-VOWE+ V0.

Solving for square root difference

E=<
V- vii- =4
since
VE>0,4/(>0
= \/E+ \/E > 0,
= /€ + /C is strictly larger than 1. Hence
VE-VC <l =<
= (VE— V() <
Since i <1

f VO)? < < (-3
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with s = 3, it can be concluded that

2 (cre—2v@) <@+ -2)

_ ;33 <C+§_2\/@> <elCPHeR-20e).
Thus,
0 (5°0,5(S¢, S€)) < (M (D¢, 5)))Q(ng(C,é)ﬁgb(c,SC)ﬁgb(é,S&)ﬁgb(E,SC)ﬁgb(SQC,&)_

Hence, S is a (I, v)-¢-Q-contraction.

4.2 Main Results

Theorem 4.2.1. Let (W,d,) be a (I',v)-complete GbMS, and S : W — W

be a mapping, that fulfils the following assertions:

(i) : S is a triangular (I, v)-admissible mapping .
(i) : Sis a ([, v)-p-Q-contraction.
(111) i C() eEW st F(Co,SC()) > 1 and V(CO;’SCO) < 1.

(iv) : Sis a (I', v)-continuous.

Then S has a FP. Also, S has a UFP when I'((,£) > 1 and v((,§) <1 V FPs
GEeW.

Proof. Let (, € W s.t
I'(Co, SC) = 1 and v(Co, SGo) < 1

. Define a sequence {Gn} by ¢m = 8¢y = S¢n—1. Then by (iii)

I'(¢o, ¢1) = T'(C0, SCo) > 1,
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since S is a triangular (I', v) admissible mapping, therefore

['(S8¢, S¢G) > 1ie

F(Cla C2) 2 17

similarly

v(Co, C1) = v(¢o, S¢) <1
= (8¢, S8¢) <1

= v(C1,¢) < L.

Proceeding this way, we have
T(Cm-1,Cm) > 1and v(Gpo1,(m) <1, Vn € N.
By &35 and Sy,
L(Cmy Cn) = 1and v(Gn, Go) <1, ¥V m,n € N;m # n. (4.3)

Let ¢, # S, i.e, 896(%*17 Cn) >0V neN.
Also
Cn?éCma v m,nEN,m;«én. (44)

Indeed if ¢, = (,,, for some m =n + k > n, then
Cn—&-l = SCn = SCm = Cm-!—l'
EXpl"eSS 6gbm = ESgb(Cma Cm+1)>

= ©(9gp,,) = ©(dgp,,). Then, (4.1) implies that

w(sgagb(SCmfla SCm))
< [@(M(Cm—h é‘m))]Q(agb(cmfl7<m)75gb(§-m7<m+l)76gb(<’l’n717Cm),6gb(<m7cm),agb(<m+1,Cm)) (45)

= (M (Grot, G ¥t Bt i 0O,
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here

M(Cm—lv Cm) = max{aqb(Cm—la Cm)v aqb(Cm—l» gm)r 595(Cm7 Cm—&-l)
6gb(<ma Cm)a 6gb(<m+la Cm)7 ESgb(Cm+17 Cm—&-l)? 6gl>(<m—i-17 Cm)}
= max{agb(gmfla Cm)v 8gb<Cma <m+1)}'

0
which implies that 3 v €]0,1[ s.t

Since 69bm—1'59bm'0'695m+1 =

Q(Ogb,, 1+ Ogbyy_1 Ogbpys 05 gy y 1) = -
Thus, (4.5) becomes
@(Sgggbn) < [@(M(Cmfb Cm))]’y (46)

Suppose that
M(gmfla Cm) = 6gb(<ma Cm+1)-

Then, by (4.6), we have

(5°9gp,,,) < [0(Bgp,,)]" < ©(Tg )

which is not possible, therefore
M(gm—la Cm) = 6gb(Cm—17 gm)

Since ¢, = (pn

= 691’71 = 69bm < 6gbm—l'

Continuing this process, we get Oy = Ogp, < Ogp | < Ogp, 5 < ... < Ogp,,
which is a contradiction.

Thus, (4.4) holds.

Substituting ¢ = ¢, and £ = (,, in (4.1), V n € N.

@(536917(8@%17 SCn)
= w(sgégb(Cna CnJrl))
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< [@(M(Cn—la Cn))]Q(agb(cnfl1<n)75gb(cnvcn+1)v6gb(<nfl7Cn+1)ﬁgb(gnvcn)vagb(anrl7Cn))

[@(M(Cn—l : Cn) )]Q(ggb(cnfl»C’ﬂ)ﬁgb(Cn’CnJrl)ﬁgb(cn*l Cn+1),0,005 (Crt1,Gn))

Now by definition (3.1.1) 3 v € (0,1) s.t

Q[agb(gn—h Cn>7 afib(gm Cn+1>> 695(61—17 <n+1)7 0, 69b(CH+1> Cﬂ)] =7
Now

M(Cn—la (n) - maX{6Qb(Cn—la Cn)7 895((n—1u Cn)a 5gb(Cn; Cn—i—l):
591)(@“, Cn)? 6gb(CnJrla Cn)v 6gb(Cn+la <n+1)7 6gb(gn+1a Cn)}
= max{ﬁgb(Cn—la Cn)a 6gb(Cna Cn—i—l)}-

Suppose that
M (Cn-1, Cnr1) = Ogb(Cny Crg1)-

In that case,

90(336917(Cm Cn—i—l)) < [90(6@((7“ Cn—i—l)]’y < 90(69b(§m Cn—&-l))‘

which contradicts our assumption.

Therefore,

M(Cnfla CnJrl) = 8gb(Cnfla Cn)

Hence

@(835@(% Cnt1)) < [90<69b(<n717 G)|” < (P(6gb(<nfla Cn))-

Since ¢ is continuous,

= 69b(Cn7 Cn-i—l) < 691)({71—17 Cn) (47)

Thus, 94(Cn, Grt1)nen is a sequence of non-negative real numbers that decreases

strictly. Therefore, 4 A\ > 0 s.t

lim 8gb(Cn+1> Cn) = )\1-
n—00
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Now, we claim that A; = 0. Assuming on contrary, suppose that \; is greater than
0.

Given that the sequence 9g,((y,, (nt1) is non-negative and strictly decreasing V n,
we can conclude that

5gb(Cna Cn-i—l) Z )\1 vV ne Na that is

3gb(Cna Cn—f—l) Z nhi{)lo 69b(€n+17 Cn)

= (5°0b(Cns Gn1)) = M @(Bgp (a1, Gn)).

Using property of ¢
@(8369b<<n7<n+1)) > 1.
Consider ¢(s%0yp(Cn, Cur1)) and applying contraction condition
@(Sgagb(CTH Cn+1)) < [@(M<Cn717 Cn)]’y

As M(Co—1,Gn) = 0gp(Cn1, Cn)

= (70(33591)(@17 Cn+1)) S [@(ﬁgb(Cn—la Cn))]7 (48>
Now consider

(09t (Cr-1,6n))]” <@(Bgb(Cn—1,Gn))]
S‘P(3369b@n—17 Cn)) < [90<6gb(<n—2, Cn—l))]v'

Hence

2(0gb(Cn-1,Cn)) < [£(Bgp(Cn2, Gn1))]"-

Now (4.8) gives

90(838gb<<.n7 Cn-l—l)) S[@(égb(gn—lu C’fl))]7
<(Bgb(Gn—2, Ga1))]”

2
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Proceeding this way, it can be concluded that

1 < 90(836917(@17 gn-l-l)) S 90(591)@0, C1))7n-

Taking limn — oo in above inequality, we get
1< p(s*A) <1,
a contradiction. Therefore,

nh~>I£lo Esgb(Cn7 Cn-‘rl) =0. (49)
Now substituting ¢ = (,—1 and £ = ;41 in (4.1), V n € N, we have

(5% 065 (Cns Cuv2))
S [@(M(Cn_]-? Cn+1))]Q(Sgb(Cn—l7Cn+1)7agb(<n—1,Cn)vsgb(Cn+l7<n+2)aagb(Cn7Cn+1)75gb(Cn+l7Cn+1))

— [90 (M (Cn_ L Cn))] Q(0gb(Cn—1,Cn+1),9gb(Cn—1,6n),0gb(Cn+1,Cn+2),9g6(CnrCnt1),0)) ,

here

M(Cnflu <n+1) = max{agb(gnfla Cn+1>7 695«7%17 Cn)a 6gb(<n+lu <n+2)7
6gb<Cn+1: Cn)a 6gb<Cn+1> Cn+1)7 6gb(CnJrla Cn)7 aqb(CnJrla Cn)}

Since

aqb(CnJrla Cn+2) < Esgb(Cm Cn+1) < 69b(cn—17 Cn)a
= M(Cnfla CnJrl) = max{égb(é}zfla CnJrl)a 691}((11717 {n)}a

and 3 v€(0,1) s.t

Q<6gb(Cn71; <n+1); 89b(€n717 Cn)a 8gb<Cn+17 Cn+2); 6gb(Cna Cn+1>> 0) =7

Then,

@(Ssagb(gm Cn+2) < [@(max{égb(cnfla Cn+1)7 8gb(<nfla Cn)}ﬂfy (4~10>
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Take a: - 6gb(Cna gn—i—?) and bﬁ - 69()({717 Cn—i—l)-

Thus, (4.10) can be written as:

p(s°ay) < [p(max{a;_y, b1 })]”

= p(ay) < p(s*a}) < [p(maxfa) 4, b} 4 })]7,

using (1)

a; < max{ay_;,b;_,}.

By (4.7), we have

b: S b:—l S maX{a:—la b:—1}7

which implies that

max{a;, b’} <max{a; ;,b: ;}, V neN.

Therefore, the sequence max{a’ ;,b* ;},en forms a decreasing sequence of non-

negative real numbers.
Thus, 4 Ay >0 s.t

. * *
lim max{a’,b;} = As.
n—oo

We assume that Ay > 0. By (4.9) and

lim sup by, = lim sup 94(¢—1,¢n) =0,
n—oo n—oo

lim supa; = lim sup max{a;, b}
n—oo n— o0
= lim max{aj,b;}.
n—oo
Taking the limsupn — oo in (4.10), and using the properties of ¢, we get

¢(s® lim supa’) <p(lim supmax{a;_;, b ;})
n—oo

n—o0

:Sp(nlggo max{a,_;,b;_;})

= 0(s°X\2) <p(A2),
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which is a contradiction.

Therefore,

nh_{IOlo 69b<<n7 Cn+2) =0. (4~11>

Now, we aim to show that the sequence {(, }nen is a CS.

To argue by contradiction, assume that this is not the case.

Specifically, suppose d a non-negative real number ¢ > 0 and two sequences

of natural numbers, {n@)} and {mu)}, st mu) > ng) > k and,

69b<Cm(k)7 Cn(k)) > €
and
6gb(Cm(k)—17 Cn(k)—l) < €.

Now, using (4.7), (4.10) , (4.11) and the quadrilateral inequality

€ §6gb(<m(k) J Cn(k)>
Ss[ﬁgb(Cm(m’ Cm(k)+1) + 6gb<Cm(k)+1 ) Cm(k)*1> + 5gb(Cm(k)71, Cn(k>)]

Ss[égb(cm(k)a gm(k)-f-l) + 6gb(Cm(k>+17 €m<k)—1) + 6]‘

Taking klim in the above inequality, it gives
—00

Ss[kh_{go(ﬁgb(gm(k) ) Cm(k)-H) + 5gb(§m<k)+la Cm(k>—1) + E)]

=5(04+0+e¢)

= khalgo 695(Cm(k)7 Cn(k)) < se.

Again applying quadrilateral inequality,

5gb<Cm(k>+17 Cn(k)) < S[égb(cm(k)+17 Cm(k)*1> =+ 695(671(19)—1)7 Cm(k)) + 6gb<Cm(k)7 Cn(k))]'
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When k — oo the above inequality becomes

klggO O (Comgay 415 Gy ) SS[’}LIEO(agb(Cm(k)-Hv Cmgy—1) F Ogb(Cmgpy 1) Cmy)
+ gb (G Gy )]
<s5(0+ 0+ se)
= kh_{go 69b(Cm(k)+1>Cn(k)) <s”e.
Similarly, we can get
Jim Ogb(Cmey+15 Cngy+1) < %€

Using quadrilateral inequality once more, one can obtain

69b<cm(k)+27 Cn(k)) < 8gb(<m(k)+27 Cm(k)> + 6gb(<m(k) ) Cm(k)+1> + 6gb(<m(k)+1; Cn(k))'
Letting k — oo in the above inequality,

k;h—{l;lo 6gb(<m(k)+2a Cn(k> )

SS[ m (6gb(Cm(k)+2> Cm(k)) + 6gb(§m(k)> Cm(k)Jrl) + 6gb(Cm(k)+17 Cn(k)>>]

li
k—o00
<s(0+ 0 + s%)

<s%e.

Similarly

. 3
kll_>I£lo 6gb(Cm(k)+2’ Cn(k)-i-l) S S°€.

From (4.1) and taking ¢ = G, and § = Gu,,

M<Cm(k)’ Cn(k))
= max{ﬁgb(Cm%)a Cn(k))a 6gb(Cm<k) ) Cm(k)+1)7 5gb(<n(k) ) Cn(k>+1)>

6gb(€m(k)+2; Cm(k)-‘rl)? 5gb(gm(k)+27 Cn(k)>7 5gb(gm(k)+27 CN(k)+1)7 6gb(§m(k)+27 CM(k)+1>}‘

Therefore,

Hm M (G s Gy ) < max{e, 0,0, se, 5%, 5%, 0} = s
k—o00
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Using (4.1) with ¢ = (p,, and £ = (y,,, one can obtain

90[56gb(é-m(k)+1a Cn(k)Jrl)]

S‘)O[Sz;z;gb(cm%ﬂrlv Cn(k)+1)]

Q086 (Cm gy Cniry )09 (Crm iy 1SCm 1y )86 (G gy 58Cm (109896 (SCrm gy 5Cm 1oy )Fg6 (S Com oy 1Sy
10,7 A (TS ) e L e O O O I Ol (k)7 (k) )09 (k) (k)

_[QO(M(Cm(k) , Cn(k) ))]Q[ng(Cm(k) 7Cn(k) )769b(cm(,€) 7Cm(k)+1)7sgh(gn(k) ’Cn(k>+l)s5gb(cm(k)+l ’C"(k) )7595(Cm(k) +2’Cn(k) )] .

As Q) is a continuous function, therefore

lim {81 (Goey» Gy )3t (G G 1)+ Bt (G G 1)

k—o0

b (Cmuc)“’ C”(k)) +Ogp <Cm('€>+2’ C”““)ﬂ

=4 [ o <69” (me Cn(k)) O (Cm<k) ’ Cm<k>“) O (C"““)’ C”““)“) ’
b (Cm(k)“’ C”(k)) +Ogb <Cm(’€>+2’ C"““)) ﬂ

= Q[se,0,0, s%, s%¢].

So, 3 v €]0,1[ s.t Q[se, 0,0, s%, s?¢] = 7.
Thus,

k—oo

Using the continuity of ¢ in the above inequality, it becomes

oo (Bl Guren) )] < [l 3 (G G )|

= ¢ls(s’e)] < [p(s’e)]".

Hence,

p(s%e) < lp(s”)] < p(s%),

which is a contradiction.
So,
lim  O,4(¢m, ) = 0.

n,Mm—00
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Hence, {¢,} is a CS in W. By using completeness property of (W,0,), 3 ¥ € W
s.t

Tim 8y(Cn, W) = 0.

Now, we will show that

3,6(ST, W) = 0.

Suppose by contradiction

6gb(8‘11, \I’) > 0.

Now by quadrilateral inequality we get,
Ogp (¥, SV) < 5[0 (¥, () + Ogp(Cn, SC) + Ot (SC, SW). (4.12)

By letting n — oo in inequality (4.12), we obtain

Tim [T (¥, SV)] <s{lim @5V, o) + Dyp(Gr SGo) + Typ (86, ST))]
=s[ lim (T (¥, Gu) + Tgb(Gus Gus1) + Tgn(SCo, S))]
=s{lim (0,5(¥, C.) + (G, SV))]
=s[0+ lim 8y(SG,., SV)]

= (¥, SY) < lim 59y(SC, S¥) < lim 52045(SCn, SV)
= 0y(0,8) < lim $°055(SC, S). 1)
Consider

90<83691)(SCTL? 8\11)7

and applying contraction condition

90(336917(8Cm SU) <p[M (G, ©)]"
S T o(5*0(SG SV) < lim (MG W

As ¢ is continuous

lim (5°0,5(SCn, SU) < o[ lim M ((,, ¥)]".
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Here
M(Q’m \Ij) = max{égb(Cn7 \Ij)a 69b<€n7 SCn)a 69()(\117 5\11)7 E§gb(‘S‘C’ru \11)7
8gb(82<m S\Ij>, 69b(82<n7 \Ij)a 6917(82Cm Scn)}
= maX{6gb(Cn7 \IJ)’ 69b(§n7 Cn+1)7 691)(\1]7 qu); 5gb(Cn-i—la \I’),
6gb(cn+2’ qu)v 69b(Cn+27 \I/)a 69b<<un+27 Cn+1)}‘
Thus,

lim M (G, W) = maix {_ Tim [5G ¥), 350 (G Gor1): (¥, S), By G, W),

6gb(€n+2a S\I/)7 6gb(Cn-ﬁ-?a \Ij)a Esgb(Cn-‘rQy Cn-i—l)]}
— max {o, 0,0,5(T, ST),0,3,,(T, ST), 0, o}

— 0, (¥, SV).

Thus,
lim M ((,, V) = 0y (W, SV),

n—oo

and 3 v €]0,1] st

i Q05 (Cos P, TG o), T (W, SV, (s V), Byp G, ¥) = 7.

Hence

P(5°0gh(SCn, ST) < @[ M (G, )]
< 90[896(\1'78‘11)]7 < 5gb(‘1’=3‘1’)-

As ¢ is increasing, so
(5°0g5(SCn, ST) < 0y (T, ST).
Taking n — oo, the above inequality becomes

lim s°0,,(S¢, SU) < 0,(V, SU). (4.14)
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Combining (4.13) and (4.14) ,we get

Ogs(¥, SV) < lim $°045(SCn, SU)
<0,(V,SV).

Therefore,

lim s%0,4(SCn, SY) = 0,5(¥, SY). (4.15)

Given that (, — ¥ asn — oo V n € N and since § is an (I', v)-continuous, we

conclude that

lim 8¢, = SV
n—oo

. Then,

lim s°0,(SCn, SP)
=50, (SV,SV)
=0

= aqb(S\I/, \If> =0.
So

¥ = SV. For uniqueness, now, suppose that W, € W are two FPsof S s.t ( # V.

Therefore,

6@(@,() = 8@(3‘1’,8() >0

Applying (4.1) with ( = ¥ and £ = ¢, we have

P(B5(T, C))
= (9g(SC, SV))
< (573 (SC, S))

< (M (W, ¢))]HO(¥:0-095 (¥,59), 065 (C,50).895 (¢, SP), 895 (S*¥,)
= [p(M(¥ C))] (095 (¥,),0gb (¥, ¥),045(¢,€),045 (¢, ¥),0g5(¥,))

= [p(M (T, ¢))]¥Our(¥:0).0.0050(¢,¥) 00 (¥:€))

= [p(M (¥, Q)"
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here

M (¥, ¢) = max{0g (¥, (), 0gs(¥, S¥), 0y (¢, SC), 06 (SV, €),
0gp(S*V, SV), 04(S*V, (), 8(S*V, SC) }
= max{0g (¥, ¢), 0 (¥, ¥), 05 (C, €), 0 (¥, C), 0o (¥, W), Oy (¥, €), O (¥, €) }
=00 (, C).

Therefore,

P(09h(SY, 5C)) < [p(Bg (¥, €))7 < (0¥, C)),

which implies that
6917(\1], C) < 691)(\1/, C)a

this contradiction implies ¢ = W, thereby concluding the proof. O]

Corollary 4.2.2. Let (W,3y) be a (', v)-complete GbMS, and
C,v: WX W — [0,4+00). Suppose S : W — W be a self-mapping which fulfils

the following assertions:

(i) : ¢[s°0g(SC, SE] < [0(M (¢, €))]F k€ (0,1) and ¢ € O,

(ii) : S is continuous.
Then, S has a UFP.

Proof. Define a function Q(1, 72, 73, Ja> J5) =k V' 1,72, 73, Jas Js € Ry
Clearly Q2 € 0.
Taking

I'¢.&=1Lv(§ =1

Thus, S is a (', v)-p-Q- contraction, and S is a triangular (', v)-admissible map-

ping. Hence following Theorem (4.2.1), S has a UFP (. O

It is an evident that if ¢ is a FP of S then it’s also a FP of §™ for every natural
number n. Then, a mapping S is said to have property P (or have no periodic

points).
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Theorem 4.2.3. Consider (W, d,) be a (T, v)-complete GbMS and let T, v :
W x W — [0,+00) be two functions. S : W — W be a mapping which fulfils the

following assertions:

(i) : S is a triangular (I', v)-admissible mapping.
(i) : Sis a (I, v)-p-Q-contraction.

(iii) : T(¥,S¥) > 1 and v(¥,SV) <1, V ¥ e Fiz(S),

Then, S has the property p, that is
S"( = SC.

Proof. Let for some fixed n > 1, let ¥ € Fiz(S™). As

I(¥,8V) > 1

and

v(¥,S8¥) <1

,and S is a triangular (', v)-admissible mapping, then
[(S¥,S*V) > 1 and v(S¥,S*V) < 1.
Similarly, it can be written as:
0(S™V, 8" W) > 1 and v(S"¥,S"¥) <1 V neN.
By (S3) and (Sy)
L(S™Y,8") > 1 and v(S™W,S"V) <1, V m,n € N,n#m.

Suppose that ¥ ¢ Fiz(S), i.e , Og(¥, SV) > 0.
Also we can write 0, (U, S¥) as

(U, ST) = 5, (S W, ST) = 3,5(SS" W, SV), (4.16)
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consider 9,,(SS™ W, SU) and using (4.1)

o(s30,,(SS" U, ST)

[@(M(S”_ltll, \I,))]Q(fig,,(s"*l\p,\lz),agb(s"*\1433"*1\If)ﬁgb(\hs\p),sgb(‘ss"*1\1:,\11),691,(\1/,323"*1\p))

IN

[p(M(S" ', \P))]Q(agb(s"—l\1/,\1/),695(3"—1\1/,3"\11),6917(\p,s\p),aqb(5”\1/,\1:),591,(\1/,3"“\1/))

[(p(M(Snil\If, \I/))]Q(ng(sn’l\II,‘I!),5gb(S”’l‘I/,S"‘I!),E?g;,(\I/,S\I/),Eigb(S"‘I/,\Il),(]) )

So, 3 y€(0,1) st
Q0 (S 1, W), 0, (S" W, 8™W), 0, (¥, SV), 5,(S™ T, U), 0) = 7.
Since ¢ is continuous and an increasing function, therefore, (4.16) gives
P(0p(U,8¥)) = (0 (S™"V,SV)) = p(0,(SS" 1V, SV)).
Also

P(p(SS™ W, SV)) <p(5°0,5(SS" 1, ST))
<[lpM(S"w, W)
= (0 (¥, SV) < [p(M(S" W, ¥))]7. (4.17)
Now to find M (8" 10, ¥)),

we proceed as follows:

MU, 8" 1)
= max{0,(S" W, U), 0 (S" W, SS" W), 0,(V, SU), Dy (S" 1T, ),
Ogp(S2S" 1, W), B,,(S*°S™ W, SU),0,,(S*S" 10, S" 1)}

= max{Op(S" W, W), 3y(8" W, §"), Ty (¥, SV), 0(S" ', W),
0y (SS"W, W), 3y (SS"W, SV),8,(SS"W, 8" W)}

= max{0,(S" W, W), 0,,(S" W, W), 0,4(V,SV), 0, (S" W, V),
Ogp(SY, W), 0y4(SV, SV), 0, (ST, S 1)}
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Asn — oo and 0,(S" 1P, 8"V) — 0

= lim M(¥,8" ') =09, (¥,SV).

n—oo

Therefore (4.17) becomes
p(0gp(V, ST) < [p(Tgp (¥, SV))]" < (D (¥, ST)),

which is a contradiction. Hence,

O (W, SW) =0,

which implies that Fiz(S™) = Fiz(S). Thus S has a property P.
Considering the following assertions, we prove that if S is not necessarily contin-

uous then theorem (4.2.1) still holds. O

Theorem 4.2.4. Let (W,d,) be a (I, v)-complete GbMS and let T, v are two
functions s.t T'yv: W x W — [0, +00) .
Suppose § : W — W be a self mapping which fulfils the following assertions:
(i) : S is a triangular (I', v)-admissible mapping.
(i) : Sis a (I, v)-p-Q-contraction.
(111) 3 (eW st F(Co,SCo) > 1 and I/(Co,SC()) <1.
(iv) : (W,0y) is (T, v)-regular,

then, & has a FP. Moreover, S has a UFP with I'(¥,¢) > 1 and v(V,() < 1
V U, ¢ € Fix(S).

Proof. Let (o € W s.t T'({p,S¢) > 1 and v((o, S¢) < 1.
Following the proof of Theorem (4.2.1), it can be concluded that

['(Cny SCuy1) > 1 and v((, SGrii1) < 1, and

(o = Vasn— oo,
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where (11 = S¢,. From (iv), I'(¢u41, V) > 1 and v((py1,¥) < 1 hold V neN.
Suppose that S¥ = (o1 = 8¢, for some ny € N. By Theorem (4.2.1), it is known
that the elements of the sequence {(,} are different. So, SU # S(,, that is
0p(SY,S8¢,) >0 V n>ny.

Consequently, one can apply (4.1) to (, and ¥ V n > ng to obtain

P DSy SW)) [ip(M (G )] 60 0G0 56 i 450) 615018 761.8)

:[QD(M<C’I7,7 \Ij))]Q(E;gb(gnv‘l})vagb(cn7€n+1)ﬁgb(qlvsql)’sgb(Cnrs\p)vagb(cn-ﬁ-?vq/))

’

which implies that

LS B(SGar S)) < (M (G W] XG0 DS 05 S 020
(4.18)

Now

lim M(Cn7 \Ij) =1max { Jingo[ﬁgb(cnv \D)v 691’(4-”7 <n+1)7 89b(\1l7 S\I/)a 6gb(<n+1, \I[>7

6gb(Cn+27 S\D)v 6gb<Cn+2> \IJ)’ 69b(€n+27 Cn+1)]}'

As it is described earlier that ¢, — ¥ as n — oo.

Then, the above equality becomes

— max {5gb(\p, U, 8,5(0, 1), 3,(T, ST), 3, (T, 1),
nh—>nolo 69b<€n+27 S\I’), 6gb(\Ij7 \11)7 aqb(\lja ‘Ij)}
— max {o, 0,3,5(W, SU), 0, lim 3yp(Cosz, ST),0, o}.
n—oo

Since

0 S 6gb(CnJr% S\IJ) S 69b(<n+27 gn) + 8gb(Cn; \Ij) + 69b(€n7 S\I])
Taking limn — oo
Tn Bp(Grr ST) < T Byp(Crvas G) + TG W)+ 0y (G SV

<O0gp(V, W) 4 0 (W, U) + g (¥, ST) (4.19)
li_}rn Ogp(Cny2, SV) <0y (U, SV).
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Thus,
lim M (G, V) < 04(V,SVY).

n—o0

Also

nhigo Q(agb(gm \I/), 6gb(€m Cn—&—l)a 696(\1/’ S\I/), 6gb(Cna S\If), Esgb(Cn—‘,—% \Ij)) =7.

If 8,,(V,SV) > 0, subsequently by (4.19) and certainly ¢ and 2 are continuous,
(4.18) becomes

(5" im §,(S86,, SV)) < [p(B (0. SV))]T < [TV, SV))].
Using (4.15), we get

PO (W, S)) < ¢[0gs(V, SW)],

which is a contradiction.
Hence, 0, (V,SV) = 0, that is, ¥ is a FP of S, which implies that ¥ = SU. One
can prove the uniqueness of FP following the Theorem (4.2.1). H

Definition 4.2.5. Let (W, 9,) be a (I',v)-GbMS, and let S : W — W be a
self-mapping. Suppose that I';v : W x W — [0, +o0o[ are two functions. Then S
is a (I, v)-pg-Q-contraction, if V (,£& € W with I'(¢,£) > 1 and v((,£) < 1 and
046(SC, SE) > 0,we have

2
P(5°05(SC, SE)) < [p(M(C, )] H 0 GO (CS) A (ESNIn(SCOIISTCEN  (4.20)

where ¢ € Og , 2 € 0 and

M(ga g) = maX{ESgb(C, 5)7 aqb(ga SC)? 691)(5’ Sg)a 6gb(S§a g);

0gb(S%¢, €), 0g(S°¢, 8E), 06 (S?¢, S¢) 3

Theorem 4.2.6. Let (W, 9,) be a (T, v)-complete GbMS, and let T, v are two
functions s.t I',v: W x W — [0,+00). Suppose S : W — W be a self-mapping

which fulfils the following assertions:



FP Results for (I', v)-p-Q-contraction in Generalized b-MSs 72

(i) : S is a triangular (I, v)-admissible mapping.
(i) : Sis a (I, v)-p-Q-contraction.
(111) i CO eW st F(Co,SCO) >1 and V(CO;’SCO) <1

(iv) : Sis a (I', v)-continuous.
Then, S has a FP. Also, S hasa UFP when I'((,§) > land v((,§) <1V (,£ € W.

Proof. Let (y € W s.t T'((p,S¢) > 1 and v((p, S¢p) < 1.
Following the proof of Theorem (4.2.1),

it can be concluded that

[(Gns Crir) 2 1 and v(Cn, Guy1) < 1,

and

nll_>r20 69b<Cna CnJrl) =0 ,nh_glo 8gb(Cm <n+2) =0.

By property (¢3), 3 r€]0,1] and [ € (0, +00] s.t

o #00(Gas Gai)) = 1)

=1.
n—oo 6gb(Cn7 CnJrl)T

Suppose that [ < oco. So, 4 ny € N s.t

©(0g6(Cns Cng1)) — 1 l
Oplen G| T T mEM (4.21)
_i 90(695(Cnagn+1)) —1 iy i
- 2 = Ogb(Cns Cn1)™ < 2

l

= (_5 + l) 691)((71’ gn-i—l)r < @(696(@1’ Cn-l—l)) -1< (é + l) 89b(C”7 C”'H)r

l l
= 2 3G Gt < P OplnsGut)) = 1 < 5 DG o)

2

7(9Bg(Cns 1)) = 1) < 30gb (G Cnr)”

= 69b(gna <n+1)r < I
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= 89b(Cn7 Cn-i—l)r < A*(90<69b(Cn7 Cn-i—l)) - 1)7

2
where A* = 7

= nagb(gm Cn-‘rl)r < A*n(¢<5gb(cn7 Cn-i-l)) - 1)

Now suppose that [ = co and suppose R > 0 be an arbitrary non-negative number.

Then, 4 ny € N s.t

‘;0(696(%17 Tpy1)) — 1
(69b(xm Tpy1))"

>R. (4.22)

Since Ogp(Cn,y Got1) > 0 and also (0 (Cn, Gat1)) is non-negative, so absolute value

is unnecessary and one can write it as

P(0gb(Gny Gny1)) — 1

()

= Qp(aqb(Cm Cn-‘rl)) -1 >R aqb(Cm Cn+1)r

1
= 696((7” gn-i—l)r <§ 90(6917(Cn7 Cn-i-l)) —1

= 1[0gb(Cns Gni1)*] < A [@(Ogb(Cns Guin)) = 1], ¥ 12 > o,

1
where A4* = —.

R
Therefore, in all cases, 3 A* > 0 and ¢ € N(c = max(ny,n2)) s.t

n[agb(Cna Cn+1)r] <A*'n[@(6gb(Cna Cn+1>) - 1]7 v n 2 Ne. (42?))

Consider

90(891)@11, Cnt1)) = @(69(5'(”,1, SGa))-

By using definition (4.2.5)

90(6gb<gn7 CnJrl)) < @(Sgégb(Cna Cn+1)) < M(Cnflu Cn))r (4'24>
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As M(gn—la Cn) = Esgb<<ﬂn—17 Cn)»
therefore (4.24) becomes

90(6917(@” Cn+1)) < 90(83696(Cm gn—i—l)) < 6gb(gn—lv Cn)r
Using this in (4.23)

By (Cor G )J°
<A @Gy Gus1))] — A% (4.25)
<A [By(Cacr, Go)F — A",

Now applying contraction condition on ¢(9g(Cr—1,Cn))

©(0gb(Cn-1,Cn))
<p(5°0gb(Cn-1,Cn))
O(M(Cn-2,Ca-1))"
=p(0gp(Cn—2, Ca-1))"-

IN

Therefore (4.25) becomes

[0y (G Cnrr) ]
<(A"n[0gy(Ca-1,Ga)]" — A1)
:A*-n[ﬁgb(gn—la Cn)r - 1]

2

<A*'n[90(6gb(<n—27 Cn—l))r - 1]
Continuing in the same way, we obtain

n

n[ggb(éna CnJrl)]r < n"A*[(P(6gb(Cn> <n+1)> - 1] <...< A*-”[%0(5gb(Co, Ul)))r - 1}-

Taking n — oo in the above inequality to get

i 0B G Gt = 0

= n[69b<Cn7 CnJrl)]r <€, Ve>0.
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Choosing e =1 and also 4 n3 € N s.t

1
nl/r’

69b(€n7 Cn-i—l) S V n Z ns.

Now consider
691) (Cn ) Cn+2)

, and by using condition (¢3), 3 r € (0,1) and h € ]0, +oo[ s.t

lim 90(6gb(<m Cn+2)) -1

e B G2t

Now suppose that h < oo and 3 n4 € N, then following the same procedure, one

can get

n(agb(Cm Cn+2))r < j*-n(@(ﬁgb(cm Cn+2)) - 1): vV n 2 Ny.

Now let h = oo and suppose 3 an arbitrary non-negative number Q* > 0 and

also 4 ns € N, then one can get

n[égb(Cm §n+2)]r < n'j*[so(aqb(gm <n+2)) - 1]7 V. n > ns,

where J* =1/Q* .
Following the same procedure as in the equation (4.23), we get

n

1[0 (Cns Cn2)] < T [p(Ogb(n, Tny2)) — 1 < oo <0 T [0(Bn (o, u2)))" — 1]

Asn — oo

Ji%n[agb(Cny Cn+2)r] =0

= n[0gp(Cn, Crra)T] < 1.
Then, 4 nge N s.t

1

v YV n > ng.

6gb(Cn> Cn+2) <
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If m > n, then

af]b(gm Cm) Ss[aqb(gm <n+1) + 695(Cn+17 Cm)]
§36gb(gm Cn+1) + 326gb<<n+1> Cn+2) + 5269b<Cn+27 gm)
Ssagb(gm CTL-H) + o + Snﬁgb(gm—la Cm)

= Og(Cns Gm) <5*[0gb(Gns Gusr) + Tgb(Guts Govz) + -+ Dg (Gm1, G,

where k is the number of times the triangular inequality is applied and k € N.
By combining the result, it can be concluded that

m—1
1
6gb(<m Cm) S Sk Z Z'l/r‘

Therefore,
= 1
696(Cmgm) S SkZ Z.l/r- (426)
: = 1 L 1 ‘
Since r € (0, 1), the series Z — 77 1s a p-series with p = — > 1, which converges.
1=n g a r

Therefore s¥ < oco.

So, in (4.26) taking the limit n, m — oo , we get

nlir{.lo 8gb(£n; Cm) = O.

—

Hence, it is clear that {(,}nen is a CS.
As W is complete, then 3 W e W st

lim 691)((717 \I/) =0.

n—oo

As S is (I, v)-continuous, therefore
lim 04,(S¢,, SV) =0,
n—oo

= U = lim (yy = lim SG, = SU.
n—oo n—oo

This clearly shows that ¥ is a FP of S. O
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Corollary 4.2.7. Let (W,9,) be a (I, v)-complete GbMS and also suppose
that I, v are two functions s.t I',v: W x W — [0,+00[. Let S : W — W be a

self-mapping which fulfils the following assertions:

(1) = @[0g(S¢, SE)] < [p(M (¢, )] r€]0,1[ ¢ € Og.
(ii) : S is a triangular (', v)-admissible mapping.
(111) 4 GeWw st F(Co,SCO) > 1 and V(CO,SCO) <1

(iv) Sis a (I, v)-continuous.
Then, S has a FP. Also, S hasa UFP when I'(¢,£) > land v((,§) <1V (,£ € W.
Proof. Define a function  : R} — Ry by
Qe eq,6e3,e4,65) =7V e1,69,e3,64,e5 € R,

. Clearly 2 € 0 and S is a (I', v)-p-Q-contraction.
Following the proof of Theorem (4.2.6), S has a UFP ¢ € W. ]

Example 4.2.8. Suppose W = [1, +00), define 9, : W x W — [0, +00) by

95(C,€) = (£ = O)*.

Then, (W, 0y) is a complete GbMS with s = 3.
Define § : W — W by

S(y) =2a/3 ¥V 7€ [l,+00),a € (0,1) and

o(y) =¢’
~ max{(,{} +a
F(C,f)—m, vV (,§ ERy,
~ min{¢,{} +a
V(Qf)—my vV (,§ ERy,

Q(]17j27]37.]47.]5) = \/5 v J15J2,73, 745 5 € R+'
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Then, S is a (I', v)-continuous and triangular (I', v)-admissible mapping.

Now to prove S is (I, v)-¢-2-contraction

0,6(SC, S€) =(2a/€ — 2a+/C)?,
1 (VE - VP
M(ﬁgb(gaf)) :max{ gb(C 5 gb C 20'\/_ gb f 2(1\/5),6@(5,2&\/2),

gb<4a\/>g) ( \/>2a\/_> ( \/%,m\/f)}

—max {(§ = 0% (¢ — 2av/Q)2, (€ — 20V/E)*, (€ — 201/0)°,
(5—4&@)2,(2@ 5—4QQM)2,(2(1\/Z—4@2M>2}.

Thus,
M(C,€) > (€ =€) > a(¢ = ()% (4.27)

Since,

a(§ - ¢)* = Vav/a(& - ()*.

Since ¢ is increasing, from (4.27) we obtain

P(M((,€)) = p(Be(C, £)) = =9,

Thus,
( gb(g 5)) gb CSC) gb(§7S£)78gb(4785)16917(6784‘)7agb(s2<7§))
_Vale—0)?
 VAVEVO VDR
Now ¢(84(S¢, S€)) = 2 VeV Since ¢, € € [1, +00) and,
VE=1, /E>1
= V(+VE>2

= (VC+€)? >4
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As
=(Ve- o) (ver Vo)
>4(\/—\/Z>2 (4.28)
= 4(VE- Q) <(e- 07

3,0(S¢, S€) =4a*(\/€ — /()?
<a’({ = ()
=asVa(§ - ¢)?
<Va(€ =)

As (£ €[l,400), withs=3 3 a€ (0,1) st a= %, it can be concluded that
Ba2(C + € = 2/C6) <Va((®+ € — 2¢¢)

= 5202 (HE2VTE) < pv/al(CP+E2-2¢E)

Hence,

@(5365]17(84_7 Sg)) S @(6912((7 é’))Q(6gb(<78076gb(§785)76gb(Casaﬁgb(gvSC)vagb(‘S&QE))7

where ¢ € 60,y N Og. Hence, contraction assertions (4.1) and (4.20) are satisfied,
and ¥ =1 is the UFP of S.

4.3 Applications to Non-linear Integral Equa-

tions

This section establishes the existence and uniqueness of solutions for integral equa-

tions of Fredholm type by applying Theorem (4.2.1) and (4.2.6).

b2
Lot C(t) = v* /b a(t, i, C(i))di, (4.29)
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where by,b, € R, ¢ € C([b1,02],R), and g : [p1,b2]* x R — R are continuous

functions and v* represents a constant influenced by parameters b; and b,.

Theorem 4.3.1. Suppose the function g is s.t
$*lg(t,1, C(1) — gt i, €0 < [C() — €M VEieR (4.30)

and (,§ € C([blv b2]7R)
Then, ¢ € C([b1, 2], R) is the unique solution of (4.29) with |v*| < E—l
2

Proof. Let W = C([p1,b2],R) and S : W — W defined by

ba
SO)(t) =v* /b g(t,i, C())di. ¥C € W, (4.31)

t

and ¢(t) = et
Define 0, : W x W — [0, +00] by by

0. €) = ( m ¢(6) - §<t>|)2.

te [bl ,bg]

Then, (W, 0y) is a complete GbMS. Suppose that (,{ € W and t,i € [b1,bo].

Then

2 b 2
[Ceticana- [ g(t,|,§(|))d,>

2

s*|S¢(t) — SE()[* = s* V| (

— S3|V*|2

bo
/ g(t.i, C()di — g(t,i, £(x))dV

b1

b2
< sV : lg(t,i, C(0) — g(t,i,¢(i) *di

By (4.30)

bo
1

s°[SC(t) — SE)F < !V*‘Iz/b (1€(0) = &()])*di

; (4.32)
= |[v*|? [/b (<) - Ié“(i)l))Qdi] :
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From (4.32)

bo
& max (ISC(t) — SEM)? = 8 max |v*]? / 86,1, () — g(t, 1, £())dil

tE[bl bz} te[bl b2] bl

bo
< max P / (1) — €)%

=

<wp [ (( max 1G] - |§<i>\)2di> -

(4.33)

As 04(S¢,SE) > 0 and also 04(¢, &) > 0 for any ¢ # £, then from (4.33)

ba
maX]/ lg(t.i,¢()) —g(taiaC(i))d”Q]

3|v |2
l5%0gb(SC.S€)] _ t€b1,00] Jy,

b :
As |v*| < =, the above equation becomes

by’
22 g (((mae 1) - If(i)|)di>2]

el5°9(S¢,59)] <e

Thus,
p(s°05(S¢, 8€)) < [p(M(¢, )],

V (,& €W and Qt) = }b ‘ Then, S satisfies (4.1) and (4.20). Thus S has a
UFP which is a solution of (4.33). O



Chapter 5

Conclusion

e This thesis reviews the work of Kari et al.[26] on “FP Results for (I',v)-¢-{2-

Contraction in Generalized MSs”.

e A new class of (I',v)-¢-{-contraction, has been introduced within the framework
of GbMSs, and demonstrate their continuity. Corresponding FP theorems are es-
tablished. Some examples are also provided to illustrate (I',v)-¢-§2-contraction in

GbMSs.

e Motivated by the above work, the existence and uniqueness of FP has been

proved by using (I',v)-p-Q-contraction in GbMSs.

e Finally we present an application through which we investigate the existence

of solutions for a Fredholm-type integral equation.
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