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Abstract

This study explores wave propagation in a duct with an elastic plate at the in-

terface. The mathematical framework is based on the Helmholtz equation, which

describes the acoustic potential in different regions while satisfying the necessary

boundary conditions. Using eigenfunction expansions, the solutions are decom-

posed into distinct modes in each region. The interaction between the acoustic

field and the elastic plate is analyzed through the Galerkin method, enabling the

determination of unknown mode amplitudes. The plate dynamics are governed

by the biharmonic equation, incorporating both structural and fluid interaction

effects. By applying boundary and continuity conditions at the interface, a sys-

tem of coupled equations is formulated, leading to expressions for transmission

and reflection coefficients. This study provides valuable insights into acoustic-

structure interactions, offering a foundation for analyzing sound transmission in

ducts with elastic boundaries. The proposed solutions and numerical framework

have applications in noise control, aeroacoustics, and structural health monitoring.
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Chapter 1

Introduction

The study of acoustics and wave behavior explores various materials and tech-

niques used to control sound in different environments. KinslerIt et al.

[1] begin by introducing the concept of panels, which are flat or curved components

embedded into surfaces such as doors, walls, or ceilings. The focus then shifts to

micro-perforated panels (MPPs),which are designed to absorb sound energy and

reduce reverberation in spaces like auditoriums and recording studios.

Maa [2] examines the working principle of (MPPs), along with their sound absorp-

tion capabilities and advantages. In addition, impedance conditions are discussed,

explaining how sound waves interact with different surfaces, ranging from soft and

rigid conditions to spring-like, free, and simply supported conditions.

Key acoustic properties, such as amplitude, frequency, and tension in sound waves,

are also explored, highlighting their role in sound propagation and control.

The phenomenon of resonance is addressed, with examples such as mechanical,

electrical, and acoustic resonance.

Beranek and Mellow [3] lastly introduce the Mode-Matching (MM) method, which

is a crucial technique for analyzing wave reflection, transmission, and absorption

in waveguides. The method involves analyzing the behavior of a system with

simply supported boundary conditions, specifically for (MMPPs) under harmonic

excitation.It begins with deriving the displacement functions for both spatial di-

mensions (x and y) of the system and proceeds to determine their eigenfunctions.

1
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The analysis then applies the boundary conditions to find the eigenvalues and

eigenfunctions, leading to the formulation of displacement equations for the sys-

tem.

Leissa [4] investigates the calculation of partial derivatives of displacement with

respect to time and spatial coordinates, which are essential for understanding the

dynamic response of the system. Structural damping is incorporated into the

model, and the study derives the relationships between the system’s displacement,

velocity, and impedance.

This leads to the formulation of an impedance matrix that accounts for factors

such as resonance frequencies and damping effects.

Considering the orthogonality relations between the eigenfunctions, the system’s

impedance is computed by integrating over the panel’s surface area. The study

concludes with the computation of the average velocity of the system and the

impedance of the micro-perforated panel, providing valuable insights into the

panel’s dynamic behavior. This analysis is crucial for designing efficient acous-

tic materials and understanding how structural properties affect sound absorption

and control.

The dynamic behavior of a system subjected to external forces is analyzed by ap-

plying appropriate boundary conditions and governing differential equations. The

focus is placed on the elastic plate dynamics and the interaction between different

regions in the system, particularly regions I and II. This involves studying wave

propagation, modal analysis, and displacement functions under various boundary

conditions.

Rao [5] applies the superposition principle to solve for the potential field in both

regions, formulating eigenvalue problems to account for spatial and temporal evo-

lution.

These problems are solved through the introduction of arbitrary constants, allow-

ing the representation of different vibration modes.

Trigonometric functions are used to represent these modes, and boundary condi-

tions are applied to determine the eigenvalues. The displacement functions for

both regions are derived, and the total field potential
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is expressed as a sum over all possible modes. The interaction between the fluid

in region I and the plate in region II is modeled using the Galerkin method, which

facilitates the calculation of the unknown coefficients describing the amplitude of

each mode. Further analysis explores the dynamic response of the elastic plate,

incorporating the Galerkin formulation to solve for the unknown amplitudes. This

analysis extends to consider factors such as resonance frequencies, damping, and

the interaction at the interface between the fluid and the plate, ultimately pro-

viding a comprehensive understanding of the system’s behavior. This approach

offers valuable insights for engineering applications involving (MMPPs) and elas-

tic plates, contributing to an understanding of how structural properties influence

wave propagation, resonance, and damping. These findings are relevant to appli-

cations such as acoustic treatment, noise control, and the design of materials in

structural dynamics.

1.1 Literature Review

Ren et al. [6] introduced a novel kind of perforated sound absorber known as

(MMPPs), along with the sound-absorbing capabilities of flexible micro-perforated

panels (FMPPs). Local resonators (LRs), attached at a sub-wavelength scale, are

combined with a micro-perforated host panel in (MMPPs) to target flexural waves.

Simulations, both theoretical and numerical, demonstrate that (MMPPs) can sig-

nificantly increase sound absorption throughout a broad frequency range.

Yeang et al. [7] reported that arranging multiple resonators in a circular config-

uration enhances uniform coupling between the resonators and the (MPP). This

arrangement leads to a more consistent sound absorption coefficient over a tar-

geted frequency range. Their experimental findings demonstrated that, by using a

supported panel with circularly distributed multi-frequency resonators, the (MPP)

achieved a wide low-frequency half-bandwidth of approximately 160–550 Hz.

Yeang et al. [8] compared to a single (MPP) structure, the experimental findings

showed a significant improvement in the mean absorption coefficient at extremely

low frequencies. Zhang et al. [9] demonstrated that the absorption performance of
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the micro-perforated panel can be enhanced by adding additional local resonators,

and that the absorption bandwidth can be effectively widened by varying the mass

ratio or the spring stiffness.

Mu et al. [10] provided a more accurate prediction of sound absorption for the

practical application of (MMPP) in complex environments.

Gai et al. [11] showed that micro-perforated panels can reduce the loss of sound in-

sulation caused by mass-air-mass resonance in multi-layer structures. To improve

sound absorption in single-layer (MPPs), they proposed a new design called (MP-

PHR), which combines (MPPs) with Helmholtz resonators. Simulations and ex-

periments showed that (MPPHR) has two peak frequencies and one anti-resonant

frequency. Sakagami et al. [12] conducted a parametric numerical analysis to

examine the influence of different control parameters. They also discussed po-

tential design strategies and the underlying absorption mechanisms. The results

indicated that substantial additional absorption could be obtained in the low-

frequency range, while a resonant absorption behavior—comparable to that of

traditional (MPP) absorbers—was observed at mid to high frequencies. This low-

frequency absorption characteristic, resembling that of a double-leaf permeable

membrane, offers performance benefits over standard (MPP) configurations.

Mosa et al. [13] found that placing two (MPPs) one after the other creates a

double-layer design, which can absorb sound over a wider range of frequencies.

They also suggested that using holes of different sizes could make this range even

bigger.

Prasetiyo et al. [14] introduced a coiling structure in the backing air cavity to

achieve a thinner micro-perforated panel (MPP) for the same desired operating

frequency. Additionally, a parallel setup with several sub-(MPPs) was used to

trigger multiple resonances, thereby expanding the overall absorption bandwidth.

Small holes were added to mitigate the large dips typically found in such arrange-

ments. The evolution of broadband and thin (MPPs) is described, supported by

both experimental and theoretical findings.

Toyoda and Furthermore [15] highlighted additional advantages of (MPPs) , such

as being hygienic, aesthetically pleasing, and environmentally friendly. (MPPs)

are therefore very promising substitutes for the next generation of sound absorbers.
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To predict (MPP) performance, analytical and numerical approaches such as com-

putational fluid dynamics, boundary element method, and finite element method

have been employed Ma et al. [16] developed a two-port system with quasi-perfect

absorption is built using (MPP) resonators. In contrast to one-port systems, where

reducing reflected waves might achieve near-unity absorption, the symmetry of a

two-port system limits the absorption coefficient of a single resonator to 0.5. How-

ever, near-unity absorption over a wide frequency range can be obtained by linking

several resonators to concurrently achieve near-zero transmission and reflection.

Liu et al. [17] used a network analyzer to experimentally assess the transfer func-

tion of the proposed absorber’s shunt circuit. The sound absorption coefficients

were also determined using an impedance tube and the two-microphone transfer

function method.

Zhang et al. [18] presented experimental techniques and theoretical foundations

for the design and application of curved micro-perforated panel metamaterials.

Hashemi et al. [19] evaluated the average normal sound absorption coefficient

(SAC) in the 125–3000 Hz frequency range. QianIn et al. [20] noted that in

noise control engineering, (MPP) absorbers are growing in popularity, as they are

positioned to be the basis for the next generation of sound-absorbing materials.

To facilitate the design of (MPP) absorbers’ structural parameters in accordance

with specific requirements, a straightforward method for predicting their absorp-

tion performance is required.

Gai et al. [21] anticipated that the next generation of sound-absorbing materi-

als would be constructed using (MPP) absorbers, which are gaining popularity

in the field of noise control engineering. The development of (MPP) absorbers’

structural parameters according to specific requirements requires a straightforward

method for predicting their absorption performance. Toyoda et al. [22] investi-

gated a circular duct containing a finite flexible (MPP). The predicted results

were experimentally validated using an acoustic tube to measure the absorption

coefficient under normal incidence. The analysis shows that Helmholtz-resonance

absorption is not influenced by panel-type absorption, which is caused by the

panel’s eigenmode vibrations. However, with respect to the perforation ratio,

panel-type absorption—induced by the mass-spring resonance of the panel and the
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rear cavity—exhibits a trade-off with Helmholtz-resonance absorption. Sakagami

et al. [23] found that the honeycomb structure does not affect the additional

low-frequency absorption characteristics of double-layer micro-perforated panels

(DLMPPs), but it does enhance the sound absorption performance of (DLMPPs)

near the resonance peak. Xu et al. [24] introduced an extended theoretical model

for (MPPs), generalizing Maa’s original theory for circular perforations to include

petal-shaped configurations. Guo and Min [25] discussed the acoustic performance

of the proposed structure, which achieved a peak absorption

coefficient of 0.9, demonstrating its high efficiency in the target frequency range.

Arndt [26] provided a comprehensive review of recent developments in mode-

matching (MM) techniques, highlighting their application in fast and accurate

computer-aided design (CAD) and waveguide component optimization.

Kirilenko et al. [27] proposed a method to compute waveguide (WG) circuits with

smooth boundaries, which can be approximated by a staircase surface, as well as

those with metallic boundaries defined in the Cartesian coordinate system. The

proposed method enables calculations for both cases. The corresponding electro-

magnetic solvers offer a compromise between the high precision and computational

efficiency of specialized mode-matching techniques and the universality of mesh-

based approaches.

Dreher [28] proposed a systematic mode-matching approach that reduces the com-

plexity of acoustic analysis by lowering both analytical derivations and numerical

computations.

This method provides an efficient balance between accuracy and computational

cost, which makes it highly suitable for dealing with practical engineering prob-

lems. By organizing the procedure in a structured way, the approach simplifies

the modeling of wave interactions in ducts and waveguides, thereby extending the

applicability of mode-matching techniques to real-world acoustic systems. Polo

[29] extended mode-matching techniques to effectively address challenges related

to lateral and transverse wall boundary conditions in waveguide constructions.

Vale and Meyer [30] proposed a novel mode



Introduction 7

selection strategy to enhance computational efficiency in mode-matching prob-

lems, significantly reducing system size without compromising accuracy. Franza

and Chew [31] developed a recursive algorithm designed to adaptively select the op-

timal number of modes in each waveguide segment, after analyzing various waveg-

uide geometries using the mode-matching approach.

Numerical simulations for a range of applications are provided, demonstrating ex-

cellent agreement and validating the methodology. Llorente et al. [32] developed

a generalized mode-matching method to deal with acoustic wave propagation in

structures that cannot be easily analyzed using a single coordinate system. In

particular, they considered geometries made up of axially uniform guides together

with radial waveguides,which normally require different mathematical treatments.

By combining these two coordinate systems in a unified way, their approach makes

it possible to study more complex and realistic configurations than traditional

methods allow. This technique is especially useful for analyzing hybrid acoustic

structures, where the interaction between different parts of the geometry plays an

important role in the overall wave behavior. This work provides a strong foun-

dation for extending mode-matching techniques to a wider range of engineering

applications.

1.2 Thesis Contribution

The primary contributions of this thesis to the field of acoustic–structure interac-

tion and waveguides include the development of a comprehensive analytical and

numerical framework for evaluating the acoustic impedance of an elastic plate

embedded in a rigid, infinite rectangular waveguide using a combination of the

Mode–Matching and Galerkin methods. This formulation accounts for structural

damping and modal coupling effects. The study was further extended to a three-

dimensional rectangular waveguide with an elastic plate at the interface of two

fluid-filled regions, considering both rigid-wall and soft-wall backing conditions.
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This dual-case analysis allows a direct comparison of the influence of boundary

compliance on vibroacoustic coupling.

Closed-form expressions for eigenfunctions, eigenvalues, and modal impedances

were derived for the simply supported panel configuration and incorporated into

a solvable system of algebraic equations for numerical evaluation. The derived

formulations were implemented in Mathematica to obtain numerical results for

specific geometric and material parameters, retaining a finite number of modes

(N = 16) for accurate yet computationally efficient simulations.

A detailed numerical comparison between rigid and soft wall configurations was

provided, showing that soft boundaries yield broader and deeper absorption dips,

whereas rigid boundaries produce narrow-band resonances with higher reflection.

Visualizations of the modal pressure and velocity fields in three dimensions were

also presented for both configurations, offering physical insight into the interaction

between the elastic plate and the surrounding acoustic field.

Overall, this research offers both theoretical and practical tools that can assist in

the design of advanced acoustic materials and noise-control systems.

1.3 Thesis Layout

This thesis contains five chapters.

• Chapter 1 introduces the study and presents a detailed review of previous

research. It explains the key concepts and findings from earlier work that

form the basis for this research.

• Chapter 2 introduces preliminary concepts and definitions that are useful

for understanding the material presented in the remaining chapters.

• Chapter 3 presents the simply supported panel frame with an (MPP). It

develops equations for x and y displacement, determines eigenfunctions, and

forms displacement functions.
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It also examines structural damping, calculates impedance, and analyzes

modal behavior, resonance frequencies, and average velocity.

• Chapter 4 investigates wave propagation in a fluid-filled duct and the re-

sponse of an elastic plate at the interface of two regions. The wave equations

in both regions are solved using the separation of variables method, while

the Galerkin method is used to find unknown coefficients. Eigenfunctions,

wave numbers, and boundary conditions are applied to model the system,

and the plate’s deflection is determined through an eigenvalue problem. The

chapter offers a detailed study of the wave behavior and plate dynamics.

• Chapter 5 Provides the concluding remarks of the study, followed by a

bibliography listing all references cited in the thesis.



Chapter 2

Perliminaries

This chapter provides the groundwork with fundamental definitions and laws, pro-

viding a valuable resource for subsequent chapters.

2.1 Acoustic

“Acoustics is a branch of physics that studies mechanical waves—like sound, vi-

brations, ultrasound, and infrasound—as they travel through gases, liquids, and

solids” [33].

Acoustic mode-matching methods are widely used to study how sound waves be-

have in ducts, waveguides, and other confined geometries. These approaches help

in accurately predicting wave reflection, transmission, and coupling effects in com-

plex acoustic structures.

2.2 Acoustic Wave Equation

To understand how sound waves move through the air, we use math equations

based on basic principles like mass, momentum, and energy. However, these equa-

tions can be complex and hard to analyze. To make it simpler, we use a linear

10
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approximation, which helps us understand how sound waves behave in the air.The

wave equation is a fundamental mathematical model in acoustics, used to describe

the propagation of sound through a medium :

∂2p

∂t2
= c2∇2p. (2.1)

2.2.1 Conservation of Mass

“The conservation of mass equation is a fundamental principle in physics that

describes how the mass of a substance changes over time within a specific area.

This equation helps us understand how the mass density of a substance changes

due to the flow of mass into or out of that area”. [34]:

Mathematically, this can be stated as:

∂ρ

∂t
+∇ · (ρu) = 0, (2.2)

where ρ is the density, ∇ stands for the divergence operator and u represents the

velocity field.

2.2.2 Conservation of Momentum

“The conservation of momentum equation is a fundamental principle in physics

that describes how the momentum of a system changes when forces are applied.

It connects the system’s forces and the net momentum flow rate” [35].

Mathematically, this can be stated as:

∂(ρu)

∂t
= −∇ · (ρuu)−∇p+ ρg, (2.3)

where ρ denotes the density, u stands for the velocity,
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p denotes the pressure, and g represents the gravitational acceleration. Applying

the continuity condition, we can express the conservation of momentum equation

as:

ρ
Du

Dt
= −∇p+ ρg, (2.4)

where ( D
Dt

= ∂
∂t

+ u · ∇ ) represents the total time derivative, also known as the

Stokes total derivative.

2.3 Micro-Perforated Panels

2.3.1 Definition

“Micro-Perforated Panels (MPPs) are sound absorbing materials that use a panel

with very small perforations (typically less than 1 mm in diameter) to dissipate

acoustic energy through viscous losses in the perforations, without the use of fi-

brous materials.

MPPs are widely used in noise control applications due to their durability, clean-

ability, and effectiveness over a broad frequency range” [36]. Micro-perforated

panels (MPPs) are widely used in acoustics because they provide effective sound

absorption without the need for traditional porous materials. Their performance

mainly depends on factors such as hole diameter, perforation ratio, panel thick-

ness, and the depth of the backing cavity.

Working Principle:

Micro-perforated panels work by allowing sound waves to pass through the tiny

holes, where they are absorbed by a porous material, such as fiberglass or mineral

wool. This process involves three stages: 1. Sound waves pass through the perfo-

rations and enter the panel.

2. The sound energy is absorbed by the porous material, converting it into
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heat energy.

3. As the heat energy dissipates, less sound energy is reflected back into the space.

2.3.2 Sound Absorption Coefficient

The sound absorption coefficient, denoted by α, represents the portion of the in-

coming sound energy that is absorbed by a material instead of being reflected

back. It quantifies how effectively a surface dissipates acoustic energy, and its

value ranges between 0 (perfect reflection) and 1 (perfect absorption). It is math-

ematically defined as:

α = 1−
∣∣∣∣prpi

∣∣∣∣2 ,
where pr is the reflected sound pressure amplitude and pi is the incident sound

pressure amplitude.

It can also be expressed in terms of acoustic impedance Z as:

α = 1−
∣∣∣∣Z − Z0

Z + Z0

∣∣∣∣2 ,
where Z is the surface acoustic impedance and Z0 is the characteristic impedance

of air [37]. The sound absorption coefficient is a measure of how effectively a

material or surface absorbs incident sound energy.

2.4 Boundary Conditions in Acoustics and Struc-

tural Dynamics

Boundary conditions describe how a structure or medium interacts with waves at

its boundaries. Below are common types:
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2.4.1 Impedance Condition

The impedance boundary condition relates the acoustic pressure p to the normal

particle velocity un through the surface impedance Zs:

p = Zsun,

where Zs is the specific acoustic impedance of the surface [38]. These are type of

boundary impedance.

2.4.2 Soft boundary Condition

A soft or pressure-release boundary assumes zero acoustic pressure:

p = 0,

This models surfaces such as open ends in ducts [38]. This type of boundary

is commonly used to represent open duct ends or surfaces where the medium is

directly exposed to the atmosphere. A soft boundary condition in acoustics repre-

sents a surface where the sound pressure vanishes. Such boundaries are generally

used to describe open terminations or surfaces that behave like perfect absorbers.

2.4.3 Rigid boundary Condition

A rigid boundary assumes zero normal particle velocity:

un = 0,

This corresponds to perfectly reflecting surfaces [38].A rigid boundary condition

describes a surface that does not allow particle motion, meaning the normal com-

ponent of acoustic velocity is zero at the wall. This type of condition is commonly

used to model perfectly reflecting surfaces in ducts and waveguides.



Preliminaries 15

2.4.4 Edge boundary Condition

An edge boundary condition defines the physical constraints imposed along the

edges of a structural element such as a plate or beam.

Depending on the problem, the edge may be treated as fixed, simply supported,

free, or elastically restrained, each of which influences the vibration and acoustic

response of the structure. [38].

2.4.5 Spring-like boundary Condition

A spring-like boundary follows Hooke’s law:

F = k w,

where k is the spring constant and w is the displacement [38].

A spring-like boundary condition assumes that the edge of the structure is sup-

ported by an elastic restraint. The restoring force at the boundary is proportional

to the displacement, with the stiffness of the spring controlling the level of flexi-

bility at the support.

2.4.6 Fixed boundary Condition

A fixed (clamped) boundary has:

w = 0,
∂w

∂n
= 0.

This constrains both displacement and slope [38].

The plate cannot move at the edge and its rotation (slope) is also completely

restricted. A fixed boundary condition is one in which the displacement of the

structure is restricted to zero along the boundary.
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2.4.7 Free boundary Condition

A free boundary satisfies:

M = 0 and Q = 0,

whereM is bending moment and Q is shear force [38] .This represents a boundary

that is not restrained and can move freely without resistance.

2.5 Basic Acoustic and Vibration Terms

Waveguide

“A waveguide is a structure that directs the propagation of waves, such as sound or

electromagnetic waves, along a desired path”. Mathematically, wave propagation

in a rigid-walled acoustic waveguide satisfies the Helmholtz equation:

∇2p+ k2p = 0,

where p is acoustic pressure and k = (ω
c
) is the wave number [39].

2.5.1 Amplitude

“Amplitude is the maximum displacement of a wave from its equilibrium position”.

The amplitude indicates the peak value of the oscillation and is associated with the

wave’s energy higher amplitudes correspond to greater amounts of energy being

transmitted.

y(t) = A sin(ωt+ ϕ),

where A is the amplitude [39]. Amplitude is the maximum value of oscillation,

and larger amplitudes show that the wave carries more energy.
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2.5.2 Time Period

“The time period T is the duration of one complete cycle of a wave”:

T =
1

f
,

where f is the frequency [39]. Time period inversely related to frequency, meaning

shorter time periods correspond to higher frequencies.

2.5.3 Frequency

“Frequency is the number of oscillations per unit time”:

f =
ω

2π
,

where ω is the angular frequency in radians per second [39]. Frequency represents

the number of oscillations or cycles completed by a wave or system in one second.

2.5.4 Resonance

“Resonance occurs when a system is driven at a frequency equal to its natural

frequency, resulting in maximum amplitude” [40].

2.5.5 Natural Frequency

The natural frequency fn of a simple mass–spring system is:

fn =
1

2π

√
k

m
,

where k is stiffness and m is mass [40]. This frequency is a key property of the

system, as it depends only on its physical parameters. Increasing the stiffness

raises the natural frequency, while increasing the mass lowers it.
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2.5.6 Resonance

“Resonance is a phenomenon where a system oscillates with large amplitude when

driven by an external force whose frequency matches the system’s natural fre-

quency”. For a simple harmonic oscillator:

A(ω) =
F0/m√

(ω2
n − ω2)2 + (2ζωnω)2

,

where F0 is force amplitude, ωn is natural angular frequency, and ζ is damping

ratio [40].

2.5.7 Mode Matching

Mode matching is a method used to analyze wave propagation problems by repre-

senting the solution in each region as a sum of modes that satisfy the local bound-

ary conditions. The modes from adjacent regions are then connected through

continuity requirements at their shared boundaries. This approach simplifies com-

plex geometries into manageable sections, making it possible to obtain accurate

solutions for scattering and transmission problems. It is especially useful in duct

acoustics and waveguides, where discontinuities or changes in geometry strongly

influence the behavior of the propagating waves.

2.5.8 Metamaterial-based Micro-Perforated Panels

Metamaterial-based Micro-Perforated Panels (MMPPs) are engineered structures

combining micro-perforations with metamaterial effects to improve acoustic ab-

sorption and noise control [41].



Chapter 3

Acoustic Impedance of an Elastic

Plate in Rigid Infinite Waveguide

3.1 Introduction

This chapter focuses on the detailed analysis of a simply supported panel frame

that incorporates a micro-perforated panel with metamaterial properties (MMPP).

The study investigates its harmonic displacement and overall behavior when sub-

jected to structural forces and acoustic loading. The discussion begins with the

derivation of the governing equations for displacement in both the and directions,

applying the boundary conditions appropriate for a simply supported configura-

tion. These formulations lead to the determination of eigenfunctions and dis-

persion relations for each direction, ultimately producing the general form of the

panel’s displacement functions. A harmonic representation of the displacement

field is then developed, from which velocity expressions, displacement derivatives,

and associated governing relations are obtained. The concept of structural damp-

ing is incorporated by introducing a damping factor into the governing equations,

allowing for the evaluation of the mechanical impedance of the panel frame. The

analysis also addresses the effect of panel material properties

19
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geometric parameters and boundary constraints on thedynamic response of the

(MMPP). Special attention is given to the coupling between the panel’s structural

modes and the acoustic field inside the surrounding waveguide, emphasizing the

role of modal interaction in sound absorption and energy dissipation. Furthermore,

the chapter investigates the resonance frequencies, mode shapes, and frequency-

dependent impedance behavior of the (MMPP). It derives closed-form expressions

for average surface velocity, which are essential for computing sound transmission

loss and absorption performance. The results from this theoretical framework

serve as the basis for numerical simulation and provide key insights for optimizing

(MMPP) designs in practical acoustic applications.

3.2 Problem Formulation

A rectangular waveguide with a elastic plate located at the plane z̄ = 0 is consid-

ered, as shown in Figure (3.1).

Between the sound pressure excitation, the (MMPP), and the closed cavity, the

vibroacoustic coupling dynamic equilibrium equation is governed by the following

equation,

Dp∆
4W (x, y, t) + ρeff (ω)h

∂2W (x, y, t)

∂t2
= (p− pD)e

iωt . (3.1)

In this equation, p is the uniformly distributed sound pressure on the lower face of

the (MMPP), while pD is the distributed pressure on its upper face. Additionally,

operator ∆4 in rectangular coordinate is:

∆4 =

(
∂2

∂x2
+

∂2

∂y2

)2

=

(
∂4

∂x4
+

∂4

∂y4
+ 2

∂4

∂x2∂y2

)
.

The flexural rigidity of the host panel is denoted by Dp and is defined as:

Dp =
Eph

3

12(1− ν2)
,
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Figure 3.1: Physical structure of the waveguide

where Ep is the Young’s modulus of the host panel, and W (x, y, t) is the out-

of-plane displacement of the host panel, and the quantity ρeff (ω) is the effective

dynamic mass density of (MMPP).

For a simply supported rectangular plate, the boundary conditions are:

W (0, y, t) = 0, (3.2)

W (a, y, t) = 0, (3.3)

∂2W

dx2
(0, y, t) = 0, (3.4)

∂2W

dx2
(a, y, t) = 0, (3.5)

W (x, 0, t) = 0, (3.6)
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W (x, b, t) = 0, (3.7)

∂2W

dy2
(x, 0, t) = 0, (3.8)

∂2W

dy2
(x, b, t) = 0. (3.9)

To solve equation (3.1) subject to edge conditions from equation (3.2) to equation

(3.9), we write the eigenvalue problem associated with the governing differential

system, that is

(
∂4

∂x4
+ 2

∂4

∂x2∂y2
+

∂4

∂y4

)
ϕmn − λ4mnϕmn = 0, (3.10)

ϕmn(0, y) = 0, (3.11)

ϕmn(a, y) = 0, (3.12)

ϕ
′′

mn(0, y) = 0, (3.13)

ϕ
′′

mn(a, y) = 0, (3.14)

ϕmn(x, 0) = 0, (3.15)

ϕmn(x, b) = 0, (3.16)

ϕ
′′

mn(x, 0) = 0, (3.17)

ϕ
′′

mn(x, b) = 0. (3.18)

Now we solve the eigenvalue problem defined in equation (3.10) to equation (3.18),

we rewrite equation (3.10) as

∆4ϕmn − λ4mnϕmn = 0, (3.19)

or

(∆2ϕmn + λ2mnϕmn)(∆
2ϕmn − λ2mnϕmn) = 0. (3.20)
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To solve equation equation (3.19), we split the equation into two separate parts.We

define ϕ1mn as the function that satisfies:

∆2ϕ1mn + λ2mnϕ1mn = 0, (3.21)

while ϕ2mn is assumed to satisfy:

∆2ϕ2mn − λ2mnϕ2mn = 0. (3.22)

To determine , equation (4.21) can be rearranged into a suitable form. This

reformulated equation is then used to solve for the required modal coefficient.

∂2ϕ1mn

∂x2
+
∂2ϕ1mn

∂y2
+ λ2mnϕ1mn(x, y) = 0. (3.23)

Using the separation of variables method, thus we may assume

ϕ1mn(x, y) = X1m(x)Y1n(y). (3.24)

Substituting equation (3.24) into equation (3.23), we get

∂2X1m

∂x2
Y1n +

∂2Y1n
∂y2

X1m + λ2mnX1mY1n = 0. (3.25)

Dividing equation (3.25) with X1m(x)Y1n(y) leads to

1

X1m

∂2X1m

∂x2
+

1

Y1n

∂2Y1n
∂y2

+ λ2mn = 0, (3.26)

or

1

X1m

∂2X1m

∂x2
= − 1

Y1n

∂2Y1n
∂y2

− λ2mn = −α2, (3.27)

here α is any arbitrary constant that will be found using edge conditions, equation

(3.11) to equation (3.18). Now for X1m(x), we may write from equation (3.27) as

1

X1m

∂2X1m

∂x2
+ α2 = 0, (3.28)
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which can be solved to get

X1m(x) = c1 cos(αx) + c2 sin(αx), (3.29)

where c1 and c2 are arbitrary constants.

Under simply supported boundary conditions, we derive the corresponding rela-

tions.

X1m(0) = 0, (3.30)

X1m(a) = 0, (3.31)

X
′′

1m(0) = 0, (3.32)

X
′′

1m(a) = 0. (3.33)

From equation (3.29) and equation (3.30), we can write:

X1m(0) = c1 cos(0) + c2 sin(0) = 0, (3.34)

which yield

c1 = 0. (3.35)

Substituting c1 = 0 into equation (3.29), we get

X1m(x) = c2 sin(αx). (3.36)

Taking double derivative of equation (3.36),

X
′′

1m(x) = −α2c2 sin(αx). (3.37)

From equation (3.37) and equation (3.33),

X
′′

1m(a) = −α2c2 sin(αa) = 0, (3.38)

which yields c2 ̸= 0 for non trivial solution, therefore
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c2 sin(αa) = 0, (3.39)

or

sin(αa) = 0. (3.40)

From equation (3.40), the mathematical form of the dispersion relation is obtained,

which links the system’s parameters to its wave propagation characteristics. Solv-

ing this relation gives the eigenvalue, representing the specific mode’s propagation

constant or frequency.

αm =
mπ

a
, m = 1, 2, 3, . . . (3.41)

Substituting equation (3.41) into equation (3.36), the eigenfunctions

X1m(x) = sin

(
mπ

a
x

)
, m = 1, 2, 3, . . . (3.42)

Accordingly from equation (3.27), we can get for Y1n(y) as:

1

Y1n

∂2Y1n
∂y2

+ λ2mn − α2 = 0, (3.43)

or

1

Y1n

∂2Y1n
∂y2

+ β2 = 0, (3.44)

where

β2 = λ2mn − α2. (3.45)

Now equation (3.44) can be solved to get

Y1n(y) = c3 cos(βy) + c4 sin(βy), (3.46)

where c3 and c4 are arbitrary constants. Under simply supported boundary con-

ditions, we derive the corresponding relations.

Y1n(0) = 0, (3.47)
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Y1n(b) = 0, (3.48)

Y
′′

1n(0) = 0, (3.49)

Y
′′

1n(b) = 0. (3.50)

From equation (3.46) and equation (3.47), we can write

Y1n(0) = c3 cos(0) + c4 sin(0) = 0, (3.51)

which yield

c3 = 0. (3.52)

Substituting c3 = 0 into equation (3.46), we get

Y1n(y) = c4 sin(βy). (3.53)

Taking double derivative of equation (3.53), gives

Y
′′

1n(y) = −β2c4 sin(βy). (3.54)

From equation (3.50) and equation (3.54), we find

Y
′′

1n(b) = −β2c4 sin(βb) = 0, (3.55)

This condition leads to for a non-trivial solution. Therefore, the resulting equation

must be satisfied to ensure a meaningful physical response.

sin(βb) = 0. (3.56)

From equation (3.56), we get the dispersion relation whose eigenvalue is:

βn =
nπ

b
, n = 1, 2, 3, . . . (3.57)

Substituting equation (3.57) into equation (3.53), the eigenfunctions
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Y1n(y) = sin
(nπ
b
y
)
. (3.58)

Substituting equation (3.58) and equation (3.42) into equation (3.24),we get

ϕ1mn(x, y) = sin
(nπ
b
y
)
sin

(mπ
a
x
)
. (3.59)

To find ϕ2mn, equation(3.22) is expressed in the required form. This expression is

then used to evaluate the corresponding modal coefficient.

∂2ϕ2mn

∂x2
+
∂2ϕ2mn

∂y2
− λ2mnϕ2mn(x, y) = 0. (3.60)

Using the method of separation of variables, we may assume

ϕ2mn(x, y) = X2m(x)Y2n(y). (3.61)

Substituting equation (3.61) into equation (3.60), we get

∂2X2m

∂x2
Y2n +

∂2Y2n
∂y2

X2m − λ2mnX2mY2n = 0. (3.62)

Dividing equation (3.62) with X2m(x)Y2n(y) leads to

1

X2m

∂2X2m

∂x2
+

1

Y2n

∂2Y2n
∂y2

− λ2mn = 0, (3.63)

or

1

X2m

∂2X2m

∂x2
= − 1

Y2n

∂2Y2n
∂y2

+ λ2mn = α2. (3.64)

Here α is any arbitrary constant that will be found using edge conditions, equation

(3.11) to equation (3.18).

Now for X2m(x), we may write from equation (3.64) as

1

X2m

∂2X2m

∂x2
− α2 = 0, (3.65)

which can be solved to get
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X2m(x) = c5 cosh(αx) + c6 sinh(αx), (3.66)

where c5 and c6 are arbitrary constants.

For the simply supported boundary conditions,

X2m(0) = 0, (3.67)

X2m(a) = 0, (3.68)

X
′′

2m(0) = 0, (3.69)

X
′′

2m(a) = 0. (3.70)

From equation (3.66) and equation (3.67), we can write

X2m(0) = c5 cosh(0) + c6 sinh(0) = 0, (3.71)

which yields

c5 = 0. (3.72)

Substituting c5 = 0 into equation (3.66), we get

X2m(x) = c6 sinh(αx). (3.73)

Taking double derivative of equation (3.73)

X
′′

2m(x) = −α2c6 sinh(αx). (3.74)

From equation (3.74) and equation (3.70), we find

X
′′

2m(a) = −α2c6 sinh(αa) = 0, (3.75)

This condition implies that c6 ̸= 0 for a non-trivial solution. Therefore, the corre-

sponding equation must be satisfied to ensure a valid physical mode exists.
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sinh(αa) = 0. (3.76)

From equation (3.76), the dispersion relation involving hyperbolic functions is

obtained, which describes the relationship between the system parameters and

the wave propagation characteristics.

Solving this dispersion relation provides the eigenvalue, representing the allowable

propagation constant or frequency for the given mode.

αm =
imπ

a
, m = 1, 2, 3, . . . (3.77)

Substituting equation (3.77) into equation (3.73), the eigenfunctions

X2m(x) = sinh

(
imπ

a
x

)
, m = 1, 2, 3, . . . (3.78)

Accordingly from equation (3.64), we can write Y2n(y) as

1

Y2n

∂2Y2n
∂y2

− λ2mn + α2 = 0, (3.79)

or

1

Y2n

∂2Y2n
∂y2

− β2 = 0, (3.80)

where

−β2 = −λ2mn + α2. (3.81)

Now equation (3.80) can be solved to obtain

Y2n(y) = c7 cosh(βy) + c8 sinh(βy), (3.82)

where c7 and c8 are arbitrary constants. Under simply supported boundary con-

ditions, we derive the corresponding relations.

Y2n(0) = 0, (3.83)
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Y2n(b) = 0, (3.84)

Y
′′

2n(0) = 0, (3.85)

Y
′′

2n(b) = 0. (3.86)

From equation (3.82) and equation (3.83), we can write

Y2n(0) = c7 cosh(0) + c8 sinh(0) = 0, (3.87)

which yield

c7 = 0. (3.88)

Substituting c7 = 0 into equation (3.83), we get

Y2n(y) = c8 sinh(βy). (3.89)

Taking double derivative of equation equation (3.89), gives

Y
′′

2n(y) = −β2c8 sinh(βy). (3.90)

and equation (3.86), we find

Y
′′

2n(b) = −β2c8 sinh(βb) = 0, (3.91)

which yileds c2 ̸= 0 for non trivial solution, therefore

sinh(βb) = 0. (3.92)

From equation (3.92), we get the dispersion relation of hyperbolic function whose

eigenvalue is:

βn =
inπ

b
, n = 1, 2, 3, . . . (3.93)

Substituting equation (3.93) into equation (3.89), the eigenfunctions
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Y2n(y) = sinh

(
inπ

b
y

)
, n = 1, 2, 3, . . . (3.94)

ϕ2mn(x, y) = sin

(
inπ

b
y

)
sin

(
imπ

a
x

)
. (3.95)

Now we assume the harmonic form of the displacement as

W (x, y, t) = w(x, y)eiωt. (3.96)

Projecting the displacement w(x, y) on orthogonal basis we may assume as

W (x, y, t) =
∞∑

m=1

∞∑
n=1

Amn sin
(mπ
a
x
)
sin

(nπ
b
y
)
eiωt. (3.97)

Computing the first four partial derivatives of equation (3.97) with respect to x

and y , to compute the value of ∆4W .

The differentiation with respect to x yield,

∂W

∂x
(x, y, t) =

∞∑
m=1

∞∑
n=1

Amn

(mπ
a

)
cos

(mπ
a
x
)
sin

(nπ
b
y
)
eiωt, (3.98)

∂2W

∂x2
(x, y, t) =

∞∑
m=1

∞∑
n=1

Amn

(
−mπ
a

)2

sin
(mπ
a
x
)
sin

(nπ
b
y
)
eiωt, (3.99)

∂3W

∂x3
(x, y, t) =

∞∑
m=1

∞∑
n=1

Amn

(
−mπ
a

)3

cos
(mπ
a
x
)
sin

(nπ
b
y
)
eiωt, (3.100)

∂4W

∂x4
(x, y, t) =

∞∑
m=1

∞∑
n=1

Amn

(mπ
a

)4

sin
(mπ
a
x
)
sin

(nπ
b
y
)
eiωt. (3.101)

Similarly, the differentiation with respect to y leads,

∂W

∂y
(x, y, t) =

∞∑
m=1

∞∑
n=1

Amn

(nπ
b

)
sin

(mπ
a
x
)
cos

(nπ
b
y
)
eiωt, (3.102)

∂2W

∂y2
(x, y, t) =

∞∑
m=1

∞∑
n=1

Amn

(
−nπ
b

)2

sin
(mπ
a
x
)
sin

(nπ
b
y
)
eiωt, (3.103)
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∂3W

∂y3
(x, y, t) =

∞∑
m=1

∞∑
n=1

Amn

(
−nπ
b

)3

sin
(mπ
a
x
)
cos

(nπ
b
y
)
eiωt, (3.104)

∂4W

∂y4
(x, y, t) =

∞∑
m=1

∞∑
n=1

Amn

(nπ
b

)4

sin
(mπ
a
x
)
sin

(nπ
b
y
)
eiωt. (3.105)

Now, consider the followin

∆4W =

(
∂4W

∂x4
+
∂4W

∂y4
+ 2

∂4W

∂x2∂y2

)
. (3.106)

Using equation (3.99), equation (3.101), equation (3.103) and equation (3.105) in

equation (3.106), we get

∆4W =
∞∑

m=1

∞∑
n=1

Amn

((mπ
a

)2 (nπ
b

)2
)2

sin
(mπ
a
x
)
sin

(nπ
b
y
)
eiωt. (3.107)

Here sin
(mπ
a
x
)
, m = 1, 2, 3, . . . and sin

(nπ
b
y
)
, n = 1, 2, 3, . . . are orthogo-

nal and satisfies the orthonality relations

∫ a

0

sin
(mπ
a
x
)
sin

(pπ
a
x
)
dx = δmpEp, (3.108)

and ∫ b

0

sin
(nπ
b
y
)
sin

(qπ
b
y
)
dy = δmqFq. (3.109)

Velocity is the time derivative of the displacement W (x, y, t):

v(x, y, t) =
∂W

∂t
(x, y, t). (3.110)

Using the W from equation (3.97), we get

v(x, y, t) =
∞∑

m=1

∞∑
n=1

iωAmn sin
(mπ
a
x
)
sin

(nπ
b
y
)
eiωt, (3.111)

or

v(x, y, t) =
∞∑

m=1

∞∑
n=1

Bmn sin
(mπ
a
x
)
sin

(nπ
b
y
)
eiωt, (3.112)
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where

iωAmn = Bmn. (3.113)

Substituting equation (3.112) and equation (3.107) into equation (3.1), we get

M∑
m=1

N∑
n=1

Dp

((mπ
a

)2

+
(nπ
b

)2
)2

Amn sin
(mπ
a
x
)
sin

(nπ
b
y
)

+ ρeff (ω)h
M∑

m=1

N∑
n=1

iωBmn sin
(mπ
a
x
)
sin

(nπ
b
y
)
= ∆p̄. (3.114)

Multiplying and dividing equation (3.114), with ρeff (ω)h, we get

M∑
m=1

N∑
n=1

sin
(mπ
a
x
)
sin

(nπ
b
y
) (Dp

((mπ
a

)2

+
(nπ
b

)2
)2

ρeff (ω)h
Amnρeff (ω)h

+ iωBmnρeff (ω)h)

)
= ∆p̄. (3.115)

or

M∑
m=1

N∑
n=1

sin
(mπ
a
x
)
sin

(nπ
b
y
)
(ω2

mnAmnρeff (ω)h+ iωBmnρeff (ω)h) = ∆p̄,

(3.116)

where

ω2
mn =

Dp

((mπ
a

)2

+
(nπ
b

)2
)2

ρeff (ω)h
, (3.117)

ωmn =
(mπ
a

)2

+
(nπ
b

)2

√
DP

ρeff (ω)h
. (3.118)

From equation (3.116), we can write:

M∑
m=1

N∑
n=1

sin
(mπ
a
x
)
sin

(nπ
b
y
)
Bmn

(
ωmn

iω
+ iω

)
ρeff (ω)h = ∆p̄, (3.119)
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or

M∑
m=1

N∑
n=1

sin
(mπ
a
x
)
sin

(nπ
b
y
)
Bmn

(
ωmn − ω2

iω

)
ρeff (ω)h = ∆p̄, (3.120)

or

M∑
m=1

N∑
n=1

sin
(mπ
a
x
)
sin

(nπ
b
y
)
Bmn(

i

i
)

(
ωmn − ω2

iω

)
ρeff (ω)h = ∆p̄, (3.121)

or

M∑
m=1

N∑
n=1

sin
(mπ
a
x
)
sin

(nπ
b
y
)
Bmn

(
ω2 − ωmn

ω

)
ρeff (ω)hi = ∆p̄, (3.122)

or

M∑
m=1

N∑
n=1

sin
(mπ
a
x
)
sin

(nπ
b
y
)
BmnZmn = ∆p̄, (3.123)

where

Zmn = ρeff (ω)hi

(
ω2 − ωmn

ω

)
. (3.124)

Structural damping is considered in the host panel, resulting in

Zmn = ρeff (ω)h
ηPωmnω + i(ω2 − ω2

mn)

ω
. (3.125)

The quantity ηp denotes the damping loss factor of the host panel, while ωmn

represents the resonance frequency of the (m,n) mode of (MMPP).

Multiplying equation (3.123), with

(
sin

(pπ
a
x
)
sin

(qπ
b
y
))

and integrating from

0 < x < a and 0 < y < b, we obtain

∫ a

0

∫ b

0

M∑
m=1

N∑
n=1

ZmnBmn sin
(mπ
a
x
)
sin

(nπ
b
y
)
sin

(pπ
a
x
)
sin

(qπ
b
y
)
dxdy

= ∆p̄

∫ a

0

∫ b

0

sin
(pπ
a
x
)
sin

(qπ
b
y
)
dxdy, (3.126)
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or

M∑
m=1

N∑
n=1

ZmnBmnδmpEP δnqFq = ∆p̄

∫ a

0

∫ b

0

sin
(pπ
a
x
)
sin

(qπ
b
y
)
dxdy, (3.127)

or

ZmnBmnEPFq = ∆p̄

∫ a

0

∫ b

0

sin
(pπ
a
x
)
sin

(qπ
b
y
)
dxdy, (3.128)

From equation (3.128), we can write

Bmn =
∆p̄

ZmnEpFq

∫ a

0

∫ b

0

sin
(pπ
a
x
)
sin

(qπ
b
y
)
dxdy (3.129)

The average velocity of the panel frame is obtained as:

v̄ =

∫ a

0

∫ b

0
vdxdy

ab
. (3.130)

Substituting equation (3.112) into equation (3.130), we get

v̄ =

∫ a

0

∫ b

0

∑M
m=1

∑N
n=1Bmn sin

(mπ
a
x
)
sin

(nπ
b
y
)
dxdy

ab
, (3.131)

or

v̄ =

∑M
m=1

∑N
n=1Bmn

∫ a

0

∫ b

0
sin

(mπ
a
x
)
sin

(nπ
b
y
)
dxdy

ab
. (3.132)

Replacing the value of Bmn in equation (3.132), we get

v̄ =
1

ab

M∑
m=1

N∑
n=1

(
∆p̄

ZmnEpFq

∫ a

0

∫ b

0

sin
(mπ
a
x
)
sin

(nπ
b
y
)
dxdy

)
∫ a

0

∫ b

0

sin
(mπ
a
x
)
sin

(nπ
b
y
)
dxdy, (3.133)

or

v̄ = ∆p̄
M∑

m=1

N∑
n=1

∫ a

0

∫ b

0
sin2

(mπ
a
x
)
sin2

(nπ
b
y
)
dxdy

abZmnEpFq

. (3.134)

From equation (3.134), we can write:
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v̄ = ∆p̄
M∑

m=1

N∑
n=1

ϵ2mn

abZmnEpFq

, (3.135)

where

ϵ2mn =

∫ a

0

∫ b

0

sin2
(mπ
a
x
)
sin2

(nπ
b
y
)
dxdy. (3.136)

The panel frame’s impedance can be computed as follows:

Z =
∆p̄

v̄
, (3.137)

the impedance Z of the panel frame of the (MMPP) can also be used to determine

v̄ .

Z =
∆p̄

∆p̄

(∑M
m=1

∑N
n=1

ϵ2mn

abZmnEpFq

) , (3.138)

or

Z =
M∑

m=1

N∑
n=1

(
ϵ2mn

abZmnEpFq

)−1

. (3.139)

3.2.1 Numerical Solution

The problem is solved analytically using the given formulas after retaining only

the first 16 terms of the equations (N = 16). These truncated equations are then

solved in Mathematica using the “NSolve” function for the case of an Acoustic

Impedance of an Elastic Plate in a Rigid Infinite Waveguide. The following nu-

merical values of the parameters are used in the calculations: c0 = 343, ρ0 = 1.23,

η = 1.95, a = b = 63.5, d = 0.8 × 103, h = 0.5 × 10−3, ϕ = 0.008, D1 = 0.048,

Ep = 69 × 109, νp = 0.33, ρp = 2730, ηp = 0.005, mr = 34.4 × 10−6, kr = 487.13,

ηr = 0.02, and N = 16. The impedance expressions are evaluated over the fre-

quency range of interest and the results plotted for the real and imaginary parts

of Z, as well as the absorption coefficient α. The numerical plots indicate that at

low frequencies, the impedance is predominantly reactive, while near the resonance

frequencies of the elastic plate, the real part of the impedance increases, leading
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to higher absorption. The results also show multiple sharp dips in the reflection

spectrum, corresponding to the structural resonance modes of the plate.

Figure 3.2: Graph of sound absorption coefficient α against frequency f

Figure (3.2) shows how the sound absorption coefficient varies with frequency. At

lower frequencies, the absorption is relatively high, but it gradually decreases as

the frequency increases. A noticeable dip occurs around 3,500 Hz, indicating a

point of minimal absorption. The frequency (x-axis) ranges from 0 to 5,000 Hz,

while the absorption coefficient (y-axis) ranges from 0 to 0.5.

Figure 3.3: Graph of real part of impedance Z against frequency f
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Figure 3.4: Graph of imaginary part of impedance Z against frequency f

Figure (3.3) presents the variation of the real part of the acoustic impedance

with respect to frequency. As the frequency increases, the real component of the

impedance rises consistently, suggesting that sound encounters greater resistance

at higher frequencies. The x-axis spans from 0 to 5,000 Hz, and the y-axis ranges

from 0 to 30. Figure (3.4) shows how the imaginary part of the impedance changes

with frequency for an elastic plate in a rigid waveguide. A clear peak appears at

3,500 Hz, after which the reactance decreases. This helps explain how the plate

interacts with sound in the surrounding medium.

Figure 3.5: Graph of sound absorption coefficient α against frequency f
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Figure (3.5) shows how the sound absorption α changes with frequency. It dips

at 2000 Hz, 4000 Hz, and one more low point is seen before that. At 500 Hz, α is

about 0.5.

Figure 3.6: Graph of real part of impedance Z against frequency f

Figure 3.7: Graph of imaginary part of impedance Z against frequency f

Figure (3.6) shows as the frequency increases, Re[Z] also increases. The x-axis

covers a wide range from 0 to 5000 Hz, and the y-axis goes from 0 to 30. Figure

(3.7) shows the imaginary part of impedance, Im[Z], against frequency. The x-axis

ranges from 0 to 5000 Hz, and the y-axis from 0 to 4000. There are two sharp



Acoustic Impedance of an Elastic Plate... 40

peaks in the graph: one at 2000 Hz reaching about 4500, and another at 4000 Hz

around 2000. Outside these points, the graph stays at zero. This suggests that

Im[Z] only reacts at specific frequencies, likely due to resonance.

Figure 3.8: Graph of sound absorption coefficient α against real part of
impedance Z

Figure 3.9: Graph of sound absorption coefficient α against imaginary part of
impedance Z

Figure (3.8) shows the real part of impedance increases, α rises to a peak at 500,

then slowly falls. Around 4000, α dips to near zero before slightly rising again.

Figure (3.9) shows the behavior at low imaginary impedance, α is high (peak at
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500), but decreases as impedance increases. Around 4000, α drops sharply to

nearly zero.

Figure 3.10: Graph of real part of impedance Z against frequency f

Figure 3.11: Graph of imaginary part of impedance Z against frequency f

Figure (3.10) shows that the real part of impedance increases as the frequency

increases. The rise is not linear it becomes steeper at higher frequencies, meaning

the impedance grows faster with increasing frequency. Figure (3.11) shows two

clear peaks in the imaginary part of impedance at specific frequencies.



Chapter 4

Scattering from an Elastic Plate

in a 3-Dimensional Rectangular

Waveguide

4.1 Introduction

This chapter focuses on the detailed analysis of a simply supported panel frame

that incorporates a micro-perforated panel with metamaterial properties (MMPP).

The study investigates its harmonic displacement and overall behavior when sub-

jected to structural forces and acoustic loading. The discussion begins with the

derivation of the governing equations for displacement in both the and directions,

applying the boundary conditions appropriate for a simply supported configura-

tion. These formulations lead to the determination of eigenfunctions and dis-

persion relations for each direction, ultimately producing the general form of the

panel’s displacement functions. A harmonic representation of the displacement

field is then developed, from which velocity expressions, displacement derivatives,

and associated governing relations are obtained. The concept of structural damp-

ing is incorporated by introducing a damping factor into the governing equations,

allowing for the evaluation of the mechanical impedance of the panel frame. The

42
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analysis also addresses the effect of panel material properties, geometric param-

eters, and boundary constraints on the dynamic response of the MMPP. Special

attention is given to the coupling between the panel’s structural modes and the

acoustic field inside the surrounding waveguide, emphasizing the role of modal

interaction in sound absorption and energy dissipation. Furthermore, the chap-

ter investigates the resonance frequencies, mode shapes, and frequency-dependent

impedance behavior of the MMPP. It derives closed-form expressions for aver-

age surface velocity, which are essential for computing sound transmission loss

and absorption performance. The theoretical developments presented here lay the

groundwork for experimental validation, ensuring that the proposed models are

practically applicable in real-world acoustic engineering scenarios. The results

from this framework also provide valuable guidance for optimizing MMPP designs

in practical applications.

4.2 Scattering from a Elastic Plate Backed by

Rigid Wall

Figure 4.1: Physical structure of the waveguide

Consider an elastic plate of dimensions (ab), positioned at z = −ℓ, with a duct

mode. A rigid wall is located at z = 0, and the incident mode comes from the

region z < −ℓ. The waveguide geometry is depicted in Figure, (4.1) The com-

pressible fluid inside the waveguide, characterized by density ρ and sound
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speed c, satisfies the dimensional wave equation for the fluid potential

[
∂2

∂x̄2
+

∂2

∂ȳ2
+

∂2

∂z̄2

]
Φ(x̄, ȳ, z̄, t̄) =

1

c2
∂2Φ̄

∂t̄2
. (4.1)

The fluid potential is connected to the acoustic pressure P̄ and velocity vector V̄

through the following relationship:

P̄ = −ρ∂Φ̄
∂t̄
, (4.2)

and

V̄ = ∆̄Φ̄. (4.3)

The boundary condition for the acoustically rigid surface of the waveguide is given

by:

∂Φ̄

∂x̄
= 0 at x̄ = 0, ā 0 ≤ ȳ ≤ b̄, (4.4)

∂Φ̄

∂ȳ
= 0 at ȳ = 0, b̄ 0 ≤ x̄ ≤ ā. (4.5)

A plate exists at z̄ = 0, and the displacement W̄ (x̄, ȳ, z̄, t̄) of this plate satisfies

the equation:

Dp∆̄
4W̄ (x̄, ȳ, t̄) + ρeff (ω)h

∂2W̄ (x̄, ȳ, t̄)

∂t̄2
= (P̄2 − P̄1). (4.6)

The quantities P̄1 and P̄2 on the right-hand side of equation (4.6) represent the

acoustic pressures in the regions where z̄ > 0 and z̄ < 0, respectively. Further-

more, boundary conditions are imposed on the edges of the elastic plate. These

conditions define the type of physical connection and ensure the uniqueness of

the obtained solution. For generality, these simply supported conditions can be

expressed as follows:

W̄ (0, ȳ, t̄) = 0, (4.7)
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W̄ (a, ȳ, t̄) = 0, (4.8)

∂2W̄

dx̄2
(0, ȳ, t̄) = 0, (4.9)

∂2W̄

dx̄2
(ā, ȳ, t̄) = 0, (4.10)

W̄ (x̄, 0, t̄) = 0, (4.11)

W̄ x̄, b̄, t̄) = 0, (4.12)

∂2W̄

dȳ2
(x̄, 0, t̄) = 0, (4.13)

∂2W̄

dȳ2
(x̄, b̄, t̄) = 0. (4.14)

The displacement of the plate W̄ , is linked to the fluid potential Φ̄, through the

following relationship:

∂W̄

∂t̄
=
∂Φ̄

∂t̄
. (4.15)

Assuming a harmonic time dependence of the form eiωt̄, where ω = 2πf represents

the radiant frequency, the relationships between P̄ , V̄ , W̄ , and Φ̄ can be expressed

as:

P̄ (x̄, ȳ, z̄, t̄) = p̄(x̄, ȳ, z̄)eiωt̄, (4.16)

V̄ (x̄, ȳ, z̄, t̄) = v̄(x̄, ȳ, z̄)eiωt̄, (4.17)

Φ̄(x̄, ȳ, z̄, t̄) = ϕ̄(x̄, ȳ, z̄)eiωt̄, (4.18)

and

W̄ (x̄, ȳ, t̄) = w̄(x̄, ȳ)eiωt̄. (4.19)

Substituting the time-independent variables p̄, v̄, w̄ and ϕ̄ from equation (4.16)

to equation (4.19) into equation (4.1) to equation (4.6), we obtain the following

equations in terms of harmonic time independent variables

• The Helmholtz’s equation

[
∂2

∂x̄2
+

∂2

∂ȳ2
+

∂2

∂z̄2
+ k2

]
ϕ̄(x̄, ȳ, z̄) = 0. (4.20)



Scattering from an Elastic Plate... 46

• The relationships between pressure, velocity, and displacement with fluid

potential can be expressed as:

p̄(x̄, ȳ, z̄) = iωρϕ̄(x̄, ȳ, z̄), (4.21)

v̄(x̄, ȳ, z̄) =
∂ϕ̄

∂x̄
î+

∂ϕ̄

∂ȳ
ĵ +

∂ϕ̄

∂z̄
k̂, (4.22)

w̄(x̄, ȳ) =
i

ω

∂ϕ̄

∂z̄
. (4.23)

The above equations are non dimensionalized. Using the length scale k−1 and the

time scale ω−1, the relationship between dimensional variables with bar and non

dimensional variables without bar are defined as:


x = kx̄, y = kȳ, z = kz̄, t = ωt̄,

u = kū, ϕ =
k2

ω
ϕ.

(4.24)

The differential operators in the dimensional form are expressed in terms of their

non-dimensional counterparts as:

∂

∂x̄
=

∂

∂x

∂x

∂x̄
= k

∂

∂x
, (4.25)

∂2

∂x̄2
=

∂

∂x̄

(
k
∂

∂x

)
= k2

∂2

∂x2
, (4.26)

∂

∂ȳ
=

∂

∂y

∂y

∂ȳ
= k

∂

∂y
, (4.27)

∂2

∂ȳ2
=

∂

∂ȳ

(
k
∂

∂y

)
= k2

∂2

∂y2
, (4.28)

∂

∂z̄
=

∂

∂z

∂z

∂z̄
= k

∂

∂z
, (4.29)

∂2

∂z̄2
=

∂

∂z̄

(
k
∂

∂z

)
= k2

∂2

∂z2
, (4.30)

Applying the transformation defined in equation (4.24), we obtain the dimension-

less form of the equations as follows:
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• The Helmholtz’s equation

[
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ k2

]
ϕ(x, y, z) = 0. (4.31)

• The relationships between pressure, velocity, and displacement with fluid

potential can be expressed as:

p(x, y, z) = iωρϕ(x, y, z), (4.32)

v(x, y, z) =
∂ϕ

∂x
î+

∂ϕ

∂y
ĵ +

∂ϕ

∂z
k̂, (4.33)

w(x, y) =
i

ω

∂ϕ

∂z
. (4.34)

• Rigid boundary conditions at x = 0, a and y = 0, b.

∂Φ

∂x
= 0 at x = 0, a 0 ≤ y ≤ b, (4.35)

∂Φ

∂y
= 0 at y = 0, b 0 ≤ x ≤ a. (4.36)

• Elastic plate condition at z = 0, 0 ≤ x ≤ a, 0 ≤ y ≤ b,

Dp∆
4W (x, y, t) + ρeff (ω)h

∂2W (x, y, t)

∂t2
= α(ϕ2 − ϕ1), (4.37)

where the dimensionless forms of the elastic plate wavenumber and fluid loading

parameters are given by:

α =
iρω

Dp

,

and

ϕs(x, y) =

ϕ
s
1(x, y) z < −ℓ,

ϕs
2(x, y) z̄ > −ℓ.

(4.38)
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The boundary conditions in dimensionless form at the edges of the elastic plate

are:

W (0, y, t) = 0, (4.39)

W (a, y, t) = 0, (4.40)

∂2W

dx2
(0, y, t) = 0, (4.41)

∂2W

dx̄2
(a, y, t) = 0, (4.42)

W (x, 0, t) = 0, (4.43)

W (x, b, t) = 0, (4.44)

∂2W

dy2
(x, 0, t) = 0, (4.45)

∂2W

dȳ2
(x, b, t) = 0. (4.46)

When an incident wave interacts with the elastic plate, a portion is reflected in

region I, while the remaining part is transmitted into region II. To study the

reflection and transmission phenomena, we solve the governing boundary value

problem (BVP) using the mode-matching technique. The solution is presented in

the next section.

4.3 Mode-Matching Solution

This approach begins with the application of the separation of variables method,

which enables us to obtain the eigenfunction expansion of the fluid potential in

regions I and II of the duct.

ϕs(x, y) =

ϕ
s
1(x, y), z < −ℓ,

ϕs
2(x, y), z > −ℓ.

(4.47)

The superscript ’s’ denotes symmetric regions that fulfill the Helmholtz equation

and rigid boundary conditions.
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In region I, the Helmholtz equation is satisfied, which is expressed as:

[
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ 1

]
ϕs
1(x, y, z) = 0, (4.48)

subject to the following boundary conditions

∂ϕs
1

∂x
= 0 at x = 0, a 0 ≤ y ≤ b, (4.49)

∂ϕs
1

∂y
= 0 at y = 0, b 0 ≤ x ≤ a. (4.50)

Solving equation (4.48) yields an assumed solution:

ϕs
1(x, y, z) = X1(x)Y1(y)Z1(z). (4.51)

Substituting equation (4.51) into equation (4.48), and dividing withX1(x), Y1(y), Z1(z),

X
′′
1 (x)

X1(x)
+
Y

′′
1 (y)

Y1(y)
+
Z

′′
1 (z)

Z1(z)
+ k2 = 0, (4.52)

or

X
′′
1 (x)

X1(x)
+
Y

′′
1 (y)

Y1(y)
+ k2 =

Z
′′
1 (z)

Z1(z)
= η2. (4.53)

The solution of Z1(z) from equation (4.53) is given by

Z1(z) = c1e
iηz + c2e

−iηz, (4.54)

here c1 and c2 represent arbitrary constants. The ordinary differential equation

governing Y1(y) is:

Y
′′
1 (y)

Y1(y)
+ k2 − η2 = 0, (4.55)

or

Y
′′
1 (y)

Y1(y)
+ η2y = 0, (4.56)

where

η2y = k2 − η2. (4.57)
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The solution of equation (4.56) is given by:

Y1(y) = c3 cos(ηyy) + c4 sin(ηyy), (4.58)

where c3 and c4 represent arbitrary constants. Combining equation (4.58) and

equation (4.50), we can express:

Y1(y) = cos
(nπ
b

)
, (4.59)

where ηy =
nπ

b
is the eigenvalue obtained from equation (4.58) by applying the

boundary conditions, whereas for X1(x) the ordinary differential equation is

X
′′
1 (x)

X1(x)
+ η2x = 0, (4.60)

where

η2 = 1− η2 − η2y. (4.61)

The solution of equation (4.60) is given by:

X1(x) = c5 cos(ηxx) + c6 sin(ηxx), (4.62)

where c5 and c6 represent arbitrary constants. Combining equation (4.62) and

equation (4.49), we can express:

X1(x) = cos
(mπ
a

)
, (4.63)

where ηx =
mπ

a
is the eigenvalue obtained from equation (4.62) by applying the

boundary conditions. For supperposition principal, the total field potential in

region I, we can write as

ϕs
1(x, y, z) =

∞∑
m=0

∞∑
n=0

(As
mne

iηmn(z+ℓ) +Bs
mne

−iηmn(z+ℓ))ψmn(x, y), (4.64)

where ψmn(x, y) represents the eigenfunction in region I, whose value is given by:



Scattering from an Elastic Plate... 51

ψmn(x, y) = cos
(mπ
a
x
)
cos

(nπ
b
y
)
. (4.65)

Here, ηmn represents the wave number of the (mn)th mode, as obtained from

equation (4.61), and is given by

ηmn =

√
k2 −

(mπ
a

)2

−
(nπ
b

)2

. (4.66)

Observe that equation (4.64) decomposes into two terms, where the first term

represents the (mn)th mode traveling in the positive direction, and the second

term corresponds to the (mn)th mode propagating in the negative z-direction.

The coefficients As
mn and Bs

mn quantify the amplitudes of these modes.

The Helmholtz equation for region II can be expressed as:

[
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ 1

]
ϕs
2(x, y, z) = 0, (4.67)

subject to the following boundary conditions:

∂ϕs
2

∂x
= 0 at x = 0, a 0 ≤ y ≤ b, (4.68)

∂ϕs
2

∂y
= 0 at y = 0, b 0 ≤ x ≤ a. (4.69)

The solution of equation (4.48) is assumed to be:

ϕs
2(x, y, z) = X2(x)Y2(y)Z2(z). (4.70)

Substituting equation (4.70) into equation (4.67), and dividing withX2(x), Y2(y), Z2(z),

X
′′
2 (x)

X2(x)
+
Y

′′
2 (y)

Y2(y)
+
Z

′′
2 (z)

Z2(z)
+ k2 = 0, (4.71)

or

X
′′
2 (x)

X2(x)
+
Y

′′
2 (y)

Y2(y)
+ k2 =

Z
′′
2 (z)

Z2(z)
= η2. (4.72)
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From equation (4.72), the solution of Z2(z) is

Z2(z) = c7e
iηz + c8e

−iηz, (4.73)

where c7 and c8 represent arbitrary constants. Y2(y) satisfies the following ordinary

differential equation:
Y

′′
2 (y)

Y2(y)
+ k2 − η2 = 0, (4.74)

Y
′′
2 (y)

Y2(y)
+ η2y = 0, (4.75)

where

η2y = k2 − η2. (4.76)

The solution of equation (4.75) is given by:

Y2(y) = c9 cos(ηyy) + c10 sin(ηyy), (4.77)

here c9 and c10 represent arbitrary constants. From equation (4.77) and equation

(4.69)

Y2(y) = cos
(nπ
b

)
, (4.78)

where ηy =
nπ

b
is the eigenvalue obtained from equation (4.77) by applying the

boundary conditions. Whereas, for X2(x) the ordinary differential equation is

X
′′
2 (x)

X2(x)
+ η2x = 0, (4.79)

where

η2 = 1− η2 − η2y. (4.80)

The solution of equation (4.79) is given by

X2(x) = c11 cos(ηxx) + c12 sin(ηxx), (4.81)

where c11 and c12 represent arbitrary constants.
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From equation (4.81) and equation (4.68),

X2(x) = cos
(mπ
a

)
, (4.82)

where ηx =
mπ

a
is the eigenvalue obtained from equation (4.82) by applying the

boundary conditions. For supperposition principle, the total field potential in

region II, we can write as

ϕs
2(x, y, z) =

∞∑
m=0

∞∑
n=0

(Cs
mne

iηmnz +Ds
mne

−iηmnz)ψmn(x, y), (4.83)

the eigenfunction in region I is represented by ψmn(x, y), with its value expressed

as

ψmn(x, y) = cos
(mπ
a
x
)
cos

(nπ
b
y
)
. (4.84)

Here, ηmn represents the wave number of the (mn)th mode, as obtained from

equation (4.80), with a value of

ηmn =

√
1−

(mπ
a

)2

−
(nπ
b

)2

. (4.85)

It is important to note that As
mn, B

s
mn, C

s
mn, and Ds

mn are unknown coefficients.

Assuming a fundamental duct mode with unit amplitude propagating from region

II in the positive z-direction, we consider only transmission in region II by setting

Ds
mn = 0 in equation (4.83). Consequently, the expressions equation (4.64) and

equation (4.83) become:

ϕs
1(x, y, z) =

∞∑
m=0

∞∑
n=0

(As
mne

iηmn(z+ℓ) +Bs
mne

−iηmn(z+ℓ))ψmn(x, y), (4.86)

and

ϕs
2(x, y, z) =

∞∑
m=0

∞∑
n=0

(Cs
mne

iηmnz +Ds
mne

−iηmnz)ψmn(x, y). (4.87)

At z = 0, the rigid wall leads to

∂ϕs
2

∂z
= 0, z = 0. (4.88)
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Substituting equation (4.87) into equation (4.88), we obtain

ϕs
2(x, y, z) =

∞∑
m=0

∞∑
n=0

(Cs
mn −Ds

mn)ψmn(x, y), (4.89)

Simplifying this expression yields

Cs
mn = Ds

mn. (4.90)

Substituting the value of Ds
mn from equation (4.90) into equation (4.89) gives

ϕs
2(x, y, z) =

∞∑
m=0

∞∑
n=0

(2Cs
mn cos(ηmnz)ψmn(x, y). (4.91)

Once the excitation coefficient As
mn is specified for duct mode excitation, the co-

efficients Cs
mn and Bs

mn become the unknown quantities.

The dynamics of the membrane located at z = −ℓ are then examined using the

Galerkin method, which allows us to solve for the unknown amplitudes.

4.4 Galerkin Formulation for Elastic Plate Dy-

namics

The dynamical response of plate at interface z = −ℓ in harmonic time dependence

Dp∆
4ws(x, y)− ρeffhω

2ws(x, y) = (ϕs
1 − ϕs

2)iρω. (4.92)

or

∆4ws − µ4ws = α(ϕs
1 − ϕs

2), (4.93)

where

µ =
ρeffω

2h

Dp

, (4.94)

and

α =
iωρ

Dp

. (4.95)
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and α are structure wave numberand and thrid loding paramrter

ws(x, y)eiωt = 0, (4.96)

By applying the appropriate boundary condition, which specifies the physical con-

straints at the interface, the governing equations can be simplified and solved in

a consistent manner.

ws(0, y) = 0, (4.97)

ws(a, y) = 0, (4.98)

∂2ws

dx2
(0, y) = 0, (4.99)

∂2ws

dx2
(a, y) = 0, (4.100)

ws(x, 0) = 0, (4.101)

ws(x, b) = 0, (4.102)

∂2ws

dy2
(x, 0) = 0, (4.103)

∂2ws

dy2
(x, b) = 0. (4.104)

Now we can construct the eigenvalue problem associated with equation (4.93) to

equation (4.104), given as follows

(∆4 − λ4mn)ϕ
s
mn = 0, (4.105)

ϕs
mn(0, y) = 0, (4.106)

ϕs
mn(a, y) = 0, (4.107)

ϕs′′
mn(0, y) = 0, (4.108)

ϕs′′
mn(a, y) = 0, (4.109)

ϕs
mn(x, 0) = 0, (4.110)

ϕs
mn(x, b) = 0, (4.111)
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ϕs′′
mn(x, 0) = 0, (4.112)

ϕs′′
mn(x, b) = 0. (4.113)

Solution of equation (4.105) to equation (4.113) is as given below

ϕs
mn(x, y) = sin

(mπ
a
x
)
sin

(nπ
b
y
)
, (4.114)

where

λ2mn =
(mπ
a

)2

+
(nπ
b

)2

m = 1, 2, 3 . . . n = 1, 2, 3 . . . (4.115)

The function ϕs
1mn are orthogonal and satisfies orthogonality relation,

∫ a

0

∫ b

0

ϕs
1mnϕ

s
1pqdxdy = EpδmpFqδnq. (4.116)

Now we project the solution on orthogonal basis as

ws(x, y) =
∞∑

m=1

∞∑
n=1

gsmnϕ
s
mn. (4.117)

Using the value of equation (4.117), equation (4.86), equation (4.91) into equation

(4.93) we get

∞∑
m=1

∞∑
n=1

(λ4mn − µ4)gsmnϕ
s
mn = α

∞∑
m=1

∞∑
n=1

(As
mn

+Bs
mn − 2Cs

mn cos(ηmnz))ψmn(x, y), (4.118)

Multiplying with ϕs
pq and integrating from 0 < x < a and 0 < y < b we may get

gspq =
α

(λ4pq − µ4)EpFq

∞∑
m=1

∞∑
n=1

(As
pq +Bs

pq − 2Cs
mn cos(ηpqz))∆pq, (4.119)

where

∆pq =

∫ a

0

∫ b

0

ϕs
pqψpq(x, y). (4.120)
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At z = −ℓ for the coefficients of region I,

∂ϕs
1

∂z
= ws(x, y). (4.121)

Using equation (4.86) and equation (4.117) into equation (4.121) we get

i

∞∑
m=0

∞∑
n=0

(As
mn −Bs

mn)ηmnψmn(x, y) =
∞∑

m=0

∞∑
n=0

gsmnϕ
s
mn. (4.122)

Multiplying with ψs
1pq and integrating from 0 < x < a and 0 < y < b we may get

As
pq −Bs

pq =
1

iηpqEpFq

∞∑
m=0

∞∑
n=0

gspq

∫ a

0

∫ b

0

ϕs
1pqψ

s
1pqdxdy, (4.123)

or

As
pq −Bs

pq =
1

iηpqEpFq

∞∑
m=0

∞∑
n=0

gspq∆pq, (4.124)

where

∆pq =

∫ a

0

∫ b

0

ϕs
1pqψ

s
pq(x, y). (4.125)

Likewise, for the coefficient of region II,at z = −ℓ

∂ϕs
2

∂z
= ws(x, y). (4.126)

Using equation (4.91) and equation (4.117) into equation (4.126) we get

∞∑
m=0

∞∑
n=0

2Cs
mnηmn sin(ηmnℓ)ψmn(x, y) =

∞∑
m=0

∞∑
n=0

gsmnϕ
s
mn. (4.127)

Multiplying with ψs
2pq and integrating from 0 < x < a and 0 < y < b,

Cs
pq =

1

2 sin ηpqEpFq

∞∑
m=0

∞∑
n=0

gspq

∫ a

0

∫ b

0

ϕs
2pqψ

s
2pqdxdy, (4.128)

or

Cs
pq =

1

2 sin ηpqEpFq

∞∑
m=0

∞∑
n=0

gspqϵpq, (4.129)
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where

ϵpq =

∫ a

0

∫ b

0

ϕs
1pqψ

s
pq(x, y). (4.130)

4.4.1 Numerical Solution

For the rigid wall-backed plate configuration, the governing equations from Sec-

tion 4.4 are solved in Mathematica with N = 16 modal terms retained in the se-

ries expansion. The parameters used in the computation are a = 4000, b = 6000,

L = 2000, ρ0 = 1.23, and c0 = 343. The mode-matching and Galerkin formulations

are applied to evaluate the dimensionless normal velocities and pressures in both

acoustic regions. The results indicate that under rigid termination, the velocity

amplitudes at z = −ℓ remain small for most frequencies, except at the resonance

frequencies of the plate. Since the downstream wall is perfectly reflecting, a large

portion of the incident acoustic energy is returned, producing a high pressure field

near the plate. The resonance peaks appear sharp and narrow, reflecting the low

damping and the limited bandwidth of absorption in this configuration.

Moreover, the numerical simulations emphasize the significant role of structural

resonance in shaping the acoustic response. When the excitation frequency coin-

cides with a natural mode of the plate, a pronounced amplification in both pressure

and velocity is observed at the interface.Away from resonance, however, the system

behaves as a highly reflective boundary with negligible energy dissipation.

This behavior confirms that the rigid wall-backed plate acts as a frequency-selective

system, where strong coupling between the acoustic field and the plate occurs only

in the vicinity of resonance frequencies.

Figure (4.2) displays the real parts of the dimensionless normal velocities ϕs
1z(x, y, z)

and ϕs
2z(x, y, z) plotted over x and y at z = −ℓ . Both components show simi-

lar patterns, which agrees with the expected continuity of normal velocities at

z = −ℓ Figure (4.3) shows the imaginary parts of the same velocities over x and

y at z = −ℓ. Again, the two components behave consistently, supporting the

continuity condition at that position.
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Figure 4.2: The real component of dimensionless normal velocities ϕs
1(x, y, z)

and ϕs
2(x, y, z) against x and y at z=−ℓ, where ā = 4000, b̄ = 6000, L̄ = 2000

and N =16 term (Symmetric case)

Figure 4.3: The imaginary component of dimensionless normal velocities
ϕs
1(x, y, z) and ϕs

2(x, y, z) against x and y at z=−ℓ, where ā = 4000, b̄ =
6000, L̄ = 2000 and N =16 term (Symmetric case)

As shown in Figure (4.4), it exhibits a clear reflection, indicating that the incident

wave is reflected back upon encountering the rigid surface. This reflection suggests

that the pressure field exerts a force on the elastic plate situated at the interfaces,

causing it to vibrate. The interaction between the incident and reflected pressure

fields at the wall plays a crucial role in determining the overall wave dynamics



Scattering from an Elastic Plate... 60

within the cavity, influencing both the pressure distribution and the elastic plate’s

vibrational response.

Figure 4.4: The real component of dimensionless normal velocity ϕs
2(x, y, z)

against x and y at z=−ℓ, where ā = 4000, b̄ = 6000, L̄ = 2000 and N =16 term
(Symmetric case)

Figure 4.5: The real component of dimensionless pressure ϕs
2(x, y, z) against x

and y at z=0, where ā = 4000, b̄ = 6000, L̄ = 2000 and N =16 term (Symmetric
case)

Figure (4.5) shows that at the rigid wall, the velocity is zero, which is consistent

with the imposed boundary condition. This result is physically expected, as a

rigid boundary should prevent normal motion of the wave at the wall. In contrast,

the symmetric pressure field does not vanish at the wall
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Figure 4.6: The imaginary component of dimensionless normal velocity
ϕs
2(x, y, z) against x and y at z=−ℓ, where ā = 4000, b̄ = 6000, L̄ = 2000 and N

=16 term (Symmetric case)

Figure 4.7: The imaginary component of dimensionless pressure ϕs
2(x, y, z)

against x and y at z=0, where ā = 4000, b̄ = 6000, L̄ = 2000 and N =16 term
(Symmetric case)

Figure (4.6) shows that the pressure at the wall is not zero. The reflected pressure

wave is clearly visible, showing that the incoming wave bounces back from the

rigid wall. This reflected wave pushes against the elastic plate at the interface,

causing it to vibrate. The interaction between the incoming and reflected waves
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affects the overall pressure pattern and how the membrane moves. Figure (4.7)

shows that the velocity at the wall is zero, which matches the boundary condition

for a rigid surface. This means the wall does not allow any wave motion through

it.

4.5 Scattering from a Rectangular Plate Backed

by Soft Wall

Figure 4.8: Physical structure of the waveguide

In this problem, a rectangular duct contains an elastic plate of width a and height

b, matching the duct’s cross-section, and placed at z = −ℓ. A rigid wall is located

at z = 0, which completely reflects incoming acoustic waves. An acoustic mode

travels from the upstream region (z < −ℓ) towards the plate and excites harmonic

vibrations.

Part of the incident wave is reflected back upstream, while the rest is either trans-

mitted through or absorbed by the plate. The transmitted wave reflects from the

rigid wall, resulting in multiple reflections and standing waves forming between

the plate and the wall. The simply supported plate edges together with the rigid

wall determine the mode shapes and the dispersion relations. The geometry of the
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duct and the wave motion is illustrated in the figure. (4.8) In this configuration,

the interaction between the acoustic field and the vibrating plate plays a key role

in defining how energy is distributed between reflection, transmission, and absorp-

tion. This makes the setup a useful model for studying vibroacoustic coupling

and for evaluating how boundary conditions affect wave propagation in ducts and

waveguides.

4.6 Mode-Matching Solution

This approach begins with the application of the separation of variables method,

which enables us to obtain the eigenfunction expansion of the fluid potential in

regions I and II of the duct.

ϕa(x, y) =

ϕ
a
1(x, y), z < −ℓ

ϕa
2(x, y), z > −ℓ,

(4.131)

the superscript ’a’ denotes antisymmetric regions that fulfill the Helmholtz equa-

tion and rigid boundary condition requirements. For region I, the Helmholtz equa-

tion is expressed as:

[
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ k2

]
ϕa
1(x, y, z) = 0, (4.132)

subject to the following boundary conditions:

∂ϕa
1

∂x
= 0 at x = 0, a 0 ≤ y ≤ b, (4.133)

∂ϕa
1

∂y
= 0 at y = 0, b 0 ≤ x ≤ a. (4.134)

We assume a solution of equation(4.132) as follows

ϕa
1(x, y, z) = X1(x)Y1(y)Z1(z). (4.135)
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Substituting equation (4.135) into equation (4.132), and dividing withX1(x), Y1(y), Z1(z)

we get
X

′′
1 (x)

X1(x)
+
Y

′′
1 (y)

Y1(y)
+
Z

′′
1 (z)

Z1(z)
+ k2 = 0, (4.136)

or

X
′′
1 (x)

X1(x)
+
Y

′′
1 (y)

Y1(y)
+ k2 =

Z
′′
1 (z)

Z1(z)
= η2. (4.137)

The solution for Z1(z) is derived from equation (4.137) as

Z1(z) = c1e
iηz + c2e

−iηz, (4.138)

where c1 and c2 denote arbitrary constants. For Y1(y), we have the following

ordinary differential equation

Y
′′
1 (y)

Y1(y)
+ k2 − η2 = 0, (4.139)

or

Y
′′
1 (y)

Y1(y)
+ η2y = 0, (4.140)

where

η2y = k2 − η2. (4.141)

The solution to equation (4.140) is given by

Y1(y) = c3 cos(ηyy) + c4 sin(ηyy), (4.142)

here c3 and c4 representing arbitrary constants, From equation (4.134) and equa-

tion (4.142),

Y1(y) = cos
(nπ
b

)
, (4.143)

where ηy =
nπ

b
is the eigenvalue obtained from equation (4.142) by applying the

boundary conditions, whereas, for X1(x) the ordinary differential equation is

X
′′
1 (x)

X1(x)
+ η2x = 0, (4.144)



Scattering from an Elastic Plate... 65

where

η2 = k2 − η2 − η2y. (4.145)

The solution to equation (4.144) is given by

X1(x) = c5 cos(ηxx) + c6 sin(ηxx), (4.146)

where c5 and c6 denote arbitrary constants. Combining equation (4.133) and

equation (4.146), we can express

X1(x) = cos
(mπ
a

)
, (4.147)

where ηx =
mπ

a
is the eigenvalue obtained from equation (4.147) by applying

the boundary conditions. For supperposition principal, the total field potential in

region I, we can write as

ϕa
1(x, y, z) =

∞∑
m=0

∞∑
n=0

(Aa
mne

iηmn(z+ℓ) +Ba
mne

−iηmn(z+ℓ))ψmn(x, y), (4.148)

where ψmn(x, y) represents the eigenfunction in region I, given by

ψmn(x, y) = cos
(mπ
a
x
)
cos

(nπ
b
y
)
. (4.149)

where ηmn represents the wave number of the (mn)th mode, obtained from equation

(4.144), and is given by

ηmn =

√
k2 −

(mπ
a

)2

−
(nπ
b

)2

. (4.150)

Observe that equation (4.148) decomposes into two terms, where the first term

represents the (mn)th mode traveling in the positive direction, and the second

term corresponds to the (mn)th mode propagating in the negative z-direction. The

coefficients Aa
mn and Ba

mn quantify the amplitudes of these modes. The Helmholtz

equation for region II is expressed as

[
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ k2

]
ϕa
2(x, y, z) = 0, (4.151)
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subject to the following boundary conditions:

∂ϕa
2

∂x
= 0 at x = 0, a 0 ≤ y ≤ b, (4.152)

∂ϕa
2

∂y
= 0 at y = 0, b 0 ≤ x ≤ a. (4.153)

We assume a solution to equation (4.151) of the form

ϕa
2(x, y, z) = X2(x)Y2(y)Z2(z). (4.154)

Substuting equation (4.154) into equation (4.151), and dividing withX2(x), Y2(y), Z2(z)

we get
X

′′
2 (x)

X2(x)
+
Y

′′
2 (y)

Y2(y)
+
Z

′′
2 (z)

Z2(z)
+ k2 = 0, (4.155)

or

X
′′
2 (x)

X2(x)
+
Y

′′
2 (y)

Y2(y)
+ k2 =

Z
′′
2 (z)

Z2(z)
= η2. (4.156)

The solution to Z2(z), as obtained from equation (4.6), is

Z2(z) = c7e
iηz + c8e

−iηz, (4.157)

where c7 and c8 denote arbitrary constants. The differential equation describing

Y2(y) is
Y

′′
2 (y)

Y2(y)
+ k2 − η2 = 0, (4.158)

or

Y
′′
2 (y)

Y2(y)
+ η2y = 0, (4.159)

where

η2y = k2 − η2. (4.160)

The solution to equation (4.159) is given by

Y2(y) = c9 cos(ηyy) + c10 sin(ηyy), (4.161)

here, c9 and c10 represent arbitrary constants.
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From equation (4.152) and equation (4.161),

Y2(y) = cos
(nπ
b

)
, (4.162)

where ηy =
nπ

b
is the eigenvalue obtained from equation (4.162) by applying the

boundary conditions. Whereas, for X2(x) the ordinary differential equation is

X
′′
2 (x)

X2(x)
+ η2x = 0, (4.163)

where

η2 = k2 − η2 − η2y. (4.164)

The solution of equation (4.163) is given by

X2(x) = c11 cos(ηxx) + c12 sin(ηxx), (4.165)

where c11 and c12 denote arbitrary constants. Combining equation (4.165) and

equation (4.152),

X2(x) = cos
(mπ
a

)
, (4.166)

where ηx =
mπ

a
is the eigenvalue obtained from equation (4.166) by applying

the boundary conditions. For supperposition principal, the total field potential in

region II, we can write as

ϕa
2(x, y, z) =

∞∑
m=0

∞∑
n=0

(Ca
mne

iηmnz +Da
mne

−iηmnz)ψmn(x, y), (4.167)

where ψmn(x, y) represents the eigenfunction in region II, given by

ψmn(x, y) = cos
(mπ
a
x
)
cos

(nπ
b
y
)
. (4.168)

Here, ηmn represents the wave number of the (mn)th mode, as determined by

equation (4.164), and is given by

ηmn =

√
k2 −

(mπ
a

)2

−
(nπ
b

)2

. (4.169)
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It is important to note that Aa
mn, B

a
mn, C

a
mn, and Da

mn are unknown coefficients.

Assuming a fundamental duct mode with unit amplitude propagating from region

II in the positive z-direction, we consider only transmission in region II by setting

Da
mn = 0 in equation (4.86). The fluid potential

ϕa
1(x, y, z) =

∞∑
m=0

∞∑
n=0

(Aa
mne

iηmn(z+ℓ) +Ba
mne

−iηmn(z+ℓ))ψmn(x, y), (4.170)

and

ϕa
2(x, y, z) =

∞∑
m=0

∞∑
n=0

(Ca
mne

iηmnz +Da
mne

−iηmnz)ψmn(x, y). (4.171)

At z = 0, the presence of a rigid wall leads to

ϕa(x, y) = 0, z = 0. (4.172)

Substuting equation (4.171) into equation (4.172), we may get

ϕa
2(x, y, z) =

∞∑
m=0

∞∑
n=0

(Ca
mn +Damn)ψmn(x, y), (4.173)

The result of simplification is

−Ca
mn = Da

mn. (4.174)

Substuting the value of Da
mn, from equation (4.174) into equation (4.173), we get

ϕa
2(x, y, z) =

∞∑
m=0

∞∑
n=0

(i2Ca
mn sin(ηmnℓ)ψmn(x, y). (4.175)

Once the excitation coefficient Aa
mn is specified for duct mode excitation, the co-

efficients Ca
mn and Ba

mn become the unknown quantities.

The dynamics of the membrane located at z = −ℓ are then examined using the

Galerkin method, which allows us to solve for the unknown amplitudes
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4.7 Galerkin Formulation for Elastic Plate ynam-

ics

The dynamical response of plate at interface z = −ℓ in harmonic time dependence

∆4wa − µ4wa = α(ϕa
1 − ϕa

2), (4.176)

where

µ =
ρeffω

2h

Dp

, (4.177)

and

α =
iωρ

Dp

. (4.178)

and α are structure wave number

w(x, y)eiωt = 0, Subject to the boundary condition that

wa(0, y) = 0, (4.179)

wa(a, y) = 0, (4.180)

∂2wa

dx2
(0, y) = 0, (4.181)

∂2wa

dx2
(a, y) = 0, (4.182)

wa(x, 0) = 0, (4.183)

wa(x, b) = 0, (4.184)

∂2wa

dy2
(x, 0) = 0, (4.185)

∂2wa

dy2
(x, b) = 0. (4.186)

Now we can construct the eigenvalue problem associated with equation (4.176) to

equation (4.186), given as follows

(∆4 − λ4mn)ϕ
a
mn = 0, (4.187)
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ϕa
mn(0, y) = 0, (4.188)

ϕa
mn(a, y) = 0, (4.189)

ϕa′′
mn(0, y) = 0, (4.190)

ϕa′′
mn(a, y) = 0, (4.191)

ϕa
mn(x, 0) = 0, (4.192)

ϕa
mn(x, b) = 0, (4.193)

ϕa′′
mn(x, 0) = 0, (4.194)

ϕa′′
mn(x, b) = 0. (4.195)

The solution of equation (4.187) to equation (4.195) is as given below

ϕa
mn(x, y) = sin

(mπ
a
x
)
sin

(nπ
b
y
)
, (4.196)

where

λ2mn =
(mπ
a

)2

+
(nπ
b

)2

. (4.197)

The function ϕa
1mn are orthogonal and satisfies orthogonality relation,

∫ a

0

∫ b

0

ϕa
1mnϕ

a
1pqdxdy = EpδmpFqδnq. (4.198)

Now we project the solution orthogonal basis as

wa(x, y) =
∞∑

m=0

∞∑
n=0

gamnϕ
a
mn. (4.199)

Using the value of equation (4.199), equation (4.170) and equation (4.175) into

equation (4.93)

∞∑
m=0

∞∑
n=0

(λ4mn − µ4)gamnϕ
a
mn = α

∞∑
m=0

∞∑
n=0

(Aa
mn +Ba

mn

− 2Ca
mn sin(ηmnz))ψmn(x, y), (4.200)
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Multiplying with ϕ1pq and integrating from 0 < x < a and 0 < y < b we may get

gapq =
α

(λ4pq − µ4)EpFq

∞∑
m=0

∞∑
n=0

(Aa
pqe

iηpq(z+ℓ) +Ba
pqe

−iηpq(z+ℓ) + i2Ca
mn sin(ηpqz))∆pq,

(4.201)

where

∆pq =

∫ a

0

∫ b

0

ϕa
1pqψpq(x, y). (4.202)

In region I, at z = −ℓ, the following condition holds

∂ϕa
1

∂z
= wa(x, y). (4.203)

Using equation (4.170) and equation (4.199) into equation (4.203) we get

i
∞∑

m=0

∞∑
n=0

(Aa
mn −Ba

mn)ηmnψmn(x, y) =
∞∑

m=0

∞∑
n=0

gamnϕ
a
mn. (4.204)

Multiplying with ψa
1pq and integrating from 0 < x < a and 0 < y < b we obtain

Aa
pq −Ba

pq =
1

iηpqEpFq

∞∑
m=0

∞∑
n=0

gapq

∫ a

0

∫ b

0

ϕa
1pqψ

a
1pqdxdy, (4.205)

or

Aa
pq −Ba

pq =
1

iηpqEpFq

∞∑
m=0

∞∑
n=0

gapq∆pq, (4.206)

where

∆pq =

∫ a

0

∫ b

0

ϕa
1pqψ

a
1pq(x, y). (4.207)

Likewise, in region II at z = −ℓ, we have

∂ϕa
2

∂z
= wa(x, y). (4.208)

Using equation (4.175) and equation (4.199) into equation (4.208) we get

∞∑
m=0

∞∑
n=0

i2Ca
mnηmn cos(ηmnℓ)ψmn(x, y) =

∞∑
m=0

∞∑
n=0

gamnϕ
a
mn. (4.209)

Multiplying with ψa
2pq and integrating from 0 < x < a and 0 < y < b we obtain
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Ca
pq =

1

i2 cos ηpqEpFq

∞∑
m=0

∞∑
n=0

gapq

∫ a

0

∫ b

0

ϕa
2pqψ

a
2pqdxdy, (4.210)

or

Ca
pq =

1

i2 cos ηpqEpFq

∞∑
m=0

∞∑
n=0

gapqϵpq, (4.211)

where

ϵpq =

∫ a

0

∫ b

0

ϕa
1pqψ

a
pq(x, y). (4.212)

4.7.1 Numerical Solution

In the soft wall-backed configuration, the formulation from Section 4.7 is solved

in Mathematica with N = 16 modal terms, using the same geometric and fluid

parameters as in the rigid wall case: a = 4000, b = 6000, L = 2000, ρ0 = 1.23,

c0 = 343. Due to the soft termination, the computed normal velocity amplitudes

at z = −ℓ are significantly larger than in the rigid wall case, particularly for the

lower modes. The pressure field distribution indicates a greater amount of acoustic

energy transmitted into the plate, which results in broader and deeper absorption

dips in the frequency response.

The soft wall condition effectively lowers the resonance frequencies and increases

the bandwidth of strong coupling between the acoustic field and the plate vi-

brations, thereby improving the noise reduction capability over a wider frequency

range. The results demonstrate that the soft boundary promotes stronger acoustic-

structure interaction compared to the rigid case. The smoother variation of veloc-

ity and pressure with frequency produces a more stable absorption profile, which

reduces sharp resonance effects. This means that the soft wall-backed configura-

tion is better suited for practical noise control applications, as it provides effective

attenuation not only at specific resonance frequencies but also across a wider por-

tion of the spectrum. Figure (4.9) shows that the real parts of the dimensionless

normal velocities ϕa
1z(x, y, z) and ϕ

a
2z(x, y, z) plotted over x and y at z = −L for

the soft-backed cavity. Both functions behave similarly, which agrees with the

continuity condition of normal velocities at that surface.
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Figure (4.10)presents the imaginary parts of ϕa1z(x, y, z) and ϕa2z(x, y, z) at the

same location. These also show matching behavior, again consistent with the

expected continuity condition. Furthermore, the agreement in the imaginary com-

ponents confirms that the phase information is properly maintained across the

interface. This observation provides additional verification of the accuracy of the

mode-matching formulation.

Figure 4.9: The real component of dimensionless normal velocities ϕa
1(x, y, z)

and ϕa
2(x, y, z) against x and y at z=−ℓ, where ā = 4000, b̄ = 6000, L̄ = 2000

and N =16 term (anti-Symmetric case)

Figure 4.10: The imaginary component of dimensionless normal velocities
ϕa
1(x, y, z) and ϕ2a(x, y, z) against x and y at z=−ℓ, where ā = 4000, b̄ =

6000, L̄ = 2000 and N =16 term (anti-Symmetric case)
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Figure 4.11: The real component of dimensionless pressure ϕa
2(x, y, z) against

x and y at z=−ℓ, where ā = 4000, b̄ = 6000, L̄ = 2000 and N =16 term (anti-
Symmetric case)

Figure 4.12: The imaginary component of dimensionless pressure ϕa
2(x, y, z)

against x and y at z=−ℓ, where ā = 4000, b̄ = 6000, L̄ = 2000 and N =16 term
(anti-Symmetric case)

Figure (4.11) shows the real part of the dimensionless acoustic pressure at . The

surface pattern reveals an oscillating behavior, demonstrating the presence of mul-

tiple interacting wave modes within the duct. These pressure fluctuations corre-

spond to the anti-symmetric excitation conditions and soft wall boundaries. The

alternating high and low values indicate regions of constructive and destructive

interference, contributing to a complex acoustic field inside the cavity. Figure
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(4.12) shows the imaginary part of the pressure field at the same interface. The

smooth undulations in the graph highlight phase differences caused by the wave

propagation. This component reflects the system’s capacity to store reactive en-

ergy during vibration. The varying phase across the surface is typical of soft wall

conditions, and the anti-symmetric case further emphasizes the asymmetry in the

distribution, affecting the total acoustic response.

Figure 4.13: The real component of dimensionless normal velocity ϕa
2(x, y, z)

against x and y at z=0, where ā = 4000, b̄ = 6000, L̄ = 2000 and N =16 term
(anti-Symmetric case)

Figure (4.13) displays the real component of the normal velocity at , the surface

of the elastic plate. The fact that the velocity is clearly non-zero confirms the

nature of the soft wall, which permits vertical movement of the structure. In con-

trast to rigid boundaries, which prevent normal motion, the soft interface supports

vibration. The anti-symmetric excitation results in an uneven velocity profile, in-

fluencing how the plate dynamically interacts with the acoustic field and transmits

energy into the surrounding medium. Figure (4.14) presents the imaginary part

of the dimensionless normal velocity at , which is the interface where the elastic

plate is located. The plot indicates clear variations in phase across the plate sur-

face, confirming that the structure is undergoing dynamic motion. The presence

of non-zero imaginary values reflects the system’s reactive behavior, meaning part

of the energy is temporarily stored in the vibrating plate.

This outcome is consistent with the soft wall condition, which permits the plate
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Figure 4.14: The imaginary component of dimensionless normal velocity
ϕa
2(x, y, z) against x and y at z=0, where ā = 4000, b̄ = 6000, L̄ = 2000 and

N =16 term (anti-Symmetric case)

to move in response to the acoustic excitation. The anti-symmetric excitation

leads to an uneven distribution of velocity phases, influencing both the structural

response and the acoustic field within the cavity.



Chapter 5

Conclusion

In this work, the acoustic impedance of an elastic panel placed inside a rigid rect-

angular waveguide was evaluated. The pressure difference across the panel was

expressed as a sine series, and the panel response was described using modal am-

plitudes.

To determine these modal amplitudes, the governing equation was multiplied by

appropriate sine functions and integrated over the surface, following the Galerkin

method.

This led to a system of equations that allowed the average velocity of the panel to

be calculated. Finally, the acoustic impedance was obtained by taking the ratio

of the pressure difference to the average velocity.

Furthermore, the scattering behavior of an elastic plate placed inside a 3D rectan-

gular waveguide was analyzed. The fluid potential in the waveguide was modeled

using modal expansions with sine functions, and the plate’s response was described

using a double sine series.

The governing equation of the plate was coupled with the surrounding acoustic

fields through the Galerkin method, which helped convert the problem into a solv-

able system of equations. Appropriate boundary conditions were applied to ensure

soft-wall behavior, allowing vertical motion of the plate. Numerical simulations

shows how the acoustic pressure and normal velocity distributions vary across the

waveguide, confirming the wave-structure interaction. The results showed clear

77
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patterns of phase shift and vibration, consistent with anti-symmetric excitation

and energy storage within the structure.
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