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Abstract

This thesis investigates the propagation of acoustic waves in waveguides with

varying impedance conditions, focusing on the effects of exceptional points (EP2)

and the coupling of symmetric and anti-symmetric modes. An extended mode-

matching method is applied to analyze the complex wave behavior in systems

bounded by rigid and soft closed ends. The problem is solved numerically by trun-

cating the solution after considering a sufficient number of modes to capture the

essential physics while maintaining computational efficiency. The analysis reveals

that at lower frequencies, the scattering behavior is dominated by the fundamen-

tal mode, whereas higher frequencies excite additional modes, leading to intricate

interference patterns. The agreement between the computed pressure and velocity

profiles at the interface confirms the reliability of the extended mode-matching

approach in handling complex impedance conditions. The findings provide valu-

able insights into wave propagation in structured waveguides, highlighting the

importance of exceptional points and impedance conditions in shaping the modal

behavior of the system.
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Chapter 1

Introduction and Literature

Review

1.1 Introduction

Acoustics is the study of sound and vibrations in gases, solids, and liquids. Long

ago, it helped design public spaces like stadiums and concert halls to control

sound. Today, acoustics is used in many areas, including medicine, architecture,

engineering, and music. It has become a vital part of various scientific fields

and applications. Noise is a big problem today. It comes from things like air

conditioning systems, power plants, cars, and other machines. This unwanted

noise travels through pipes or channels. To reduce it, special materials that absorb

sound and specially designed pipes or channels are used.

This research project uses mathematics to study how sound waves behave when

they hit a special material inside a duct. It also explores how a wire mesh inside

the duct affects the sound waves, creating interesting effects like changing the way

the waves travel and the frequencies they can reach.

Helmholtz equations are used to solve a fundamental problem in physics with spe-

cific boundary conditions. Researchers have discovered that exceptional points,

where multiple mode converge, are crucial for achieving maximum noise reduction

1



Introduction 2

in acoustic waveguides. A new approach has been developed to handle these ex-

ceptional points, demonstrating numerical robustness and validity. This enhanced

method has the potential for broad applications in fields involving complex sym-

metric operators.

Lawrie et al. [1] studied the analytic Mode-Matching technique for accurately

handling exceptional points in lined acoustic waveguides. Exceptional points oc-

cur where the waveguide’s mode coalesce, leading to singularities in the scattering

matrix. The proposed method provides a robust and efficient way to compute the

scattering matrix and handle these singularities.

Exceptional points are special degeneracies in non-Hermitian systems where two

or more eigenvalues and their corresponding eigenvectors coalesce. Understanding

these points is crucial in various applications, including optical systems, acoustics,

and quantum mechanics.

Doe and Smith [2] introducing the theoretical background of wave scattering, ex-

plaining how waves interact with different structures and how their behavior can

be described mathematically. Using Mode-Matching techniques, we formulated

the problem in terms of eigenvalues and eigenfunctions, which allowed us to study

the emergence of EPs systematically.

By utilizing the symmetric and antisymmetric operator concepts, researchers can

better understand and analyze the behavior of exceptional points in acoustic

waveguides, ultimately leading to improved noise reduction techniques.

The original work was conducted in rectangular coordinates, but I transitioned to

cylindrical coordinates to analyze the problem. By applying rigid and soft bound-

ary conditions, I solved the Helmholtz equation to study how sound waves reflect

off a rigid wall and are absorbed in a soft medium. In this framework, the rigid

boundary condition enforces a zero particle velocity, causing perfect reflection of

sound waves, while the soft boundary condition allows for wave absorption due to

the pressure release mechanism. This approach provides a clearer understanding

of wave behavior in different media, particularly in cylindrical geometries where

symmetry simplifies the analysis. The results demonstrate the distinct acoustic

responses under rigid and soft conditions, highlighting reflection and absorption

characteristics in wave propagation.
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1.2 Literature Review

This study explores the behavior of acoustic waves as they propagate and scatter

within cylindrical waveguides, analyzing their transmission and reflection proper-

ties. To mitigate unwanted noise, researchers propose optimizing acoustic waveg-

uides by integrating sound-absorbing materials and strategically placing reactive

liners.

B. J. Tester. [3] presented a seminal study on optimizing sound attenuation in

ducts without mean flow. The author, B.J. Tester, investigates the attenuation

of sound waves in ducts using a modal analysis approach. Novotny et al. [4]

studied the problems in scanning near-field optical microscopy, we discuss light

propagation in circular dielectric waveguides with finite aluminum cladding. In

order to understand the origin of the different solutions, optical modes are first

investigated for the dielectric waveguide with infinite aluminum cladding and for

the aluminum cylinder. For aluminum a plasma dispersion law is assumed, leading

to complex dielectric constants with negative real parts and to generally complex

propagation constants. The dependence of the dispersion on the geometry and on

the frequency is discussed for the various kinds of modes.

SW. Rienstra. [5] presented the number and location of the surface waves de-

pends on the wall impedance Z and mean flow Mach number. When Z is varied,

an acoustic mode may change via small transition zones into a surface waves and

vice versa. Compared to the acoustic modes, the surface waves behave—for ex-

ample as a function of the wall impedance—rather differently as they have their

own dynamics. They are therefore more difficult to find. A method is described

to trace all modes by continuation in Z from the hard-wall values, by starting

in an area of the complex Z-plane without surface waves.. The other approach

employs analytical techniques, which involve calculating dispersion relation roots

and enforcing orthogonality to ensure acoustic field continuity at the silencer’s

boundaries, thereby predicting its acoustic behavior. Brambley and peake [6] pre-

sented a classification of surface modes in cylindrical lined ducts that are relevant

to aeroacoustics. The authors, Edward J. Brambley and Nigel Peake, investigate
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the properties of these modes, which are essential for understanding sound prop-

agation and attenuation in ducts. Benmddour et al. [7] Results obtained for a

vertical free-end cylinder are in good agreement with those published in the liter-

ature. Moreover, first results of the interaction of the fundamental compressional,

flexural and torsional Pochhammer–Chree modes with non-axisymmetric vertical

cracks are obtained and discussed. Then, the interactions of the fundamental

compressional mode with oblique free-ends and cracks are briefly addressed. The

power balance is shown to be satisfied with a good accuracy.

Graefe and Jones [8] investigate the behavior of optical lattices with a sinusoidal

potential, which are symmetric. They focus on the threshold where the symmetry

breaks, leading to a transition from a stable to an unstable regime. Bi and Pag-

neux [9] explored the behavior of modes in waveguides with impedance boundary

conditions. The authors provide new insights into the properties of these modes,

which are essential for understanding wave propagation in various fields, such as

acoustics, electromagnetics, and quantum mechanics. Felix et al. [10] developed

a numerical approach that accurately captures the complex behavior of acoustic

waves in waveguides with impedance boundaries.

Afzal and Bilal [11] explored the understanding of acoustic wave behavior in com-

plex geometries and has implications for the design of acoustic devices, such as

filters, resonators, and sound absorbers. Goldzak et al. [12] developed the unique

properties of exceptional points, where the usual rules of wave propagation are

broken.

Kelsten [13] investigated a method for filtering higher-order acoustic modes using

a resistive layer is proposed and applied to a two-dimensional rectangular waveg-

uide with a quiescent fluid. An analogue of Cremer’s criterion is discussed and

used to obtain the optimal modal attenuation of the non- planar waves while the

plane wave is preserved. Numerical validation of the concept is performed for a

straight waveguide and an abrupt expansion in a waveguide. Afzal et al. [14]

presented the duct configuration is placed symmetrically about x-axis. The main

concern is to determine scattered fields behavior in different duct regions subject

to different material properties of the walled duct. Krasnok et al. [15] provide
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a comprehensive understanding of the underlying physics and potential applica-

tions of light scattering anomalies. Qiu et al. [16] analyzed the application of

the Cremer concept to annular ducts for optimal sound attenuation. The Cremer

concept, developed by Ludwig Cremer, is a theoretical framework for designing

acoustic systems with maximum sound attenuation.

Zhang et al. [17] conducted the analysis of the Cremer impedance at low frequen-

cies, exploring its. Mathematical formulation and physical interpretation. Be-

havior in different frequency ranges. Relationship with other acoustic properties,

such as sound absorption and transmission. Kransnok and Miri [18, 19] refined

additional understanding of acoustic wave propagation at or near an exceptional

point EP is investigated in optics and photonics. Kirby and Duan [20] studied

under certain conditions, a uniform mean flow is seen to significantly affect the

phase speed for different eigenmodes, and it is shown that this may cause energy

to transfer from the fluid to the surrounding wall at frequencies much lower than

those seen without mean flow. This behaviour has the potential to increase sound

radiation from ducts at lower frequencies when mean flow is present. Afzal et

al. [21] established the scattering characteristics of non-planar trifurcated waveg-

uides. The authors analyze the effects of non-planarity on the scattering properties

of these waveguides. Ashida et at. [22] conducted an aims to provide a thorough

understanding of non-Hermitian physics and its potential applications in various

fields, such as quantum mechanics, condensed matter physics, and optics.

Guo et al. [23] conducted the behaviors of the least attenuated total sound power

depend only on the lossy boundary conditions and frequency, but are indepen-

dent of sources. The sound may be almost non-decaying along the waveguide

transition region for any lossy impedance boundary conditions although all modes

attenuate exponentially. This spatial transient appears particularly strongly if the

impedance is close to an exceptional point of the propagator, at which a pair of

adjacent modes achieve maximum attenuation predicted by Cremer optimum con-

cept.

These results are confirmed using non-modal numerical calculations and a two-

by-two toy model. Åbom and Jacob [24] commentary aims to clarify the proper
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boundary conditions for the Cremer impedance, addressing potential misunder-

standings or misapplications in previous research. Afzal et al. [25] presented an

analysis of the traveling waveform in flexible waveguides containing absorbent ma-

terial along flanged junctions. The authors investigate the effects of the absorbent

material on the waveform propagation.

Bergholtz et al. [26] provided an in-depth exploration of the exceptional topol-

ogy of non-Hermitian systems, a rapidly evolving field that has garnered signifi-

cant attention in recent years. Langthjem and Nakano [27] investigated acoustic

trapped modes and their symmetry properties in a circular cylindrical waveguide

with a cavity. The researchers employ a mode-matching approach to analyze the

waveguide and cavity system. Afzal and Shafique [28] investigated the traveling

waveform of a flexible waveguide bounded by elastic plates and with an inserted

expansion chamber having flanges at two junctions and a finite elastic membrane

atop is investigated through a mode-matching method. Afzal et al. [29] investi-

gated the understanding of wave propagation and scattering in complex waveguide

structures, which is essential for the design and optimization of various devices,

such as filters, antennas, and sensors.

Afsar and Alam [30] illustrated a mode-matching analysis of a flexural trifurcated

waveguide, considering the effects of porosity. The researchers investigate the in-

teraction between the waveguide and a fluid filling the material’s pores, focusing

on acoustic wave propagation. Kononchuk et al. [31] researched a novel accelerom-

eter design based on exceptional points, which enhances the signal-to-noise ratio.

The researchers demonstrate the device’s performance using experiments and the-

oretical modeling. Duggan et al. [32] discussed the limitations of sensing at an

exceptional point, a phenomenon that has gained attention for its potential ap-

plications in sensing and metrology. The researchers review the concept of excep-

tional points and investigate the fundamental limits of sensing at these points. Li

et al. [33] demonstrated a deep learning-based inverse analysis method for higher

order modes in a monocone TEM (Transverse Electromagnetic) cell.

Farooqui et al. [34] analyze varying the relative phase of two counterpropagating

(normal or oblique) incident waves, the absorption due to wire mesh can be tuned

from zero to unity. Experimental as well as numerical results demonstrate that this
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phenomenon is extremely broadband—allowing, for instance, the symmetrization

of the acoustic wave with a short pulse in the time domain. Tiryakioglu and Oz-

turk [35] executed a mode-matching analysis for sound propagation in a cylindrical

duct with a partial lining. The researchers investigate the sound wave propagation

along the cylindrical duct using mode-matching techniques.

Alruwaili et al. [36] investigated wave propagation and attenuation in cylindrical

waveguides with flexible shells and acoustic liners. The study focuses on under-

standing wave scattering and attenuation in these types of waveguides. Nawaz et

al. [37] presented a mode-matching analysis for understanding wave propagation

in flexible shells and waveguides. Dai et al. [38] presented an efficient computa-

tional method, Spectral Numerical Mode Matching (SNMM), for analyzing elec-

tromagnetic waves in cylindrical geometries. Yang and Seong [39] investigated the

acoustic transmission loss of a cylindrical silencer filled with multilayer poroelastic

materials. The researchers use the mode-matching method to analyze the sound

transmission problems in waveguides. Lu et al. [40] presented the realization of

acoustic rainbow trapping within a three-dimensional context by incorporating

corrugated grooves in a cylindrical waveguide.

1.3 Thesis Contribution

This research advances the study of acoustic wave propagation by transitioning

the analysis from conventional rectangular coordinates to cylindrical coordinates,

which more accurately represent practical waveguide geometries such as pipes and

ducts. Within this cylindrical framework, the Helmholtz equation was solved under

two distinct boundary conditions to investigate fundamental wave behaviors. The

rigid boundary condition, enforcing zero particle velocity at the waveguide walls,

models perfectly reflective surfaces and results in complete wave reflection with

preserved acoustic energy - mathematically represented by the Neumann boundary

condition. In contrast, the soft (pressure-release) boundary condition, character-

ized by zero acoustic pressure at the boundaries, simulates absorptive surfaces

and leads to wave energy dissipation through the Dirichlet boundary condition.
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The cylindrical coordinate system proved particularly advantageous as its inher-

ent rotational symmetry simplified the mathematical treatment while maintaining

physical accuracy, allowing solutions to be expressed in terms of Bessel functions

for radial dependence and trigonometric functions for angular dependence. This

analytical approach revealed significant differences in wave propagation character-

istics: rigid boundaries produced distinct standing wave patterns with pressure

antinodes at reflection points, while soft boundaries demonstrated damped propa-

gating waves with energy absorption. The study further identified how cylindrical

geometry introduces unique dispersion effects not present in rectangular systems,

particularly in the coupling and splitting of waveguide modes. These findings

provide crucial insights for optimizing noise control in practical applications such

as ventilation systems and industrial piping, where understanding the interplay

between geometric configuration and boundary conditions is essential for effective

acoustic management. The research establishes a comprehensive theoretical foun-

dation for analyzing waveguides with circular cross-sections and demonstrates the

importance of coordinate system selection in acoustic modeling.

Our research on lined acoustic waveguides is structured as follows:

• Chapter-1, provides an introduction to the topic, discuss its historical con-

text, and review relevant literature.

• In Chapter-2, fundamental definitions and key terms related to the subject

are defined and explained.

• In Chapter-3, a comprehensive solution methodology for plane wave prop-

agation is presented, incorporating general lining conditions on boundary

walls. The approach encompasses both standard mode matching and en-

hanced mode matching techniques.

• In Chapter-4, an analytical solution is presented for plane wave propaga-

tion in a duct with embedded lining conditions, considering both rigid and

soft duct configurations. The solution leverages standard mode matching
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and enhanced mode matching techniques to accurately capture the wave

propagation characteristics. Both the boundary value problems of chapter-3

and chapter-4 are solved by using the mode-matching technique.

• Chapter-5 provides the summary and concluding remarks of the thesis.

References used in the thesis are mentioned in Bibliography.



Chapter 2

Preliminaries

The objective of this chapter is to define some basic concepts that are useful to

understand the work done in the following chapter.

2.1 Waves

A wave is a traveling disturbance that propagates through a medium, conveying

energy as particles oscillate and change position. A key characteristic of waves is

that they transmit energy, not physical matter itself. Classic examples of waves

include sound waves, water waves, and light waves, which demonstrate this fun-

damental principle. Depends on the properties of the medium and the energy’s

transmission, waves can be divided into the following four classes.

(i) Mechanical Waves

Waves that require a physical medium to propagate, transfer energy through vi-

bration or oscillation of particles are called mechanical waves. Examples include

sound waves, water waves, and vibrations in solids, gases, and liquid.

(ii) Longitudinal Waves

The waves whose propagation in the direction of parallel to that of the medium’s

particle orientation are called longitudinal waves. Sound and pressure waves are

two examples.

10
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(iii) Transverse Waves

Transverse waves are characterized by particle motion that is perpendicular to the

direction of wave propagation.

(iv) Electromagnetic Waves

Electromagnetic waves are generated when electric and magnetic fields oscillate at

right angles to each other. Notably, these waves can propagate through a vacuum,

eliminating the need for a physical medium to transfer energy. Examples of elec-

tromagnetic waves include radio waves, X-rays, and other forms of electromagnetic

radiation.

2.2 Acoustics Overview

Acoustics encompasses the study of how mechanical waves travel through ma-

terial. It explores how sound energy is produced, reflected, and transmitted

within a medium. Its name originates from the Greek term acoustics, mean-

ing related to hearing. The human auditory range typically spans from 20Hz to

20, 000Hz, (20kHz), with sounds below 20Hz classified as infra-sound and those

above 20kHz classified as ultrasound, both of which are beyond the range of hu-

man hearing.

2.2.1 Acoustic Wave Equation

The acoustic wave propagation in certain medium can be described mathematically

in term of equations, known as acoustic wave equation. This equation can be

obtained from the physical laws of motion and equation of state. The derivation

is explained in the next subsections.

2.2.2 Conservation of Mass

The equation of mass conservation describes the balance between the net flux of

mass and the rate of change of mass density, highlighting the fundamental principle
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of mass conservation in a system. this topic is taken from book [41]

∂ϱ

∂t
+▽.(ϱv) = 0, (2.1)

where v is the velocity of the flow and ϱ is the instantaneous density of mass.

2.2.3 Conservation of Momentum

The momentum conservation equation describes the net rate of momentum trans-

fer to the forces acting on a system, describing how momentum is conserved in the

presence of external forces.

∂(ϱv)

∂t
= −▽ .(ϱv)v −▽p+ ϱg. (2.2)

Here p is the pressure, g is the acceleration due to gravity, ▽p denotes the exerting

force and ϱg shows the body force.

From the above equation,

∂(ϱv)

∂t
+▽.(ϱv)v = −▽ p+ ϱg, (2.3)

which implies that

(
∂ϱ

∂t
+▽.(ϱv)

)
v = ϱ

(
∂

∂t
+ v.▽

)
v = −▽ p+ ϱg. (2.4)

Using the continuity condition, we can write

ϱ
Dv

Dt
= −▽ p+ ϱg, (2.5)

here
D

Dt
=

∂

∂t
+ v.▽ is the total time derivative known as Stokes total time

derivative contains first term to be time derivative and second term the convective

term [42].
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2.2.4 Equation of State

The thermodynamic behaviour of compressible fluid can be describe by the equa-

tion of state.

For the perfect gas, the equation of state is

p = ϱrT, (2.6)

here T used for temperature, and r gives specific gas constant. For a gas enclosed

in a vessel of highly thermally conductive walls, the perfect gas isotherm can be

given by

p

p0
=

ϱ

ϱ0
, (2.7)

here ϱ0 and p0 are the static density and pressure respectively. When no heat loss

or gained by the system then perfect adiabatic is

p

p0
=

( ϱ
ϱ0

)γ
, (2.8)

here, γ is the ratio of specific heat at constant pressure Cp to the specific heat at

constant volume Cv i.e,

γ =
Cp

Cv

.

The compression and rarefaction in a gas can be defined as condensation i.e

s =
ϱ− ϱ0
ϱ0

, (2.9)

which yields

ϱ = ϱ0(1 + s). (2.10)

Using (2.10) into (2.8), we find

p

p0
= (1 + s)γ. (2.11)

Expanding the right hand side of above equation by using Taylor’s series
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p

p0
= 1 + γs+

γ(γ − 1)

2fic
s2 + · · · (2.12)

For linear relationship
p

p0
≈ 1 + γs+O(s2), (2.13)

or
p

p0
≈ 1 + γs, (2.14)

or

p− p0 = γp0s. (2.15)

A distinct methodology for establishing the adiabatic connection between pressure

and density fluctuations entails expressing pressure as a power series expansion

about the equilibrium density, which can be alternatively formulated as:

p = p(h0) +

(
∂p

∂h

)
h = h0(h− h0) +

(
∂2p

∂h2

)
h = h0(ϱ− ϱ0) · · · (2.16)

or

p ≈ p(h0) +

(
∂p

∂h

)
h=h0

(h− h0), (2.17)

or

p− p0 =

(
∂p

∂h

)
h=h0

(h− h0). (2.18)

Now, comparing (2.15) and (2.18), we find

γ =
β

h
, (2.19)

where, β = h0

(
∂p

∂h

)
h=h0

, the acoustic pressure at any point can be defined as,

P = p− p0. (2.20)

Additionally, (2.18) allows us to define the acoustic pressure as:

P = βs. (2.21)
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2.2.5 Velocity

In a cylindrical waveguide, velocity refers to how fast electromagnetic waves travel

through the guide. There are two main types of velocity to consider phase velocity

and group velocity. Phase velocity is the speed at which wave crests move in the

guide, and it can be greater than the speed of light in free space. Group velocity

is the speed at which the signal or energy travels down the waveguide, and it is

typically less than the speed of light. These velocities in waveguides differ from

waves traveling in free space and can vary based on the waveguide mode and signal

frequency.

2.2.6 Pressure

Pressure is a scalar quantity that measures the force per unit area exerted per-

pendicular to a surface. It describes how a force is distributed over a given area

and is a fundamental concept in physics, engineering, and fluid dynamics.

2.3 Derivation of Helmholtz Equation

The Helmholtz equation is a partial differential equation that can be derived from

the wave equation. Here’s a step-by-step derivation from the wave equation:

The wave equation describes the propagation of waves in a medium:

∂2ϕ

∂t2
= c2∇2ϕ (2.22)

where ϕ(r, z, t) is the wave function, c is the speed of the wave, and ∇2 is the

Laplace operator. We assume that the wave function ϕ(x, y, z, t) can be written

as:

ϕ(r, z, t) = φ(r, z)e−iωt (2.23)

where φ(r, z) is the spatial part of the wave function, ω is the angular frequency,

and t is time.
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Substituting the assumed solution into the wave equation, we get:

∂2

∂t2
(φ(r, z)e−iωt) = c2∇2(φ(r, z)e−iωt). (2.24)

Simplifying the left-hand side of equation (2.24) we get:

−ω2φ(r, z)e−iωt = c2∇2φ(r, z)e−iωt. (2.25)

Canceling the exponential term e−iωt on both sides of equation (2.25), we get:

−ω2φ(r, z) = c2∇2φ(r, z) (2.26)

Rearranging the equation (2.26), we get:

∇2φ(r, z) +
ω2

c2
φ(r, z) = 0. (2.27)

Defining the wave number k as:

k =
ω

c
, (2.28)

we can rewrite the equation (2.27) as:

∇2φ(r, z) + k2φ(r, z) = 0. (2.29)

The equation (2.29) is called the Helmholtz equation, which describes the spatial

distribution of waves in a medium.

∇2φ+ k2φ = 0. (2.30)

The Helmholtz equation is a fundamental equation in many fields, including physics,

engineering, and mathematics. It has numerous applications in wave propagation

and scattering.
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2.4 Boundary Conditions

The following boundary conditions are defined to model the BVPs,

1. Soft Conditions,

2. Rigid Conditions,

3. Impedance Conditions,

4. Fixed Conditions.

2.4.1 Soft Conditions

The soft boundary conditions are Dirichlet’s type boundary conditions. In these

conditions, the pressure is taken as zero, i.e.

Φ(x1, y1) = 0,

2.4.2 Rigid Conditions

Neumann’s type boundary conditions are actually rigid boundary conditions. In

rigid conditions, normal velocity is taken as zero,

∂ψ

∂x
= 0. (2.31)

2.4.3 Impedance Conditions

The impedance boundary conditions are Robin’s type boundary conditions. Robin

boundary conditions are combination of Dirichlet boundary conditions and Neu-

mann boundary conditions. These conditions are written as

β1Φ(x1, y1) + β2
∂ψ(x1, y1)

∂x1
= 0,

where β1 and β2 are arbitrary constants.
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2.4.4 Fixed Conditions

In a waveguide, a fixed condition, also known as a fixed boundary or clamped

boundary, is a boundary where,

• the displacement (movement) is zero,

• the wave-field is not allowed to move or vibrate,

• the boundary is rigid and immovable.

2.5 Superposition Principle

The superposition principle in wave fields states that when two or more waves

overlap in space and time, the resulting wave is the sum of the individual waves.

This means that the displacement of the medium at any point is the vector sum of

the displacements caused by each wave. In other words, the waves add together,

resulting in a new wave pattern.

This principle applies to all types of waves, including sound waves, light waves,

and water waves. The superposition principle is a fundamental concept in wave

physics and is used to explain a wide range of phenomena, including interference,

diffraction, and wave propagation. It allows us to predict the behavior of complex

wave systems by analyzing the individual waves and their interactions.

2.6 Mode-Matching Techniques

Numerous analytical strategies had been developed to investigate the reflection,

transmission and absorption of waves in waveguides. The choice of such strategies

subjected to material and geometrical properties of the guiding structures as well

as the governing system of the physical problem.

Mode-Matching (MM) technique one of the most frequently employed methods

for the problems containing structural discontinuities and different distribution of
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impedance along the surfaces .

This technique is primarily based on the determination of field potentials in seg-

ments of guiding structure. Those expansions contain unknown amplitudes. The

matching of pressures and velocities at interfaces converts the differential system

into linear algebraic systems. Those systems are truncated and solved for the un-

known amplitudes.

The applications of physical problems that are manageable by using MM technique

are found in automobile industry, heating ventilation and air conditioning systems

HVAC of buildings and engineering structures. The key elements in HVAC or

automobile industry is a duct like structure. This structure transfer vibrational

energy to the environment which is sometime described as noise.

Thus the designs of such elements that help to minimize noise are significant.

Sometime these designs involve different geometric variations together with differ-

ent material properties inside of the structures. The solution of such governing

boundary value problems found against the physical problem of interest is not

always easy to compute. However the MM technique which is relatively an easy

approach gives an interesting method forward to find the solution of such problems.

Some of such solutions are explained in the next chapters 3 and 4.

2.7 Standard Mode-Matching

The conventional Mode-Matching method is a mathematical framework employed

to compute wave amplitude values in diverse physical systems, encompassing both

electromagnetic and acoustic waveguides.

This method involves segmenting the system into separate regions and expressing

the wave fields in each region as a series of modes. By enforcing boundary condi-

tions at the interfaces between regions, a set of equations is obtained that links the

amplitude coefficients of adjacent modes. Solving these equations yields the ampli-

tude values, allowing for the calculation of wave fields throughout the system. This

technique is invaluable for analyzing wave propagation in complex systems with

discontinuous or rapidly changing wave fields, providing a robust mathematical

framework for accurate modeling and simulation of wave-based phenomena.
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2.8 Extended Mode-Matching

Extended Mode-Matching techniques offer a powerful mathematical tool for resolv-

ing unknown parameters in intricate physical systems. By combining cutting-edge

numerical methods with traditional mode matching, these techniques deliver pre-

cise calculations of previously unknown variables.

The process involves subdividing the system into discrete regions, expressing wave

fields as a series of modes, and deriving a system of equations based on boundary

conditions.

To refine accuracy, sophisticated numerical methods such as optimization algo-

rithms, iterative techniques, or perturbation methods are applied, enabling effi-

cient solution of the equations and yielding unknown values with high precision.

This enhanced technique is especially valuable for analyzing complex systems with

multiple unknowns, nonlinear effects, or uncertain parameters, providing a robust

mathematical framework for accurate modeling, simulation, and optimization of

physical phenomena.

2.9 Exceptional Point of a Wave

Exceptional points, where multiple modes converge, have been recognized as opti-

mal conditions for attenuation in lined acoustic waveguides. Recently, researchers

have focused on designing liners that create exceptional points (EPs) at specific

frequencies to enhance sound absorption.

However, analytical modeling of acoustic scattering near exceptional points re-

mains underdeveloped, with existing studies largely relying on standard methods

that are only applicable near (EP ) conditions.

When the root of the input equation equals zero, the coupled modes’ dispersion

and line-width converge without any gap at the crossing point. This unique point

is referred to as an exceptional point (EP), where the eigenvalues and eigenvectors

merge, denoted as S1

K(s1) = 0 K ′(s1) = 0. (2.32)
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Symmetry of Wave

A wave’s symmetry refers to its ability to remain unchanged when transformed

in a specific way. In the case of translational symmetry, the wave looks the same

after being shifted along the direction of traveling. A wave function φ(x, y) is said

to have a symmetry if:

φ(x, y) = φ(x+ λ, y), (2.33)

where λ is a wavelength.

Antisymmetric of Wave

A relation R on a set A is antisymmetric if, whenever (r, z) ∈ R and (z, r) ∈ R,

then r = z. Alternatively, R is antisymmetric if for all r, z ∈ A, if r ̸= z, then

either (r, z) /∈ R or (z, r) /∈ R.

A relation R fails to be antisymmetric if there exist distinct elements r, z ∈ A

such that (r, z) ∈ R and (z, r) ∈ R.

Note: If a relation is not symmetric that does not mean it is antisymmetric as,

φ(r, z) = −φ(r + λ, z). (2.34)

The following definitions are taken from [43] and [44].

Waveguide

A waveguide is a structure designed to direct waves, including electromagnetic and

sound waves, while minimizing energy loss. By constraining the wave expansion

to one or two dimensions, the waveguides geometry plays a crucial role in its

functionality.

In the context of acoustics, a waveguide behaves similarly to a transmission line,

enabling the efficient propagation of sound waves.
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Amplitude

The amplitude of vibration denotes the maximum displacement of a vibrating

body from its equilibrium position.

Time Period

The period of oscillation displaying the time taken by the vibrating body to com-

plete one rotation of motion. The period of oscillation is also known as the time

period and is denoted by, T = 2π
ω
, where ω is called the angular frequency.

Frequency

Frequency is defined as the number of complete oscillations or cycles a wave com-

pletes per unit time. Mathematically, it is the reciprocal of the time period which

is the time taken for one complete cycle of the wave.

f =
1

T
. (2.35)



Chapter 3

The Extended Mode-Matching

Method for a General Impedance

Condition in Infinite Cylindrical

Waveguide

This chapter explores problems involving exceptional points, focusing on a gov-

erning equation subject to rigid and impedance boundary conditions. The mode-

matching technique is employed to derive solutions for scenarios with zero and two

exceptional points. The chapter’s structure is as follows: Section 3.1 introduces

the boundary value problem, providing a detailed description and mathematical

formulation. In section 3.2 we describe the solution methodology used to obtain

the solution. In section 3.3 we present the numerical results obtained for the

boundary value problem discussed above.

3.1 Problem Formulation

Consider an infinite cylindrical waveguide with a radius of r̂ = â, as illustrated

in Figure 3.1. The waveguide located at ẑ = 0, has its inner surface filled with a

compressible fluid characterized by density ρ and sound speed c. The region ẑ ≤ 0

23
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is bounded by a rigid surface, while the semi-infinite region ẑ ≥ 0 is subject to an

impedance-type condition at the boundary r̂ = â.

Figure 3.1: Diagram of the model problem

Note that a symbol hat is used to denote dimensional variables. The propagation

of acoustic waves in fluids is governed by the wave equation

∂2Φ̂

∂r̂2
+

1

r̂

∂Φ̂

∂r̂
+
∂2Φ̂

∂ẑ2
=

1

c2
∂2Φ̂

∂t̂2
. (3.1)

Here Φ̂ is the fluid potential and the acoustic pressure p̂ and velocity v̂ are con-

nected to the Φ̂=ρ∂Φ̂
∂t̂

and v̂ = ∇̂Φ̂. The waveguide boundaries are rigid and of

impedance type. The mathematical formulation of these boundary condition can

be derived from the definition of acoustic impedance (Ẑ) which states that

Ẑ =
P̂

n̂.v̂
. (3.2)

Here n̂ is the unit vector directed normal to the surface, for rigid condition, Ẑ is

undefined, then (3.2) leads to:

n̂.∇̂Φ̂ = 0. (3.3)

Thus at ẑ ≤ 0 for r̂ = â, the rigid condition can be expressed as:

∂Φ̂

∂r̂
= 0, r̂ = a. (3.4)
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Where, for ẑ ≥ 0, the impedance condition can be expressed as:

Ẑ
∂Φ̂

∂r̂
= ρ

∂Φ̂

∂t̂
, r̂ = a. (3.5)

Under the assumption of harmonic time dependence, the expression for Φ̂ can be

express as:


Φ̂(r̂, ẑ, t̂) = ˆφ(r̂, ẑ)e−iωt̂,

P̂ (r̂, ẑ, t̂) = p̂(r̂, ẑ)e−iωt̂,

V̂ (r̂, ẑ, t̂) = v̂(r̂, ẑ)e−iωt̂.

(3.6)

Applying transformation defined in the equations(3.6), (3.1) and (3.3)-(3.5) can

be rewritten as:

• Helmholtz equation

{ ∂2

∂r̂2
+

1

r̂

∂

∂r̂
+

∂2

∂ẑ2
+ k̂2

}
φ̂(r̂, ẑ) = 0. (3.7)

• Rigid condition

∂φ̂

∂r̂
= 0, r̂ = â. (3.8)

• Impedance condition

Ẑ
∂φ̂

∂r̂
= −iωρφ̂, r̂ = â. (3.9)

The problem can be transformed by using dimensionless variables, that is,



r̂ = ar,

ẑ = az,

ωt̂ = t,

a2Φ̂ = φ.

(3.10)
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Using the transformation given in equation (3.10), we obtain the dimensionless

form { ∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂z2
+ k2

}
φ(r, z) = 0, (3.11)

where, k denotes the wavenumber, defined as the ratio of angular frequency ω to

the speed of sound c, i.e., ω
c
. In the context of the cylindrical waveguide, (φ1)

and (φ2) generally represent the field potentials in two distinct regions. For this

model, the rigid boundary condition is specified as:

∂φ1

∂r
= 0, r = a. (3.12)

The duct region z ≥ 0 is lined with acoustic material, and the following boundary

condition apply in this region

∂φ2

∂r
+ µφ2 = 0, r = a, (3.13)

where

µ =
icρka

Zµ

. (3.14)

3.2 Mode-Matching Solutions

The rigid and soft boundary of the problem defined in equations (3.12) and (3.13)

can be solved by using the mode matching technique. Due to the involvement

of lined boundary conditions there exist exceptional points and there will exist

standard and enhanced mode matching formulation in solution procedure. Thus

the two formal action of solution are possible for the modelled setting.

• Standard mode-matching solution

• Extended mode-matching with two exceptional points

These solutions are further discuss in the following subsection.
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3.2.1 Standard Mode-Matching Solution

The standard mode-matching form does not involve any exceptional points. For

standard mode-matching we determine eigenfunction expansions by using the sep-

aration of variables method. We apply the separation of variables method by

assuming a solution of the form:

φ1(r, z) = R(r)Z(z). (3.15)

Substituting (3.15) into (3.11), we can find

R′′

R
+

1

r

R′

R
+ τ 2 = 0, (3.16)

where τ is given as:

τ =
√
k2 − s2. (3.17)

Multiplying (3.16) with (r2R), we obtain

r2R′′ + rR′ + r2τ 2R = 0. (3.18)

The solution of the Bessel differential equation (3.18), is

R(r) = C3J0(τr) + C4N0(τr), (3.19)

where J0 and N0 are the Bessel function of first and second kind respectively.

Note that when r → 0 the Bessel function of second kind becomes undefined,

therefore at bounded domain the solution will be

R(r) = C3J0(τr). (3.20)

Now, by applying the rigid boundary condition defined in (3.13) to (3.20), we

obtain

J ′
0(τr) = 0. (3.21)
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There are infinite many values of τ : τ0, τ1, · · · , τn for which (3.21) holds. These

values τn where n = 0, 1, 2, 3, · · · are known as eigenvalues and the corresponding

eigenfunctions is

R1n(r) = C3J0(τnr). (3.22)

From (3.15), the solution of ordinary differential equation Z(z) is

Z(z) = C1e
iηnz + C2e

−iηnz, (3.23)

where

ηn =
√
k2 − τ 2n. (3.24)

The eigenfunctions R1n and R1m are orthogonal and satisfy the following orthog-

onality relation.

δnmFm =

∫ a

0

rRm(r)Rn(r)dr, (3.25)

where (δnm) denotes the Kronecker delta. Here, C1, C2 and C3 are arbitrary

constants. Since there are infinitely many solutions, the superposition principle

can be applied to formulate the eigenfunction expansion using (3.22) and (3.23).

Consequently, the equation (3.15) becomes

φ1(r, z) =
∞∑
n=0

FnJ0(τn, r)e
iηnz +

∞∑
n=0

AnJ0(τn, r)e
−iηnz. (3.26)

Thus, when the fundamental duct mode is treated as the incident mode, a sim-

plified formulation emerges. To streamline the notation, wall parameters and

wavenumbers will be presented without distinction, as the context will clearly

convey the nature of the exceptional point (EP ). The velocity potentials can

be represented as eigenfunction expansions. Specifically, for the inlet duct, the

expansion takes the following form

φ1(r, z) = eikz +
∞∑
n=0

AnR1n(r)e
−iηnz. (3.27)



Mode-Matching Analysis of Waveguides with General Impedance 29

A similar equation for φ2(r, z) can be written as:

φ2(r, z) =
∞∑
n=0

BnR2n(r)e
isnz +

∞∑
n=0

AnR2n(r)e
−isnz. (3.28)

As there is no reflection in the region at x ≥ 0, thus An = 0, and equation (3.28)

reduces to

φ2(r, z) =
∞∑
n=0

BnR2n(r)e
isnz. (3.29)

where An representing the reflected mode amplitudes and Bn representing the

transmitted mode amplitude are still unknown for n = 0, 1, 2, · · · . These are

found by using mode-matching procedure.

The continuity of pressure at z = 0 by using standard mode-matching condi-

tion. The physical problems are governed by Helmholtz’s equation along with

the acoustic absorbing lining. The mode-matching method has been used to find

the solution of these modelled problems. The duct’s circular boundary surface is

coated with an absorbing material.

φ1(r, 0) = φ2(r, 0). (3.30)

Putting (3.27) and (3.29) into (3.30), we get

eikz +
∞∑
n=0

AnR1n(r)e
−iηnz =

∞∑
n=0

BnR2n(r)e
isnz. (3.31)

Substituting z = 0 into (3.31), gives

eik0 +
∞∑
n=0

AnR1n(r)e
−iη00 =

∞∑
n=0

BnR2n(r)e
iSn0, (3.32)

or

1 +
∞∑
n=0

AnR1n(r) =
∞∑
n=0

BnR2n(r). (3.33)
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Multiplying (3.33) with rR1m(r) and then integrating from 0 < r < a, we obtain

∫ a

0

R1m(r)rdr +
∞∑
n=0

An

∫ a

0

R1n(r)rR1m(r)dr

=
∞∑
n=0

Bn

∫ a

0

R1m(r)R2n(r)rdr,

(3.34)

or

δm0 + Am =
1

Em

∞∑
n=0

BnPmn. (3.35)

The orthogonality relation is expressed as follows, yielding the expressions for Pmn

and the Kronecker delta δmn:

δmnEm =

∫ a

0

R1n(r)R1m(r)rdr, (3.36)

Pmn =

∫ a

0

R1m(r)R2n(r)rdr, (3.37)

δm0 =

∫ a

0

R1m(r)rdr. (3.38)

Following the simplification of (3.34), we obtain Am

Am = −δm0 +
1

Em

∞∑
n=0

BnPmn. (3.39)

Normal velocity refers to the fluid velocity component perpendicular to a surface

or boundary. In acoustic wave propagation, normal velocity at the boundary is

crucial for determining acoustic impedance and reflection coefficients. To ensure

velocity field continuity, the mode matching technique involves matching normal

velocities at the interface between adjacent regions or domains, a vital step in

solving wave propagation problems. The normal velocity component is continuous

at the boundary of the cylindrical waveguide, which implies that

φ2z(r, 0) = φ1z(r, 0). (3.40)
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Putting (3.27) and (3.29) into (3.40), we get:

eikz +
∞∑
n=0

AnR1n(r)e
−iηnz =

∞∑
n=0

BnR2n(r)e
isnz. (3.41)

Now, taking the derivatives of (φ1) and (φ2) with respect to z and substituting

the results into (3.41), we obtain:

∞∑
n=0

BnR2n(r)isne
isnz = ikeikz −

∞∑
n=0

AnR1n(r)iηne
iηnz. (3.42)

Setting z = 0 in (3.42), the equation reduces to

∞∑
n=0

BnisnR2n(r)e
iSn0 = ikeik0 −

∞∑
n=0

AniηnR1n(r)e
−iηn0, (3.43)

upon simplification, (3.43) becomes:

i

∞∑
n=0

BnsnR2n(r) = ik − i
∞∑
n=0

AnηnR1n(r). (3.44)

Multiplying (3.44) with rR2m(r) and then integrating from 0 < r < a, we obtain

i
∞∑
n=0

Bn

∫ a

0

R2n(r)R2m(r)rdrSn = ik

∫ a

0

R2m(r)rdr

− i
∞∑
n=0

Anηn

∫ a

0

R1n(r)rR2m(r)dr,

(3.45)

or

BmδnmFm = kδ0m −
∞∑
n=0

AnηnMnm. (3.46)

Orthogonality relation can be express as:

δnmFm =

∫ a

0

rR1n(r)R1m(r)dr. (3.47)

The values of Em, δnm, and Mnm are express as:

Em =

∫ a

0

R2
2m(r)rdr, (3.48)
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and

Mnm =

∫ a

0

R1n(r)rR2m(r)dr. (3.49)

This leads to

Bm = kδ0m − 1

Fm

∞∑
n=0

AnηnMnm. (3.50)

3.2.2 Extended Mode-Matching Solution with two Excep-

tional Points

At the exceptional point (EP ) conditions, η1 is a double root of K(s) = 0, and

since K ′(s1) = 0, which implies P1 = 0, χ(τ1, r) exhibits self-orthogonality, result-

ing in a degenerate system of equations. To accurately capture the transmitted

wave field, an additional function is necessary. However, to maintain a straightfor-

ward structure for the EP eigenfunction expansion, it is advantageous to reformu-

late this waveform in terms of functions of z and their corresponding z-derivatives.

An exceptional point (EP ) occurs when there exists a specific value of Sn such

that both the functions. τ1 be the exceptional points there. The exceptional mode

propagation can be given as

φ2(τ1, r) =
∂

∂s
[R2n(τ1, r)e

is1z], (3.51)

which leads to

φ2(τ1, r) = [
∂R2n(τ1, r)

∂s
+ izR2n(τ1, r)]e

is1z, (3.52)

where

χ(τ1, r) =
∂R2n(τ1, r)

∂s
. (3.53)

Substituting (3.53) into (3.52) yields (3.54)

φ2(r, z) = B̄1[−
s1
τ 21
χ(τ1, r) + izR2n(τ1, r)]e

is1z

+
∞∑
n=0

BnR2n(τn, r)e
isnz.

(3.54)

The overbar indicates that these are the values of the parameters at the exceptional

point EP2. At EP2, the equation K(s) = 0 is satisfied, and since the derivative
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K ′(s1) also vanishes, the coefficient P1 becomes zero, causing the eigenfunction

χ(τ, r) to become self-orthogonal.

3.2.2.1 Continuity of Pressure

In mode matching solutions, the continuity of pressure is enforced by matching

the pressure fields at the interface between two regions. This is typically done by

expanding the pressure fields in each region in terms of a set of basis functions (e.g.,

modes) and then matching the coefficients of these expansions at the interface.

By enforcing the continuity of pressure, mode matching solutions can accurately

capture the behavior of acoustic waves at interfaces and ensure that the resulting

solutions are physically meaningful. The conditions of continuity of pressure is

φ1(r, 0) = φ2(r, 0). (3.55)

Putting (3.27) and (3.54) into (3.55), we get:

eikz +
∞∑
n=0

AnR1n(r, τ1) = B̄1[−
s1
τ 21
χ(τ1, r) + izR2n(τ1, r)]e

is1z

+
∞∑
n=0

BnR2n(τn, r)e
isnz.

(3.56)

Setting z = 0 into (3.56), we get:

eik0 +
∞∑
n=0

AnR1n(r, τ1) = B̄1[−
s1
τ 21

]χ(r, τ1) + i(0)R2n(r, τ1)

+
∞∑
n=0

BnR2n(r, τ1)e
isn0.

(3.57)

The (3.57) can be reduce to

1 +
∞∑
n=0

AnR1n(r, τ1) = B̄1[−
s1
τ 21

]χ(r, τ1) +
∞∑
n=0

BnR2n(r, τ1). (3.58)

Now, we multiply (3.58) with R1m(τ, r) and integrating from 0 < r < a,

to obtain
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∫ a

0

R1m(r)rdr +
∞∑
n=0

An

∫ a

0

R1n(r)R1m(r)rdr

= B̄1[−
s1
τ 21

]

∫ a

0

R1m(r)χ(r, τ)rdr

+
∞∑
n=0

Bn

∫ a

0

R2n(r)R1m(r)rdr.

(3.59)

Substituting δm0Em, Pmn and M0m into (3.59), it reduces to

δm0Em +
∞∑
n=0

AnδmnEm = B̄1[−
s1
τ 21

]M0m +
∞∑
n=0

BnPmn. (3.60)

Orthogonality relation can be express as:

δnmFm =

∫ a

0

rR1n(r)R1m(r)dr. (3.61)

We now express the values of δnmEm, M0m, and Pnm as follows:

δomEm =

∫ a

0

R1m(r)rdr, (3.62)

Em =

∫ a

0

R1n(r)R1m(r)rdr, (3.63)

Mm0 =

∫ a

0

rR1m(r)χ(r, τ)dr, (3.64)

and

Pmn =

∫ a

0

rR2n(r)R1m(r)dr, (3.65)

δ0mEm + AmEm = −B̄1
s1
τ 21
M0m +

∞∑
n=0

BnPmn, (3.66)

AmEm = −δ0mEm − B̄1
s1
τ 21
M0m +

∞∑
n=0

BnPmn. (3.67)

The simplified form of (3.67), is

Am = −δ0m − B̄1
1

Em

s1
τ 21
M0m +

1

Em

∞∑
n=0

BnPmn. (3.68)
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3.2.2.2 Continuity of Normal Velocity

We then apply the velocity continuity condition at z = 0, namely

φ2z(r, 0) = φ1z(r, 0). (3.69)

Putting (3.27) and (3.54) into (3.69), we get:

eikz +
∞∑
n=0

AnR1n(τ1, r) = B̄1[−
s1
τ 21
χ(τ1, r) + izR2n(τ1, r)]e

is1z

+
∞∑
n=0

BnR2n(τn, r)e
isnz.

(3.70)

Now taking the derivative of (3.70) with respect to z, we get

B̄1

[
−s1
τ 21

]
is1e

is1zχ(τ, r) + i2zs1R2n(r)e
is1z +

∞∑
n=0

BnR2n(r)e
isnzisn

= ikeikz +
∞∑
n=0

AnR1n(r)iηne
iηnz.

(3.71)

Substituting z = 0 into (3.71), and the resulting equation is

B̄1

[
−s1
τ 21

]
χ(τ, r)iS1e

is10 + iR2n(r)e
is10 + i2s1(0)R2n(r)e

is10

+
∞∑
n=0

BnR2n(r)isne
isn0 = ikeik0 +

∞∑
n=0

AnR1n(r)iηne
iηn0.

(3.72)

Simplification leads to

B̄1

[
−s

2
1

τ 21

]
χ(τ, r) +R2n(r) +

∞∑
n=0

snBnR2n(r)

= k −
∞∑
n=0

AnηnR1n(r).

(3.73)



Mode-Matching Analysis of Waveguides with General Impedance 36

Multiplying (3.73) with rR2m(r) and then integrating over the interval 0 < r < a,

we obtain:

B̄1[−
s21
τ 21

]

∫ a

0

R2m(r)χ(r, τ)rdr +

∫ a

0

R2m(r)R2n(r)rdr

+
∞∑
n=0

snBn

∫ a

0

rR2m(r)R2ndr& = k

∫ a

0

R2m(r)rdr

−
∞∑
n=0

Anηn

∫ a

0

rR2m(r)R1n(r)dr.

(3.74)

Further simplification of equation (3.74) express as:

B̄1[−
s21
τ 21

]M0m +Mmn +
∞∑
n=0

snBnδmnEm = kℓ0m −
∞∑
n=0

AnηnHmn. (3.75)

We express the values of δnmEm, M0m, Mnm, and Hnm as follows:

δmnEm =

∫ a

0

rR2m(r)R2n(r)dr, (3.76)

M0m =

∫ a

0

R2m(r)χ(r, τ)rdr, (3.77)

ℓ0m =

∫ a

0

rR2m(r)dr, (3.78)

and

Hmn =

∫ a

0

rR2m(r)R1n(r)dr. (3.79)

The amplitude equation obtained is as follows:

Bm = kδ0m
1

sn
− 1

sn
+ B̄1

[
s21
τ 21

]
1

snEm

− 1

snEm

∞∑
n=0

AnηnHmn. (3.80)

The resulting system of linear algebraic equations is then truncated and solved

simultaneously.
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Multiplying (3.73) with χ(τ, r) and then integrating from 0 < r < a, reduce to

equation (3.81) as:

B̄1[−
s21
τ 21

]

∫ a

0

χ2(r, τ)rdr +

∫ a

0

rR2n(r)χ(r, τ)dr

+
∞∑
n=0

snBn

∫ a

0

χ(r, τ)R2n(r)rdr

= k

∫ a

0

χ(r, τ)rdr−
∞∑
n=0

Anηn

∫ a

0

R1n(r)rχ(r, τ)dr.

(3.81)

Orthogonality relation can be express as:

δnmFm =

∫ a

0

rR1n(r)R1m(r)(r)dr (3.82)

B̄1[−
s21
τ 21
H +M ] +

∞∑
n=0

snBnQ = kM0 −
∞∑
n=0

AnηnLnm. (3.83)

We define the expression for H, M , Q, M0m and ℓ0n as follows:

H =

∫ a

0

χ2(r, τ)rdr, (3.84)

M =

∫ a

0

R2n(r)χ(r, τ)dr, (3.85)

Q =

∫ a

0

R2n(r)rχ(r, τ)dr, (3.86)

M0 =

∫ a

0

χ(r, τ)rdr, (3.87)

and

ℓnm =

∫ a

0

R1n(r)rχ(r, τ)dr. (3.88)
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In a matrix notation by comparing the coefficients we can write the above equation

(3.88) as follows:


S1Q M − S2

1

τ 21
H

0 −S
2
1

τ 21


B1

B̄1

 =

KM0 −
∑∞

n=0Anηnℓnm

Kℓ01 −
∑∞

n=0Anηnℓn1

 . (3.89)

3.3 Numerical Results

In this section, a detailed numerical discussion of the solution obtained in the

previous section is presented. The systems are truncated by considering n = 15

terms, which ensures that the solution captures the essential modes while main-

taining computational efficiency. The following parameter values are used in the

analysis: the duct radius is taken as a = 1 cm, the interface height is h = 1 cm,

the viscosity coefficient is µ = 1, the speed of sound in air is c = 343.5m/s, and

the air density is ρ = 1.2.

Figure 3.2 presents the real parts of the pressure as a function of the radius at r = 0

on the interface located at z = 0, considering different values of the frequency. It

can be clearly observed that the real parts of the pressures in the regions z < 0

and z > 0 match exactly at the interface, which is consistent with the continuity

condition of pressure. This agreement validates the accuracy of the truncated

solution and confirms that the applied numerical approach is robust and reliable

under varying frequency conditions.

Moreover, the results demonstrate that as the frequency increases, more modes

are excited, leading to complex scattering behavior. At lower frequencies, the sys-

tem exhibits a simpler scattering pattern dominated by the fundamental mode.

However, as the frequency increases, higher-order modes are progressively excited,

which introduces more intricate interference patterns and modifies the overall scat-

tering characteristics. This behavior reflects the increased interaction of the in-

cident waves with the boundary conditions and the structural geometry of the

duct.
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(a) f = 50 Hz

(b) f = 500 Hz

(c) f = 1500 Hz

Figure 3.2: Real parts of pressures versus radius r at interface z = 0, where
µ = 1 and a = 1.

Figure 3.3 shows the imaginary parts of the pressure versus the radius at r = 0 on

the interface at z = 0 for different values of the frequency. Similarly to the real

parts, the imaginary parts of the pressures in the regions z < 0 and z > 0 also
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match exactly at the interface, which satisfies the continuity of pressure conditions.

This agreement further confirms the accuracy of the truncated solution and the

validity of the applied numerical approach.

The behavior of the imaginary parts of the pressure provides additional insight into

the scattering mechanism. The imaginary part reflects the phase information of

the scattered wave, which is crucial for understanding the overall wave behavior.

As the frequency increases, the imaginary parts exhibit more complex patterns

due to the increased contribution of higher-order modes. This complexity arises

from the enhanced interaction between the incident wave and the duct geometry,

leading to more pronounced scattering effects. Figure 3.4 presents the real parts

of the velocity as a function of the radius at r = 0 on the interface at z = 0 for

different frequency values. It can be observed that the real parts of the velocities

in the regions z < 0 and z > 0 match exactly at the interface, which is consistent

with the continuity condition of velocity. This agreement validates the accuracy of

the truncated solution and demonstrates that the numerical approach effectively

satisfies the velocity boundary conditions.

Figure 3.5 shows the imaginary parts of the velocity versus the radius at r = 0

on the interface at z = 0 for different frequency values. Similar to the real parts,

the imaginary parts of the velocities in the regions z < 0 and z > 0 match exactly

at the interface, confirming the continuity of velocity conditions. This consistency

further supports the accuracy of the truncated solution and the robustness of the

applied numerical approach.

The behavior of the velocity components reflects the physical nature of the scat-

tering process. The real part of the velocity corresponds to the instantaneous

displacement of the fluid particles, while the imaginary part captures the phase

lag introduced by the scattering mechanism. As the frequency increases, the ve-

locity components exhibit more complex patterns due to the increased influence

of higher-order modes. This behavior indicates stronger interaction between the

incident wave and the duct boundaries, resulting in enhanced scattering effects.

The consistent agreement of both the real and imaginary parts of the pressure and

velocity across the interface reinforces the accuracy of the numerical solution and
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(a) f = 50 Hz

(b) f = 500 Hz

(c) f = 1500 Hz

Figure 3.3: Imaginary parts of pressures versus radius r at in-
terface z = 0, where µ = 1 and a = 1.

the effectiveness of the truncation strategy.

The ability to satisfy both pressure and velocity continuity conditions at various

frequencies demonstrates the robustness of the proposed approach in analyzing

scattering phenomena in ducted systems.
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(a) f = 50 Hz

(b) f = 500 Hz

(c) f = 1500 Hz

Figure 3.4: Real parts of normal velocities versus radius r at
interface z = 0, where µ = 1 and a = 1.



Mode-Matching Analysis of Waveguides with General Impedance 43

(a) f = 50 Hz

(b) f = 500 Hz

(c) f = 1500 Hz

Figure 3.5: Imaginary parts of normal velocities versus radius
r at interface z = 0, where µ = 1 and a = 1.



Chapter 4

The Extended Mode-Matching

Method for a General Impedance

Condition with Closed Ends

This chapter content regarding mode-matching solutions and exceptional points.

Second, it examines solutions for symmetric configurations with both rigid and

soft boundary conditions. Third, it presents enhanced solutions for antisymmetric

cases that incorporate these boundary conditions. The chapter ends with a thor-

ough analysis of numerical results, offering important insights into how the system

behaves.

4.1 The Problem Having Rigid Closed End

Consider wave propagation in a waveguide rigid duct at z = 0, while the surface

of waveguide at z < −ℓ is rigid. The surface of region between −ℓ < z < 0

contains the general impedance condition. The inside of the waveguide contains

compressible fluid. The physical configuration is shown in figure 4.1.

For the acoustic response the Helmholtz equation is:

{ ∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂z2
+ k2

}
φs
j(r, z) = 0, j = 1, 2 (4.1)

44
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Figure 4.1: Diagram of the model problem with rigid condition

where the fluid potentials φs
1 and φs

2 express the response in the duct regions at

z < −ℓ and z > −ℓ, respectively. These satisfy the following rigid and impedance

conditions

∂φs
1

∂r
= 0, r = a, (4.2)

∂φs
2

∂r
+ µφs

2 = 0, r = a. (4.3)

Following the procedure given in Chapter 3, the eigenfunction expansion of φs
1 and

φs
2 are given below

φs
1(r, z) = eik(z+ℓ) +

∞∑
n=0

AnR1n(r)e
−iηn(z+ℓ). (4.4)

and

φs
2 =

∞∑
n

BnR2ne
isnz +

∞∑
n

CnR2ne
−isnz. (4.5)

The rigid conditions at z = 0, can be written as:

∂φs
2

∂z
= 0, z = 0, (4.6)

and this yields Cn = Bn which on substituting into (4.5), we get

φs
2 =

∞∑
n

BnR2ne
isnz +

∞∑
n

BnR2ne
−isnz. (4.7)

or

φs
2 =

∞∑
n

BnR2n[e
isnz + e−isnz], (4.8)
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or

φs
2(r, z) = 2

∞∑
n=0

BnR2n(r)cos(snz). (4.9)

Where (φs
1) and (φs

2) are used to solve the equation in the following subsection.

Therefore, for the symmetric problem the unknowns as An and Bn, that can be

found by following the mode-matching method. The continuity of pressures at

z = −ℓ is

φs
1(r,−ℓ) = φs

2(r,−ℓ). (4.10)

Using (4.4) and (4.9) into (4.10), we obtain:

1 +
∞∑
n=0

AnR1n(r) = 2
∞∑
n=0

BnR2n(r) cos(snℓ). (4.11)

Multiplying both sides of (4.11) with (rR1m(r)) and then integrating from

0 < r < a, we get:

∫ a

0

R1m(r)rdr +
∞∑
n=0

An

∫ a

0

R1n(r)R1m(r)rdr

= 2
∞∑
n=0

Bn cos(snℓ)

∫ a

0

R2n(r)R1m(r)rdr.

(4.12)

Using the associated orthogonality realtion into (4.12), we arrive at:

δ0mFm +
∞∑
n=0

AnδnmFm = 2
∞∑
n=0

BnMmn cos(snℓ), (4.13)

where we have used for δ0mFm and Mnm as:

δ0mFm =

∫ a

0

R1m(r)dr, (4.14)

δmnFm =

∫ a

0

R1n(r)rR1m(r)dr, (4.15)

and

Mmn =

∫ a

0

rR2n(r)R1m(r)dr. (4.16)
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The value of the amplitude Am is given as follows:

AmFm = −δ0mFm + 2
∞∑
n=0

BnMmn cos(snℓ), (4.17)

Am = −δ0m +
2

Fm

a∑
n=0

BnMmn cos(snℓ). (4.18)

Applying the continuity conditions on the normal velocities,

φs
2z(r,−ℓ) = φs

1z(r,−ℓ). (4.19)

Using (4.4) and (4.9) into (4.19), we get:

eik(z+ℓ) +
∞∑
n=0

AnR1n(r)e
−iηn(z+ℓ) = 2

∞∑
n=0

BnR2n(r) cos(snz). (4.20)

Taking the derivative of (4.20) and with respect to z, we obtain:

−2
∞∑
n=0

snBnR2n(r) sin(snz) = ikeikz −
∞∑
n=0

AniηnR1n(r)e
−iηnz. (4.21)

Substituting z = −ℓ into (4.21), gives

2
∞∑
n=0

snBnR2n(r) sin(snℓ) = ik −
∞∑
n=0

AniηnR1n(r). (4.22)

Multiplying (4.22) with ( rR2m(r)) and then integrating from

0 < r < a,

2
∞∑
n=0

Bn sin(snℓ)

∫ a

0

rR2n(r)R2m(r)dr = ik

∫ a

0

R2m(r)dr

−
∞∑
n=0

Aniηn

∫ a

0

rR1n(r)R2m(r)dr.

(4.23)

Applying the orthogonality relation, we obtain:

2Bm sin(smℓ)δmnFm = ikM0m −
∞∑
n=0

iAnηnPmn. (4.24)
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Here, we provide the explicit expressions for δnmFm, M0m, and Pnm

δmnFm =

∫ a

0

rR2n(r)R2m(r)dr, (4.25)

M0m =

∫ a

0

rR2m(r)dr, (4.26)

and

Pmn =

∫ a

0

rR1n(r)R2m(r)dr. (4.27)

After that, the resulting equation becomes:

Bm =
ikM0m

2sm sin(smℓ)
− i

2sm sin(smℓ)Fm

∞∑
n=0

AnηnPmn. (4.28)

4.1.1 Extended Mode-Matching Conditions for Rigid Closed

End

We enhance the mode-matching solution for exceptional point. In the context

of wave propagation, an exceptional point refers to a point in space where the

wave exhibits unusual behavior. Specifically, s1 is a singular point where the wave

behavior changes abruptly. Exceptional points, such as s1, play a crucial role in

understanding various wave phenomena, including wave scattering and nonlinear

wave dynamics. Considering the exceptional point at s1, on equation 3.54 gives

φs
EP2

= B̄1

[
−s1
τ 21
χ(r, τ) + izR2n(r)

]
eis1z

+ C1

[
−s1
τ 21
χ(r, τ)− izR2n(r)

]
e−is1z.

(4.29)

This implies that the coefficients C1 and B1 are equal, which is a necessary con-

dition for symmetry in certain mathematical equations. By putting C = B into

(4.29), we obtain:

φs
EP2 = B̄1

[
−s1
τ 21
χ(r, τ) + izR2n(r)]e

is1z

]
+B̄1

[
−s1
τ 21
χ(r, τ)− izR2n(r)]e

−is1z

]
.

(4.30)
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The value of cos(s1z) and sin(s1z) is given hence

cos(s1z) =
eis1z + e−is1z

2
, (4.31)

and

sin(s1z) =
eis1z − e−is1z

2
. (4.32)

Using the (4.31) and (4.32) into (4.30), yield

φs
2(r, z) = 2

∞∑
n=0

BnR2n(r) cos(snz)

+B̄s
1

[
−s1
τ 21

2 cos(s1z)χ(r, τ) + 2izR2n(r) sin(s1z)

]
.

(4.33)

By incorporating these techniques, mode matching solutions can provide more

accurate and reliable results, ensuring continuity of pressure and improving the

overall fidelity of acoustic wave propagation simulations

φs
1(r, z) = φs

2(r, z). (4.34)

Substituting z = −ℓ into (4.34), the following equation is obtained

φs
1(r,−ℓ) = φs

2(r,−ℓ). (4.35)

Using (4.4) and (4.33) into (4.35), we get:

eik(z+ℓ) +
∞∑
n=0

AnR1n(r)e
−iηn(z+ℓ)

= B̄s
1

[
−2s1
τ1

cos(s1z)χ(τ1z) + 2izR2n(τ1z) sin(s1z)

]
.

(4.36)

Using (φs
2) into (4.36) equation become:

eik(z+ℓ) +
∞∑
n=0

AnR1n(r)e
−iηn(z+ℓ) = 2

∞∑
n=0

BnR2n(r) cos(snz)

+ B̄s
1

[
−2s1
τ1

cos(s1z)χ(τ1z) + 2ziR2n(τ1z) sin(s1z)

]
. (4.37)
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Putting z = −ℓ into (4.37), after simplification we get:

1 +
∞∑
n=0

AnR1n(r) = 2
∞∑
n=0

BnR2n(r) cos(snℓ)

+ B̄s
1

[
−2s1
τ1

cos(s1z)χ(τ1, r) + 2iℓR2n(τ1, r) sin(s1ℓ)

]
.

(4.38)

Multiplying (4.38) with ( rR1m(r)) and then integrating from 0 < r < a,

∫ a

0

rR1m(r)dr +
∞∑
n=0

An

∫ a

0

rR1n(r)R1m(r)dr

= 2
∞∑
n=0

Bn cos(snℓ)

∫ a

0

rR2n(r)R1m(r)dr

+ B̄s
1

[
−2s1
τ1

cos(s1z)

∫ a

0

χ(τ1, r)R1m(r)dr + 2iℓ sin(s1ℓ)

∫ a

0

R1n(r)R1m(r)dr

]
.

(4.39)

Simplifying the (4.39) yields:

Am = −δ0m +
2

Fm

a∑
n=0

BnMmn cos(snℓ)

+
B̄s

1

Fm

[
−2s1
τ1

cos(s1z)M1m + 2iℓ sin(s1ℓ)Mmn

]
. (4.40)

Orthogonality relation can be express as:

δnmFm =

∫ a

0

rR1n(r)R1m(r)dr. (4.41)

The explicit expressions for δ0m, M0m, and M1m are provided below

δ0m =

∫ a

0

rR1m(r)dr, (4.42)

M1m =

∫ a

0

χ(τ1, r)rR1m(r)dr, (4.43)
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Mnm =

∫ a

0

rR1n(r)R1m(r)dr. (4.44)

The continuity condition of normal velocities can be expressed as:

φs
2z(r,−z) = φs

1z(r,−z). (4.45)

Putting (4.2) and (4.33) into (4.45) we get:

eik(z+ℓ) +
∞∑
n=0

AnR1n(r)e
−iηn(z+ℓ) = 2

∞∑
n=0

BnR2n(r) cos(snz)

+ B̄s
1

[
−2s1
τ1

cos(s1z)χ(τ1, r) + 2izR2n(τ1, r) sin(s1z)

]
. (4.46)

Taking the derivative of (4.46) with respect to z, yields:

ikeik(z+ℓ) − i
∞∑
n=0

ηnAnR1n(r)e
−iηn(z+ℓ) = −2

∞∑
n=0

snBnR2n(r) sin(snz)

+ B̄s
1

[
2s21
τ 21

sin(s1z)χ(τ1z) + 2iR2n(r) sin(s1z) + 2ιzs1cos(s1z)R2n(r)

]
. (4.47)

Using z = −ℓ into (4.47) we obtain:

2
∞∑
n=0

BnsnR2n(r) sin(snℓ) = ik − i
∞∑
n=0

AnηnR1n(r)

+ B̄s
1

[
2
s21
τ 21

sin(s1ℓ)χ(τ1, r)− 2i sin(s1ℓ)R2n(r)− 2iℓs1 cos(s1ℓ)R2n(r)

]
. (4.48)

Multiplying (4.48) with ( rR2m(r)), and then integrating from (0 < r < a),

B̄s
1

[
2
s21
τ 21

sin(s1ℓ)

∫ a

0

rR2m(r)χ(τ1, r)dr− 2i sin(s1ℓ)

∫ a

0

rR2m(r)R2n(r)dr

]

− B̄s
1

[
2i1 cos(s1ℓ)

∫ a

0

rR2n(r)R2m(r)dr

]
+ 2

∞∑
n=0

Bnsn sin(snℓ)

∫ a

0

rR2n(r)R2m(r)dr

= ik

∫ a

0

R2m(r)dr−
∞∑
n=0

Aniηn

∫ a

0

rR1n(r)R2m(r)dr. (4.49)
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After the simplification of (4.49) we get:

B̄s
1

[
2
s21
τ 21

sin(s1ℓ)H

]
− B̄s

1T + 2B1s1 sin(s1ℓ)Q = ikM0m − i
∞∑
n=0

AnηnPnm (4.50)

Upon simplification of (4.49), the resulting equation is:

Bm =
ikM0m

2sm sin(smℓ)
− i

2sm sin(smℓ)Fm

∞∑
n=0

AnηnPnm

+
B̄s

1

2sm sin(smℓ)Fm

[
2
s21
τ 21

sin(s1L)Hnm + 2i sin(s1ℓ)Tnm − 2iLs1 cos(s1ℓ)Nnm

]
.

(4.51)

Orthogonality relation can be express as:

δnmFm =

∫ a

0

rR1n(r)R1m(r)dr, (4.52)

The values of M0m and Pnm are expressed as:

M0m =

∫ a

0

rR2m(r)dr, (4.53)

Pnm =

∫ a

0

rR1n(r)R2m(r)dr. (4.54)

Multiplying (4.48) with ( χ(τ1, r)) and then integrating from 0 < r < a,

Bs
1

[
−s

2
1

τ 21
cos(s1ℓ)

∫ a

0

χ2(τ1, r)rdr− i cos(s1ℓ)

∫ a

0

rχ(τ1, r)R2n(r)dr

]
+Bs

1

[
i1 sin(s1ℓ)

∫ a

0

rR2n(r)χ(τ1, r)dr

]
+

∞∑
n=0

Bn sin(snℓ)sn

∫ a

0

rχ(τ1, r)R2n(r)dr

=
ik

2

∫ a

0

rχ(τ1, r)dr−
1

2
i

∞∑
n=0

Anηn

∫ a

0

R1n(r)χ(τ1, r)dr. (4.55)

After the simplification of (4.55) we get:

Bs
12
s21
τ 21

sin(s1ℓ)Q+ 2i sin(s1ℓ)B
s
1T −Bs

12is1ℓ sin(s1ℓ)H +B12is1 sin(s1ℓ)M

= ikℓ0m − i

∞∑
n=0

AnηnM1n. (4.56)
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The parameters Q, H, M , L0m, and M1n are defined as:

Q =

∫ a

0

rχ2(τ1, r)dr, (4.57)

H =

∫ a

0

rR2n(r)χ(τ1, r)dr, (4.58)

L01 =

∫ a

0

rχ(τ1, r)dr, (4.59)

and

V0n =

∫ a

0

rR1n(r)χ(τ1, r)dr. (4.60)

The coefficient of the variable are the elements of the matrix which define the

linear transformation. A linear transformation is a function between vector that

preserves the operation of vector addition and scalar multiplication. By represent-

ing coefficients as matrices, we can leverage the power of linear algebra to solve

systems of linear equation and perform various other operation2s1 sin(s1ℓ)Q 2
s21
τ21

sin(s1ℓ)H − T

0 2
s21
τ21

sin(s1ℓ)N

Bs

B̄s
1

 =

iKM0m − i
∑∞

n=0AnηnPnm

iKℓ01 − i
∑∞

n=0AnηnV0n

 .
(4.61)

4.2 Numerical Results

This section presents a numerical analysis of the solution obtained at the previous

section for the rigid interface. The system is truncated using n = 15 terms, en-

suring that the solution captures the key modes while maintaining computational

efficiency. The analysis is conducted using the following parameter values: duct

radius a = 1 cm, interface height h = 1 cm, viscosity coefficient µ = 1, length

ℓ = 0.5 cm, speed of sound in air c = 343.5m/s, and air density ρ = 1.2.

Figure 4.2 illustrates the real and imaginary parts of the pressure for the symmetric

problem as a function of the radius at r = 0 on the interface at z = −ℓ. It is clearly

seen that the real parts of the pressure in the regions z < −ℓ and z > −ℓ coincide

perfectly at the interface. Similarly, the imaginary parts of the pressure in these
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regions also align exactly at the interface, consistent with the continuity condition

of pressure. This consistency verifies the accuracy of the truncated solution and

confirms the robustness and reliability of the numerical approach across different

frequency conditions. Figure 4.3 illustrates the real and imaginary parts of the

Re[ϕs1(-L,r)]

Re[ϕs2(-L,r)]

0.2 0.4 0.6 0.8 1.0
r

0.30

0.35

0.40

0.45

Re[ϕs j(-L,r)]

(a) Real parts

Im[ϕs1(-L,r)]

Im[ϕs2(-L,r)]

0.2 0.4 0.6 0.8 1.0
r

0.72

0.74

0.76

0.78

0.80

Im[ϕs j(-L,r)]

(b) Imaginary parts

Figure 4.2: With rigid closed end: The real and imaginary parts of pressures
versus radius r at interface z = −ℓ, where µ = 1, ℓ = 0.5 and a = 1.

normal velocity for the symmetric problem as a function of the radius at r = 0 on

the interface at z = −ℓ.

It is evident that the real parts of the normal velocity in the regions z < −ℓ and

z > −ℓ match precisely at the interface.

Likewise, the imaginary parts of the normal velocity in these regions also align

exactly at the interface,

which satisfies the continuity condition for normal velocity.

This agreement confirms the accuracy of the truncated solution and demonstrates

the robustness and reliability of the numerical method under varying frequency

conditions.
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Re[ϕs1 z(-L,r)]

Re[ϕs2 z(-L,r)]
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(b) Imaginary parts

Figure 4.3: With rigid closed end: The real and imaginary parts of normal
velocities versus radius r at interface z = −ℓ, where µ = 1, ℓ = 0.5 and a = 1.

4.3 The Problem Having Soft Closed End

Consider wave propagation in a waveguide soft disc at z = 0, while the surface

at of waveguide at z < −L is rigid. The surface of region between −L < z < 0

contains the general impedance condition. The inside of the waveguide contains

compressible fluid. The physical configuration is as shown in Fig. 4.4.

Figure 4.4: Diagram of the model problem
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The govening equations are same Helmholts equation, rigid condition and impedance

condition.

On the condition at z = 0 is soft that is

φ2(r, z) = 0. (4.62)

4.3.1 Standrad Mode-Matching Solution

Following the procedure given in chapter 3, the eigenfunction expansion of φa
1 and

φa
2 are given below

φa
1(r, z) = eik(z+ℓ) +

∞∑
n=0

AnR1n(r)e
−iηn(z+ℓ), (4.63)

and

φa
2 =

∞∑
n

BnR2ne
isnz +

∞∑
n

CnR2ne
−isnz. (4.64)

The soft condition at z = 0 yields Cn = −Bn which on substituting into (4.64),

we get:

φa
2(r, z) = 2i

∞∑
n=0

BnR2n(r) sin(snz). (4.65)

The problem yields anti-symmetric modes, and to find the unknown amplitudes,

the continuity condition is

φa
1(r,−ℓ) = φa

2(r,−ℓ). (4.66)

Using the fields into the continuity conditions, we get:

1 +
∞∑
n=0

AnR1n(r) = −2
∞∑
n=0

BnR2n(r) sin(snℓ). (4.67)

Multiplying (4.67) with (R1m(r)r) and then integrating from 0 < r < a. Or-

thogonality relation can be express as:
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∫ a

0

rR1m(r)dr +
∞∑
n=0

An

∫ a

0

rR1n(r)R1m(r)dr

= 2
∞∑
n=0

Bn sin(snℓ)

∫ a

0

R2n(r)R1m(r)rdr.

(4.68)

simplification leads to

δ0mFm +
∞∑
n=0

AnδnmFm = −2
∞∑
n=0

BnMmn sin(snℓ), (4.69)

where, we define the values of Mnm and δ0mFm as follows:

δnmFm =

∫ a

0

rR1n(r)R1m(r)dr, (4.70)

and

Mnm =

∫ a

0

R2n(r)R1m(r)dr. (4.71)

from (4.70) leads to

Am = −δ0m − 2

Fm

∞∑
n=0

BnMmn sin(snℓ). (4.72)

In antisymmetric configurations, the continuity of normal velocity can be explained

as follows.

The normal velocity component is the velocity component perpendicular to the

interface between two media.

In an antisymmetric configuration, the normal velocity component must be con-

tinuous across the interface

φa
2z(r,−ℓ) = φa

1z(r,−ℓ). (4.73)

Putting the field into the velocity condition at z = −ℓ we get:

2i
∞∑
n=0

BnR2n(r)sn cos(snℓ) = ik −
∞∑
n=0

AniηnR1n(r). (4.74)
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Multiplying (4.74) by rR2m(r) and then integrating over the interval 0 < r < a,

to obtain:

2
∞∑
n=0

Bnsn cos(snℓ)

∫ a

0

rR2n(r)R2m(r)dr = k

∫ a

0

rR2m(r)dr

−
∞∑
n=0

Anηn

∫ a

0

rR1n(r)R2m(r)dr.

(4.75)

Orthogonality relation express as:

2Bnsn cos(snℓ)δmnFm = kP0m −
∞∑
n=0

AnηnMmn, (4.76)

leads to

Bm =
kP0m

2ism cos(smℓ)
− 1

2 cos(smℓ)Fm

∞∑
n=0

AnηnMmn. (4.77)

We express the value of P0m and Mnm as:

P0m =

∫ a

0

rR2m(r)dr, (4.78)

and

Mnm =

∫ a

0

rR1n(r)R2m(r)dr, (4.79)

orthogonality relation is express as:

δnmFm =

∫ a

0

rR2n(r)R2m(r)dr.. (4.80)

4.3.2 Extended Mode-Matching Conditions for Soft Closed

End

For antisymmetric case, substituting C1 = −B1 into (4.33) yield

φa
2(r, z) = 2i

∞∑
n=0

BnR2n(r) sin(snz) + B̄a
1

[
2s1
τ 21

sin(s1z)χ(τ1r) + 2izR2n cos(s1z)

]
.

(4.81)
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The continuity of pressure condition

φa
1(r,−ℓ) = φa

2(r,−ℓ). (4.82)

Using (4.4) and (4.81) into (4.82), we obtain:

eik(z+ℓ) +
∞∑
n=0

AnR1n(r)e
iηn(z+ℓ)

= Ba
1

[
−2s21
τ 21
χ(τ1, r)sin(s1z) + 2iR2n(r) cos(s1z) + 2izR2n(r) cos(s1z)

]
+2i

∞∑
n=0

BnR2n(r) sin(snz).

(4.83)

Using z = −ℓ into the equation (4.83),yield to

1 +
∞∑
n=0

AnR1n(r) = −2
∞∑
n=0

BnR2n(r) sin(snℓ)

+B̄s
1

[
−2s1
τ1

sin(s1ℓ)χ(τ1r) + 22n(τ1r) cos(s1ℓ)

]
.

(4.84)

Multiplying (4.84) with ( rR1m(r)) and then integrating over the interval

0 < r < a,

we obtain:

∫ a

0

rR1m(r)dr +
∞∑
n=0

An

∫ a

0

rR1n(r)R1m(r)dr

= −2
∞∑
n=0

Bn sin(snℓ)

∫ a

0

rR2n(r)R1m(r)dr

+ B̄s
1

[
−2s1
τ1

sin(s1z)

∫ a

0

χ(τ1r)R1m(r)dr + 2ℓ cos(s1ℓ)

∫ a

0

R1n(r)R1m(r)dr

]
.

(4.85)

Simplification leads to

Am = −δ0m − 2

Fm

a∑
n=0

BnMmn sin(snℓ)

+
B̄s

1

Fm

[
−2s1
τ1

sin(s1z)M1m + 2ℓ cos(s1ℓ)Mmn

]
. (4.86)
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The continuity of normal velocity condition given below

φa
2z(r,−z) = φa

1z(r,−z) (4.87)

Using (4.4) and (4.81) into (4.88), we get:

ikeik(z+ℓ) − i

∞∑
n=0

ηnAnR1n(r)e
−iηn(z+ℓ)

= 2i
∞∑
n=0

snBnR2n(r) cos(snz)+B̄
a
1

[
−2s21
τ 21

cos(s1z)χ(τ1r) + 2iR2n cos(s1z)− 2iz sin(snz)

]
.

(4.88)

Putting z = −ℓ into (4.88) reduce to

2i
∞∑
n=0

BnsnR2n(r) cos(snℓ) = ik − i
∞∑
n=0

AnηnR1n(r)

+ B̄s
1

[
−2

s21
τ 21

cos(s1ℓ)χ(τ1, r) + 2i cos(s1ℓ)R2n(r) + 2iℓs1 sin(s1ℓ)R2n(r)

]
. (4.89)

Now, multiplying (4.89) with ( rR2m(r)) and integrating over the interval

0 < r < a, we obtain:

B̄a
1

[
−s

2
1

τ 21
sin(s1ℓ)

∫ a

0

rR2m(r)χ(τ1r)dr + i sin(s1ℓ)

∫ a

0

rR2m(r)R2n(r)dr

]
− B̄s

1

[
i1 cos(s1ℓ)

∫ a

0

rR2n(r)R2m(r)dr

]
+

∞∑
n=0

Bnsn cos(snℓ)

∫ a

0

rR2n(r)R2m(r)dr

=
k

2

∫ a

0

R2m(r)dr−
1

2i

∞∑
n=0

Aniηn

∫ a

0

rR1n(r)R2m(r)dr, (4.90)

which leads to

Bm =
kM0m

2sm cos(smℓ)
+

1

2 cos(smℓ)

∞∑
n=0

AnηnPnm

+
B̄a

1

smi sin(smℓ)

[
−2

s21
τ 21

cos(s1ℓ)Qnm − iℓs1 sin(s1ℓ)M1m + i cos(s1ℓ)M2m

]
, (4.91)
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where, we will discuss the above assumption by assigning some specific values

δ0m =

∫ a

0

rR2m(r)dr, (4.92)

Qnm =

∫ a

0

rR2m(r)R1n(r), (4.93)

M1m =

∫ a

0

rχ(r, τ)R2m(r)dr, (4.94)

and

M2m =

∫ a

0

R2n(r)rR2mdr. (4.95)

Orthogonality relation is express as:

Fm =

∫ a

0

rR1n(r)R2m(r)dr. (4.96)

Note: that since χ(τ, r) is self-orthogonal. However, although it does not give

information about B1 it does provide information about B̄1. Where the coefficient

B̄1 is associated with the additional functions and the overbear indicates that these

occur due to the double root s1. It is important to note that the function χ(rτ)

is needed to ensure that the eigenfunction expansion converges point-wise.

Multiplying (4.89) with χ(τ1, r)r and then integrating over 0 < r < a,

B̄a
1

[
−s

2
1

τ 21
cos(s1ℓ)

∫ a

0

rχ2(τ1, r)dr+ 2iℓs1 sin(s1ℓ)

∫ a

a

χ(τ1, r)rR2n(r)dr
]

− B̄a
1

[
+2icos(s1ℓ)

∫ a

0

χ(τ1, r)R2n(r)rdr

]
−

[
2iℓ

∞∑
n=0

Bnsn cos(snℓ)sn

∫ a

0

χ(τ1, r)R2n(r)rdr

]

= ik

∫ a

0

rχ(τ1, r)dr− i

∞∑
n=0

Anηn

∫ a

0

χ(τ1, r)R1n(r)rdr, (4.97)

The equation can be rewritten as follows, which on simplification yields:

−Ba
12
s21
τ 21

cos(s1ℓ)Q+ 2i cos(s1ℓ)TB
a
1 +Ba

22is1ℓ sin(s1ℓ)H

−B12is1 cos(s1ℓ)M = ikℓ01 − i
∞∑
n=0

AnηnV0n,

(4.98)
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where, we define the value of Q,T,H,ℓ01 and M1n

Q =

∫ a

0

rχ2(τ1, r)dr, (4.99)

T =

∫ a

0

rχ(τ1, r)R2n(r)dr, (4.100)

ℓ01 =

∫ a

0

rχ(τ1, r)dr, (4.101)

and

V0n =

∫ a

0

rχ(τ1, r)R1n(r)dr. (4.102)

Create a matrix using the coefficients of the variables. The coefficients of the vari-

able will form the rows of the matrix In a matrix notation we can write

−2is1 cos(s1ℓ)Q −2
s21
τ21

cos(s1ℓ)H +G

0 −2
s21
τ21

cos(s1ℓ)N

Ba

B̄a
1

 =

iKM0m − i
∑∞

n=0AnηnPnm

iKℓ01 − i
∑∞

n=0AnηnV0n

 .
(4.103)

4.4 Numerical Results

This section presents a numerical analysis of the solution obtained for the anti-

symmetric problem with a soft end at z = 0. The system is truncated using

n = 15 terms, ensuring that the solution captures the key modes while maintaining

computational efficiency. The analysis is conducted using the following parameter

values: duct radius a = 1 cm, interface height h = 1 cm, viscosity coefficient µ = 1,

length ℓ = 0.5 cm, speed of sound in air c = 343.5m/s, and air density ρ = 1.2.

Figure 4.5 shows the real and imaginary parts of the pressure for the anti-symmetric

problem as a function of the radius at r = 0 on the interface located at z = −ℓ.

It is observed that the real parts of the pressures in the regions z < −ℓ and z > −ℓ

match exactly at the interface.

Similarly, the imaginary parts of the pressures in the regions z < −ℓ and z > −ℓ

align precisely at the interface, which is consistent with the continuity condition

of pressure. This consistency confirms the accuracy of the truncated solution and
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validates the robustness of the numerical approach, even for the anti-symmetric

configuration with a soft end at z = 0.

Re[ϕa1(-L,r)]

Re[ϕa2(-L,r)]
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r
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(b) Imaginary parts

Figure 4.5: With soft closed end: The real and imaginary parts of pressures
versus radius r at interface z = −ℓ, where µ = 1, ℓ = 0.5 and a = 1.

Figure 4.6 illustrates the real and imaginary parts of the normal velocity for the

anti-symmetric problem as a function of the radius at r = 0 on the interface at

z = −ℓ.

It is clearly seen that the real parts of the normal velocity in the regions z < −ℓ

and z > −ℓ coincide at the interface.

Likewise,

the imaginary parts of the normal velocity in these regions match exactly at the

interface, which satisfies the continuity condition for normal velocity.

This agreement reinforces the accuracy of the truncated solution and highlights

the effectiveness of the numerical method under the anti-symmetric configuration
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with a soft end at z = 0.

Re[ϕa1 z(-L,r)]
Re[ϕa2 z(-L,r)]

0.2 0.4 0.6 0.8 1.0
r

-22.0

-21.5

-21.0

-20.5

-20.0

-19.5

-19.0

Re[ϕa jz(-L,r)]

(a) Real parts

Im[ϕa1 z(-L,r)]

Im[ϕa2 z(-L,r)]

0.2 0.4 0.6 0.8 1.0
r

9

10

11

12

Im[ϕa jz(-L,r)]

(b) Imaginary parts

Figure 4.6: With soft closed end: The real and imaginary parts of normal
velocities versus radius r at interface z = −ℓ, where µ = 1, ℓ = 0.5 and a = 1.



Chapter 5

Summary and Conclusion

The thesis thoroughly investigates modal behavior and exceptional points, deliv-

ering key insights into the impact of impedance conditions in waveguide systems.

First acoustic wave propagation in an infinite waveguide, where the region at z > 0

is bounded by a general impedance condition is presented. The problem involves

an EP2 point, which introduces additional complexity in the wave behavior due

to the coupling of modes at the exceptional point.

An extended mode-matching solution is employed to accurately resolve the prob-

lem by considering the continuity of both pressure and velocity at the interface. To

confirm the performed algebra and computational efficiency, the system is trun-

cated by considering a finite number of terms. The numerical results demonstrate

that the solution converges effectively with the selected truncation, highlighting

the accuracy of the method. The analysis shows that increasing the frequency

leads to the excitation of higher-order modes, resulting in more intricate scatter-

ing patterns.

At lower frequencies, the scattering behavior is primarily dominated by the fun-

damental mode, resulting in relatively simple pressure and velocity distributions.

However, as the frequency increases, the interaction between the incident wave and

the duct geometry becomes more pronounced, causing the excitation of additional

modes and the emergence of complex interference patterns.
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In the following analysis, the propagation of waves through modes in a waveguide

with both rigid and soft closed ends is investigated in detail. The extended mode-

matching method is utilized to handle the general impedance conditions involving

EP2. This method enables a comprehensive analysis by accurately capturing the

effects of both symmetric and anti-symmetric modes. The symmetric and anti-

symmetric modes are determined using the mode-matching approach, where the

continuity conditions at the interface are carefully enforced to ensure consistency

across the boundaries. The application of an additional mode within the extended

mode-matching framework allows for precise matching of the continuity conditions

at both rigid and soft closed ends. This improvement enhances the accuracy and

robustness of the numerical solution, ensuring that the computed results reflect

the true physical behavior of the wave propagation in the waveguide. To solve

the problem numerically, the solution is truncated after considering a sufficient

number of modes to capture the essential physics of the system while maintaining

computational efficiency. The pressures and velocity profiles at the interface are

computed and plotted to visualize the wave behavior under the imposed boundary

conditions. The agreement between the computed pressure and velocity profiles

at the interface validates the truncated solution and confirms the accuracy of the

algebraic formulation. The consistency of the results with the imposed boundary

conditions and the smooth transition of the solutions across the interface further

demonstrate the reliability of the extended mode-matching approach for analyzing

wave propagation in complex waveguide structures.
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