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Abstract

This research focuses on the application and enhancement of the Darcy-Forchheimer

model for fluid flow in porous media, considering higher-grade modifications to

account for complex behaviors like non-linearity and heat transfer enhancement.

The study employs the two-level algorithm with coarse and finer mesh strategies to

improve the accuracy and computational efficiency of simulations. The numerical

experiments are conducted using the open-source FreeFEM++ platform, which

facilitates the modeling and solution of coupled flow and heat transfer problems.

The results highlight the significant role of the Forchheimer number in non-linear

flow regimes and demonstrate how mesh refinement enhances the precision of the

computed velocity and temperature distributions. By integrating the two-level

algorithm, the research ensures a balance between computational cost and solu-

tion accuracy, especially for problems involving intricate geometries and boundary

conditions. Additionally, the study investigates the impact of various parameters,

including Reynolds, Prandtl, Forchheimer, Hartmann, Grashof, and Porosity num-

bers, on the system’s performance. This work provides valuable insights for future

studies on fluid dynamics in porous media and contributes to the development of

more efficient simulation techniques for complex engineering applications.
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Chapter 1

Introduction and Literature

Survey

The study of heat equations dates back to the pioneering work of Joseph Fourier

in the 19th century. Fourier in his monograph “The Analytical Theory of Heat”

(1822) introduced the first mathematical formulation of heat conduction, estab-

lishing the foundation for modern thermal analysis [1]. The classical heat equation

is a parabolic partial differential equation (PDE) that describes the distribution

of temperature over time in a given domain. Over the years, researchers extended

Fourier’s work to cover complex scenarios such as transient heat conduction, phase-

change materials, and anisotropic heat diffusion [2] and [3]. The role of heat equa-

tions in various scientific and industrial applications has expanded significantly,

driving researchers to develop improved numerical methods for solving complex

heat transfer problems with high accuracy and computational efficiency [4].

Heat transfer problems arise in various engineering and scientific applications, in-

cluding energy systems, aerospace engineering, biomedical engineering, and elec-

tronics cooling. The three primary modes of heat transfer—conduction, convec-

tion, and radiation—play crucial roles in these applications. Conduction, gov-

erned by Fourier’s law, describes heat flow through solid materials [5]. Convection

involves heat transfer in fluids due to bulk motion, characterized by the Navier-

Stokes and energy equations [6]. Radiation, modeled using the Stefan-Boltzmann

1
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law, accounts for thermal energy exchange without direct contact between sur-

faces [7]. Over time, advancements in computational tools and numerical meth-

ods have enabled more detailed and accurate simulations of heat transfer mecha-

nisms across various disciplines [8]. Recent developments in fluid and heat trans-

port through porous media have highlighted the limitations of classical Darcy’s

law, especially under moderate-to-high velocity conditions. To overcome this, the

Darcy–Forchheimer model has been extensively adopted, incorporating non-linear

inertial effects to more accurately describe flow behavior in porous structures [9].

Several investigations [10] have examined how parameters such as permeability

and the Forchheimer coefficient influence thermal and momentum transport in

porous media. Numerical investigations based on detailed simulations [11] have

provided insights into heat transfer patterns in Forchheimer-type porous media,

contributing to improved understanding of energy-efficient thermal system design.

However, despite these advancements, many existing models still assume ideal-

ized boundary conditions or overlook the impact of coupled heat and momentum

interactions under varying porosity, which this study aims to address. Several

numerical methods have been employed to solve the heat equation, including the

Finite Difference Method (FDM), Finite Volume Method (FVM), Finite Element

Method (FEM), and meshless techniques. Each method has its advantages and

limitations. This Finite difference method discretizes the spatial and temporal

derivatives using difference equations. It is simple and efficient for structured

grids but struggles with complex geometries[3]. The accuracy of FDM is highly

dependent on the grid resolution, and high-order schemes are often required for

improved precision [12]. Finite Volume Method Commonly used in computational

fluid dynamics, FVM ensures local conservation of mass, momentum, and energy,

making it suitable for heat transfer in fluid flow problems [13]. The flexibility

of FVM allows it to handle complex boundary conditions and transient simula-

tions efficiently [14] and [15]. Finite Element method (FEM) is highly versatile

and allows for flexible meshing, making it well-suited for solving heat conduction

problems in complex geometries [16]. Unlike FDM and FVM, FEM can easily in-

corporate anisotropic and heterogeneous materials [17]. The adaptability of FEM

makes it an essential tool in modern engineering applications, including thermal

stress analysis and multiphysics problems [18].Meshless methods like the Radial
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Basis Function (RBF) approach have been explored for heat transfer simulations

without the need for mesh generation [19]. These methods are gaining attention

for problems involving free-surface flows, deformable media, and phase-change

materials, as they eliminate the challenges associated with mesh distortion and

refinement[20, 21].

The heat transfer of porous media has broad applications in environmental engi-

neering, petroleum extraction, and bioengineering. In such systems, the presence

of pores significantly alters the flow behavior and heat conduction mechanisms.

The governing equations for heat transfer in porous media often incorporate both

Darcy’s law and the energy equation, modified to include effective thermal conduc-

tivity [22]. Porous structures play a crucial role in enhancing heat dissipation in

heat exchangers, insulation materials, and catalytic reactors. Recent research has

also explored the impact of fluid flow in porous domains, leading to improved heat

transfer efficiency in industrial processes [23, 24]. Several studies have focused on

numerically simulating magnetically induced flow within rectangular channels, us-

ing higher-order continuum mechanics and tools like FreeFem++. These models,

often based on the micropolar continuum theory, describe the coupled dynamics

of velocity, induction, and microrotation fields under laminar, incompressible flow,

with an applied external magnetic field and corresponding boundary conditions

[25].

The objective of the present study is to analyze the velocity and temperature

profiles of a steady, incompressible, two-dimensional fluid flow and heat transfer

in a rectangular cavity with embedded semi-circular heaters and a lid-driven top

boundary, using the Mixed Finite Element Method (MFEM). The investigation

incorporates the heat equation to examine thermal behavior, considering the influ-

ence of parameters such as the Darcy-Forchheimer number, Reynolds number, and

Hartmann number. By employing the two-level Galerkin finite element method,

the characteristic behavior of the model is effectively captured, providing insights

into fluid dynamics and heat transfer characteristics. Graphical representations

of the dimensionless temperature and velocity fields are provided to illustrate key

findings and physical interpretations.
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1.1 Thesis Contribution

In this thesis, we present a higher-grade Darcy-Forchheimer porous flow model in

a rectangular cavity with three cylindrical heaters positioned at the bottom wall.

The governing dynamics of the flow and heat transfer are formulated using PDEs

and solved by Two-Level FEM. The model is non-dimensionalized through appro-

priate transformations, incorporating key dimensionless parameters such as the

Reynolds number, Prandtl number, Forchheimer number, and Hartmann number.

A weak formulation of the problem is derived and numerically implemented in

FreeFEM++. The computational framework employs two-level methods to en-

hance solution accuracy and efficiency. The study further explores the influence of

different inflow boundary conditions, particularly parabolic inflow, on the velocity

and pressure distribution. The effects of external heat sources and varying heater

temperatures on convective heat transfer are also examined.

Mesh independence of the solutions is carried out, and results are presented in

tabular and graphical forms. The findings are analyzed for different physical pa-

rameters of interest, providing insights into optimizing heat transfer performance

in porous media applications

1.2 Thesis Layout

This thesis is further composed of the following chapters:

• Chapter 2, introduces the fundamental principles of fluid flow and heat

transfer in porous media. It defines key concepts, outlines the governing

equations of fluid motion, and explores the Darcy-Forchheimer model for

non-linear flow through porous structures. The discussion covers the conser-

vation laws of mass, momentum, and energy, emphasizing their formulation

in the presence of external heat sources.

• Chapter 3, explains the finite element method by considering an example

of a second-order non-homogeneous differential equation. The example is



Introduction and Literature Survey 5

used to illustrate the numerical procedure involved in solving such equations

and obtaining reliable computational results.

• Chapter 4, focuses on the numerical investigation of heat transfer and fluid

flow in a porous medium within a two-dimensional rectangular enclosure,

incorporating three semicircular heat sources along the lower boundary and

accounting for the effects of external heating The Darcy-Forchheimer model

is employed to account for non-linear flow characteristics, and the Two-Level

FEM is utilized for the numerical solution. The governing equations (mass,

momentum, and energy conservation) are converted to dimensionless form to

study the problem’s scaled behavior. Carefully selected boundary conditions

ensure physical accuracy in simulating fluid flow and heat transfer dynamics.

For numerical solution, the dimensional equations are first transformed into

dimensionless weak formulations. These are integrated across the compu-

tational domain and converted from strong to weak form using compatible

test functions. The study employs an innovative two-level mesh algorithm

that strategically combines coarse and fine grids . Localized trial functions

generate domain-specific approximations, enabling an optimized Two-Level

FEM approach for the Darcy-Forchheimer model.

The chapter presents comprehensive graphical results demonstrating how key

parameters influence thermal-fluid behavior. These visualizations validate

the effectiveness of the two-level FEM framework in solving complex porous

media problems.

• Chapter 5 Contains the conclusion, summarizing the key findings of this

work and outline potential avenues for further investigation.



Chapter 2

Basic Terminologies

This chapter provides a comprehensive discussion on the fundamental principles,

key terminologies, and governing equations of fluid dynamics. Additionally, it

introduces dimensionless parameters that play a crucial role in the mathematical

formulation and analysis presented in subsequent chapters.

2.1 Fundamental definitions

2.1.1 Fluid

“A fluid will continuously deform when subjected to shear (tangential) stress,

regardless of how small the stress may be.” [26]

2.1.2 Fluid Mechanics

‘Fluid mechanics is the branch of science that studies the behavior of fluids (liquids

or gases) both at rest and in motion.” [27]

2.1.3 Fluid Dynamics

“When pressure forces are also considered in the study of fluids in motion, the

branch of science is known as fluid dynamics.” [27]

6
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2.1.4 Fluid Statics

“Fluid statics is the study of fluids at rest.” [27]

2.1.5 Viscosity

“Viscosity refers to the property of a fluid that resists the movement of one layer

of fluid over another adjacent layer. Mathematically,

µ =
τ
∂u
∂y

, (2.1)

where µ is the viscosity coefficient, τ is the shear stress, and ∂u
∂y

represents the

velocity gradient.” [27]

2.1.6 Kinematic Viscosity

“Kinematic viscosity is the ratio of the dynamic viscosity to the density of a fluid.

It is denoted by the symbol ν, called nu. Mathematically,

ν =
µ

ρ
, (2.2)

where ν is the kinematic viscosity, µ is the dynamic viscosity, and ρ is the density

of the fluid.” [27]

2.1.7 Thermal Conductivity

“The Fourier heat conduction law states that heat flow is proportional to the

temperature gradient. The proportionality constant is known as the thermal con-

ductivity, which may depend on various variables.” [28]



Basic Terminologies 8

2.1.8 Thermal Diffusivity

“The rate at which heat diffuses by conduction through a material depends on the

thermal diffusivity and can be defined as,

α =
k

ρCp

, (2.3)

where α is the thermal diffusivity, k is the thermal conductivity, ρ is the density,

and Cp is the specific heat at constant pressure.” [29]

2.1.9 Mass Density or Density

Mass density, denoted by ρ, is a fundamental property of a substance that repre-

sents its mass per unit volume. It quantifies how much mass is contained within

a given volume and is mathematically expressed as:

ρ =
m

V
, (2.4)

where:

• ρ = Density (kg/m3)

• m = Mass of the substance (kg)

• V = Volume of the substance (m3)

The SI unit of density is kilogram per cubic meter (kg/m3). Density plays

a crucial role in fluid dynamics, determining buoyancy, pressure distribution, and

flow characteristics. Incompressible fluids maintain a constant density, whereas

compressible fluids exhibit density variations under changing pressure and tem-

perature conditions.
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2.1.10 Pressure

Pressure, denoted by P , is defined as the force exerted per unit area on a sur-

face. It describes the intensity of a force acting normally to a given area and is

mathematically expressed as:

P =
F

A
, (2.5)

where:

P Pressure (Pa or N/m2)

F Force applied (N)

A Area over which the force is distributed (m2)

The SI unit of pressure is Pascal (Pa = N/m2). Pressure plays a fundamental

role in fluid mechanics, influencing fluid motion, buoyancy, and the behavior of

gases and liquids under different conditions. In a static fluid, pressure increases

with depth due to the weight of the overlying fluid column, following the hydro-

static pressure equation.

2.2 Types of Fluid

2.2.1 Ideal Fluid

“A fluid that is incompressible and has no viscosity is called an ideal fluid. An

ideal fluid is a theoretical concept, as all real fluids have some viscosity.” [27]

2.2.2 Real Fluid

“A real fluid is a fluid that has viscosity. In practice, all fluids are real fluids.” [27]
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2.2.3 Newtonian Fluid

“A Newtonian fluid is a real fluid in which the shear stress is directly proportional

to the rate of shear strain (or velocity gradient).” [27]

2.2.4 Non-Newtonian Fluid

“A real fluid in which the shear stress is not directly proportional to the rate of

shear strain (or velocity gradient) is called a non-Newtonian fluid. The relationship

between shear stress and velocity gradient for such fluids can be expressed as,

τxy ∝
(
du

dy

)m

, m ̸= 1, (2.6)

or equivalently,

τxy = µ

(
du

dy

)m

, (2.7)

where τxy is the shear stress,
du

dy
is the rate of shear strain, µ is the viscosity, and

m is a constant that is not equal to 1.” [27]

2.3 Types of flow

2.3.1 Rotational Flow

“Rotational flow refers to a type of fluid flow in which fluid particles, while moving

along streamlines, also rotate about their own axis.” [27]

2.3.2 Irrotational Flow

“Irrotational flow refers to a type of fluid flow in which fluid particles, while moving

along streamlines, do not rotate about their own axis.” [27]
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2.3.3 Compressible Flow

“Compressible flow is characterized by changes in fluid density at different points.

In other words, the density (ρ) of the fluid is not constant. Mathematically,

ρ ̸= c, (2.8)

where c is a constant.” [27]

2.3.4 Incompressible Flow

“Incompressible flow refers to a type of flow where the fluid’s density remains

constant. Liquids are typically incompressible, whereas gases are generally com-

pressible. Mathematically,

ρ = c, (2.9)

where c is a constant.” [27]

2.3.5 Steady Flow

“Steady flow occurs when the flow characteristics, such as velocity, depth, or rate

of flow, remain constant over time at any given point in an open channel. Mathe-

matically,
∂Q

∂t
= 0, (2.10)

where Q represents any fluid property.” [27]

2.3.6 Unsteady Flow

“Unsteady flow refers to a flow condition where the velocity, depth, or rate of flow

varies with time at any given point in an open channel. Mathematically,

∂Q

∂t
̸= 0, (2.11)
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where Q represents any fluid property.” [27]

2.3.7 Internal Flow

“Internal flow describes fluid flow that is entirely confined within solid boundaries,

such as in pipes or ducts.” [26]

2.3.8 External Flow

“External flow occurs when a fluid flows around a body that is immersed in an

unbounded fluid domain, such as the flow over an aircraft wing or a cylinder.” [26]

2.4 Modes of Heat Transfer

2.4.1 Heat Transfer

“Heat transfer is a phenomenon focused on the movement of thermal energy from

one location to another within a medium or between different media due to a

temperature difference.” [28]

2.4.2 Conduction

“Conduction refers to the transfer of heat within a material through the process

of diffusion.” [28]

2.4.3 Convection

“Convection is the transfer of heat that occurs through energy transport facilitated

by fluid motion. Heat transfer between two different media via convection follows

Newton’s law of cooling.” [28]
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2.4.4 Advection

“Advection is the transport of heat or matter that occurs purely due to the bulk

motion of a fluid, without involving molecular conduction. It represents the phys-

ical movement of a quantity with the flowing medium.” [28]

2.4.5 Thermal Radiation

“Thermal radiation is radiant energy, in the form of electromagnetic waves, emit-

ted by a medium solely as a result of its temperature.” [28]

2.4.6 Magnetohydrodynamics (MHD)

Magnetohydrodynamics (MHD) refers to the study of the dynamics of electrically

conducting fluids, such as liquid metals, plasmas, saltwater, or electrolytes, under

the influence of electromagnetic fields. It combines the principles of fluid me-

chanics and electromagnetism to describe the behavior of such flows. In MHD,

the interaction between the magnetic field and the moving fluid generates Lorentz

forces, which can significantly alter the flow characteristics.

The governing equations for MHD flow are obtained by coupling the Navier–Stokes

equations with Maxwell’s equations. For incompressible, Newtonian, and electri-

cally conducting fluids, the MHD equations are typically written as, Momentum

Equation:

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+ µ∇2u+ J×B, (2.12)

where:

ρ is the fluid density,

u is the velocity vector,

p is the pressure,

µ is the dynamic viscosity,



Basic Terminologies 14

J is the current density,

B is the magnetic field,

J×B is the Lorentz force per unit volume.

Ohm’s Law (in moving conducting fluid):

J = σ(E+ u×B), (2.13)

where:

σ is the electrical conductivity,

E is the electric field,

u×B is the electromotive force due to fluid motion.

Magnetic Induction Equation (if the magnetic field is time-dependent):

∂B

∂t
= ∇× (u×B) + η∇2B, (2.14)

where η = 1
µ0σ

is the magnetic diffusivity and µ0 is the magnetic permeability of

free space.

2.4.7 Viscoelastic Fluids

“Viscoelastic fluids are those that exhibit both viscous and elastic characteris-

tics when undergoing deformation. These fluids have memory effects, meaning

the stress depends not only on the current strain but also on the history of

deformation.”[30]

2.4.8 Buoyancy forces

“The buoyant force is the net vertical force exerted on a body by the surrounding

fluid. It is equal to the weight of the fluid displaced by the body.”[31]
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2.5 Spaces

2.5.1 Function Spaces

”A function space is a set of functions that share common properties and are

subject to certain conditions, such as continuity, differentiability, or integrability,

and are typically equipped with a norm or inner product that turns them into

vector spaces.”[32]

2.5.2 Hilbert Spaces

“A Hilbert space is a complete inner product space; that is, a vector space equipped

with an inner product such that the norm induced by this inner product makes

the space complete.”[32]

2.6 Dimensionless Numbers

2.6.1 Prandtl Number

The Prandtl number is a dimensionless quantity that describes the relative im-

portance of momentum diffusivity (viscous effects) to thermal diffusivity in a fluid.

It provides insight into the relationship between heat conduction and convection

within the fluid. The mathematical definition of the Prandtl number is given by

Pr =
ν

α
=
µcp
k
, (2.15)

where,

ν =
µ

ρ
is the kinematic viscosity (m2/s),

α =
k

ρcp
is the thermal diffusivity (m2/s),

µ is the dynamic viscosity (Pa · s),

cp is the specific heat capacity at constant pressure (J/kg ·K),
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k is the thermal conductivity (W/m ·K),

ρ is the fluid density (kg/m3).

The Prandtl number classifies heat transfer behavior in fluids:

• For Pr ≪ 1, thermal diffusivity dominates over momentum diffusivity, typ-

ical in liquid metals where heat conduction is highly efficient.

• For Pr ≈ 1, momentum and thermal diffusivities are comparable, as seen in

gases like air.

• For Pr ≫ 1, momentum diffusivity is dominant, characteristic of oils and

highly viscous fluids where heat conduction is relatively slow.

In engineering and scientific applications, the Prandtl number plays a crucial role

in analyzing heat transfer performance in convection processes, influencing thermal

boundary layer development. It is widely used in fluid dynamics, aerodynamics,

and heat exchanger design, ensuring efficient thermal management in industrial

and environmental systems.

2.6.2 Grashof Number

The Grashof number is a dimensionless parameter that quantifies the relative

significance of buoyancy forces to viscous forces in a fluid flow. It is a fundamental

criterion in natural convection, where fluid motion arises due to temperature-

induced density variations rather than external mechanical forces. The mathe-

matical expression for the Grashof number is given by

Gr =
gβ∆TL3

ν2
, (2.16)

where,

g is the gravitational acceleration (m/s2),

β is the thermal expansion coefficient (K−1),

∆T represents the temperature difference (K),
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L is the characteristic length (m), and

ν is the kinematic viscosity of the fluid (m2/s).

A higher Grashof number indicates stronger buoyancy-driven flow, leading to more

pronounced natural convection effects. When Gr is relatively low, viscous forces

suppress buoyancy-induced motion, resulting in negligible convection. In engi-

neering and scientific applications, the Grashof number is particularly useful in

analyzing heat transfer in systems such as electronic cooling, atmospheric convec-

tion, thermal insulation, and industrial heat exchangers. It also plays a crucial role

in determining the transition from laminar to turbulent flow in natural convection,

typically occurring when Gr exceeds 109.

2.6.3 Reynolds Number

The Reynolds number is a dimensionless quantity that characterizes the flow

regime of a fluid by comparing inertial forces to viscous forces. It plays a crucial

role in determining whether a flow is laminar, transitional, or turbulent. The

mathematical expression for the Reynolds number is given by:

Re =
ρUL

µ
=
UL

ν
, (2.17)

where:

ρ is the fluid density (kg/m3),

U is the characteristic velocity of the fluid (m/s),

L is the characteristic length (m),

µ is the dynamic viscosity (Pa · s),

ν = µ
ρ

is the kinematic viscosity (m2/s).

The Reynolds number serves as a key criterion for predicting flow behavior:

• For lower Reynolds numbers (typically Re < 2000 in internal flows), the

fluid motion is generally laminar, exhibiting a smooth and stable profile

with minimal disturbances.



Basic Terminologies 18

• Within an intermediate Reynolds number range (approximately 2000 <

Re < 4000), the flow enters a transitional phase where instabilities may

develop, and the behavior becomes sensitive to disturbances or boundary

effects.

• At higher Reynolds numbers (usually Re > 4000 in pipe flow scenarios), the

flow tends to become turbulent, marked by irregular fluctuations, chaotic

motion, and enhanced mixing.

In engineering and scientific applications, the Reynolds number is widely used to

analyze aerodynamics, pipeline flows, and heat transfer mechanisms. It is funda-

mental in designing efficient fluid transport systems, optimizing flow conditions in

industrial processes, and understanding natural fluid dynamics in environmental

systems.

2.6.4 Hartmann Number

The Hartmann number (Ha) is a dimensionless parameter that quantifies the

influence of a magnetic field on the flow of an electrically conducting fluid, such

as liquid metals or plasmas. It represents the ratio of electromagnetic forces to

viscous forces within the fluid and plays a crucial role in magnetohydrodynamics

(MHD). The mathematical definition of the Hartmann number is given by:

Ha =
BL

√
µρν

, (2.18)

where:

B is the applied magnetic field strength (T ),

L is the characteristic length scale (m),

µ is the dynamic viscosity (Pa · s),

ρ is the fluid density (kg/m3),

ν is the kinematic viscosity (m2/s).

The Hartmann number governs the behavior of MHD flows:
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• For lower Hartmann numbers, viscous forces dominate, and the magnetic

field has a minimal effect on the fluid motion.

• For higher Hartmann numbers, the Lorentz force becomes significant, sup-

pressing velocity fluctuations and leading to a more stabilized flow.

In engineering and physics, the Hartmann number is widely used to analyze MHD

systems, including plasma containment in fusion reactors, liquid metal cooling

in nuclear reactors, and electromagnetic flow control in industrial applications.

It plays a crucial role in optimizing heat transfer and fluid stability under the

influence of a magnetic field.

2.6.5 Forchheimer number

The Forchheimer number (Fr) is a dimensionless parameter used to character-

ize the significance of non-linear inertial effects in porous media flow. It represents

the ratio of inertial forces to viscous forces and is particularly important in high-

velocity flow through porous structures, where Darcy’s law alone is insufficient to

describe the fluid behavior. The Forchheimer number is mathematically defined

as:

Fr =
ρUL

µ
, (2.19)

The Forchheimer number determines the regime of flow in porous media:

• For Fr ≪ 1, the flow is dominated by viscous effects and follows Darcy’s

law.

• For Fr ≫ 1, inertial effects become significant, leading to deviations from

Darcy’s law and requiring the Forchheimer correction term in the momentum

equation.

The Forchheimer correction is widely used in engineering applications, such as

groundwater flow, petroleum reservoir simulations, and heat transfer enhancement
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in porous media. It provides a more accurate representation of fluid movement in

high-velocity and high-porosity conditions where non-linearity cannot be ignored.

2.6.6 Porosity Number

Porosity (λ) is a dimensionless parameter that quantifies the fraction of void

spaces within a porous medium relative to its total volume. It plays a crucial role

in fluid flow, heat transfer, and mass transport in porous structures, such as soils,

rocks, and industrial filters. The mathematical definition of porosity is given by

λ =
Vv
Vt
, (2.20)

where,

Vv is the volume of void spaces (m3),

Vt is the total volume of the porous medium (m3).

Porosity values range between 0 and 1 with:

• High porosity (λ ≈ 1) indicating a highly permeable structure, common

in sand and gravel.

• Low porosity (λ ≈ 0) signifying a compact material, such as dense rock or

concrete.

Porosity influences the permeability of a medium, affecting the movement of fluids

through porous structures. In engineering and geophysics, it is essential for mod-

eling oil reservoirs, groundwater transport, and heat exchangers in porous media

applications.

2.7 Governing Laws of Flow Dynamics

2.7.1 The Continuity Equation

The continuity equation is a fundamental principle in fluid mechanics that ensures

the conservation of mass in a fluid flow system. It states that the rate of mass en-

tering a control volume must be equal to the rate of mass leaving it, provided there
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are no sources or sinks. This equation is applicable to both compressible and in-

compressible flows. The general form of the continuity equation for a compressible

fluid is given by:

∂ρ

∂t
+∇ · (ρV) = 0, (2.21)

where:

ρ is the fluid density (kg/m3),

V = (u, v, w) is the velocity vector with components in the x, y, z directions,

∇ · (ρV) represents the divergence of mass flux,

∂ρ

∂t
is the local rate of change of density over time.

For an incompressible fluid, where the density remains constant, the equation

simplifies to:

∇ ·V =
∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0. (2.22)

This implies that the net volume flux into any control volume is zero. Using the

divergence theorem, the differential form can be integrated over a control volume

V with a control surface S, leading to,

d

dt

∫
V

ρ dV +

∫
S

ρV · dS = 0. (2.23)

This states that the rate of change of mass inside the control volume equals the

net flux of mass across its boundaries.

The continuity equation, along with the Navier-Stokes equations, forms the foun-

dation of computational fluid dynamics (CFD) and is widely used in real-world

engineering and scientific applications.
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2.7.2 The Momentum Equation

The conservation of momentum equation is a fundamental principle in fluid me-

chanics, derived from Newton’s Second Law of Motion. It states that the rate of

change of momentum in a control volume is equal to the sum of external forces

acting on the fluid. This equation plays a crucial role in analyzing fluid dynamics

and is the foundation of the Navier-Stokes equations.

The general form of the momentum equation for a control volume is given by:

∂(ρV)

∂t
+∇ · (ρV ⊗V) = −∇p+∇ · τ + ρg, (2.24)

For an incompressible, Newtonian fluid, the equation simplifies to the Navier-

Stokes equation:

ρ

(
∂V

∂t
+V · ∇V

)
= −∇p+ µ∇2V + ρg, (2.25)

where µ is the dynamic viscosity of the fluid.

The momentum equation accounts for:

• Convective term (V · ∇V): Describes momentum transport due to fluid

motion.

• Pressure gradient (−∇p): Represents the force due to pressure differences.

• Viscous forces (∇ · τ or µ∇2V): Describes internal resistance due to vis-

cosity.

• Body forces (ρg): Includes gravitational and other long-range forces.

Using the Reynolds Transport Theorem, the integral form for a control volume V

with surface S is given by:

d

dt

∫
V

ρVdV +

∫
S

ρV(V · dS) =
∫
S

TdS +

∫
V

ρgdV (2.26)
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where T represents the surface forces acting on the fluid.

The conservation of momentum equation, along with the continuity equation and

energy equation, forms the foundation of computational fluid dynamics (CFD)

and fluid mechanics research.

2.7.3 The Energy Equation

The conservation of energy equation is a fundamental principle in fluid mechanics,

derived from the First Law of Thermodynamics. It states that the total energy

of a fluid system remains constant unless acted upon by external forces such as

heat transfer or work done by external forces. This equation plays a crucial role in

analyzing thermal and mechanical energy interactions in fluid flow. The general

form of the energy equation for a control volume is given by

∂

∂t
(ρe) +∇ · (ρeV) = −∇ · q+ Φ+ ρV · g, (2.27)

where,

e is the specific energy (internal, kinetic, and potential energy per unit

mass),

q is the heat flux vector, representing heat conduction,

Φ represents viscous dissipation, converting mechanical energy into in-

ternal energy,

ρV · g accounts for energy transfer due to gravitational forces.

For an incompressible, Newtonian fluid, the equation simplifies to:

ρCp

(
∂T

∂t
+V · ∇T

)
= κ∇2T + Φ, (2.28)

where, Cp is the specific heat at constant pressure, T is the temperature, and k is

the thermal conductivity of the fluid. The energy equation accounts for:
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• Convective transport (V ·∇T ): Movement of thermal energy due to bulk

fluid motion.

• Conduction (∇2T ): Heat transfer due to molecular interactions.

• Viscous dissipation (Φ): Conversion of kinetic energy into thermal energy.

• External work (ρV · g): Energy added or removed due to external forces.

Using the Reynolds Transport Theorem, the integral form for a control volume V

with surface S is given by:

d

dt

∫
V

ρedV +

∫
S

ρeV · dS =

∫
S

q · dS +

∫
V

ΦdV +

∫
V

ρV · gdV. (2.29)

This equation expresses the balance of energy within a control volume, considering

heat conduction, work done by body forces, and dissipation effects.

The conservation of energy equation, alongside the continuity equation and mo-

mentum equation, forms the foundation of computational fluid dynamics (CFD)

and thermal-fluid analysis.

2.8 Heat Transfer Phenomenon

Heat and mass transfer are fundamental processes in engineering and natural sys-

tems. These phenomena govern energy and material transport and play a crucial

role in various industrial and environmental applications. Below are the primary

mechanisms through which heat and mass transfer occur.

2.8.1 Conduction

Conduction is the process of heat transfer through a stationary medium, such

as a solid or a non-moving fluid, due to molecular vibrations and free electron
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movement. This mode of heat transfer is governed by Fourier’s law:

q = −k∇T, (2.30)

where, q is the heat flux, k is the thermal conductivity, and ∇T represents the

temperature gradient. Conduction is significant in applications such as heat ex-

changers, insulation materials, and solid structures.

2.8.2 Convection

Convection refers to heat transfer due to the movement of a fluid. It is further

classified into,natural and forced convection.

• Natural (free) convection: Occurs due to buoyancy forces induced by

temperature variations within the fluid.

• Forced convection: Occurs when an external force, such as a fan, pump,

or wind, drives the fluid motion.

The rate of convective heat transfer is described by Newton’s law of cooling:

q = h(Ts − T∞), (2.31)

where, h is the convective heat transfer coefficient, Ts is the surface temperature,

and T∞ is the ambient fluid temperature.

2.8.3 Radiation

Radiation is the transfer of heat through electromagnetic waves. The energy emit-

ted is governed by the Stefan-Boltzmann law:

Q = σεAT 4, (2.32)

where, σ is the Stefan-Boltzmann constant, ε is the emissivity of the surface, A is

the surface area, and T is the absolute temperature.
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2.9 Porous Media

Porous media refer to materials that contain a network of interconnected voids or

pores, allowing the flow of fluids such as gases or liquids through them. These

media are prevalent in both natural and engineered systems, including soil, bi-

ological tissues, packed bed reactors, geothermal reservoirs, and fuel cells. The

study of porous media is essential in fields such as fluid mechanics, heat transfer,

petroleum engineering, hydrogeology, and biomedical engineering. The complex-

ity of flow and transport phenomena in porous media arises from the interaction

between the solid matrix and the fluid, requiring specialized mathematical models

to describe their behavior accurately.

The governing equations in porous media are modifications of classical conser-

vation laws. The continuity equation remains valid, ensuring mass conservation.

However, the momentum equation is modified to account for resistance due to

the porous matrix. In low-velocity regimes, Darcy’s law governs fluid flow, ex-

pressing a linear relationship between the pressure gradient and velocity, where

permeability dictates the ease of flow. For higher velocities, the Forchheimer term

is added to capture inertial effects, making the equation nonlinear. Similarly, the

energy equation must consider effective thermal properties such as heat capacity

and conductivity, which depend on the porosity and material composition of both

the solid and fluid phases. In cases where the solid and fluid phases have distinct

temperatures, a dual-phase energy model is required, introducing additional heat

transfer terms that account for interactions between the phases.

The significance of porous media extends across various engineering and scientific

applications. In petroleum engineering, understanding fluid flow through porous

rock formations is critical for oil and gas extraction. In hydrogeology, the move-

ment of water through soil and aquifers determines groundwater availability and

contamination transport. Biomedical engineering relies on porous media principles

for modeling blood flow in tissues and drug delivery through porous membranes.

In energy systems, porous structures play a key role in optimizing heat exchang-

ers, improving fuel cell efficiency, and enhancing thermal energy storage. Due to
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the vast range of applications, researchers continually develop advanced numeri-

cal methods and experimental techniques to analyze and optimize flow and heat

transfer within porous structures, leading to innovations in engineering design and

environmental sustainability.

2.10 Darcy Forchheimer Porous Flow

The Darcy-Forchheimer model describes fluid flow through porous media by in-

corporating both viscous and inertial effects. It extends Darcy’s law by adding

a non-linear Forchheimer term to account for high-velocity flow resistance. This

model is essential for applications like packed bed reactors, geothermal systems,

and filtration processes.A detailed explanation of each part is provided below.

2.10.1 Darcy’s Law

Darcy’s law is a fundamental equation that describes the flow of a fluid through a

porous medium. It was formulated by Henry Darcy in 1856 based on experimental

observations of water flow through sand filters. The law establishes a linear rela-

tionship between the fluid velocity and the pressure gradient under laminar flow

conditions. Mathematically, it is expressed as:

V = −K
µ
∇P, (2.33)

where,

V is the velocity (or specific discharge) [m/s],

K is the permeability of the porous medium [m²],

µ is the dynamic viscosity of the fluid [Pa·s],

∇P is the pressure gradient [Pa/m].

The law is valid only for low Reynolds number flow, where inertial effects are

negligible.The porous structure is assumed to have uniform properties. For high-

velocity flows, Darcy’s law is extended by adding a Forchheimer term to account

for inertial effects, leading to the Darcy-Forchheimer equation.
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2.10.2 Forchheimer’s Law

Forchheimer’s law is an extension of Darcy’s law, which accounts for the inertial

effects in fluid flow through porous media. While Darcy’s law assumes a linear rela-

tionship between velocity and pressure gradient, it is valid only for slow (laminar)

flow. However, at higher velocities, inertial effects become significant due to flow

acceleration and turbulence within the pores, leading to deviations from Darcy’s

linear behavior. Forchheimer introduced an additional quadratic correction term

to capture these effects, resulting in the Darcy-Forchheimer equation,

V = −K
µ
∇P − βρ|V|V, (2.34)

where,

• K is the permeability of the porous medium [m²],

• µ is the dynamic viscosity of the fluid [Pa·s],

• β is the Forchheimer coefficient, which depends on the porosity and structure

of the medium,

• ρ is the fluid density [kg/m³],

• V is the Darcy velocity [m/s],

• ∇P is the pressure gradient [Pa/m].

Unlike Darcy’s law, Forchheimer’s model captures deviations from linearity at high

flow rates. The quadratic term represents energy losses due to inertial effects

within the porous medium. Used in systems where flow speeds exceed the Darcy

regime, such as packed bed reactors, porous heat exchangers, and geothermal

reservoirs.

Forchheimer’s correction is crucial in real-world engineering applications where

simple Darcy’s law fails to predict flow accurately, making it essential for porous

media flow analysis under turbulent or transition regimes.



Chapter 3

Fundamentals of the Finite

Element Method

3.1 Introduction

The accurate numerical analysis of fluid flow and heat transfer problems re-

quires robust computational techniques. Among these, the Finite Element Method

(FEM) has emerged as a powerful tool for solving complex engineering and physics-

based problems. FEM provides a systematic approach to discretizing partial dif-

ferential equations (PDEs) over a given domain, enabling efficient numerical ap-

proximation of solutions.

The chapter is structured as follows:

First, we provide a brief overview of FEM fundamentals, followed by a discussion of

various FEM techniques commonly used in computational fluid dynamics (CFD)

and heat transfer problems.

Next, we present the mathematical formulation of the concerned problem, includ-

ing the governing equations, boundary conditions, and non-dimensionalization.

Finally, we outline the numerical implementation using Two-Level Galerkin FEM,

which ensures a stable and accurate solution framework.

29
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3.2 Formulation of FEM Model

The formulation of the FEM is based on four fundamental approaches: direct

approach, Variational approach, weighted residual approach, and energy balance

approach. The direct approach is primarily used for simple structural problems,

where equilibrium equations are formulated directly. The variational approach re-

lies on the principle of minimum potential energy to derive the governing equations,

making it widely applicable in solid mechanics. The weighted residual approach,

including the Galerkin method, minimizes the residual error over the domain to

obtain an approximate solution. Lastly, the energy balance approach is based on

the principles of energy conservation and is commonly used in thermal and fluid

mechanics problems. These approaches serve as the foundation for assembling the

element stiffness matrix and force vector in FEM analysis.

3.2.1 Weighted Residual Method

The Weighted Residual Method (WRM) is a fundamental approach in the for-

mulation of the FEM used to approximate the solutions of differential equations

governing physical phenomena. The method is based on minimizing the residual

error that arises when an approximate solution does not exactly satisfy the gov-

erning equation over the entire domain. The idea is to ensure that the residual,

when weighted by a set of test functions, is minimized to achieve the best possible

approximation.

Mathematically, if a differential equation is expressed as:

L(u) = f, in Ω,

where L is the differential operator, u is the unknown function, and f is a given

source term, an approximate solution uh generally does not satisfy the equation

exactly, resulting in a residual R:

R = L(uh)− f.
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In WRM, the residual is forced to be orthogonal to a set of weight functions wi

over the domain Ω: ∫
Ω

wiRdΩ = 0, i = 1, 2, . . . , N,

where, wi are carefully chosen functions to ensure stability and accuracy of the

solution. Different choices of weight functions lead to various WRM techniques,

including: Collocation Method, where weight functions are Dirac delta functions,

ensuring the residual is zero at discrete points. Subdomain Method, where the

residual is minimized over subdomains of Ω. Least Squares, which minimizes

the squared residual over the entire domain. Galerkin Method, where the weight

functions are chosen to be the same as the shape functions used to approximate uh,

making it one of the most widely used methods in FEM. More among these, the

Galerkin method is particularly significant in FEM as it ensures consistency with

the weak form of the governing equation, leading to symmetric and stable system

matrices. The Weighted Residual Method provides a systematic framework for

deriving finite element formulations and is widely applied in structural mechanics,

fluid dynamics, and heat transfer problems.

In the finite element formulation, the discretized system of equations obtained

using WRM is generally represented in matrix form as:

[A]{U} = {F},

where, [A] is the global stiffness matrix (or system matrix), {U} is the nodal

unknown vector (such as displacement, temperature, or velocity), and {F} is the

global force (or load) vector. More here this equation forms the basis for solving

FEM problems, where [A] is assembled from individual element contributions, and

boundary conditions are applied before solving for {U}. The solution of this system

provides an approximation to the original differential equation while maintaining

numerical stability and accuracy. The stiffness matrix [A] is assembled from the

contributions of individual elements using the principle of summation over all

elements:

[A] =
ne∑
e=1

[A]e. (3.1)

Similarly, the force vector is assembled as:
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{F} =
ne∑
e=1

{F}e, (3.2)

where, ne is the total number of elements, and [A]e and {F}e are the element-

wise stiffness matrices and force vectors, respectively. This summation process

ensures that local element contributions are correctly integrated into the global

system, maintaining consistency with the overall domain behavior.Moreover, this

summation-based approach is a fundamental aspect of FEM, ensuring that the

system accurately represents the physical problem being modeled. Once the sys-

tem equations are assembled, appropriate boundary conditions are applied before

solving for the unknown nodal values.

3.2.2 Example(One- Dimensional Problem)

Consider the differential equation:

d2u

dx2
+ x = 0, for 0 ≤ x ≤ 1, (3.3)

with boundary conditions:

u(0) = 0, u(1) = 0. (3.4)

Approximate Solution Form: We assume a trial solution that satisfies the

boundary conditions:

u(x) = a1x(1− x). (3.5)

Here, a1 is an unknown coefficient to be determined.

Residual Formulation: Substituting the assumed solution into the differential

equation:

R(x) =
d2

dx2
[a1x(1− x)] + x. (3.6)

Computing the derivatives:
du

dx
= a1(1− 2x), (3.7)
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d2u

dx2
= −2a1. (3.8)

Thus, the residual becomes:

R(x) = −2a1 + x. (3.9)

Applying the Galerkin Method: The Galerkin method enforces:

∫ 1

0

R(x)W (x) dx = 0, (3.10)

where, the weight function is chosen as the same form as the trial function:

W (x) = x(1− x). (3.11)

Thus, we have: ∫ 1

0

(−2a1 + x)x(1− x) dx = 0. (3.12)

Solving for a1 Expanding the integral:

−2a1

∫ 1

0

x(1− x) dx+

∫ 1

0

x2(1− x) dx = 0. (3.13)

Computing the integrals: ∫ 1

0

x(1− x) dx =
1

6
, (3.14)

∫ 1

0

x2(1− x) dx =
1

12
. (3.15)

Thus, the equation simplifies to:

−2a1 ×
1

6
+

1

12
= 0. (3.16)

Solving for a1:

a1 =
1

4
. (3.17)

Final Approximate Solution: Thus, the approximate solution is:

u(x) =
1

4
x(1− x). (3.18)
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3.3 Galerkin Finite Element Method

The Galerkin Finite Element Method (GFEM) is a widely used numerical tech-

nique for solving partial differential equations encountered in engineering and ap-

plied sciences. The method systematically transforms a continuous problem into

a discrete system, making it computationally feasible. This section provides an

in-depth discussion of GFEM, covering domain discretization, weak formulation,

basis function selection, discretization, assembly, and solution of the global system,

along with error estimation and convergence analysis.

Discretized Domain: To apply GFEM, the physical domain Ω is partitioned

into a finite number of non-overlapping subdomains called finite elements. This

process is known as mesh generation, and the quality of the mesh significantly

impacts accuracy and computational efficiency. The nodes within these elements

serve as reference points for approximating the solution. The choice of element

type (linear, quadratic, etc.) plays a crucial role in the accuracy of the method.

Strong Form to Weak Form Transformation: A general linear second-order

PDE in its strong form is given by:

Lu = f, in Ω, (3.19)

where L is a differential operator, u is the unknown function, and f is a given

source term.

To relax differentiability constraints, the weak form is obtained by multiplying the

equation by a test function W and integrating over the domain:

∫
Ω

W (Lu− f) dx = 0. (3.20)

Applying integration by parts transfers derivatives from u toW , ensuring a weaker

continuity requirement and making the formulation more suitable for numerical

implementation.
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Approximate Function Space and Selection of Basis Functions: The exact

solution u belongs to an infinite-dimensional function space. GFEM approximates

this solution using a finite-dimensional subspace spanned by basis functions ϕi(x).

The test functions in GFEM are chosen to be the same as the basis functions, a

principle known as the Galerkin method:

Wi = ϕi. (3.21)

Galerkin Discretization and Representation of Approximate Solution:

The approximate solution uh is expressed as:

uh =
N∑
i=1

aiϕi(x), (3.22)

where ai, are unknown coefficients. Substituting this into the weak form leads to

the discretized system:

N∑
j=1

aj

∫
Ω

ϕiLϕj dx =

∫
Ω

ϕif dx, ∀i. (3.23)

This forms a linear system Ka = F, where K is the stiffness matrix, a is the

coefficient vector, and F is the force vector.

Local Element Formulation and Global System Assembly: The weak form

integral is computed over individual elements before assembling the global system.

The local stiffness matrix and load vector for an element e are:

Ke
ij =

∫
Ωe

ϕiLϕj dx, F e
i =

∫
Ωe

ϕif dx. (3.24)

These local contributions are summed to construct the global system.

Boundary Conditions and System Solution: The boundary conditions mod-

ify the final system and can be of following two types

i) Dirichlet conditions: Enforced by prescribing values of uh at boundary

nodes.
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ii) Neumann conditions: Incorporated naturally in the weak formulation.

Solving Ka = F gives the coefficients ai, reconstructing the approximate solution.

Error Estimation and Convergence Analysis: Accuracy depends on mesh

resolution, basis function order, and numerical integration techniques. The error

is measured using the L2 norm:

∥u− uh∥L2 =

(∫
Ω

|u− uh|2 dx
)1/2

. (3.25)

Refinement techniques such as h-refinement (reducing element size) and p-refinement

(increasing polynomial degree) improve accuracy.

Conclusion The GFEM provides a structured approach to solving PDEs, balanc-

ing computational efficiency with accuracy. Through domain discretization, weak

formulation, and systematic assembly, GFEM remains a cornerstone of numerical

simulation in scientific and engineering applications.

3.3.1 Example(Two-Dimensional Problem)

We solve the steady-state heat conduction equation in a 2D rectangular plate:

−∇ · (k∇T ) = Q in Ω, (3.26)

where, T (x, y) is the temperature field, k is the thermal conductivity (assumed

constant), and more here Q(x, y) is a heat source term.

The Boundary Conditions are

• T = 0, on the left and right edges.

•
∂T

∂n
= 0, (insulated) on the top and bottom edges.

The domain is a rectangular plate:

Ω = {(x, y) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}. (3.27)
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Weak Formulation Multiplying by a test function v(x, y) and integrating over

Ω:

∫
Ω

(−k∇2T )v dΩ =

∫
Ω

Qv dΩ. (3.28)

Applying integration by parts (Green’s theorem):

∫
Ω

k∇T · ∇v dΩ−
∫
∂Ω

k(∇T · n)v dΓ =

∫
Ω

Qv dΩ. (3.29)

Since, Neumann boundary condition gives ∂T
∂n

= 0, the boundary integral in equa-

tion (3.29) vanishes.

⇒

∫
Ω

k∇T · ∇v dΩ =

∫
Ω

Qv dΩ. (3.30)

Finite Element Approximation: Approximating T using finite element basis

functions:

Th =
N∑
i=1

Tiϕi(x, y), (3.31)

with basis functions ϕi(x, y) (also know as hat functions). The Galerkin formula-

tion becomes:

N∑
i=1

Ti

∫
Ω

k∇ϕi · ∇ϕj dΩ =

∫
Ω

Qϕj dΩ, ∀j = 1, 2, 3...N (3.32)

This gives the system:

KT = F , (3.33)

where, Kij =
∫
Ω
k∇ϕi · ∇ϕj dΩ is a stiffness metrix, Fj =

∫
Ω
Qϕj dΩ is the load

vector and T = [T1, T2, ..., TN ] is the unknown temperature vector.
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Mesh Generation and Discretization: The domain is discretized into trian-

gular elements with linear shape functions. For each element:

ϕi(x, y) = ai + bix+ ciy. (3.34)

Assembly of Global System: After computing local element matrices, we as-

semble the global system:

KT = F . (3.35)

Solving the System We solve:

KT = F , (3.36)

using numerical solvers such as Direct methods (Gaussian elimination) and Itera-

tive methods (Conjugate Gradient, Multigrid).



Chapter 4

Mathematical Modeling of a

Two-Dimensional Higher-Order

Darcy-Forchheimer Flow in

Porous Media

4.1 Problem Description

In this study, we investigate the flow and heat transfer characteristics within a

lid-driven rectangular domain with three semicircular heated boundaries along

the bottom wall. The computational domain consists of a rectangular enclosure,

where all boundaries are stationary and subjected to no-slip boundary conditions

(i.e, u = v = 0), except for the top horizontal wall, on which a uniform horizontal

velocity of u = 1 is imposed, while maintaining v = 0, as illustrated in Fig

4.1. The physical setup consists of a closed rectangular fluid domain filled in

a porous medium. The top wall is adiabatic, meaning that it does not allow

any heat transfer through it. At the bottom boundary of the domain, there are

three semicircular heat sources with diameter, denoted by d. These semicircular

elements maintain a uniform temperature that is higher than the temperature of

the vertical walls. The entire system is influenced by gravity acting in the vertical

y- direction.
39
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This geometrical configuration is of significant interest in the study of convective

heat transfer, particularly in applications involving porous enclosures, thermal

management systems, and microscale fluidic devices.

Figure 4.1: Schematic representation of the problem domain.

4.1.1 Dimensional Form of the Governing Equations

On account of the above discussion, now we are able to describe dimensional form

of the governing equations for the proposed problem. For a two-dimensional flow

field with constant fluid density, the dimensional form of the continuity equation

in component form is given by:

∂u

∂x
+
∂v

∂y
= 0

The x-component of the momentum equation is given by [33]

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=

1

ρ

[
−∂p
∂x

+

(
µ+ α1

∂

∂t

)((
2
∂2u

∂x2
+

∂2v

∂x∂y
+
∂2u

∂y2

)
− φ

K
u

)
+ α1

∂

∂x

[
2

(
u
∂2u

∂x2
+ v

∂2u

∂x∂y

)
+

(
∂v

∂x

)2

−
(
∂u

∂y

)2
]

+ α1
∂

∂y

[
(u
∂2v

∂x2
+ v

∂2v

∂x∂y
+ u

∂2u

∂x∂y
+ v

∂2u

∂y2
− ∂u

∂x

∂v

∂x
+
∂v

∂x

∂v

∂y

+
∂u

∂x

∂u

∂y
− ∂u

∂y

∂v

∂y
)−

(
CFρφ√
K

u2
)]

+

(
− σB2

0u+ ρgx(β0)(θ − θ0)

)
. (4.1)
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The y-component of momentum equation is given by

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
=

1

ρ[
−∂p
∂y

+

(
µ+ α1

∂

∂t

)((
2
∂2v

∂y2
+

∂2u

∂x∂y
+
∂2v

∂x2

)
− φ

K
v

)
+ α1

∂

∂x

[(
u
∂2v

∂x2
+ u

∂2u

∂x∂y

)
+ v

∂2u

∂y2
+ v

∂2v

∂y∂x
+
∂u

∂x

∂u

∂y
− ∂u

∂y

∂v

∂y

−∂v
∂x

∂u

∂x
+
∂v

∂y

∂v

∂x

]
+ α1

∂

∂y

[(
2u

∂2v

∂x∂y
+ 2v

∂2v

∂y2
+ (

∂u

∂y
)2

+ 4(
∂v

∂y
)2 − 4

∂2v

∂y2
− (

∂v

∂x
)2
)
−
(
CFρφ√
K

v2
)]

+

(
− σB2

0v + ρgy(β0)(θ − θ0)

)
. (4.2)

The Energy equation is given as

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
=

k

ρCp

(
∂2θ

∂x2
+
∂2θ

∂y2

)
. (4.3)

The associated conditions of the problem on the computational domain in Fig 4.1

are described as follows:

• On the left wall (Γ3) of the domain:

u = 0, v = 0, and θ = θc. (4.4)

• On the right wall (Γ3) of the domain:

u = v = 0, and θ = θc. (4.5)

• On the bottom wall (Γ2)

u = v = 0, and θ = θc, on flatted boundary (4.6)

and

u = v = 0, and θ = 100, on circular heater. (4.7)
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• On the top wall (Γ1) of the domain:

v = 0, θ = θc, and u = 1. (4.8)

To non-dimensionlize equations (4.1) -(4.3) let us define the following transfor-

mations.

Let

x̂ =
x

L
, ŷ =

y

L
, û =

u

u0
, v̂ =

v

u0
, t̂ =

u0
L
t, and P =

p

ρu20
. (4.9)

4.2 Conversion of the Dimensional Equations into

Dimensionless form

To convert equations (4.1)-(4.3) into the dimensionless form, certain derivatives

are calculated which have been shown here in this sub-section.

• x̂ =
x

L
⇒ ∂x̂

∂x
=

1

L
.

• ŷ =
y

L
⇒ ∂ŷ

∂y
=

1

L
.

• û =
u

u0
⇒ u = u0û.

• v̂ =
v

u0
⇒ v = u0v̂.

• t̂ =
u0
L
t ⇒ ∂t̂

∂t
=
u0
L
.

•
∂u

∂t
=
∂u

∂t̂

∂t̂

∂t
=

∂

∂t̂
(u)

∂

∂t
(t) =

∂

∂t̂
(u0û)

u0
L

= u0
∂û

∂t̂

u0
L

=
u20
L

∂û

∂t̂
.

•
∂v

∂t
=
∂v

∂t̂

∂t̂

∂t
=

∂

∂t̂
(v)

∂

∂t
(t) =

∂

∂t̂
(u0v̂)

u0
L

= u0
∂v̂

∂t̂

u0
L

=
u20
L

∂v̂

∂t̂
.

•
∂u

∂x
=
∂u

∂x̂

∂x̂

∂x
=

∂

∂x̂
(u)

∂

∂x
(x̂) =

∂

∂x̂
(u0û)

1

L
=
u0
L

∂û

∂x̂
.

•
∂u

∂y
=
∂u

∂ŷ

∂ŷ

∂y
=

∂

∂ŷ
(u)

∂

∂y
(ŷ) =

∂

∂ŷ
(u0û)

1

L
=
u0
L

∂û

∂ŷ
.
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•
∂v

∂x
=
∂v

∂x̂

∂x̂

∂x
=

∂

∂x̂
(v)

∂

∂x
(x̂) =

∂

∂x̂
(u0v̂)

1

L
=
u0
L

∂v̂

∂x̂
.

•
∂v

∂y
=
∂v

∂ŷ

∂ŷ

∂y
=

∂

∂ŷ
(v)

∂

∂y
(ŷ) =

∂

∂ŷ
(u0v̂)

1

L
=
u0
L

∂v̂

∂ŷ
.

•
(
∂u

∂y

)2

=

(
uo
L

∂û

∂ŷ

)2

=
u2o
L2

(
∂û

∂ŷ

)2

.

•
(
∂v

∂x

)2

=

(
uo
L

∂v̂

∂x̂

)2

=
u2o
L2

(
∂v̂

∂x̂

)2

.

•
(
∂v

∂y

)2

=

(
uo
L

∂v̂

∂ŷ

)2

=
u2o
L2

(
∂v̂

∂ŷ

)2

.

•
∂2u

∂x2
=

∂

∂x

(
∂u

∂x

)
=

∂

∂x

(
uo
L

∂û

∂x̂

)
=

∂

∂x

(
uo
L

∂û

∂x̂

)
=
uo
L2

∂2û

∂x̂2
.

•
∂2u

∂y2
=

∂

∂y

(
∂u

∂y

)
=

∂

∂y

(
uo
L

∂û

∂ŷ

)
=

1

L

(
uo
L

∂û

∂ŷ

)
=
uo
L2

∂2û

∂ŷ2
.

•
∂2v

∂x2
=

∂

∂x

(
∂v

∂x

)
=

∂

∂x

(
uo
L

∂v̂

∂x̂

)
=

1

L

(
uo
L

∂v̂

∂x̂

)
=
uo
L2

∂2v̂

∂x̂2
.

•
∂2v

∂y2
=

∂

∂y

(
∂v

∂y

)
=

∂

∂y

(
uo
L

∂v̂

∂ŷ

)
=

1

L

(
uo
L

∂v̂

∂ŷ

)
=
uo
L2

∂2v̂

∂ŷ2
.

•
∂2u

∂x∂y
=

∂

∂x

(
∂u

∂y

)
=

1

L

∂

∂x̂

(
uo
L

∂û

∂ŷ

)
=
uo
L2

∂2û

∂x̂∂ŷ
.

•
∂2v

∂x∂y
=

∂

∂x

(
∂v

∂y

)
=

1

L

∂

∂x̂

(
uo
L

∂v̂

∂ŷ

)
=
uo
L2

∂2v̂

∂x̂∂ŷ
.

• u
∂u

∂x
= (uoû)

uo
L

∂û

∂x̂
=
u2o
L
û
∂û

∂x̂
.

• v
∂u

∂y
= (uov̂)

uo
L

∂û

∂ŷ
=
u2o
L
v̂
∂û

∂ŷ
.

• u
∂v

∂x
= (uoû)

uo
L

∂v̂

∂x̂
=
u2o
L
û
∂v̂

∂x̂
.

• v
∂v

∂y
= (uov̂)

uo
L

∂v̂

∂ŷ
=
u2o
L
v̂
∂v̂

∂ŷ
.

• u
∂2u

∂x2
= (uoû)

uo
L2

∂2û

∂x̂2
=
u2o
L2
û
∂2û

∂x̂2
,

• u
∂2v

∂x2
= (uoû)

uo
L2

∂2v̂

∂x̂2
=
u2o
L2
û
∂2v̂

∂x̂2
.
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• v
∂2u

∂y2
= (uov̂)

uo
L2

∂2û

∂ŷ2
=
u2o
L2
v̂
∂2û

∂ŷ2
.

• v
∂2v

∂y2
= (uov̂)

uo
L2

∂2v̂

∂ŷ2
=
u2o
L2
v̂
∂2v̂

∂ŷ2
.

• v
∂2u

∂x∂y
= (uov̂)

uo
L2

∂2û

∂x̂∂ŷ
=
u2o
L2
v̂
∂2û

∂x̂∂ŷ
.

• v
∂2v

∂x∂y
= (uov̂)

uo
L2

∂2v̂

∂x̂∂ŷ
=
u2o
L2
v̂
∂2v̂

∂x̂∂ŷ
.

• u
∂2u

∂x∂y
= (uoû)

uo
L2

∂2û

∂x̂∂ŷ
=
u2o
L2
û
∂2û

∂x̂∂ŷ
.

• u
∂2v

∂x∂y
= (uoû)

uo
L2

∂2v̂

∂x̂∂ŷ
=
u2o
L2
û
∂2v̂

∂x̂∂ŷ
.

•
∂u

∂x

∂v

∂x
=
uo
L

∂û

∂x̂

uo
L

∂v̂

∂x̂
=
u2o
L2

∂û

∂x̂

∂v̂

∂x̂
.

•
∂u

∂y

∂v

∂y
=
uo
L

∂û

∂ŷ

uo
L

∂v̂

∂ŷ
=
u2o
L2

∂û

∂ŷ

∂v̂

∂ŷ
.

•
∂u

∂x

∂u

∂y
=
uo
L

∂û

∂x̂

uo
L

∂û

∂ŷ
=
u2o
L2

∂û

∂x̂

∂û

∂ŷ
.

•
∂v

∂x

∂v

∂y
=
uo
L

∂v̂

∂x̂

uo
L

∂v̂

∂ŷ
=
u2o
L2

∂v̂

∂x̂

∂v̂

∂ŷ
.

• θ̂ =
θ − θo
θo

⇒ θ = θo + θoθ̂ = θo(1 + θ̂).

•
∂θ

∂t
=

∂

∂t
(θ) =

∂

∂t̂

∂t̂

∂t
(θ) =

∂

∂t̂

uo
L
(θ) =

uo
L

∂

∂t̂
(θo + θoθ̂) =

uo
L
θo
∂θ̂

∂t̂
.

• ρ(Cp)
∂θ

∂t
= ρ(Cp)

µ

ρL2
θo
∂θ̂

∂t̂
=

(Cp)µ

L2
θo
∂θ̂

∂t̂
.

•
∂θ

∂x
=

∂

∂x
(θ) =

∂

∂x̂

∂x̂

∂x
(θ) =

∂

∂x̂

1

L
(θ) =

1

L

∂

∂x̂
(θo + θoθ̂) =

1

L
θo
∂θ̂

∂x̂
=
θo
L

∂θ̂

∂x̂
.

•
∂2θ

∂x2
=

∂

∂y

(
∂θ

∂y

)
=

∂

∂x̂

∂

∂x̂

(
θoθ̂

L

)
=

∂

∂x̂

1

L

(
θo
L

∂θ̂

∂x̂

)
=
θo
L2

∂2θ̂

∂x̂2
.

•
∂θ

∂y
=

∂

∂y
(θ) =

∂

∂ŷ

∂ŷ

∂y
(θ) =

∂

∂ŷ

1

L
(θ) =

1

L

∂

∂ŷ
(θo + θoθ̂) =

1

L
θo
∂θ̂

∂ŷ
=
θo
L

∂θ̂

∂ŷ
.

•
∂2θ

∂y2
=

∂

∂y

(
∂θ

∂y

)
=

∂

∂ŷ

∂ŷ

∂y

(
θoθ̂

L

)
=

∂

∂ŷ

1

L

(
θo
L

∂θ̂

∂ŷ

)
=
θo
L2

∂2θ̂

∂ŷ2
.
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Equation (4.1) becomes:

∂u

∂t
+u

∂u

∂x
+ v

∂u

∂y
=

1

ρ

[
− ∂p

∂x
+

(
µ+ α1

∂

∂t

){
2
∂2u

∂x2
+

(
∂2v

∂x∂y
+
∂2u

∂y2

)
− φ

K
u

}]

+ α1
∂

∂x

[
2

(
u
∂2u

∂x2
+ v

∂2u

∂x∂y

)
+

(
∂v

∂x

)2

−
(
∂u

∂y

)2
]

+ α1
∂

∂y

[
u
∂2v

∂x2
+ u

∂2u

∂x∂y
+ v

∂2v

∂x∂y
+ v

∂2u

∂y2
− ∂v

∂x

∂u

∂x
− ∂v

∂y

∂v

∂x
− ∂u

∂x

∂u

∂y
+
∂u

∂y

∂v

∂y

]

−
(
cFρφ√
K

)
u2 − σB2

0u+ ρgx(βθ)(θ − θ0). (4.10)

⇒

u2o
L

∂û

∂t̂
+
u2o
L
û
∂û

∂x̂
+
u2o
L
v̂
∂û

∂ŷ
=

1

ρ

[
− ∂p

∂x
+

(
µ+ α1

∂

∂t̂

∂t̂

∂t

){

2
uo
L2

∂2û

∂x̂2
+
uo
L2

∂2v̂

∂x̂∂ŷ
+
uo
L2

∂2û

∂ŷ2
− φ

K
uoû

}]

+ α1
∂

∂x̂

∂x̂

∂x

[
2

(
u2o
L2
û
∂2û

∂x̂2
+
u2o
L2
v̂
∂2û

∂x̂∂ŷ

)
+
u2o
L2

∂2v̂

∂x̂2
− u2o
L2

∂2û

∂ŷ2

]

+ α1
∂

∂ŷ

∂ŷ

∂y

[
u2o
L2
û
∂2v̂

∂x̂2
+
u2o
L2
û
∂2û

∂x̂∂ŷ
+
u2o
L2
v̂
∂2v̂

∂x̂∂ŷ
+
u2o
L2
v̂
∂2û

∂ŷ2

− u2o
L2

∂v̂

∂x̂

∂û

∂x̂
+
u2o
L2

∂v̂

∂ŷ

∂v̂

∂x̂
+
u2o
L2

∂û

∂x̂

∂û

∂ŷ
− u2o
L2

∂û

∂ŷ

∂v̂

∂ŷ

]

−
(
cFρφ√
K

)
(uoû)

2 − σB2
o(uoû). (4.11)

⇒

u2o
L

∂û

∂t̂
+
u2o
L
û
∂û

∂x̂
+
u2o
L
v̂
∂û

∂ŷ
=

1

ρ

[
− ∂p

∂x
+

(
µ+ α1

∂

∂t̂

uo
L

){
2
uo
L2

∂2û

∂x̂2
+
uo
L2

∂2v̂

∂x̂∂ŷ

+
uo
L2

∂2û

∂ŷ2

}]
−
(
µ+ α1

∂

∂t̂

uo
L

)
φ

K
uoû+ α1

∂

∂x̂

1

L

[
2
u2o
L2
û
∂2û

∂x̂2
+
u2o
L2
v̂
∂2û

∂x̂∂ŷ

+
u2o
L2

∂2v̂

∂x̂2
− u2o
L2

∂2û

∂ŷ2

]
+ α1

∂

∂ŷ

1

L

[
u2o
L2
û
∂2û

∂x̂2
+
u2o
L2
û
∂2û

∂x̂∂ŷ
+
u2o
L2
v̂
∂2v̂

∂x̂∂ŷ

+
u2o
L2
v̂
∂2û

∂ŷ2
− u2o
L2

∂v̂

∂x̂

∂û

∂x̂
+
u2o
L2

∂v̂

∂ŷ

∂v̂

∂x̂
+
u2o
L2

∂û

∂x̂

∂û

∂ŷ
− u2o
L2

∂û

∂ŷ

∂v̂

∂ŷ

]
−
(
cFρφ√
K

)
(uoû)

2 − σB2
o(uoû). (4.12)
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⇒

u2o
L

[
∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ

]
= − 1

ρ

∂p

∂x̂
+

1

ρ

(
uo
L2
µ+ α1

∂

∂t̂

u2o
L3

)[
2
∂2û

∂x̂2
+

∂2v̂

∂x̂∂ŷ
+
∂2û

∂ŷ2

]
− 1

ρ

(
uoµ+ α1

∂

∂t̂

u2o
L

)
φ

K
û+

1

ρ
α1

∂

∂x̂

[
u2o
L3

(
2(û

∂2û

∂x̂2
+ v̂

∂2û

∂x̂∂ŷ
)

+
∂2v̂

∂x̂2
− ∂2û

∂ŷ2

)]
+

1

ρ
α1

∂

∂ŷ

[
u2o
L3

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ

+ v̂
∂2û

∂ŷ2
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)]
− 1

ρ

(
cFρφ√
K

)
u2oû

2 − σB2
o(uoû). (4.13)

⇒

∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ
= − L

u2oρnf

∂

∂x̂

∂x̂

∂x
(p) +

1

ρ

(
Luo
u2oL

2
µ+ α1

∂

∂t̂

u2o
L3

L

u2o

)[
2
∂2û

∂x̂2
+

∂2v̂

∂x̂∂ŷ
+
∂2û

∂ŷ2

]
− 1

ρ

(
L

u2o
uoµ+ α1

∂

∂t̂

Lu2o
Lu2o

)
φ

K
û+

1

ρ
α1

∂

∂x̂

[
u2o
L3

L

u2o

(
2(û

∂2û

∂x̂2

+ v̂
∂2û

∂x̂∂ŷ
) +

∂2v̂

∂x̂2
− ∂2û

∂ŷ2

)]
+

1

ρ
α1

∂

∂ŷ

[
u2o
L3

L

u2o

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2

+ v̂
∂2v̂

∂x̂∂ŷ
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)]
− L

u2oρ

(
cFρφ√
K

)
u2oû

2 − L

u2o
σB2

o(uoû). (4.14)

⇒

∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ
= −L ∂

∂x̂

(
p

ρu2o

)
+

1

ρ

(
1

Luo
µ+ α1

∂

∂t̂

1

L2

)[
2
∂2û

∂x̂2
+

∂2v̂

∂ŷ∂x̂
+
∂2û

∂ŷ2

]

− 1

ρ

(
L

uo
µ+ α1

∂

∂t̂

)
φ

K
û+

1

ρ
α1

∂

∂x̂

[
1

L2

(
2(û

∂2û

∂x̂2
+ v̂

∂2û

∂x̂∂ŷ
)

+
∂2v̂

∂x̂2
− ∂2û

∂ŷ2

)]
+

1

ρ
α1

∂

∂ŷ

[
1

L2

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2

+ v̂
∂2v̂

∂x̂∂ŷ
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)]

− L

ρ

(
cFρφ√
K

)
û2 − L

σB2
o

uo
û. (4.15)
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⇒

∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ
= −∂P

∂x̂
+

(
1

Luoρ
µ+

α1

ρ

∂

∂t̂

1

L2

)[
2
∂2û

∂x̂2
+
( ∂2v̂

∂x̂∂ŷ
+
∂2û

∂ŷ2

)]

−
(
L

uo

µ

ρ
+
α1

ρ

∂

∂t̂

)
φ

K
û+

α1

ρ

1

L2

∂

∂x̂

[
2
(
û
∂2û

∂x̂2
+ v̂

∂2û

∂x̂∂ŷ

)
+
∂2v̂

∂x̂2
− ∂2û

∂ŷ2

]
+
α1

ρ

1

L2

∂

∂ŷ

[
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2
− ∂v̂

∂x̂

∂û

∂x̂

+
∂v̂

∂ŷ

∂v̂

∂x̂
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ

]

− L
1

ρ

(
cFρφ√
K

)
û2 − L

uo
σB2

o û. (4.16)

⇒

∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ
= −∂P

∂x̂
+

(
1

Luoρ
µ+

α1

ρ

1

L2

∂

∂t̂

)[
2
∂2û

∂x̂2
+

∂2v̂

∂x̂∂ŷ
+
∂2û

∂ŷ2

]

+
α1

ρ

1

L2

∂

∂x̂

[
2

(
û
∂2û

∂x̂2
+ v̂

∂2û

∂x̂∂ŷ

)
+
∂2v̂

∂x̂2
− ∂2û

∂ŷ2

]

+
α1

ρ

1

L2

∂

∂ŷ

[
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2

−− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

]

− L
1

ρ

(
cFρφ√
K

)
û2 − L

uo
σB2

o û. (4.17)

⇒

∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ
= − ∂P

∂x̂
+

(
1

Luoρ
µ+ γ

∂

∂t̂

)(
2
∂2û

∂x̂2
+

∂2v̂

∂x̂∂ŷ
+
∂2û

∂ŷ2

)
−
[(

L

uo

µ

ρ

1

L2
+ γ

∂

∂t̂

)
λ+

L

uo
σB2

o

]
û− L

(
cFφ√
K

)
û2

+ γ
∂

∂x̂

[
2

(
û
∂2û

∂x̂2
+ v̂

∂2û

∂x̂∂ŷ

)
+
∂2v̂

∂x̂2
− ∂2û

∂ŷ2

]
+ γ

∂

∂ŷ

[
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2
− ∂v̂

∂x̂

∂û

∂x̂

+
∂v̂

∂ŷ

∂v̂

∂x̂
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

]
. (4.18)
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⇒

∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ
= − ∂P

∂x̂
+

(
1

Luoρ
µ+ γ

∂

∂t̂

)([
2
∂2û

∂x̂2
+

∂2v̂

∂x̂∂ŷ

]
+

(
∂2û

∂ŷ2

))
−
[(

1

uo

µ

ρ

1

L
+ γ

∂

∂t̂

)
λ+Ha

]
û

+ γ
∂

∂x̂

(
2(û

∂2û

∂x̂2
+ v̂

∂2û

∂x̂∂ŷ
) +

∂2v̂

∂x2
− ∂2û

∂y2

)
+ γ

∂

∂ŷ

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂

+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)
− Frû

2. (4.19)

Equation (4.2) becomes:

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
=

1

ρ

[
− ∂p

∂y
+

(
µ+ α1

∂

∂t

){
2
∂2v

∂y2
+

(
∂2u

∂x∂y
+
∂2v

∂x2

)
− φ

K
u

}]

+ α1
∂

∂y

[
2

(
u
∂2v

∂x∂y
+ v

∂2v

∂y2

)
+ (4)

(
∂v

∂y

)2

+

(
∂u

∂y

)2

− 4
∂2v

∂y2
−
(
∂v

∂x

)2
]

+ α1
∂

∂x

[
u
∂2u

∂x∂y
+ u

∂2v

∂x2
+ v

∂2u

∂y2
+ v

∂2v

∂y∂x
+
∂u

∂x

∂u

∂y
− ∂u

∂y

∂v

∂y
− ∂v

∂x

∂u

∂x
+
∂v

∂y

∂v

∂x

]

−
(
cFρφ√
K

)
v2 − σB2

0v + ρgy(βθ)(θ − θ0). (4.20)

⇒

u2o
L

∂û

∂t̂
+
u2o
L
û
∂û

∂x̂
+
u2o
L
v̂
∂û

∂ŷ
=

1

ρ

[
− ∂p

∂y
+

(
µ+ α1

∂

∂t̂

∂t̂

∂t

){
2
uo
L2

∂2v̂

∂ŷ2
+
uo
L2

(
∂2û

∂x̂∂ŷ

+
∂2v̂

∂x̂2

)
− φ

K
uov̂

}]
+ α1

∂

∂ŷ

∂ŷ

∂y

[
2
u2o
L2

(
û
∂2v̂

∂x̂∂ŷ
+ v̂

∂2v̂

∂ŷ2

)
+
u2o
L2

(
∂û

∂ŷ

)2

+ 4
u2o
L2

(
∂v̂

∂ŷ

)2

− 4
u2o
L2

∂2v̂

∂ŷ2
− u2o
L2

(
∂v̂

∂x̂

)2]
+ α1

∂

∂x̂

∂x̂

∂x

[
u2o
L2
û
∂2û

∂x̂∂ŷ

+
u2o
L2
v̂
∂2û

∂ŷ2
+

u2o
L2
û
∂2v̂

∂x̂2
+
u2o
L2
v̂
∂2v̂

∂ŷ∂x̂
+
u2o
L2

∂û

∂x̂

∂û

∂ŷ
− u2o
L2

∂û

∂ŷ

∂v̂

∂ŷ
− u2o
L2

∂v̂

∂x̂

∂û

∂x̂

− u2o
L2

∂v̂

∂ŷ

∂v̂

∂x̂

]
−
(
cFρφ√
K

)
(uov̂)

2 − σB2
o(uov̂)

+ ρgy(βθ)(θ0 + θ0θ̂ − θ0). (4.21)
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⇒
u2o
L

∂v̂

∂t̂
+
u2o
L
û
∂v̂

∂x̂
+
u2o
L
v̂
∂v̂

∂ŷ
=

1

ρ

[
− ∂p

∂y
+

(
µ+ α1

∂

∂t̂

uo
L

){
2
uo
L2

∂2v̂

∂ŷ2
+
uo
L2

∂2û

∂x̂∂ŷ

+
uo
L2

∂2v̂

∂x̂2
−
(
µ+ α1

∂

∂t̂

uo
L

)
φ

K
uov̂

}]
+ α1

∂

∂ŷ

1

L

[
2
u2o
L2
û
∂2v̂

∂x̂∂ŷ
+ 2

u2o
L2
v̂
∂2v̂

∂ŷ2

+
u2o
L2

(
∂û

∂ŷ

)2

+ 4
u2o
L2

(
∂v̂

∂ŷ

)2

− 4
uo
L2

∂2v̂

∂ŷ2
− u2o
L2

(
∂v̂

∂x̂

)2]
+

(
α1

∂

∂x̂

1

L

)
([

u2o
L2
û
∂2û

∂x̂∂ŷ
+
u2o
L2
û
∂2v̂

∂x̂2
+
u2o
L2
v̂
∂2v̂

∂ŷ∂x̂
+
u2o
L2
v̂
∂2û

∂ŷ2

+
u2o
L2

∂û

∂x̂

∂û

∂ŷ
− u2o
L2

∂û

∂ŷ

∂v̂

∂ŷ
− u2o
L2

∂v̂

∂x̂

∂û

∂x̂
+
u2o
L2

∂v̂

∂ŷ

∂v̂

∂x̂

])
−
(
cFρφ√
K

)
(uov̂)

2 − σB2
o(uov̂) + ρgy(βθ)(θ0θ̂). (4.22)

⇒
u2o
L

[
∂v̂

∂t̂
+ û

∂v̂

∂x̂
+ v̂

∂v̂

∂ŷ

]
= −1

ρ

∂p

∂ŷ
+

1

ρ

(
µ+ α1

∂

∂t̂

uo
L

)
u0
L2

[
2
∂2v̂

∂ŷ2
+

∂2û

∂x̂∂ŷ
+
∂2v̂

∂x̂2

]
− 1

ρ

(
µ+ α1

∂

∂t̂

uo
L

)
φ

K
ûu0 +

α1u
2
0

ρL3

∂

∂ŷ

[
2û

∂2v̂

∂x̂∂ŷ
+ 2v̂

∂2v̂

∂ŷ2

+

(
∂û

∂ŷ

)2

+ 4

(
∂v̂

∂ŷ

)2

− 4

u0

∂2v̂

∂ŷ2
+

(
∂v̂

∂x̂

)2
]

+
α1u

2
0

ρL3

∂

∂x̂

[
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2

+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂

]
− cFφ√

K
u2oû

2 − σB2
o(uov̂) + ρgyβθθ0θ̂. (4.23)

⇒

u0
2

L

[
∂v̂

∂t̂
+ û

∂v̂

∂x̂
+ v̂

∂v̂

∂ŷ

]
= −1

ρ

∂p

∂y
+

1

ρ

(
uo
L2
µ+ α1

∂

∂t̂

u2o
L3

)[
2
∂2v̂

∂ŷ2
+

∂2û

∂x̂∂ŷ
+
∂2v̂

∂x̂2

]
+

1

ρ
α1

∂

∂ŷ

[
u2o
L3

(
2

(
v̂
∂2v̂

∂ŷ2
+ û

∂2v̂

∂x̂∂ŷ

)
+

(
∂û

∂ŷ

)2

+ 4

(
∂v̂

∂ŷ

)2

− 4
1

u0

∂2v̂

∂ŷ2
−
(
∂v̂

∂x̂

)2)]
− 1

ρ

(
uoµ+ α1

∂

∂t̂

u2o
L

)
φ

K
v̂

+
1

ρ
α1

∂

∂x̂

[
u2o
L3

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2
+ v̂

∂2v̂

∂x̂∂ŷ
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂

)]
− 1

ρ

(
cFρφ√
K

)
u2ov̂

2 − σB2
o(uov̂) + ρgy(βθ)(θ0θ̂).

(4.24)



Mathematical Modeling of a Two-Dimensional Higher-Order... 50

⇒
∂v̂

∂t̂
+ û

∂v̂

∂x̂
+ v̂

∂v̂

∂ŷ
= − L

u20

1

ρ

∂

∂ŷ

(
∂ŷ

∂y
p

)
+

1

ρ

(
1

Luo
µ+ α1

∂

∂t̂

1

L2

)[
2
∂2v̂

∂ŷ2

+
∂2û

∂ŷ∂x̂
+
∂2v̂

∂x̂2

]
− 1

ρ

(
L

uo
µ+ α1

∂

∂t̂

)
φ

K
v̂ +

1

ρ
α1

∂

∂ŷ

[
1

L2

(
2v̂
∂2v̂

∂ŷ2
+ 2û

∂2v̂

∂x̂∂ŷ

+

(
∂û

∂ŷ

)2

+ 4

(
∂v̂

∂ŷ

)2

− 4
1

u0

∂2v̂

∂ŷ2
−
(
∂v̂

∂x̂

)2 )]
+

1

ρ
α1

∂

∂x̂

[
1

L2

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ

+ v̂
∂2û

∂ŷ2
+ v̂

∂2v̂

∂x̂∂ŷ
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)]

− L

ρu20

(
cFρφ√
K

)
û2v̂2 − L

σB2
o

uo
v̂ +

L

u2o
ρgyβθθ0θ̂. (4.25)

⇒
∂v̂

∂t̂
+ û

∂v̂

∂x̂
+ v̂

∂v̂

∂ŷ
= −L ∂

∂ŷ

1

L

(
P

ρu2o

)
+

(
1

Luoρ
µ+

α1

ρ

∂

∂t̂

1

L2

)[
2
∂2v̂

∂ŷ2
+

(
∂2û

∂x̂∂ŷ

+
∂2v̂

∂x̂2
−
(
L

uo

µ

ρ
+
α1

ρ

∂

∂t̂

)
φ

K
û+

α1

ρ

1

L2

∂

∂ŷ

[
2

(
v̂
∂2û

∂ŷ2
+ û

∂2v̂

∂x̂∂ŷ

)]
+
α1

ρ

1

L2

[(
∂û

∂ŷ

)2

+ 4

(
∂v̂

∂ŷ

)2

− 4

u0

∂2v̂

∂ŷ2
−
(
∂v̂

∂x̂

)2
]

+
α1

ρ

1

L2

∂

∂x̂

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2

)
− α1

ρ

1

L2

∂

∂x̂

(
∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ

)
− L

1

ρ

(
cFρφ√
K

)
v̂2 − L

uo
σB2

o v̂ +
L3ρgy(βθ)θ0

ν2

u2
0L

2

ν2

θ̂. (4.26)

⇒
∂v̂

∂t̂
+ û

∂v̂

∂x̂
+ v̂

∂v̂

∂ŷ
= −∂P

∂ŷ
+

(
1

Luoρ
µ+

α1

ρ

∂

∂t̂

1

L2

)(
2
∂2v̂

∂ŷ2
+

∂2û

∂x̂∂ŷ
+
∂2v̂

∂x̂2

)
−
(
L

uo

µ

ρ
+
α1

ρ

∂

∂t̂

)
φ

K
v̂ +

α1

ρ

1

L2

∂

∂ŷ

(
2v̂
∂2v̂

∂ŷ2
+ 2û

∂2v̂

∂x̂∂ŷ

+

(
∂û

∂y

)2

+ 4

(
∂v̂

∂y

)2

− 4

u0

∂2v̂

∂y2
+

(
∂v̂

∂x

)2
)

+
α1

ρ

1

L2

∂

∂x̂

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2

− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)
− L

1

ρ

(
cFρφ√
K

)
v̂2

− L

uo
σB2

o v̂ +
Gr

Re2
θ̂. (4.27)
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⇒
∂v̂

∂t̂
+ û

∂v̂

∂x̂
+ v̂

∂v̂

∂ŷ
= −∂P

∂ŷ
+

(
1

Luoρ
µ+

α

ρ

∂

∂t̂

1

L2

)(
2
∂2v̂

∂ŷ2
+

∂2û

∂x̂∂ŷ
+
∂2v̂

∂x̂2

)
−
(
L

uo

µ

ρ

1

L2
+
α

ρ

∂

∂t̂

1

L2

)
L2
(φ
k

)
v̂ − L

uo
σB2

o v̂

+
α1

ρL2

∂

∂ŷ

(
2v̂
∂2v̂

∂ŷ2
+ 2û

∂2v̂

∂x̂∂ŷ
+

(
∂û

∂y

)2

+ 4

(
∂v̂

∂y

)2
)

− α1

ρL2

∂

∂ŷ

(
4

u0

∂2v̂

∂y2
+

(
∂v̂

∂x

)2
)

+
α1

ρL2

∂

∂x̂

(
û
∂2v̂

∂x̂2

+ û
∂2û

∂x̂∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂

+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)
− L

(
cFφ√
K

)
v̂2 +

Gr

Re2
θ̂. (4.28)

⇒
∂v̂

∂t̂
+ û

∂v̂

∂x̂
+ v̂

∂v̂

∂ŷ
= − ∂P

∂ŷ
+

(
1

Re
+ γ

∂

∂t̂

)[
2
∂2v̂

∂ŷ2
+

∂2û

∂x̂∂ŷ
+
∂2v̂

∂x̂2

]
−
[(

1

Re
+ γ

∂

∂t̂

)
λ+Ha

]
v̂

+ γ
∂

∂ŷ

(
2

(
v̂
∂2v̂

∂ŷ2
+ û

∂2v̂

∂x̂∂ŷ

)
+

(
∂û

∂y

)2

+ 4

(
∂v̂

∂y

)2

− 4

u0

∂2v̂

∂y2

− (
∂v̂

∂x
)2
)
+ γ

∂

∂x̂

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2
− ∂v̂

∂x̂

∂û

∂x̂

+
∂v̂

∂ŷ

∂v̂

∂x̂
+

∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)
− Frû

2 +
Gr

Re2
θ̂. (4.29)

Now Equation (4.3) becomes:

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
=

k

ρCp

(
∂2θ

∂x2
+
∂2θ

∂y2

)
, (4.30)

⇒ u0
L
θ0
∂θ̂

∂t̂
+ u0û

θ0
L

∂θ̂

∂x̂
+ u0v̂

θ0
L

∂θ̂

∂ŷ
=

k

ρCp

(
θ0
L2

∂2θ̂

∂x̂2
+
θ0
L2

∂2θ̂

∂ŷ2

)
, (4.31)

⇒ u0
L
θ0

(
∂θ̂

∂t
+ û

∂θ̂

∂x̂
+ v̂

∂θ̂

∂ŷ

)
=
θ0
L2

k

ρCp

(
∂2θ̂

∂x̂2
+
∂2θ̂

∂ŷ2

)
, (4.32)

⇒ u0

(
∂θ̂

∂t
+ û

∂θ̂

∂x̂
+ v̂

∂θ̂

∂ŷ

)
=

1

L

k

ρCp

(
∂2θ̂

∂x̂2
+
∂2θ̂

∂ŷ2

)
, (4.33)
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⇒

(
∂θ̂

∂t
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∂θ̂
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∂θ̂

∂ŷ

)
=

µ
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k
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(
∂2θ̂

∂x̂2
+
∂2θ̂

∂ŷ2

)
, (4.34)

⇒

(
∂θ̂

∂t
+ û

∂θ̂

∂x̂
+ v̂

∂θ̂

∂ŷ

)
=

1

RePr

(
∂2θ̂

∂x̂2
+
∂2θ̂

∂ŷ2

)
. (4.35)

For convenience, we can ignore the hats on the variables, and after some simple

manipulations, we arrive at:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂P

∂x
+

(
1

Re
+ γ

∂

∂t
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2
∂2u

∂x2
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∂x∂y
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∂x
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∂x∂y

)
+
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∂x
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∂v

∂x
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∂y
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∂y

)]
− Fru2. (4.36)

∂v

∂t
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∂v
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∂v
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[(
u
∂2u
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∂y
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∂x
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θ. (4.37)

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
=

1

RePr

(
∂2θ

∂x2
+
∂2θ

∂y2

)
. (4.38)

4.3 Dimensionless Governing Equations

In the absence of viscous elasticity, γ = 0 the model reduces to the following set

of transformed dimensionless equations



Mathematical Modeling of a Two-Dimensional Higher-Order... 53

∂u

∂t
+u

∂u

∂x
+v

∂u

∂y
= −∂P

∂x
+

1
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[
2
∂2u

∂x2
+

(
∂2v

∂x∂y
+
∂2u

∂y2

)]
−
(
λ

Re
+Ha

)
u−Fru

2,

(4.39)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −∂P

∂y
+

1

Re

[
2
∂2v

∂y2
+

(
∂2u

∂x∂y
+
∂2v

∂x2

)]
−
[
λ

Re
+Ha

]
v

− Frv2 +
Gr

Re2
θ, (4.40)

and
∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
=

1

RePr

(
∂2θ

∂x2
+
∂2θ

∂y2

)
, (4.41)

where the parameters are defined as follows:

λ =
L2φ

K
, Ha =

L

u0
σB2

0 , F r =
LCfφ√
K

, Re =
u0L

ν
, Gr =

L3ρg(βθ)θ0
ν2

,

P r =
µCp

k
. (4.42)

The associated dimensionless boundary conditions are as follows:

• On the left wall (Γ3) of the domain

u = v = 0, and θ = 0. (4.43)

• On the right wall (Γ3) of the domain

u = v = 0, and θ = 0. (4.44)

• On the bottom portions (Γ2) of the domain

u = v = 0, and θ = 0, on flatted boundary (4.45)

• On the bottom portions (Γ2) of the domain

and u = v = 0, and θ = 100. on circular heater (4.46)
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• On the top wall (Γ1) of the domain

u = 1, v = 0 and θ = 100. (4.47)

4.3 Finite Element Formulation and Numerical

Procedure

The Galerkin Finite Element Method GFEM is employed to numerically solve the

nonlinear coupled PDEs from equation (4.39) to (4.41) along with their corre-

sponding boundary conditions (4.43) to (4.47). The strong form of the equations

is then converted into the weak form by multiplying the PDEs with test functions,

followed by integration over the entire domain. Finally, a set of approximate trial

functions, defined over specific subdomains, is utilized to obtain an approximate

numerical solution. The main steps of the methodology are outlined as follows:

4.3.1 Strong Form of The Governing Equations

The set of governing PDEs from equation. (4.39) to (4.41) are initially known as

strong form which are re-written as

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂P

∂x
+ a1

[
2
∂2u

∂x2
+

(
∂2u

∂x∂y
+
∂2u

∂y2

)]
− d2u− a3u

2, (4.48)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
=
∂P

∂y
+ a4

[
2
∂2v

∂y2
+

(
∂2v

∂x∂y
+
∂2v

∂x2

)]
− a5v − a6v

2 + a7θ,

(4.49)

and

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
= a8

(
∂2θ

∂x2
+
∂2θ

∂y2

)
+Q, (4.50)
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where Q, is the source function and the parameters a1, a2, . . . , a8 are given as:

a1 = a4 =
1

Re
, a2 = a5 =

[
λ

Re
+Ha

]
, a3 = a6 = Fr,

a7 =
Gr

Re2
and a8 =

1

RePr
. (4.51)

4.3.2 Weak/Variational Formulation

The weak formulation is a fundamental variational approach used to transform

differential equations into an integral form. This transformation is achieved by

multiplying the governing equations with suitable test functions and integrating

over the entire computational domain.

To establish the weak formulation, it is essential to define appropriate function

spaces and corresponding test functions. Let W and Q represent the test func-

tion spaces for different governing equations, where W = [H1(Ω)] corresponds to

velocity and temperature fields, while Q = L2(Ω) is associated with the pressure

field. Furthermore, let ϕ̃ be a test function such that ϕ̃ ∈ W.

In the weak formulation of PDEs, the solutions and corresponding test functions

are sought within suitable Hilbert spaces that ensure the well-posedness of the

variational problem. In this study, we consider the function spaces L2(Ω) and

H1(Ω), which are commonly employed in the finite element method for modeling

fluid flow and heat transfer problems.

The space L2(Ω) consists of all square-integrable functions over a domain Ω ⊂ Rn.

Formally, it is defined as:

L2(Ω) =

{
ϕ̃ : Ω → R

∣∣∣∣ ∫
Ω

|ϕ̃(x)|2 dx <∞
}
.

This is a Hilbert space equipped with the inner product:

(u, ϕ̃)L2(Ω) =

∫
Ω

u(x)ϕ̃(x) dx,
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and the associated norm:

∥ϕ̃∥L2(Ω) =

(∫
Ω

|ϕ̃(x)|2 dx
)1/2

.

The space L2(Ω) is typically used to define scalar fields such as pressure, which

do not require differentiability in the weak formulation. The Sobolev space H1(Ω)

includes functions in L2(Ω) whose first-order weak derivatives are also in L2(Ω).

It is defined as:

H1(Ω) =

{
ϕ̃ ∈ L2(Ω)

∣∣∣∣∣ ∂ϕ̃∂xi ∈ L2(Ω), i = 1, 2, . . . , n

}
.

This space is also a Hilbert space, with the inner product:

(u, ϕ̃)H1(Ω) =

∫
Ω

u(x)ϕ̃(x) dx+

∫
Ω

∇u(x) · ∇ϕ̃(x) dx,

and corresponding norm:

∥ϕ̃∥H1(Ω) =
(
∥ϕ̃∥2L2(Ω) + ∥∇ϕ̃∥2L2(Ω)

)1/2
.

The space H1(Ω) is used for fields such as velocity and temperature that appear

with first derivatives in the governing equations.

In multiphysics problems involving vector fields, such as velocity and temperature,

we define the test and trial function space as:

W = [H1(Ω)]

while scalar fields such as pressure belong to:

Q = L2(Ω).

These spaces form the foundation of the weak formulation employed in this work

and ensure the compatibility and stability of the finite element discretization [32,

34, 35]. The variational formulation is obtained by multiplying the momentum and

energy equations with the test function w̃ and integrating over the domain Ω. The
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weak formulation of the governing PDEs from equation (4.39) to (4.41) is presented

below. The weak form for x-component of momentum equation (4.39) is derived

by multiply with test function ϕ̃ first and then integrate over the computational

domain,

∫ (
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
ϕ̃ dΩ = −

∫
∂p

∂x
ϕ̃ dΩ +

1

Re

∫
2
∂2u

∂x2
ϕ̃ dΩ

+
1

Re

∫
∂2v

∂x∂y
ϕ̃ dΩ +

1

Re

∫
∂2u

∂y2
ϕ̃ dΩ

−
∫ (

λ

Re
+Ha

)
u ϕ̃ dΩ−

∫
Fr|u|u ϕ̃ dΩ. ∀ϕ̃ ∈ W

(4.52)∫
∂u

∂t
ϕ̃ dΩ +

∫
u
∂u

∂x
ϕ̃ dΩ +

∫
v
∂u

∂y
ϕ̃ dΩ = −

∫
∂p

∂x
ϕ̃ dΩ +

1

Re

∫
2
∂2u

∂x2
ϕ̃ dΩ

+
1

Re

∫
∂2u

∂y2
ϕ̃ dΩ +

1

Re

∫
∂2v

∂x∂y
ϕ̃ dΩ

−
(
λ

Re
+Ha

)∫
u ϕ̃ dΩ

− Fr

∫
|u|u ϕ̃ dΩ. ∀ϕ̃ ∈ W (4.53)

∫
∂u

∂t
ϕ̃ dΩ +

∫
u
∂u

∂x
ϕ̃ dΩ +

∫
v
∂u

∂y
ϕ̃ dΩ = −

∫
∂P

∂x
ϕ̃ dΩ +

2

Re

∫
∂

∂x
(
∂u

∂x
) ϕ̃ dΩ

+

∫
∂

∂x

∂v

∂y
ϕ̃ dΩ +

∫
∂

∂y

∂u

∂y
ϕ̃ dΩ

−
(
λ

Re
+Ha

)∫
u ϕ̃ dΩ

− Fr

∫
|u|u ϕ̃ dΩ. ∀ϕ̃ ∈ W (4.54)∫

∂u

∂t
ϕ̃ dΩ +

∫
u
∂u

∂x
ϕ̃ dΩ +

∫
v
∂u

∂y
ϕ̃ dΩ = −

∫
∂P

∂x
ϕ̃ dΩ

+
2

Re

{
ϕ̃

∫
∂

∂x
(
∂u

∂x
) dΩ−

∫
∂ϕ̃

∂x

∂u

∂x
dΩ

}

+

{
ϕ̃

∫
∂

∂x

∂v

∂y
dΩ−

∫
∂ϕ̃

∂x

∂v

∂y
dΩ

}

+

{
ϕ̃

∫
∂

∂x

∂u

∂y
dΩ−

∫
∂ϕ̃

∂y

∂u

∂y
dΩ

}

−
(
λ

Re
+Ha

)∫
u ϕ̃ dΩ

− Fr|u|
∫
u ϕ̃ dΩ. ∀ϕ̃ ∈ W (4.55)
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∫
∂u

∂t
ϕ̃ dΩ +

∫
u
∂u

∂x
ϕ̃ dΩ +

∫
v
∂u

∂y
ϕ̃ dΩ = −

∫
∂P

∂x
ϕ̃ dΩ

+
2

Re

{
ϕ̃
∂u

∂x
−
∫
∂ϕ̃

∂x

∂u

∂x
dΩ

}

+

{
ϕ̃
∂v

∂y
−
∫
∂ϕ̃

∂x

∂v

∂y
dΩ

}

+

{
ϕ̃
∂u

∂y
−
∫
∂ϕ̃

∂x

∂u

∂y
dΩ

}

−
(
λ

Re
+Ha

)∫
u ϕ̃ dΩ

− Fr|u|
∫
u ϕ̃ dΩ. (4.56)

∫
∂u

∂t
ϕ̃ dΩ +

∫
u
∂u

∂x
ϕ̃ dΩ +

∫
v
∂u

∂y
ϕ̃ dΩ = −

∫
∂P

∂x
ϕ̃ dΩ +

2

Re
ϕ̃
∂u

∂x

− 2

Re

∫
∂ϕ̃

∂x

∂u

∂x
dΩ + ϕ̃

∂v

∂y

−
∫
∂ϕ̃

∂x

∂v

∂y
dΩ + ϕ̃

∂u

∂y
−
∫
∂ϕ̃

∂x

∂u

∂y
dΩ

−
(
λ

Re
+Ha

)∫
u ϕ̃ dΩ

− Fr

∫
|u|u ϕ̃ dΩ. (4.57)

∫
∂u

∂t
ϕ̃ dΩ +

∫
u
∂u

∂x
ϕ̃ dΩ +

∫
v
∂u

∂y
ϕ̃ dΩ = −

∫
∂P

∂x
ϕ̃ dΩ− 2

Re

∫
∂ϕ̃

∂x

∂u

∂x
dΩ

−
∫
∂ϕ̃

∂x

∂v

∂y
dΩ−

∫
∂ϕ̃

∂x

∂u

∂y
dΩ

−
(
λ

Re
+Ha

)∫
u ϕ̃ dΩ− Fr|u|

∫
u ϕ̃ dΩ

+

{
2

Re
ϕ̃
∂u

∂x

}
︸ ︷︷ ︸

−→0

+

{
ϕ̃
∂v

∂y
+ ϕ̃

∂u

∂y

}
︸ ︷︷ ︸

−→0

. (4.58)
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Let us start with the identity:

− ∂

∂x

(
Pϕ̃
)
+ P

∂ϕ̃

∂x
= −∂P

∂x
ϕ̃. (4.59)

Integrating over the domain Ω, we get:

∫
Ω

− ∂

∂x

(
Pϕ̃
)
dΩ +

∫
Ω

P
∂ϕ̃

∂x
dΩ = −

∫
Ω

∂P

∂x
ϕ̃ dΩ. (4.60)

This implies to:

−
∫
Ω

∂

∂x

(
Pϕ̃
)
dΩ +

∫
Ω

P
∂ϕ̃

∂x
dΩ = −

∫
Ω

∂P

∂x
ϕ̃ dΩ. (4.61)

Using the divergence theorem, the first term vanishes under appropriate boundary

conditions, yielding: ∫
Ω

P
∂ϕ̃

∂x
dΩ = −

∫
Ω

∂P

∂x
ϕ̃ dΩ. (4.62)

Now, equation (4.58) becomes, which is weak form for x-compnent of momentum

equation (4.39)

∫
∂u

∂t
ϕ̃ dΩ +

∫
u
∂u

∂x
ϕ̃ dΩ +

∫
v
∂u

∂y
ϕ̃ dΩ = p

∫
∂ϕ̃

∂x
dΩ− 2

Re

∫
∂ϕ̃

∂x

∂u

∂x
dΩ

−
∫
∂ϕ̃

∂x

∂v

∂y
dΩ−

∫
∂ϕ̃

∂x

∂u

∂y
dΩ

−
(
λ

Re
+Ha

)∫
u ϕ̃ dΩ−

∫
Fr|u|u ϕ̃ dΩ.

(4.63)

Similarly, the weak form for y-component of momentum equation is obtained by

multiplying the equation (4.40) with the test function ϕ̃, then integrate it over the

entire computational domain.∫ (
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
ϕ̃ dΩ = −

∫
∂p

∂y
ϕ̃ dΩ +

1

Re

∫
2
∂2v

∂y2
ϕ̃ dΩ

+
1

Re

∫
∂2u

∂x∂y
ϕ̃ dΩ +

1

Re

∫
∂2v

∂x2
ϕ̃ dΩ

−
∫ (

λ

Re
+Ha

)
v ϕ̃ dΩ−

∫
Fr|v|v ϕ̃ dΩ

+

∫
Gr

R2
e

θϕ̃ dΩ. (4.64)
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This is the weak formulation of the y-component of the momentum equation (4.40)

and is expressed as

∫
∂v

∂t
ϕ̃ dΩ +

∫
u
∂v

∂x
ϕ̃ dΩ +

∫
v
∂u

∂y
ϕ̃ dΩ = p

∫
∂ϕ̃

∂y
dΩ− 2

Re

∫
∂v

∂y

∂ϕ̃

∂y
dΩ

+

∫
∂u

∂y

∂ϕ̃

∂x
dΩ− 1

Re

∫ (
∂v

∂x

∂ϕ̃

∂x

)
dΩ

−
(
λ

Re
+Ha

)∫
vϕ̃ dΩ.

−
∫
Fv|v|ϕ̃ dΩ +

Gr

R2
e

∫
θϕ̃ dΩ. (4.65)

Following the similiar procedure the energy equation (4.41) is multiplied by the

test function ϕ̃ and integrated over the whole computaional domain results in

∫ (
∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y

)
ϕ̃dΩ =

(
1

RePr

)∫ (
∂2θ

∂x2
+
∂2θ

∂y2

)
ϕ̃dΩ. (4.66)

=⇒

∫
∂θ

∂t
ϕ̃dΩ +

∫
u
∂θ

∂x
˜ϕdΩ +

∫
v
∂θ

∂y
ϕ̃dΩ =

(
1

RePr

)(∫
∂2θ

∂x2
ϕ̃dΩ +

∫
∂2θ

∂y2
ϕ̃dΩ

)
.

(4.67)

=⇒ ∫
∂θ

∂t
ϕ̃dΩ +

∫
u
∂θ

∂x
˜ϕdΩ +

∫
v
∂θ

∂y
ϕ̃dΩ =

(
1

RePr

)∫
∂

∂x
(
∂θ

∂x
)ϕ̃dΩ

+

(
1

RePr

)∫
∂

∂y
(
∂θ

∂y
)ϕ̃dΩ. (4.68)

=⇒∫
∂θ

∂t
ϕ̃dΩ +

∫
u
∂θ

∂x
˜ϕdΩ +

∫
v
∂θ

∂y
ϕ̃dΩ =

(
1

RePr

){
ϕ̃
∂θ

∂x
−
∫
∂ϕ̃

∂x

∂θ

∂x
ϕ̃dΩ

}

+

(
1

RePr

){
ϕ̃
∂θ

∂y
−
∫
∂ϕ̃

∂y

∂θ

∂y
ϕ̃dΩ

}
.

(4.69)

=⇒∫
∂θ

∂t
ϕ̃dΩ +

∫
u
∂θ

∂x
˜ϕdΩ +

∫
v
∂θ

∂y
ϕ̃dΩ = − 1

RePr

∫ [
∂θ

∂x

∂ϕ̃

∂x
+
∂θ

∂y

∂ϕ̃

∂y

]
dΩ.

(4.70)
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Thus, we get

∫
∂θ

∂t
ϕ̃dΩ +

∫
u
∂θ

∂x
˜ϕdΩ +

∫
v
∂θ

∂y
ϕ̃dΩ +

1

RePr

∫ [
∂θ

∂x

∂ϕ̃

∂x
+
∂θ

∂y

∂ϕ̃

∂y

]
dΩ = 0.

(4.71)

4.4 Two-level Mixed Finite Element Method

In this section, we introduce the two-level mixed finite element method to ap-

proximate the solution of the governing equations. It is worthy to note that the

Euclidean norm |u| is not differentiable at zero. Therefore, let

|u|ϵ =
√

|u|2 + ϵ2, (4.72)

where ϵ is a small positive constant. For ϵ very small, it is shown in [36] that |u|ϵ
is a good approximation for |u| and the partial derivatives of |u|ϵ approximate the

partial derivatives of |u| very well. Particularly, |u|ϵ − |u| < ϵ. Now consider the

map defined by

fϵ : R2 → R2, (4.73)

fϵ(u) = |u|ϵu. (4.74)

This is further expanded as:

fϵ(u) =

fϵ,1(u)
fϵ,2(u)

 =

|u|ϵu1
|u|ϵu2

 . (4.75)

The Taylor series representation of fϵ(u) about uH ∈ R2 is given by

fϵ(u) = fϵ(uH)+Dfϵ(uH)(u−uH)+
1

2!
D2fϵ(uH)(u−uH)2+

1

3!
D3fϵ(ζH)(u−uH)3+. . . ,

(4.76)

where ζH = tu + (1 − t)uH for some t ∈ [0, 1] and (u − uH)
2 is expressed as the

Kronecker product (u− uH)⊗ (u− uH). Precisely, (u− uH)
2 is equal to

[
(u1 − uH,1)

2, (u1 − uH,1)(u2 − uH,2), (u2 − uH,2)(u1 − uH,1), (u2 − uH,2)
2

]T
.

(4.77)



Mathematical Modeling of a Two-Dimensional Higher-Order... 62

The first and second derivatives of fϵ are given by:

Dfϵ(uH) =

∂fϵ,1(uH)

∂u1

∂fϵ,1(uH)

∂u2

∂fϵ,2(uH)

∂u1

∂fϵ,2(uH)

∂u2

 , (4.78)

and

D2fϵ(ζH) =

∂2fϵ,1(ζH)

∂u2
1

∂2fϵ,1(ζH)

∂u1∂u2

∂2fϵ,1(ζH)

∂u2∂u1

∂2fϵ,1(ζH)

∂u2
1

∂2fϵ,2(ζH)

∂u2
1

∂2fϵ,2(ζH)

∂u1∂u2

∂2fϵ,2(ζH)

∂u2u1

∂2fϵ,2(ζH)

∂u2
2

 . (4.79)

In the next section, an overview of the two-level algorithm is given.

4.4.1 Two-level Algorithm

Let h and H denote the mesh sizes of the fine and coarse grids, respectively. The

spaces Xh ⊂ H1(Ω) and XH ⊂ H1(Ω) are used to approximate the velocity (or

flux) field. Pressure approximations are handled in separate spaces Qh ⊂ L2(Ω)

and QH ⊂ L2(Ω) within the mixed finite element framework.

LetXH , Xh ⊂ X,MH ,Mh ⊂M denote finite element spaces withXH ⊂ Xh,MH ⊂

Mh,with H ≫ h.

Step 1. Solve the nonlinear system on a coarse mesh TH with mesh size H: For

all (ϕ̃H , qH) ∈ { XH ×MH} , find (uH , pH) ∈ {XH ×MH} such that

UH = (U1H , U2H).

Also, given that

|U |ϵ =
√

|U |2 + ϵ2,

and

|UH | =
√
U2
1H + U2

2H .

It follows that

|UH |ϵ =
√
U2
1H + U2

2H + ϵ2.

Thus,

fϵ(UH) = |UH |ϵUH ,
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which can be rewritten as

fϵ(UH) =
√
U2
1H + U2

2H + ϵ2(U1H , U2H).

Here, is non linear system on a coarse mesh:∫ (
∂U1H

∂t
˜ϕ1H + U1H

∂U1H

∂x
˜ϕ1H + U2H

∂U1H

∂y
˜ϕ1H

)
dxdy = P

∫
∂ ˜ϕ1H

∂x
dxdy

−
(

1

Re

)[∫ (
2
∂U1H

∂x

∂ ˜ϕ1H

∂x
+
∂U2H

∂y

∂ ˜ϕ1H

∂x
+
∂U1H

∂y

∂ ˜ϕ1H

∂y

)
dxdy

]

−
(
λ

Re
+Ha

)∫
UH

˜ϕ1Hdxdy −
∫
FrU1H

˜ϕ1H ·
(√

U2
1H + U2

2H + ϵ2
)
dxdy,

(4.80)

∫ (
∂U2H

∂t
˜ϕ2H + U1H

∂U2H

∂x
˜ϕ2H + U2H

∂U2H

∂y
˜ϕ2H

)
dxdy = P

∫
∂ ˜ϕ2H

∂y
dxdy

−
(

1

Re

)[∫ (
2
∂U2H

∂y

∂ ˜ϕ2H

∂y
+
∂U1H

∂y

∂ ˜ϕ2H

∂x
+
∂U2H

∂x

∂ ˜ϕ2H

∂x

)
dxdy

]

−
(
λ

Re
+Ha

)∫
U2H

˜ϕ2Hdxdy −
∫
FrU2H

˜ϕ2H ·
(√

U2
1H + U2

2H + ϵ2
)
dxdy

+
Gr

Re2

∫
θ ˜ϕ2Hdxdy, (4.81)

and ∫ (
∂θ

∂t
ϕ̃H + u

∂θ

∂x
ϕ̃H + v

∂θ

∂y
ϕ̃H

)
dx dy

=

(
1

RePr

)∫ (
∂θ

∂x

∂ϕ̃H

∂x
+
∂θ

∂y

∂ϕ̃H

∂y

)
dx dy. (4.82)

.

Step 2. Solve the linear system on a fine mesh Th with mesh size h: For all

(ϕ̃h, qh) ∈ Xh ×Mh, find (uh, ph) ∈ Xh ×Mh such that

The nonlinear term in the governing equation is given by the integral expression.

∫
uh|uH |ϕ̃ dxdy. (4.83)
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Now, We expand uh|uH | using a Taylor series around UH .

uh|uH | =
{
|UH |eUH +Dfe(UH)[Uh − UH ] +

1

2!
Df 2

e (UH)[Uh − UH ]
2 + ...

}
.

(4.84)

=⇒

uh|uH | =
{
|UH |eUH +Dfe(UH)Uh −Dfe(UH)UH +

1

2!
D2

e(UH)[Uh − UH ]
2 + ...

}
.

(4.85)

This expansion allows to express the function in terms of UH and its derivatives.

∂fϵ,i(UH)

∂uj
=
(
UiUj + |UH |2ϵ

)
δij|UH |−1

ϵ . (4.86)

In (4.86), δij denotes the Kronecker delta, defined as follows.

δij =

1, i = j,

0, i ̸= j.

(4.87)

By evaluating the Jacobian matrix, the following matrix representation is obtained.

Dfϵ(UH) =

U2
1H + |UH |2ϵ 0

0 U2
2H + |UH |2ϵ

 . (4.88)

The second and third terms in the nonlinear part of the equation (4.63) and (4.65)

are solved separately. After performing the matrix-vector multiplication, we get

the resulting expression.

(Dfϵ(UH)).(Uh) =

(U2
1H + |UH |2ϵ)U1h

(U2
2H + |UH |2ϵ)U2h

 , (4.89)

=⇒
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(Dfϵ(UH)).(UH) =

(U2
1H + |UH |2ϵ)U1H

(U2
2H + |UH |2ϵ)U2H

 . (4.90)

The x-component of the equation is derived by simplifying the linearized terms as.

uh|uH | =
{√

U2
1H + U2

2H + ϵ2U1H + (U2
1H + |UH |2ϵ)U1h − (U2

1H + |UH |2ϵ)U1H + ...

}
.

(4.91)

or

uh|uH | =
{√

U2
1H + U2

2H + ϵ2U1H + (U2
1H)U1h + (|UH |2ϵ)U1h − (U3

1H) + |UH |2ϵU1H + ...

}
.

(4.92)

Higher-order terms are ignored to obtain the following equation.

uh|uH | =
{√

U2
1H + U2

2H + ϵ2U1H + (U2
1H)U1h + (|UH |2ϵ)U1h − (U3

1H) + |UH |2ϵU1H

}
.

(4.93)

The y-component of the equation is derived as follows:

uh|uH | =
{√

U2
1H + U2

2H + ϵ2U2H + (U2
2H + |UH |2ϵ)U2h − (U2

2H + |UH |2ϵ)U2H + ...

}
.

(4.94)

or

uh|uH | =
{√

U2
1H + U2

2H + ϵ2U2H + (U2
2H)U2h + (|UH |2ϵ)U2h − (U3

2H) + |UH |2ϵU2H + ...

}
.

(4.95)

Ignoring higher-order terms, in equation (4.95) we get

uh|uH | =
{√

U2
1H + U2

2H + ϵ2U2H + (U2
2H)U2h + (|UH |2ϵ)U2h − (U3

2H) + |UH |2ϵU2H

}
.

(4.96)
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Finally, the system of equation for fine mesh is expressed as

∫ (
∂u1h
∂t

ϕ̃1h + u1h
∂u1h
∂x

ϕ̃1h + u2h
∂u1h
∂y

ϕ̃1h

)
dxdy

= P

∫
∂ϕ̃1h

∂x
dxdy −

(
1

Re

)∫ (
2
∂u1h
∂x

∂ϕ̃1h

∂x
+
∂u2h
∂y

∂ϕ̃1h

∂x

+
∂u1h
∂y

∂ϕ̃1h

∂y

)
dxdy −

(
λ

Re
+Ha

)∫
u1hϕ̃1h dxdy

− Fr

|U |e

∫ √
U2
1H + U2

2H + ϵ2u1H ϕ̃1h dxdy −
Fr

|U |e

∫
u21HU1hϕ̃1h dxdy

− Fr

|U |e

∫
(
√
(u21H + U2

2H + ϵ2))2U1hϕ̃1h dxdy +
Fr

|U |e

∫
u31H ϕ̃1h dxdy

+
Fr

|U |e

∫
u1H(|U |e)2ϕ̃1h dxdy, (4.97)

∫ (
∂u2h
∂t

ϕ̃2h + u1h
∂u2h
∂x

ϕ̃2h + u2h
∂u1h
∂y

ϕ̃2h

)
dxdy

= P

∫
∂ϕ̃2h

∂y
dxdy −

(
1

Re

)∫ (
2
∂u2h
∂y

∂ϕ̃2h

∂y
+
∂u2h
∂y

∂ϕ̃2h

∂x

+
∂u2h
∂x

∂ϕ̃2h

∂x

)
dxdy −

(
λ

Re
+Ha

)∫
u2hϕ̃2h dxdy

− Fr

∫ √
U2
1H + U2

2H + ϵ2u2H ϕ̃2h dxdy

− Fr

|U |e

∫
(u22Hu2h + |uH |e2u2H)ϕ̃2h dxdy

− Fr

|U |e

∫
(u32H + |U |e2u2H)ϕ̃2h dxdy+

+
Gr

R2
e

∫
θϕ̃2h dxdy, (4.98)

and

∫ (
∂θ

∂t
ϕ̃h + u1h

∂θ

∂x
ϕ̃h + u2h

∂θ

∂y
ϕ̃h

)
dxdy

=

(
1

RePr

)∫ (
∂θ

∂x

∂ϕ̃h

∂x
+
∂θ

∂y

∂ϕ̃h

∂y

)
dxdy.

(4.99)

In the present work, numerical computations are performed using the open-source
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finite element code FreeFEM++. The governing equations are discretized using

the Mixed Finite Element Method (MFEM), and the resulting system of equations

is assembled and solved within the FreeFEM++ framework. A time-marching al-

gorithm is employed with a final simulation time of T = 20 and a uniform time

step size of ∆t = 0.05 is choosen, resulting in a total of 400 time steps. The com-

putational domain is discretized using unstructured triangular elements. For the

coarse mesh level, the domain consists of 1305 triangles and 721 vertices. On the

fine mesh level, the domain is refined to 13334 triangles and 6884 vertices, ensuring

enhanced resolution and improved accuracy in the solution. This meshing strat-

egy enables precise evaluation of the flow, pressure, and temperature distributions

across the domain.

4.5 Computational Results and Analysis

In this section, we share and discuss the numerical results. The boundary value

problem, set up in its finite element form, as outlined earlier, has been solved

using FreeFEM++. For these simulations, the dimensionless parameter values

were thoughtfully chosen to reflect the physical significance of the problem.

In figure 4.2, the velocity profiles exhibit notable variations with changing values

of the Grashof number. The selected values of the Grashof number in these simu-

lations are Gr = 0, Gr = 10, Gr = 30 and Gr = 40. It is observed that at Gr = 0

where buoyant forces are absent, the velocity profile is smooth and subdued, in-

dicating a flow dominated by viscous forces. As the Grashof number increases to

Gr = 10, the buoyant forces begin to influence the flow, leading to moderate ve-

locity peaks. With further increases to Gr = 30 and Gr = 40, the velocity profiles

exhibit sharper gradients and more pronounced peaks, reflecting the dominance of

buoyancy-driven convection.This transition highlights the strengthening of natural

convection effects as the Grashof number increases.

In figure 4.3, the velocity profiles are presented with varying Prandtl numbers Pr =

0.5,Pr = 2,Pr = 3.3,Pr = 7.3. At lower Prandtl numbers, the velocity contours

appear broader and more diffused, indicating that the upward fluid motion is

more widely distributed. In contrast, as the Prandtl number increases, these
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Gr = 0

Gr = 10

Gr = 30

Gr = 40

Figure 4.2: Velocity profiles with varying values of the Grashof Number (Gr).
Other parameters used: Fr = 100, Re = 1.5, Gr = 20.5, λ = 5.5 and Ha = 1.0.

contours become more concentrated and tightly confined above the heaters. This

demonstrates that fluid motion within the porous medium becomes more focused

and vigorous, even though the overall circulatory flow pattern within the domain

remains largely unchanged.

Figure 4.4, presents velocity contours corresponding to varying values of the mate-

rial parameter Forchheimer number (Fr), with the simulations conducted for Fr

= 0, 5, 20, 40, and 100. It is evident that as the Forchheimer number increases, the

velocity within the domain progressively decreases. At lower Forchheimer values,
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Pr = 0.5

Pr = 2

Pr = 3.3

Pr = 7.3

Figure 4.3: Velocity profiles with varying values of the Prandtle Number (Pr).
Other parameters used: Fr = 100, Re = 1.5, Pr = 0.1, λ = 5.5 and Ha = 1.0.

the velocity contours exhibit a pronounced parabolic profile, indicating minimal

resistance to the flow. However, with higher values of Fr, the non-linear drag

effects become dominant, leading to a substantial suppression of velocity and a

noticeable flattening of the velocity contours. The transition from a parabolic to

a flatter profile highlights the increasing influence of the porous medium’s resis-

tance, ultimately reducing the flow intensity throughout the domain. This behav-

ior underscores the significant role of the Forchheimer number in modulating flow

dynamics within porous channels.
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Fr = 0

Fr = 05

Fr = 20

Fr = 40

Fr = 100

Figure 4.4: Velocity profiles with varying values of the Forchheimer Number
(Fr). Other parameters used: Pr = 0.3, Re = 1.0, Gr = 20.5, λ = 5.5 and

Ha = 1.0
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Figure 4.5, shows the velocity profiles for varying Reynolds numbers (Re) illustrate

the transition of flow from a viscous-dominated laminar regime to an inertia-driven

turbulent onset. At low Re (e.g. Re = 1), viscous forces dominate, resulting in

smooth velocity profiles with steep gradients near the boundaries. As Re increases,

the influence of inertial forces grows, leading to a rise in the central velocity and

thinning of the boundary layers. Transitional behavior becomes evident at inter-

mediate values of Re (for example Re = 5 and Re = 7), where the balance between

viscous and inertial forces alters the flow structure. At higher Re (e.g. Re = 10),

inertial forces strongly dominate, flattening the velocity in the core region and

creating sharp gradients near the walls. These variations underscore the critical

role of Re in determining the flow characteristics, from smooth laminar profiles to

the onset of turbulence.

In Figure 4.6, the analysis of temperature profiles demonstrates the significant im-

pact of the Prandtl number (Pr) on heat transfer characteristics. At low Prandtl

numbers (Pr = 0.5), thermal diffusivity dominates, resulting in smooth and uni-

form temperature distributions with thicker thermal boundary layers. For mod-

erate Prandtl numbers (Pr = 2.0, 3.3), the influence of momentum diffusivity

increases, leading to sharper thermal gradients and thinner boundary layers. At

high Prandtl numbers (Pr = 7.3), the momentum diffusivity strongly outweighs

the thermal diffusivity, producing steep thermal gradients near the boundaries

and highly localized heat transfer. These results highlight the critical role of Pr

in shaping thermal boundary layer behavior and heat transfer efficiency.

Figure 4.7, shows the effect of different Forchheimer numbers on the temperature

distribution within the channel. The Forchheimer number shows how much extra

resistance is added to the flow in porous media due to inertial effects, on top of

the normal Darcy drag. When Fr = 0, there is no additional resistance, so the

flow follows Darcy’s law only. In this case, the temperature spreads smoothly and

widely through the channel, with gentle temperature changes, which means the

heat is carried away well by the fluid. As Fr increases to 5, the extra resistance

begins to slow the fluid more. This makes the heat build up closer to the obstacles,

especially behind them. Because the fluid moves slower, it cannot carry heat

away as easily, so hotter spots form and the temperature changes more sharply in
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Re = 3

Re = 5

Re = 7

Re = 10

Figure 4.5: Velocity profiles with varying values of the Reynold Number (Re).
Other parameters used: Fr = 120, Pr = 0.3, Gr = 20.5, λ = 5.5 and Ha = 1.0.

certain areas. At Fr = 20, this resistance is much stronger, so the flow slows down

considerably and heat transfer becomes much less effective. As a result, very hot

regions develop and the temperature pattern becomes uneven, with sharp changes

near the obstacles. In summary, a higher Forchheimer number increases flow

resistance, slows the fluid, and reduces how well heat is transported. This causes

heat to gather in certain spots and makes the temperature inside the channel less

uniform. Therefore, the Forchheimer number has a strong effect on how the flow

and heat transfer behave in porous channels with obstacles.
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Pr = 0.5

Pr = 2

Pr = 3.3

Pr = 7.3

Figure 4.6: Temperature profiles with varying values of the Prandtl Number
(Pr). Other parameters used: Fr = 100, Re = 1.5, Gr = 20.5, λ = 5.5 and

Ha = 1.0.

Figure 4.8, shows how the Reynolds number changes the heat pattern inside the

channel.At Re = 10, the flow is slow and smooth, so heat stays near the obstacles

and spreads gently by conduction and weak convection.When Re rises to 30, the

faster flow carries heat further downstream, stretching the warm areas and creating

sharper temperature changes.

At Re = 50, convection is strong. Heat moves away quickly, forming long and

clear warm trails behind the obstacles, and thinner warm layers near the surfaces.

At Re = 70, the fluid’s motion dominates heat transfer. The warm trails become



Mathematical Modeling of a Two-Dimensional Higher-Order... 74

Fr = 0

Fr = 5

Fr = 20

Figure 4.7: Temperature profiles with varying values of the Forchheimer num-
ber Number (Fr). Other parameters used: Re = 1.0, Pr = 0.3, Gr = 20.5,

λ = 5.5 and Ha = 1.0..

very long and well-defined, with clear differences between cooler upstream zones

and warmer downstream areas. Overall, as the Reynolds number increases, the

flow sweeps heat away more effectively, leading to longer warm wakes, steeper

temperature changes, and a heat pattern strongly shaped by the moving fluid.

Figure 4.9, shows how very low Reynolds numbers affect the temperature distri-

bution in a channel with obstacles. At Re = 1, the flow is extremely slow, so

heat spreads mainly by conduction. The temperature field is smooth, thick, and

almost symmetrical around each obstacle. At Re = 3, the flow speed is slightly

higher, but convection is still very weak. Heat still spreads mainly by diffusion,

with barely any stretching of warm zones downstream. At Re = 5, the fluid moves

a little faster, causing a tiny bit more downstream influence, but conduction re-

mains dominant. Warm areas stay broad and uniform. At Re = 7, the highest in

this low range, convection starts to show a minor effect. Still, heat mostly diffuses
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Re = 10

Re = 30

Re = 50

Re = 70

Figure 4.8: Temperature profiles with varying values of the Reynolds
Number(Re). Other parameters used: Fr = 120, Pr = 0.3, Gr = 20.5, λ = 5.5

and Ha = 1.0.

smoothly around the obstacles with little sign of flow-driven transport. Overall,

for these low Reynolds numbers, viscous forces overpower any inertial effects. As

a result, heat transfer is ruled by conduction, with minimal help from convection.

The temperature contours stay smooth and mostly symmetrical, showing that heat

is not carried far by the flow.

In the present study, mesh independence analysis has been carried out to ensure

the reliability and accuracy of the numerical results. The mesh is constructed

based on two key geometric discretization parameters K and N. By varying these
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Re = 1

Re = 3

Re = 5

Re = 7

Figure 4.9: Temperature profiles with varying values of the lower Reynold
Number (Re). Other parameters used: Fr = 120,Pr = 0.3,Gr = 20.5,λ = 5.5

and Ha = 1.0.

Table 4.1: Mesh independence analysis with maximum velocity magnitude

S No Mesh (K,N) No. of Triangles No. of Vertices Max |V | Absolute Difference Difference %

1 (2,5) 1303 720 2.51565 – –
2 (2,7) 2565 1378 2.59874 0.08309 3.30%
3 (2,9) 4193 2219 2.60611 0.00737 0.28%
4 (2,11) 6281 3290 2.60592 0.00019 0.01%

parameters, a sequence of progressively finer meshes is generated, ranging from

coarse to highly refined configurations.Each mesh configuration is characterized

by a specific number of triangles, representing the discretized elements of the
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computational domain, and vertices, which are the nodal points where the solution

is approximated. Using FreeFEM++, an open-source finite element code, the

maximum velocity magnitude within the domain is computed for each mesh setup.

The variation in maximum velocity values across different mesh resolutions serves

as a basis for evaluating mesh independence. Minimal changes in the results as the

mesh is refined indicate that the numerical solution is stable and not significantly

influenced by the mesh density, thereby confirming mesh-independent behavior.



Chapter 5

Conclusions and Future Work

In this research, we explored the flow and heat transfer characteristics through a

porous medium governed by the Darcy-Forchheimer model. The geometry con-

sists of a rectangular domain with three semicircular heaters connected beneath

the bottom boundary, representing localized heat sources. We formulated a cou-

pled nonlinear system of equations involving velocity, pressure, and temperature

fields. The Finite Element Method (FEM) was employed in combination with

a two-level algorithm to efficiently solve the problem with coarse and fine mesh

discretizations. We analyzed the influence of key physical parameters, including

the Darcy number, Forchheimer number, Reynolds number, Hartmann number,

Prandtl number, and Grashof number. Detailed graphical results were obtained to

illustrate their effects on the velocity profiles, temperature gradients. Mesh inde-

pendence analysis was also performed with different four meshes. The influence of

porosity was thoroughly investigated. This study contributes to the modeling of

complex heat and fluid flow in porous domains. The main findings of this research

is decribed as follows

• Increasing the Forchheimer number leads to a reduction in the fluid velocity

due to enhanced inertial resistance in the porous medium.

• Higher Darcy number allows easier flow through the porous structure, re-

sulting in increased velocity.

78
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• Increase in the Hartmann number suppresses the velocity due to Lorentz

force and this leads to a more uniform temperature distribution in the porous

domain.

• The rise in the Grashof number enhances buoyancy-driven convection and

significantly improves heat transfer near the heated regions.

• Higher Prandtl number reduces thermal diffusivity, causing sharper temper-

ature gradients and more localized heating effects.

• Heater placement and shape (semicircles) creates strong localized convection,

influencing overall heat distribution in the porous medium.

Several promising directions can be identified for future research. One of the pos-

sible future research direction is to extend the current steady-state model to un-

steady (transient) flow conditions to capture the dynamic behavior of the system

over time. Also, non-Newtonian effects such as viscoelastic, power-law, or couple-

stress fluids can be incorporated to analyze more realistic complex fluid behav-

iors. Another possible direction is to extend the current two-dimensional model

to three-dimensional geometries with irregular or porous walls can be considered

to simulate real-world engineering systems.
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