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Abstract

The study investigates the heat and mass transfer phenomena within a square

porous cavity that is filled with oxytactic microorganisms, utilizing the Cattaneo-

Christov heat flux model. The flow and heat transfer process in the porous medium

are analyzed through the Darcy model. The governing equations, which incorpo-

rate mass, momentum, and energy conservation laws, are solved numerically using

the finite element method. Results are presented through streamlines, isotherms,

concentration profiles, and tables, illustrating the impact of various parameters

such as the Rayleigh number Ra, bioconvection Rayleigh number Rb, Lewis num-

ber Le, and Péclet number Pe on the fluid dynamics, heat transfer, and mass

transfer behavior. The study emphasizes the effects of these parameters on the

Nusselt and Sherwood numbers at the vertical cavity walls. To validate the com-

puted results a table on the Nusselt and Sherwood number is presented which

compares the computed solutions with the available literature. A strong agree-

ment is found between the computed numerical values and the one present in the

literature. This shows the accuracy of the implementation of the finite element

code for the presented model problem. The results are computed for varying val-

ues of the physical parameters and are discussed in detail. Overall, the research

provides valuable insights into the complex interactions of heat, fluid flow, and

microorganism concentration within a porous cavity, focusing on the effects of key

dimensionless numbers. These findings are essential for optimizing processes in-

volving bioconvection and heat transfer in porous media, particularly in biological

or ecological systems where microorganisms play a critical role in the dynamics.
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Chapter 1

Literature Review

The study of convective heat transfer in porous media has grown exponentially due

to its relevance in a wide array of engineering applications, such as enhancing heat

exchangers, improving the efficiency of geothermal energy systems, and optimizing

thermal management in various industrial processes. Researchers are particularly

focused on understanding the complex fluid dynamics within these media, which

involve the interaction between the fluid phase and the solid phase that make up

the porous structure. This has profound implications in energy systems, where

heat transfer efficiency is critical. Additionally, the ability of porous media to

retain and transport fluids has proven useful in environmental applications such

as soil remediation, groundwater contamination control, and carbon sequestration,

where precise control of heat and fluid movement is vital. The versatility of porous

media is also harnessed in the development of advanced thermal storage systems,

where its ability to store and release heat over extended periods plays a crucial

role in reducing energy consumption. Furthermore, with the rise of sustainability

concerns, the use of porous media in energy storage and conversion devices such

as thermal energy storage units and advanced catalytic reactors has become an

area of intense research. These devices often rely on the efficient transfer of heat

and the dynamic interactions within porous structures to achieve enhanced per-

formance. As these technologies continue to evolve, understanding the underlying

heat transfer mechanisms in porous media is becoming increasingly important for

designing efficient, low-carbon solutions across various sectors. In summary, the

1
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study of heat transfer in porous media is at the intersection of various critical

fields, ranging from energy efficiency to environmental protection, making it a key

area for future research and technological innovation. Thermal equilibrium and

non-equilibrium models were utilized by Badruddin et al. [1] to examine the be-

havior of heat transfer in a square porous annulus. The results of the study showed

that the bottom wall had a higher Nusselt number than the top wall. Badruddin

et al. [2] used the finite element method to solve differential equations in order

to analyze the cylinder solid-porous interface in conjugate heat and mass trans-

fer. The temperature along the solid-porous interface rose as the cylinder height

increased, according to their results. Nonlinear heat transfer with radiation for

magnetic field non-Newtonian Casson flow field in porous annulus was examined

and studied by Jalili et al. [3]. Their findings showed that concentration is directly

impacted by temperature and velocity, but indirectly by the magnetic field.

Bioconvection is the process by which large fluid forms, such as falling plumes,

naturally form. Its causes are complex interactions between various phenomena

at various physical scales. The directed movement of self-moving microbes, which

have a density greater than that of water, is what propels the bioconvection pro-

cess. The relationship between microorganisms that consume oxygen and Zhang

et al. [4] studied thermo-bioconvection nanofluid flow in a Darcy-Forchheimer

medium on a porous Riga plate. Hillesdon and Pedley [5] investigated oxytac-

tic bacteria suspensions using the linear theory of bioconvection. Mandal et al. [6]

used entropy analysis to investigate the stratification of nanofluid flow containing

gyrotactic microorganisms along an inclined stretching cylinder.

Arafa et al. [7] investigated the hydrothermal bioconvective THNF (trihybrid

nanofluid) flow over a stretched rotating disk with heat generation. Thermo-

bioconvection is a vital technique for researching fluid motion in hot springs that

are home to motile thermophiles or heat-loving microorganisms. Kuznetsov [8]

used oxytactic bacteria in a shallow-depth permeable layer to study thermo-

bioconvection. Subsequently, he [9] investigated the mechanism of the co-operation

of gyrotactic microbes and nanoparticles. The effects of heat transmission and

MHD on GM (gyrotactic microorganisms) floating in a nanofluid flow across a

sheet were examined by Kashkooli et al. [10]. The objective of producing nanofluid
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composites is to enhance a single nanoparticle’s rheological or thermal conductiv-

ity in order to improve its characteristics. Single nanoparticles make up nanofluids,

which improve the rheological characteristics and heat-absorbing capacity of dif-

ferent fluids. Similar to improved rheological properties, a composite of nanofluids

is notable due to liquid-state thermal energy transfer. Rajeswari and De. [11]

examined the multi-stratified effects on stagnation point nanofluid flow using gy-

rotactic microorganisms over a porous substrate. Gomathi and De. [12] examined

the effects of hall currents and ion slip on Casson Williamson nanofluid flow with

porous media. Nisha and De. [13] looked into the effects of ion slip and Hall cur-

rents on Sisko nanofluid flow with porous medium and chemical reaction using a

statistical approach. Abbas et al. [14] examined the effects of Stefan blowing on

TPD (thermophoretic particle deposition) in Sisko nanofluid flow over a Riga plate

with Dufour and Soret effects. A hybrid nanofluid, is a kind of nanofluid created

by mixing two different kinds of nanoparticles into fluid. The materials, sizes, and

shapes of the nanoparticles that are used can vary. The hybrid nanofluid has better

qualities than either the base fluid or the individual NPs. Applications for hybrid

nanofluids are numerous and include energy storage, environmental engineering,

biomedical engineering, and heat transfer.

Heat transfer, which is fueled by temperature differences between or within an ob-

ject, is the foundation of many industrial and technological applications, including

power generation, cooling atomic reactors, and the production of energy in gen-

eral. The fundamental law for analyzing heat transfer has been Fourier’s Law [15],

but due to its limitations, Cattaneo [16] introduced a relaxation time term to ad-

dress the paradox of instantaneous heat conduction. The Oldroyd upper-convected

derivative was added by Christov [17] to further improve this theory, leading to

the creation of the Cattaneo–Christov heat flux theory [17].

In order to fully understand complex heat transfer scenarios, computational meth-

ods are essential. Current studies provide evidence for this trend. Mohanty et

al. [18] looked into the analysis of heat and irreversibility for unsteady HNF (hy-

brid nanofluid) flow over a spinning sphere using the Cattaneo-Christov heat flux

model and the interfacial nanolayer mechanism. Mohanty et al. [19] investigated

an infinite porous disk with Cattaneo-Christov heat flux to ascertain the impact of



Literature Review 4

Marangoni convection and interfacial nanolayer on Darcy-Forchheimer HNF. Tri-

hybrid nanofluids are blends of three distinct types of nanofluids. The purpose

of tri-hybrid nanofluids is to improve heat conductivity. The substantial thermal

energy generation in tangent hyperbolic material based on trihybrid nanomaterials

was investigated by Nazir et al. [20]. Abbas et al. [21] investigated the effects of

TPD (thermophoretic particle deposition) in a THNF (trihybrid nanofluid) con-

taining LTNECs. Ahmed et al. investigated the time-dependent squeezing flow of

THNF with variable characteristics between parallel rotating plates under varied

electric and magnetic fields [22]. Abbas et al. [23] examined the combined effects

of electrophoresis and thermophoresis in a trihybrid nanofluid Darcy Forchheimer

flow on a Riga plate. Ahmed et al. [24] looked into the Cattaneo-Christov double-

diffusion on Sutterby THNF flow with Oxytactic microorganisms. Convection

movement in permeable media is essential to many industrial and environmental

systems, such as heat exchanger design and geothermal energy systems. The non-

Darcian porous medium is a modified version of the standard Darcian model that

takes inertia and boundary topographies. Darcy’s law, as it is widely known, is

valid in a small area with low permeability and slow motion. Rasool et al. [25]

study the numerical treatment of HNF flow in a Darcy-Forchheimer medium using

radiative mass and heat transfer laws. Lund et al. [26] look into several solutions of

the HNF Darcy-Forchheimer flow with viscous dissipation effect. Shafiq et al. [27]

investigate the comparative analysis of the hyperbolic flow approaching a cylindri-

cal surface in the Darcy-Forchheimer tangent using an artificial neural network.

The simulation of Boger fluid chemical reactive flow over a sheet with heat gen-

eration and LTNECs (local thermal non-equilibrium conditions) was examined by

Abbas et al. [28]. Mohanty et al. [29] investigated the numerical analysis of the

significance of interfacial nanolayer thickness on DF (Darcy-Forchheimer) Casson

HNF flow using a moving needle and Cattaneo-Christov flux model. The analysis

of irreversibility for Darcy–Forchheimer Casson HNF flow resulting from a rotating

disk with heat radiation and CCHF (Cattaneo–Christov heat flux) was examined

by Mohanty et al. [30]. Fluid mechanics states that complex systems experience a

variety of chemical reactions within the fluid. These reactions can be classified as

mixed, heterogeneous, or homogeneous, and they all have a big influence on flow

patterns.
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1.1 Thesis Contribution

The study thoroughly investigates heat and mass transfer within a square porous

cavity that is filled with oxytactic microorganisms, analyzing the intricate interac-

tions between fluid flow, heat transfer, and microorganism dynamics under varying

conditions. By employing the Cattaneo-Christov heat flux model to capture non-

Fourier heat conduction, alongside the Darcy model and Boussinesq approximation

to describe fluid flow and thermal buoyancy, the governing equations are solved

numerically using the finite element method (FEM) with FreeFem++ software.

Key dimensionless numbers, such as the Rayleigh number (Ra), bioconvection

Rayleigh number (Rb), Lewis number (Le), and Péclet number (Pe), are care-

fully analyzed for their impact on flow patterns, heat transfer efficiency, and mass

transport.

The research further explores the effects of time relaxation, which arises from the

interplay of heat transfer, microbial motility, and diffusion processes, and how this

influences flow stability, pattern formation, and transient behavior in the system.

The study presents detailed results, including Nusselt and Sherwood numbers,

which shed light on the efficiency of heat and mass transfer at the cavity walls.

The study’s findings have critical implications for optimizing bioconvection pro-

cesses, particularly in biological systems where microorganisms play a significant

role in ecological dynamics.

Additionally, the insights gained from these simulations provide valuable guidance

for the design of bio-reactors and other systems requiring efficient heat and mass

transfer in porous media. This research advances the understanding of microbial

behavior and bioconvection phenomena, contributing to the development of more

efficient and sustainable systems for biological and ecological applications.

1.2 Thesis Attributes

A brief outline of the thesis’s contents is provided below.
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In Chapter 2, the fundamental laws governing a system playing a crucial role in

solving the governing model of Partial Differential Equations (PDEs) by providing

the necessary framework for simplifying complex physical processes are explained.

The key non-dimensionalized parameters, such as the Peclet number, Rayleigh

number, Bioconvection Rayleigh number, Lewis number, Relaxation time, and

Prandtl number, are introduced to capture the balance between different physical

forces and provide insight into the system’s dynamic behavior.

Each of these parameters offers a simplified description of the system, allowing

for an easier identification of dominant effects (e.g., convection, diffusion, or heat

transfer) and guiding the solution of the system’s PDEs. The cavity’s bound-

ary conditions, including thermal and concentration variations along the surfaces,

are clearly defined, establishing the framework for the analysis. Initially, the

physical model is presented in its dimensional form, accounting for the temper-

ature gradients, microorganism concentration, and the porosity of the medium.

To facilitate a more straightforward and scalable approach, the model is then

non-dimensionalized by introducing key non-dimensional parameters, such as the

Rayleigh number, Prandtl number, and Peclet number, among others, which help

to simplify the governing equations.

Chapter 3 investigates the proposed problem, thermo-bioconvection in a square

porous cavity filled with oxygen microorganisms, considering the intricate inter-

actions between heat, fluid flow, and microbial behavior. The cavity’s boundary

conditions, including thermal and concentration variations along the surfaces, are

clearly defined, establishing the framework for the analysis.

Initially, the physical model is presented in its dimensional form, accounting for

the temperature gradients, microorganism concentration, and the porosity of the

medium. To facilitate a more straightforward and scalable approach, the model is

then non-dimensionalized by introducing key non-dimensional parameters, such as

the Rayleigh number, Prandtl number, and Peclet number, among others, which

help to simplify the governing equations. This non-dimensionalization significantly

reduces the complexity of the analysis, making it easier to identify the dominant

factors that influence the flow behavior.
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Chapter 4 investigates the time relaxation effects in a thermo-bioconvective

porous cavity flow filled with oxytactic microorganisms, utilizing the Galerkin Fi-

nite Element Method (FEM) via weighted residual in FreeFEM++ software. The

process starts with the dimensional equations, which are then non-dimensionalized

using scaling transformations to simplify the problem by reducing the number of

physical parameters. After the equations are transformed into their dimension-

less form, they are integrated over the flow domain, transitioning into the weak

formulation required for numerical resolution. FreeFEM++ is used to solve the

resulting dimensionless equations using Galerkin finite element discretization. It

utilizes stream functions, isotherms, oxygen isoconcentrations, and microorgan-

isms isoconcentrations to comprehensively examine the flow dynamics within a

square cavity, focusing on the Time Relaxation Effects in Thermo-Bioconvective

Porous Cavity Flow. The stream functions are used to derive the streamlines,

which represent the flow patterns in the cavity, with their behavior offering valu-

able insights into the overall flow structure.

Chapter 5 contains the conclusion of this work.

The work’s references are enumerated in Bibliography.



Chapter 2

Basic Terminologies and

Governing Laws

In this chapter, all the definitions, governing laws and dimensionless parameters

related to the governing model are discussed, providing a thorough understanding

of the key concepts involved.

2.1 Foundational Concepts

2.1.1 Fluid

“A substance that cannot keep its own shape but instead adopts that of its con-

tainer is referred to as a fluid.” [31]

2.1.2 Fluid Mechanics

“The field of study known as fluid mechanics examines the behaviour of flu-

ids(liquids or gases) both at rest and in motion.”[31]

2.1.3 Fluid Dynamics

“The area of mathematics and physics that deals with describing and understand-

ing how liquids and gases move.” [31]

8
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2.1.4 Fluid Statics

“The area of fluid mechanics known as fluid statics is responsible for studying

incompressible fluids at rest.” [31]

2.1.5 Pressure

“The continuous physical force exerted on the unit area of surface is said to be

pressure. It is expressed by P and mathematically, it can be written as

P =
F

A
,

where F and A denote the applied physical force and area of the surface.”[32]

2.1.6 Density

“Density is defined as mass per unit volume. It is represented by Greek letter ρ

and mathematically, it is defined as

ρ =
m

V
,

where m and V are the mass and volume of the substance, respectively.”[32]

2.1.7 Viscosity

“The resistance of a fluid to a change in shape or movement of neighboring com-

ponents relative to one another is known as its viscosity. Mathematically,

µ =
τ
∂u
∂y

,

where µ is viscosity coefficient, τ is shear stress and ∂u
∂y

represents the velocity

gradient.”[31]
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2.1.8 Kinematic Viscosity

“It is described as the relationship between the fluid’s dynamic viscosity and den-

sity. It is represented by the symbol ν referred to as nu. Mathematically,

ν =
µ

ρ
.”[31]

2.1.9 Thermal Conductivity

“The Fourier heat conduction law states that the heat flow is proportional to the

temperature gradient. The coefficient of proportionality is a material parame-

ter known as the thermal conductivity which may be a function of a number of

variables.”[33]

2.1.10 Thermal Diffusivity

“The rate at which heat diffuses by conducting through a material depends on the

thermal diffusivity and can be defined as,

α =
k

ρCp

,

where α is the thermal diffusivity, k is the thermal conductivity, ρ is the density

and Cp is the specifc heat at constant pressure.”[34]

2.2 Types of Fluid

2.2.1 Ideal Fluid

“A fluid, which is incompressible and has zero viscosity, is known as an ideal fluid.

Ideal fluid is only an imaginary fluid as all the fluids, which exist, have some

viscosity.” [33]
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2.2.2 Real Fluid

“A fluid is considered to be real if it has viscosity. All of the fluids are actual fluids

in real life.” [33]

2.2.3 Newtonian Fluid

“A Newtonian fluid is defined as one with constant viscosity, with zero shear rate

at zero shear stress.” [33]

2.2.4 Non-Newtonian Fluid

“A non-Newtonian fluid is a fluid that does not follow Newton law of viscosity,

i.e., constant viscosity independent of stress.

τxy ∝
(
du

dy

)m

, m ̸= 0

τxy = µ

(
du

dy

)m

.”[33]

2.2.5 Magnetohydrodynamics

“The interaction of magnetic fields and fluid flow is the subject of magnetohy-

drodynamics (MHD). The fluids under consideration must be both electrically

conducting and non-magnetic, which restricts us to liquids, hot ionic gases, and

strong electrolyte.” [35]

2.3 Types of Flow

2.3.1 Rotational Flow

“Rotational flow is that type of flow in which the fluid particles while flowing along

stream-lines, also rotate about their own axis.” [31]
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2.3.2 Irrotational Flow

“Irrotational flow is that type of flow in which the fluid particles, while flowing

along stream lines, do not rotate about their own axis, then this type of flow is

called irrotational flow.”[31]

2.3.3 Compressible Flow

“Compressible flow is that type of flow in the the density of the fluid changes

from point to point, or in other words the density (ρ) is not constant for the fluid.

Mathematically,

ρ ̸= k,

where k stands constant.” [31]

2.3.4 Incompressible Flow

“Incompressible flow is that type of flow in which the density is constant for

the fluid. Liquids are generally incompressible, whereas gases are compressibles.

Mathemtically,

ρ = k,

where k stands constant.”[31]

2.3.5 Steady Flow

“The flow is referred to as steady flow if the flow properties, such as depth of

flow, velocity of flow, and rate of flow at any location in open channel flow, do not

fluctuate with regard to time. Mathematically,

∂Q

∂t
= 0,

where Q is any fluid property.” [31]
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2.3.6 Unsteady Flow

“Unsteady flow is defined as flow in an open channel that changes with respect to

time at any location in terms of velocity, depth, or rate. Mathematically,

∂Q

∂t
̸= 0,

where Q is any fluid property.” [31]

2.3.7 Internal Flow

“Flows completely bounded by a solid surfaces are called internal or duct flows.”

[36]

2.3.8 External Flow

“Flows over bodies immersed in an unbounded fluid are said to be an external

flows.” [36]

2.4 Modes of Heat Transfer

2.4.1 Heat Transfer

“Heat transfer is a branch of engineering that deals with the transfer of thermal

energy from one point to another within a medium or from one medium to another

due to the occurrence of a temperature difference.”[33]

2.4.2 Conduction

“The transfer of heat within a medium due to a diffusion process is called conduc-

tion.” [33]



Basic Terminologies and Governing Laws 14

2.4.3 Convection

“Convection heat transfer is usually defined as energy transport effected by the

motion of a fluid.

This convection heat transfer between two dissimilar media is governed by New-

ton’s law of cooling.”[33]

2.4.4 Thermal Radiation

“Thermal Radiation is defined as radiant (electromagnetic) energy emitted by a

medium and is solely to the temperature of the medium.”[33]

2.4.5 Porous Medium

“A material containing the pores in it is called porous material or a porous medium.

Pores are usually filled with fluid, i.e., liquid or gases.

A porous medium is often considered by its porosity. Many natural materials such

as soil, rocks (e.g., aquifers, petroleum, zeolites), biological tissues (e.g., wood,

bones, cork) and hand made substances such as ceramics and cements can be

characterized as porous media.” [32]

2.5 Governing Laws of Fluid Dynamics

2.5.1 Continuity Equation

“The principle of conservation of mass can be stated as the time rate of change of

mass is fixed volume is equal to the net rate of flow of mass across the surface.

Mathematically, it can be written as

∂ρ

∂t
+∇.(ρu) = 0.”[33]
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2.5.2 Momentum Equation

“The momentum equation states that the time rate of change of linear momentum

of a given set of particles is equal to the vector sum of all the external forces acting

on the particles of the set, provided Newtons Third Law of action and reaction

governs the internal forces.

Mathematically, it can be written as

∂

∂t
(ρu) +∇.[ρu(u)] = −∇T + ρg.”[33]

2.5.3 Energy Equation

“The law of conservation of energy states that the time rate of change of the total

energy is equal to the sum of the rate of work done by the applied forces and

change of heat content per unit time.

∂ρ

∂t
+∇.ρu = −∇q+Q+ ϕ,

where ϕ is the dissipation function.” [33]

2.6 Dimensionless Parameters

2.6.1 Nusselt Number (Nu)

“It is the relationship between the convective to the conductive heat transfer

through the boundary of the surface. Mathematically, it is defined as

Nu =
h · L
k

, (2.1)

where Nu represents the Nusselt number, h stands for convective heat transfer, L

stands for characteristic length and k stands for thermal conductivity.”[37]
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2.6.2 Sherwood Number (Sh)

“It is a non-dimensional quantity which describes the ratio of the mass transport

by convection to the transfer of mass by diffusion.

Mathematically,

Sh =
hmL

D
, (2.2)

where Sh is the Sherwood number, hm represents convective mass transfer coeffi-

cient, L is the characteristic length and D is the mass diffusivity.”[36]

2.6.3 Peclet Number (Pe)

“The Peclet number (Pe) is a dimensionless parameter defined as the product of

the Reynolds and Prandtl numbers and characterizes the relative importance of

advection and diffusion in heat transport.

Mathematically,

Pe = Re.Pr =
u · L
D

, (2.3)

where u denotes flow velocity, L represents characteristic length, and D is the

mass diffusivity.” [38]

2.6.4 Darcy Number (Da)

“The Darcy number Da represents the effect of the permeability of medium ac-

cording to its cross sectional area

Da =
κ

H2
, (2.4)

where κ shows the permeability of porus medium and H is the length of prescribed

geometry. It was first introduced by Henry Darcy. It is transformed by the non-

dimensionalizing the differential form of Darcy’s law.”[39]
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2.6.5 Lewis Number (Le)

“The Lewis number Le is a dimensionless quantity that compares the rate of heat

transfer to the rate of mass transfer in a fluid. In simpler terms, it tells you how

effectively a fluid can transport heat compared to how effectively it can transport

mass.

Le =
α

D
, (2.5)

where α represents the thermal diffusivity and D represents mass diffusivity.” [39]

2.6.6 Prandtl Number (Pr)

“The ratio of kinematic diffusivity to heat the diffusivity is said to be Prandtl

number. It is denoted by Pr. Mathematically, it can be written as

Pr =
momentum diffusivity

thermal diffusivity
=
ν

α
, (2.6)

where ν is the kinematic viscosity and α is the thermal diffusivity”. [39]

2.7 Galerkin FEM Method

The Galerkin Finite Element Method (FEM) is a powerful numerical technique

for solving differential equations. It combines the idea of weighted residuals with

the finite element approach. Some steps are given below to illustrate the galerkin

method.

Step 1: (Problem Definition) Start with the governing differential equation you

want to solve. That equation represents the physical problem you are modeling.

Then define the conditions at the boundaries of your domain. These conditions

specify the behavior of the solution at the edges of the problem space.

Step 2: (Weak Formulation) Multiply the differential equation by a weight func-

tion (also called a test function) and integrate over the problem domain. Apply

integration by parts to reduce the order of the highest derivative in the equation.
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This step is crucial for the Galerkin method. The result is the weak form of the

differential equation. It involves lower-order derivatives, making it easier to work

with.

Step 3: (Discretization) Divide the problem domain into smaller, simpler elements

(e.g., line segments in 1D, triangles in 2D). Choose basis functions (also called

shape functions) to represent the solution within each element. These functions are

typically polynomials. Express the approximate solution as a linear combination

of the basis functions, with unknown coefficients.

Step 4: (System of Equations) The orthogonality condition results in a system of

linear equations, often expressed in matrix form. Solve the system of equations to

find the unknown coefficients of the basis functions.

2.7.1 Example: 1D Heat Equation

To demonstrate the Galerkin method, consider the following one dimensional heat

equation.

d2u

dx2
+ f(x) = 0, 0 < x < 1

with the following boundary conditions

u(0) = 0, u(1) = 0.

1. Weak Formulation: Multiply by a weight function v(x), integrate, and apply

integration by parts:

∫
d2u

dx2
v dx = −

∫
du

dx

dv

dx
dx+

[
du

dx
v

]1
0

.

Using the boundary conditions, the second term vanishes. The weak form

becomes

−
∫
du

dx

dv

dx
dx+

∫
f(x)v dx = 0.
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2. Discretization: Divide the domain [0, 1] into elements. Let’s use linear basis

functions ϕi(x). The approximate solution is expressed as

u(x) ≈
∑

uiϕi(x).

3. Galerkin Method: Choose weight functions v(x) = ϕj(x). Substitute the

approximate solution into the weak form:

−
∫ (∑

ui
dϕi

dx

)
dϕj

dx
dx+

∫
f(x)ϕj(x) dx = 0.

4. System of Equations: This leads to a system of linear equations:

[K]{u} = {F},

where, Kij = −
∫

dϕi

dx

dϕj

dx
dx is the Stiffness matrix, Fj =

∫
f(x)ϕj(x) dx is

the Force vector, and {u} is the vector of unknown coefficients ui.

5. Solve: Solve the system of equations to find the coefficients ui.

6. Solution: The approximate solution is obtained by u(x) ≈
∑
uiϕi(x).



Chapter 3

Thermo-Bioconvection in Porous

Cavity by Oxytactic

Microorganisms

The primary goal of this chapter is to build upon the foundational work of Kuz

netsov (2006) [8] by extending it to the context of thermo-bioconvection within a

square porous cavity that is saturated with oxytactic microorganisms. The study

makes certain simplifying assumptions: the porous matrix is inert in terms of

microbial interactions, meaning it does not absorb or otherwise alter the concen-

tration of the bacteria.

Furthermore, it is assumed that the pore sizes within the matrix are significantly

larger than the microorganisms themselves, ensuring that the microorganisms’

oxytactic behavior—defined as the movement or aggregation of bacteria in re-

sponse to a temperature or concentration gradient—remains unaffected by the

presence of the porous medium. This allows the analysis to focus solely on the in-

teractions between the temperature gradient, the microorganisms’ behavior, and

the resulting convective flows. The work presented in this chapter is expected

to contribute novel and original insights to the literature concerning convection

in porous media that are biologically active, particularly where the dynamics of

oxytaxis and heat transfer are involved.

20
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It is anticipated that these results will deepen our understanding of such systems,

which have implications for biological processes in porous environments, including

those relevant in natural systems and industrial applications.

The findings presented here can offer new perspectives on the role of microorgan-

ism behavior in thermo-convective flows, thereby extending the theoretical and

practical understanding of these complex systems.

3.1 Mathematical Modeling

Consider a two-dimensional porous square cavity that is filled with oxytactic mi-

croorganisms and has walls of length H. Presumably, the enclosure’s left hot and

right cooled walls are kept at constant temperatures TH and TC , respectively, with

TH > TC , and the walls at the top and bottom are adiabatic. In opposition to the

y-axis is the direction in which the gravity vector, g, acts.

The model that is being presented here is based on a continuum model that Hilles-

don and Pedley [5] developed for a suspension of oxytactic microorganisms. An

energy equation and a buoyancy term in the momentum equation resulting from

the temperature variation across the cavity complete this model.

The suspension is taken to be diluted and the Boussinesq approximation is applied.

The governing equations are expressed as in the following form:

Continuity equation

∇.v = 0. (3.1)

Momentum (Darcy) equation

µ

K
v = −∇p+ [γ∆ρn− ρfβ (T − TC)] g. (3.2)

Time relaxed energy equation

v.∇T = αm∇2T. (3.3)
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Oxygen conservation equation

v.∇C = DC∇2C − δn. (3.4)

Cell conservation equation

∇.j = 0, (3.5)

where

j = nv+ nṽ−Dn∇n. (3.6)

Here v is the fluid filtration velocity vector; T is the fluid temperature; αm is the

effective thermal diffusivity of the porous medium; K is the permeability of the

porous medium; n is the number density of motile microorganisms; p is the ex-

cess pressure (above hydro-static); β is the volume expansion coefficient of water

at constant pressure; j is the flux of microorganisms due to macroscopic motion

of fluid; directional swimming of microorganisms up the oxygen gradients and a

diffusive process that models all random motions of microorganisms, respectively;

µ is the dynamic viscosity of the suspension (the suspension includes fluid plus

microorganisms, µ assumed to be constant and approximately the same as that

of water); ρf is the density of the fluid; ∆ρ = ρcell − ρf is the density difference

between cells and fluid; γ is the average volume of a microorganism; DC is the

diffusivity of oxygen; Dn is the diffusivity of microorganisms; ∇2 is the Lapla-

cian operator; −δn describes the consumption of oxygen by the microorganisms;

∆C = Cmin where C0 is the free-surface oxygen concentration; and Cmin is the min-

imum oxygen concentration that microorganisms need in order to be active. The

terms on the right-hand side of Eq. (3.6) represent the flux of microorganisms due

to macroscopic motion of the fluid, the directional swimming of microorganisms

up the oxygen gradients, and a diffusive process that models all random motions

of microorganisms, respectively. The average directional swimming velocity of a

microorganism ṽ in Eq. (3.6) can be approximate as

ṽ = bWC∇C/∆C, (3.7)

where b is the chemotaxis constant [m] and Wc is the maximum cell swimming

speed [m/s] (the product bWc is assumed to be constant). Eq. (3.1)- (3.5) can be
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written in Cartesian co-ordinates x and y as

∂u

∂x
+
∂v

∂y
= 0, (3.8)

µ

K
u = −∂p

∂x
, (3.9)

µ

K
v = −∂p

∂y
− [γ∆ρn− ρfβ(T − TC)]g, (3.10)

or, if we eliminate the pressure gradients,

∂u

∂y
− ∂v

∂x
= −gK

µ

(
ρfβ

∂T

∂x
− γ∆ρ

∂n

∂x

)
, (3.11)

u
∂T

∂x
+ v

∂T

∂y
= αm

(
∂2T

∂x2
+
∂2T

∂y2

)
, (3.12)

u
∂C

∂x
+ v

∂C

∂y
= DC

(
∂2C

∂x2
+
∂2C

∂y2

)
−δn, (3.13)

∂

∂x

[
un+ ũn−Dn

∂n

∂x

]
+

∂

∂y

[
vn+ ṽn−Dn

∂n

∂y

]
= 0, (3.14)

where u and v are the velocity components along the x− and y−axes, respectively,

and ũ and ṽ are provided by ũ =

(
bWc

∆C

)
∂C
∂x

and ṽ =

(
bWc

∆C

)
∂C
∂y
. Equations (3.8)-

(3.14) can be written in dimensionless form using the following variable

X =
x

H
, Y =

y

H
, θ =

(T − TC)

∆T
, ϕ =

(C − Cmin)

∆C
, N =

n

n0

, p =
α2
mP

H2
,

(3.15)

where n0 is the average number density of the microorganisms (number density of

the microorganisms in a well-stirred suspension) and we take velocities u and v,

which are defined as u = (αm/H)U and v = (αm/H)V . As a result, we get the

following dimensionless partial differential equations for the model problem under

consideration:

∂U

∂X
+
∂V

∂Y
= 0, (3.16)

∂U

∂Y
− ∂V

∂X
= −Ra

[
∂θ

∂X
−Rb

∂N

∂X

]
, (3.17)

U
∂θ

∂X
+ V

∂θ

∂Y
=

∂2θ

∂X2
+
∂2θ

∂Y 2
, (3.18)
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U
∂ϕ

∂X
+ V

∂ϕ

∂Y
=

1

Le

[
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

]
− σ

Le
N, (3.19)

∂

∂X
(UN)+

∂

∂Y
(V N)+Pe

(
∂

∂X

(
N
∂ϕ

∂X

)
+

∂

∂Y

(
N
∂ϕ

∂Y

))
=

1

Leχ

[
∂2N

∂X2
+
∂2N

∂Y 2

]
,

(3.20)

where the parameters Ra is the traditional Rayleigh number for a porous medium,

Le is the Lewis number, Rb is the bio-convection Rayleigh number, Pe is the Péclet

number, which can be regarded as a ratio of two characteristic velocities, one due to

oxytactic swimming and the other due to random, diffusive swimming (Hillesdon

and Pedley 1996) and σ is a constant, which characterizes the ratio of the rate of

oxygen consumption to the rate of oxygen diffusion. These parameters are defined

as

Ra =
gKβ∆TH

ναm

, Rb =
γ∆ρn0

ρfβ∆T
, σ =

δn0H
2

Dc∆C
, Le =

αm

DC

, χ =
DC

Dn

, Pe =
bWC

αm

.

(3.21)

The following dimensionless boundary conditions for Eqs. (3.16)- (3.20) can be

presented as

Ψ = 0 at all walls

θ = 1, ϕ = 1, N = 1 at X = 0,

θ = 0, ϕ = 1, N = 1 at X = 1,

∂θ

∂Y
= 0, ϕ = 1, P eN

∂ϕ

∂Y
− ∂N

∂Y
= 0 at Y = 0,

∂θ

∂Y
= 0,

∂ϕ

∂Y
= 0,

∂N

∂Y
= 0 at Y = 1.

The definitions for the local Nusselt and Sherwood numbers (NuY , ShY ) on the

vertical walls and average Nusselt and Sherwood numbers (Nu, Sh) are given by

NuY = −
(
∂θ

∂X

)
X=0,1

, ShY = −
(
∂ϕ

∂X

)
X=0,1

, (3.22)

and
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Nu =

∫ 1

0

NuY dY, Sh =

∫ 1

0

ShY dY, (3.23)

respectively.

3.2 Weak Formulation

In order to transform differential equations into integral form, weak formula-

tion is a variational method that multiplies the dependent variable by a suit-

able test function and then integrates the result over the whole computational

domain. The weak formulation of the strong form of the governing PDEs from

Eqs. (3.16) to (3.20) is written below:

The weak form for u-component of momentum equation (3.16) as follows:

∂U

∂t
+ A1U = − ∂P

∂X
,

Multiplying by test function Ũ first and then integrate over computational domain,

A1UŨ − q
∂U

∂X
Ũ = − ∂P

∂X
Ũ, (3.24)

as
∂

∂X
(UŨ) = U

∂Ũ

∂X
+
∂U

∂X
Ũ

⇒ ∂

∂X
(UŨ)− U

∂Ũ

∂X
=
∂U

∂X
Ũ

⇒ −
[
∂

∂X
(UŨ)− U

∂Ũ

∂X

]
= − ∂U

∂X
Ũ

⇒ − ∂

∂X
(UŨ) + U

∂Ũ

∂X
= − ∂U

∂X
Ũ

∂

∂X
(PŨ) = P

∂Ũ

∂X
+
∂P

∂X
Ũ

⇒ ∂

∂X
(PŨ)− P

∂Ũ

∂X
=
∂P

∂X
Ũ

⇒ −
[
∂

∂X
(PŨ)− P

∂Ũ

∂X

]
= − ∂P

∂X
Ũ
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⇒ − ∂

∂X
(PŨ) + P

∂Ũ

∂X
= − ∂P

∂X
Ũ.

So, equation (3.24) becomes

A1UŨ−q
∂

∂X
(UŨ)+qU

∂Ũ

∂X
= − ∂

∂X
(PŨ)+P

∂Ũ

∂X
,

A1

∫
Ωn

UŨdΩ− q

∫
Ωn

∂

∂X
(UŨ)dΩ + q

∫
Ωn

U
∂Ũ

∂X
dΩ =

−
∫
Ωn

∂

∂X
(PŨ)dΩ + P

∫
Ωn

∂Ũ

∂X
dΩ,

(3.25)

A1

∫
Ωn

UŨdΩ−

��
���

����*0

q

∫
Ωn

∂

∂X
(UŨ)dΩ + q

∫
Ωn

U
∂Ũ

∂X
dΩ =

−

���
���

���*0∫
Ωn

∂

∂X
(PŨ)dΩ + P

∫
Ωn

∂Ũ

∂X
dΩ,

A1

∫
Ωn

UŨdΩ + q

∫
Ωn

U
∂Ũ

∂X
dΩ = P

∫
Ωn

∂Ũ

∂X
dΩ.

Taking Domain as current time step value, we have

A1

∫
Ωn+1

Un+1ŨdΩ+qn+1

∫
Ωn+1

Un+1 ∂Ũ

∂Xn+1
dΩ = P n+1

∫
Ωn+1

∂Ũ

∂Xn+1
dΩ,

which is weak form of u-component of momentum equation.

Similarly, we obtain the weak form for v-component of momentum equation (3.16)

as follows:

A2V = −∂P
∂Y

− A3

[
A4N − θ

]
.

Multiplying by test function Ṽ first and then integrate over computational domain,

A2V Ṽ−q∂V
∂Y

Ṽ = −∂P
∂Y

Ṽ−A3

[
A4N−θ

]
Ṽ ,

(3.26)

as
∂

∂Y
(V Ṽ ) = V

∂Ṽ

∂Y
+
∂V

∂Y
Ṽ ,
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⇒ ∂

∂Y
(V Ṽ )− V

∂Ṽ

∂Y
=
∂V

∂Y
Ṽ

⇒ −
[
∂

∂Y
(V Ṽ )− V

∂Ṽ

∂Y

]
= −∂V

∂Y
Ṽ

⇒ − ∂

∂Y
(V Ṽ ) + V

∂Ṽ

∂Y
= −∂V

∂Y
Ṽ

∂

∂Y
(PṼ ) = P

∂Ṽ

∂Y
+
∂P

∂Y
Ṽ

⇒ ∂

∂Y
(PṼ )− P

∂Ṽ

∂Y
=
∂P

∂Y
Ṽ

⇒ −
[
∂

∂Y
(PṼ )− P

∂Ṽ

∂Y

]
= −∂P

∂Y
Ṽ

⇒ − ∂

∂Y
(PṼ ) + P

∂Ṽ

∂Y
= −∂P

∂Y
Ṽ .

So, equation (3.26) becomes:

A2V Ṽ−q ∂

∂Y
(V Ṽ )+qV

∂Ṽ

∂Y
= − ∂

∂Y
(PṼ )+P

∂Ṽ

∂Y
−A3

[
A4N−θ

]
Ṽ ,

A2

∫
Ωn

V Ṽ dΩ− q

∫
Ωn

∂

∂Y
(V Ṽ )dΩ + q

∫
Ωn

V
∂Ṽ

∂X
dΩ =

−
∫
Ωn

∂

∂Y
(PṼ )dΩ + P

∫
Ωn

∂Ṽ

∂Y
dΩ− A3A4

∫
Ωn

NṼ dΩ + A3

∫
Ωn

θṼ dΩ,

(3.27)

A2

∫
Ωn

V Ṽ dΩ−

��
���

����*0

q

∫
Ωn

∂

∂Y
(V Ṽ )dΩ + q

∫
Ωn

V
∂Ṽ

∂X
dΩ =

−

��
���

����*0∫
Ωn

∂

∂Y
(PṼ )dΩ + P

∫
Ωn

∂Ṽ

∂Y
dΩ− A3A4

∫
Ωn

NṼ dΩ + A3

∫
Ωn

θṼ dΩ,

A2

∫
Ωn

V Ṽ dΩ + q

∫
Ωn

V
∂Ṽ

∂X
dΩ =

P

∫
Ωn

∂Ṽ

∂Y
dΩ− A3A4

∫
Ωn

NṼ dΩ + A3

∫
Ωn

θṼ dΩ.
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Taking domain as current time step value, we have

A2

∫
Ωn+1

V n+1Ṽ dΩ + qn+1

∫
Ωn+1

V n+1 ∂Ṽ

∂Xn+1
dΩ =

P n+1

∫
Ωn+1

∂Ṽ

∂Y n+1
dΩ− A3A4

∫
Ωn+1

Nn+1Ṽ dΩ + A3

∫
Ωn+1

θn+1Ṽ dΩ,

which is weak form of v-component of momentum equation. The energy equa-

tion (3.17) in the same way becomes:

U
∂θ

∂X
+ V

∂θ

∂Y
=

∂2θ

∂X2
+
∂2θ

∂Y 2

Multiplying by test function θ̃ first and then integrate over computational domain,

[(
U
∂θ

∂X

)
+

(
V
∂θ

∂Y

)]
θ̃ =

∂2θ

∂X2
θ̃ +

∂2θ

∂Y 2
θ̃, (3.28)

∫
Ωn

[(
U
∂θ

∂X

)
+

(
V
∂θ

∂Y

)]
θ̃dΩ =

∫
Ωn

∂2θ

∂X2
θ̃dΩ +

∫
Ωn

∂2θ

∂Y 2
θ̃dΩ,

1

δt

(
θn o Xn

)
θ̃dΩ =

∫
Ωn

∂2θ

∂X2
θ̃dΩ +

∫
Ωn

∂2θ

∂Y 2
θ̃dΩ.

Using Green’s theorem for Laplacian term as

∫
Ω

ψ∆ϕ dΩ = −
∫
Ω

∇ϕ∇ψ dΩ +

∫
Ω

ψ(∇ϕn) dΓ.

Here, ψ = θ̃, ∆ϕ =
∂2θ

∂X2
, ∆ϕ =

∂2θ

∂Y 2
, ∇ϕ =

∂θ

∂X
, ∇ϕ =

∂θ

∂Y
,

∇ψ =
∂θ̃

∂X
, ∇ψ =

∂θ̃

∂Y
,

as ∇ϕn =
∂ϕ

∂n
= nx

∂ϕ

∂X
+ ny

∂ϕ

∂Y
(ϕ = θ).

So,

∫
Ωn

[
∂2θ

∂X2
+
∂2θ

∂Y 2

]
θ̃dΩ =

[
−
∫
Ωn

∂θ

∂X

∂θ̃

∂X
dΩ

+

∮
Γ

θ̃

(
nx

∂θ

∂X

)
dΓ

]
+

[
−
∫
Ωn

∂θ

∂Y

∂θ̃

∂Y
dΩ +

∮
Γ

θ̃

(
ny
∂θ

∂Y

)
dΓ

]
.
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Now (3.28) becomes

1

δt
(θn ◦Xn) θ̃ dΩ =−

∫
Ωn

∂θ

∂X

∂θ̃

∂X
dΩ +

∮
Γ

θ̃

(
nx

∂θ

∂X

)
dΓ

−
∫
Ωn

∂θ

∂Y

∂θ̃

∂Y
dΩ +

∮
Γ

θ̃

(
ny
∂θ

∂Y

)
dΓ.

Taking Domain as current time step value, we have

1

δt

(
θn o Xn

)
θ̃dΩ = −

∫
Ωn+1

∂θn+1

∂Xn+1

∂θ̃

∂Xn+1
dΩ +

∮
Γ

θ̃

(
nx

∂θn+1

∂Xn+1

)
dΓ

−
∫

Ωn+1

∂θn+1

∂Y n+1

∂θ̃

∂Y n+1
dΩ +

∮
Γ

θ̃

(
ny
∂θn+1

∂Y n+1

)
dΓ,

which is weak form of energy equation.

The oxygen conservation equation (3.18) in the same way becomes:

U
∂ϕ

∂X
+V

∂ϕ

∂Y
= A6

(
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

)
−A7N.

Multiplying by test function ϕ̃ first and then integrate over computational domain,

[(
U
∂ϕ

∂X

)
+

(
V
∂ϕ

∂Y

)]
ϕ̃ = A6

(
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

)
ϕ̃−A7Nϕ̃,

∫
Ωn

[(
U
∂ϕ

∂X

)
+

(
V
∂ϕ

∂Y

)]
ϕ̃dΩ = A6

∫
Ωn

(
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

)
ϕ̃dΩ−A7

∫
Ωn

Nϕ̃dΩ.

(3.29)

So (3.29), becomes

− 1

δt

(
ϕn o Xn

)
ϕ̃dΩ = A6

∫
Ωn

(
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

)
ϕ̃dΩ−A7

∫
Ωn

Nϕ̃dΩ.

(3.30)

Using Green’s theorem for Laplacian term as

∫
Ω

ψ∆ϕ dΩ = −
∫
Ω

∇ϕ∇ψ dΩ +

∫
Ω

ψ(∇ϕn) dΓ.

Here, ψ = ϕ̃, ∆ϕ =
∂2ϕ

∂X2
, ∆ϕ =

∂2ϕ

∂Y 2
, ∇ϕ =

∂ϕ

∂X
, ∇ϕ =

∂ϕ

∂Y
,
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∇ψ =
∂ϕ̃

∂X
, ∇ψ =

∂ϕ̃

∂Y
.

As ∇ϕn =
∂ϕ

∂n
= nx

∂ϕ

∂X
+ ny

∂ϕ

∂Y
(ϕ = ϕ).

So,

∫
Ωn

[
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

]
ϕ̃dΩ

=

[
−
∫
Ωn

∂ϕ

∂X

∂ϕ̃

∂X
dΩ +

∮
Γ

ϕ̃

(
nx

∂ϕ

∂X

)
dΓ−

∫
Ωn

∂ϕ

∂Y

∂ϕ̃

∂Y
dΩ +

∮
Γ

ϕ̃

(
ny
∂ϕ

∂Y

)
dΓ

]
,

Now (3.30), becomes:

− 1

δt

(
ϕn o Xn

)
ϕ̃dΩ = A6

[ ∫
Ωn

∂ϕ

∂X

∂ϕ̃

∂X
dΩ +

∮
Γ

ϕ̃

(
nx

∂ϕ

∂X

)
dΓ−

∫
Ωn

∂ϕ

∂Y

∂ϕ̃

∂Y
dΩ

+

∮
Γ

ϕ̃

(
ny
∂ϕ

∂Y

)
dΓ

]
− A7

∫
Ωn

Nϕ̃dΩ.

Taking domain as current time step value, we have

− 1

δt

(
ϕn o Xn

)
ϕ̃dΩ = A6

[
−
∫

Ωn+1

∂ϕn+1

∂Xn+1

∂ϕ̃

∂Xn+1
dΩ +

∮
Γ

ϕ̃

(
nx

∂ϕn+1

∂Xn+1

)
dΓ

−
∫

Ωn+1

∂ϕn+1

∂Y n+1

∂ϕ̃

∂Y n+1
dΩ +

∮
Γ

ϕ̃

(
ny
∂ϕn+1

∂Y n+1

)
dΓ

]
− A7

∫
Ωn+1

Nn+1ϕ̃dΩ,

which is weak form of oxygen conservation equation.

The cell conservation equation (3.19) in the same way becomes:

∂

∂Y
(V N)+A8

(
∂

∂X

(
N
∂ϕ

∂X

)
+
∂

∂Y

(
N
∂ϕ

∂Y

))
= A9

[
∂2N

∂X2
+
∂2N

∂Y 2

]
,

Multiplying by test function Ñ first and then integrate over computational domain,(
U
∂N

∂X
+N

∂U

∂X

)
Ñ +

(
V
∂N

∂Y
+N

∂V

∂Y

)
Ñ + A8

(
N
∂2ϕ

∂X2
+N

∂2ϕ

∂Y 2

)
Ñ

= A9

[
∂2N

∂X2
+
∂2N

∂Y 2

]
Ñ ,

(3.31)

as
∂

∂X

(
N
∂ϕ

∂X
Ñ

)
= N

∂ϕ

∂X

∂

∂X
(Ñ) +N

∂

∂X

(
∂ϕ

∂X

)
Ñ +

∂

∂X
(N)

∂ϕ

∂X
Ñ
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⇒ ∂

∂X

(
N
∂ϕ

∂X
Ñ

)
= N

∂ϕ

∂X

∂Ñ

∂X
+N

∂2ϕ

∂X2
Ñ +

∂N

∂X

∂ϕ

∂X
Ñ

⇒ ∂

∂X

(
N
∂ϕ

∂X
Ñ

)
−N

∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ = N

∂2ϕ

∂X2
Ñ

∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
= N

∂ϕ

∂Y

∂

∂Y
(Ñ) +N

∂

∂Y

(
∂ϕ

∂Y

)
Ñ +

∂

∂Y
(N)

∂ϕ

∂Y
Ñ

⇒ ∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
= N

∂ϕ

∂Y

∂Ñ

∂Y
+N

∂2ϕ

∂Y 2
Ñ +

∂N

∂Y

∂ϕ

∂Y
Ñ

⇒ ∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
−N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ = N

∂2ϕ

∂Y 2
Ñ .

So (3.31), becomes

1

2

(
U
∂N

∂X
+ U

∂N

∂X
+N

∂U

∂X
+N

∂U

∂X

)
Ñ +

1

2

(
V
∂N

∂Y
+ V

∂N

∂Y
+N

∂V

∂Y
+N

∂V

∂Y

)
Ñ

+ A8

(
∂

∂X

(
N
∂ϕ

∂X
Ñ

)
−N

∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ +

∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
−N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

)
= A9

[
∂2N

∂X2
+
∂2N

∂Y 2

]
Ñ ,

1

2

∫
Ωn

(
U
∂N

∂X
+ U

∂N

∂X
+N

∂U

∂X
+N

∂U

∂X

)
ÑdΩ +

1

2

∫
Ωn

(
V
∂N

∂Y
+ V

∂N

∂Y
+N

∂V

∂Y

+N
∂V

∂Y

)
ÑdΩ + A8

∫
Ωn

(
∂

∂X

(
N
∂ϕ

∂X
Ñ

)
−N

∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ +

∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)

−N
∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

)
dΩ = A9

∫
Ωn

[
∂2N

∂X2
+
∂2N

∂Y 2

]
ÑdΩ,

1

2

∫
Ωn

(
U
∂N

∂X
+ U

∂N

∂X
+N

∂U

∂X
+N

∂U

∂X

)
Ñ dΩ

+
1

2

∫
Ωn

(
V
∂N

∂Y
+ V

∂N

∂Y
+N

∂V

∂Y
+N

∂V

∂Y

)
Ñ dΩ

+ A8

∫
Ωn

[
∂

∂X

(
N
∂ϕ

∂X
Ñ

)
−N

∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ

+
∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
−N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

]
dΩ

= A9

∫
Ωn

(
∂2N

∂X2
+
∂2N

∂Y 2

)
Ñ dΩ.
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1

2

∫
Ωn

(
U
∂N

∂X
+ U

∂N

∂X
+N

∂U

∂X
+N

∂U

∂X

)
ÑdΩ +

1

2

∫
Ωn

(
V
∂N

∂Y
+ V

∂N

∂Y
+N

∂V

∂Y

+N
∂V

∂Y

)
ÑdΩ + A8

∫
Ωn

(
���������:0∂

∂X

(
N
∂ϕ

∂X
Ñ

)
−N

∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ

+
���

����*0
∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
−N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

)
dΩ = A9

∫
Ωn

[
∂2N

∂X2
+
∂2N

∂Y 2

]
ÑdΩ,

1

2

∫
Ωn

(
U
∂N

∂X
+ U

∂N

∂X
+N

∂U

∂X
+N

∂U

∂X

)
ÑdΩ +

1

2

∫
Ωn

(
V
∂N

∂Y
+ V

∂N

∂Y
+N

∂V

∂Y

+N
∂V

∂Y

)
ÑdΩ + A8

∫
Ωn

(
−N

∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ −N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

)
dΩ

= A9

∫
Ωn

[
∂2N

∂X2
+
∂2N

∂Y 2

]
ÑdΩ.

(3.32)

Using Green’s theorem for Laplacian term as

∫
Ω

ψ∆ϕ dΩ = −
∫
Ω

∇ϕ∇ψ dΩ +

∫
Ω

ψ(∇ϕn) dΓ,

here ψ = Ñ , ∆ϕ =
∂2N

∂X2
, ∆ϕ =

∂2N

∂Y 2
, ∇ϕ =

∂N

∂X
, ∇ϕ =

∂N

∂Y
,

∇ψ =
∂Ñ

∂X
, ∇ψ =

∂Ñ

∂Y

as ∇ϕ

n=
∂ϕ

∂n
= nx

∂N

∂X
+ ny

∂N

∂Y
. (ϕ = N)

So∫
Ωn

[
∂2N

∂X2
+
∂2N

∂Y 2

]
ÑdΩ

=

[
−
∫
Ωn

∂N

∂X

∂Ñ

∂X
dΩ +

∮
Γ

Ñ

(
nx
∂N

∂X

)
dΓ−

∫
Ωn

∂N

∂Y

∂Ñ

∂Y
dΩ +

∮
Γ

Ñ

(
ny
∂N

∂Y

)
dΓ

]
.
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Now (3.32), becomes

1

2

∫
Ωn

(
U
∂N

∂X
+ U

∂N

∂X
+N

∂U

∂X
+N

∂U

∂X

)
ÑdΩ +

1

2

∫
Ωn

(
V
∂N

∂Y
+ V

∂N

∂Y
+N

∂V

∂Y

+N
∂V

∂Y

)
ÑdΩ + A8

∫
Ωn

(
−N

∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ −N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

)
dΩ

= A9

([
−
∫
Ωn

∂N

∂X

∂Ñ

∂X
dΩ +

∮
Γ

Ñ

(
nx
∂N

∂X

)
dΓ−

∫
Ωn

∂N

∂Y

∂Ñ

∂Y
dΩ +

∮
Γ

Ñ

(
ny
∂N

∂Y

)
dΓ

])
,

which is weak form of cell conservation equation.

3.3 Results and Discussion

This section contains the results obtained for the model presented in the previous

section. The computed results are validated by computing the average values of

the Nusselt number and the average Sherwood number for the case discussed in

[40]. The results for the calculated average Nusselt number are shown in Table 3.1

Ra Rb Le Pe Nu|X=1

Sheremet and Pop [40] Present

10 10 1 0.1 1.0775 1.04261

1 1.0723 1.04566

Sh|X=1

Sheremet and Pop [40] Present

10 10 1 0.1 0.3897 0.389745

1 0.3807 0.388705

Table 3.1: Comparison of the average Nusselt and Sherwood numbers.



Chapter 4

Time Relaxation Effects in a

Thermo-Bioconvective Porous

Cavity

In the context of analyzing the time relaxation effects in a thermo-bioconvective

flow model within a porous cavity filled with oxytactic microorganisms, the Catta-

neo Christov heat flux model plays a crucial role in modifying the classical Fourier

law by incorporating a finite relaxation time, τ , that accounts for the delayed

response of heat flux to temperature gradients. Unlike classical Fourier’s law,

which assumes instantaneous thermal equilibrium, the Cattaneo-Christov model

introduces a time relaxation term in the heat flux equation:

τ
∂q

∂t
+ q = −k∇T, (4.1)

where q is the heat flux vector, k is the thermal conductivity, and τ is the re-

laxation time. This modification acknowledges the fact that heat transfer cannot

occur instantaneously and instead propagates with a finite speed, a more realistic

assumption in many systems, especially in porous media and biological systems like

the one being modeled. The time relaxation effect influences the microbe behav-

ior, as microorganisms exhibit chemotactic or thermotactic responses to thermal

gradients.

34
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In this case, the microorganisms’ movement would not immediately align with

temperature changes but would instead follow a delayed response, potentially lead-

ing to damped oscillations in the temperature and microorganism concentration

profiles. These changes significantly impact the system’s bio-convection patterns,

with more accurate predictions of heat flow and microbe behavior under transient

thermal conditions.

4.1 Mathematical Modeling

Consider a two-dimensional porous square cavity that is filled with oxytactic mi-

croorganisms and has walls of length H. Presumably, the enclosure’s left hot and

right cooled walls are kept at constant temperatures TH and TC , respectively, with

TH > TC , and the Walls at the top and bottom are adiabatic. In opposition to

the y-axis is the direction in which the gravity vector, g, acts.

The model that is being presented here is based on a continuum model that Hilles-

don and Pedley (1996) developed for a suspension of oxytactic microorganisms. An

energy equation and a buoyancy term in the momentum equation resulting from

the temperature variation across the cavity complete this model. The suspen-

sion is taken to be diluted and the Boussinesq approximation is applied. Because

bioconvection has a low flow velocity, the inertia terms are disregarded (Pedley

and Hillesdon) [5]. The governing equations are expressed as in the following form:

Continuity equation

∇.v = 0. (4.2)

Momentum (Darcy) equation

∂v

∂t∗
+
µ

K
v = −∇p+ [γ∆ρn− ρfβ (T − TC)] g. (4.3)

Time relaxed energy equation

∂T

∂t∗
+ v.∇T = αm∇2T −∇ · q. (4.4)
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Oxygen conservation equation

∂C

∂t∗
+ v.∇C = DC∇2C − δn. (4.5)

Cell conservation equation

∇.j = 0, (4.6)

where

j = nv+ nṽ−Dn∇n. (4.7)

Here v is the fluid filtration velocity vector; T is the fluid temperature; t∗ is the

physical time; αm is the effective thermal diffusivity of the porous medium; K is

the permeability of the porous medium; n is the number density of motile microor-

ganisms; p is the excess pressure (above hydro-static); β is the volume expansion

coefficient of water at constant pressure; j is the flux of microorganisms due to

macroscopic motion of fluid; directional swimming of microorganisms up the oxy-

gen gradients and a diffusive process that models all random motions of microor-

ganisms, respectively; µ is the dynamic viscosity of the suspension (the suspension

includes fluid plus microorganisms, µ assumed to be constant and approximately

the same as that of water); ρf is the density of the fluid; ∆ρ = ρcell − ρf is the

density difference between cells and fluid; γ is the average volume of a microor-

ganism; DC is the diffusivity of oxygen; Dn is the diffusivity of microorganisms;

∇2 is the Laplacian operator; −δn describes the consumption of oxygen by the

microorganisms; ∆C = Cmin where C0 is the free-surface oxygen concentration;

and Cmin is the minimum oxygen concentration that microorganisms need in order

to be active. The terms on the right-hand side of Eq. (4.7) represent the flux of

microorganisms due to macroscopic motion of the fluid, the directional swimming

of microorganisms up the oxygen gradients, and a diffusive process that models all

random motions of microorganisms, respectively. The average directional swim-

ming velocity of a microorganism ṽ in Eq. (4.7) can be approximate as (Hillesdon

and Pedley 1996).

ṽ = bWC∇C/∆C, (4.8)

where b is the chemotaxis constant [m] and Wc is the maximum cell swimming
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speed [m/s] (the product bWc is assumed to be constant).

Eq. (4.1)- (4.6) can be written in Cartesian co-ordinates x and y as

∂u

∂x
+
∂v

∂y
= 0, (4.9)

∂u

∂t∗
+
µ

K
u = −∂p

∂x
, (4.10)

∂v

∂t∗
+
µ

K
v = −∂p

∂y
− [γ∆ρn− ρfβ(T − TC)]g, (4.11)

∂T

∂t∗
+ u

∂T

∂x
+ v

∂T

∂y
= αm

(
∂2T

∂x2
+
∂2T

∂y2

)
+ λ2

[(
u
∂u

∂x
+ v

∂u

∂y

)
∂T

∂x

+

(
u
∂v

∂x
+ v

∂v

∂y

)
∂T

∂y
+ u2

∂2T

∂x2
+ v2

∂2T

∂y2
+ 2uv

∂2T

∂x∂y

]
, (4.12)

∂C

∂t∗
+ u

∂C

∂x
+ v

∂C

∂y
= DC

(
∂2C

∂x2
+
∂2C

∂y2

)
−δn, (4.13)

∂n

∂t∗
+

∂

∂x

[
un+ ũn−Dn

∂n

∂x

]
+

∂

∂y

[
vn+ ṽn−Dn

∂n

∂y

]
= 0, (4.14)

where u and v are the velocity components along the x− and y−axes, respectively,

and ũ and ṽ are provided by ũ =

(
bWc

∆C

)
∂C
∂x

and ṽ =

(
bWc

∆C

)
∂C
∂y
. Equations (4.9)-

(4.14) can be written in dimensionless form using the following variable

X =
x

H
, Y =

y

H
, θ =

(T − TC)

∆T
, ϕ =

(C − Cmin)

∆C
,N =

n

n0

, t∗ =
H2t

αm

, p =
α2
mP

H2
,

(4.15)

where n0 is the average number density of the microorganisms (number density

of the microorganisms in a well-stirred suspension) and we take velocities u and

v, which is defined as u = (αm/H)U and v = (αm/H)V . As a result, we get the

following dimensionless partial differential equations for the model problem under

consideration:

∂U

∂X
+
∂V

∂Y
= 0,

(4.16)
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∂U

∂t
+
Pr

Da
U = − ∂P

∂X
,

(4.17)

∂V

∂t
+
Pr

Da
V = −∂P

∂Y
−PrRa

Da

[
RbN−θ

]
,

(4.18)

∂θ

∂t
+ U

∂θ

∂X
+ V

∂θ

∂Y
=

∂2θ

∂X2
+
∂2θ

∂Y 2
+
Rt

Pr

[
U
∂U

∂X

∂θ

∂X
+ V

∂U

∂Y

∂θ

∂X
+ U

∂V

∂X

∂θ

∂Y

+ V
∂V

∂Y

∂θ

∂Y
+ U2 ∂

2θ

∂X2
+ V 2 ∂

2θ

∂Y 2
+ 2UV

∂2θ

∂X∂Y

]
,

(4.19)

∂ϕ

∂t
+U

∂ϕ

∂X
+V

∂ϕ

∂Y
=

1

Le

[
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

]
− σ

Le
N,

(4.20)

∂N

∂t
+

∂

∂X
(UN) +

∂

∂Y
(V N) + Pe

(
∂

∂X

(
N
∂ϕ

∂X

)
+

∂

∂Y

(
N
∂ϕ

∂Y

))

=
1

Leχ

[
∂2N

∂X2
+
∂2N

∂Y 2

]
, (4.21)

where the parameters Ra is the traditional Rayleigh number for a porous medium,

Le is the Lewis number, Rb is the bio-convection Rayleigh number, Pe is the Péclet

number, which can be regarded as a ratio of two characteristic velocities, one due to

oxytactic swimming and the other due to random, diffusive swimming (Hillesdon

and Pedley 1996) and σ is a constant, which characterizes the ratio of the rate of

oxygen consumption to the rate of oxygen diffusion, Pr is the prandtl number, Rt

is relaxation time and Da is darcy parameter. These parameters are defined as

Ra =
gKβ∆TH

ναm

, Rb =
γ∆ρn0

ρfβ∆T
, σ =

δn0H
2

Dc∆C
, Le =

αm

DC

,

χ =
DC

Dn

, Pe =
bWC

αm

, Pr =
µ

αm

, Rt =
λ2µ

H2
, Da =

K

H2
.

(4.22)
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The following dimensionless boundary conditions for Eqs. (4.16)- (4.1) can be

presented as

Ψ = 0 at all walls

θ = 1, ϕ = 1, N = 1 at X = 0,

θ = 0, ϕ = 1, N = 1 at X = 1,

∂θ

∂Y
= 0, ϕ = 1, P eN

∂ϕ

∂Y
− ∂N

∂Y
= 0 at Y = 0,

∂θ

∂Y
= 0,

∂ϕ

∂Y
= 0,

∂N

∂Y
= 0 at Y = 1.

The definitions for the local Nusselt and Sherwood numbers (NuY , ShY ) on the

vertical walls and average Nusselt and Sherwood numbers (Nu, Sh) are given by

NuY = −
(
∂θ

∂X

)
X=0,1

, ShY = −
(
∂ϕ

∂X

)
X=0,1

, (4.23)

and

Nu =

∫ 1

0

NuY dY, Sh =

∫ 1

0

ShY dY, (4.24)

respectively.

4.2 Weak Formulation of the Model Problem

4.2.1 Variational Formulation

Converting the governing equations into integral equations is the goal of variational

formulation. The PDEs are multiplied by test functions of the same space to con-

vert the equations from the strong form to the weak form after being integrated

over the entire domain. In the end, we used the set of approximated trial func-

tions that are only valid over a portion of the domain to obtain an approximated

solution.
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4.2.1.1 Strong Form of Governing Equations

∂U

∂X
+
∂V

∂Y
= 0,

(4.25)
∂U

∂t
+A1U = − ∂P

∂X
,

(4.26)
∂V

∂t
+A2V = −∂P

∂Y
−A3

[
A4N−θ

]
,

(4.27)

∂θ

∂t
+ U

∂θ

∂X
+ V

∂θ

∂Y
=

∂2θ

∂X2
+
∂2θ

∂Y 2
+ A5

[
U
∂U

∂X

∂θ

∂X
+ V

∂U

∂Y

∂θ

∂X
+ U

∂V

∂X

∂θ

∂Y

+ V
∂V

∂Y

∂θ

∂Y
+ U2 ∂

2θ

∂X2
+ V 2 ∂

2θ

∂Y 2
+ 2UV

∂2θ

∂X∂Y

]
,

(4.28)

∂ϕ

∂t
+U

∂ϕ

∂X
+V

∂ϕ

∂Y
= A6

[
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

]
−A7N,

(4.29)

∂N

∂t
+

∂

∂X
(UN)+

∂

∂Y
(V N)+A8

(
∂

∂X

(
N
∂ϕ

∂X

)
+
∂

∂Y

(
N
∂ϕ

∂Y

))
= A9

[
∂2N

∂X2
+
∂2N

∂Y 2

]
.

(4.30)

In the above set of equations, the values of A1, A2, ...A9 are expressed as:

A1 = A2 =
Pr

Da
, A3 =

PrRa

Da
, A4 = Rb, A5 =

Rt

Pr
,

A6 =
1

Le
, A7 =

σ

Le
, A8 = Pe, A9 =

1

Leχ
.

4.3 Weak Formulation

In order to transform differential equations into integral form, weak formulation

is a variational method that multiplies the dependent variables by a suitable test

function and then integrates the result over the whole computational domain.

In this instance, the continuously varying infinite dimensional space Ω defines the

solution spaces U , V , θ, ϕ, N , and P ; in practice, the solution cannot be reached in

such a vast space. The main objective is to identify some suitable spaces to obtain

functions with finite parameters or properties. We first need to define a few special

functions, which we will call test functions for the residuals, so that we can use the
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weak formulation to find an approximate solution. Assume thatW andQ represent

the infinite-dimensional test spaces where W= [H1(Ω), H1(Ω), H1(Ω)] and Q =

L2(Ω). The corresponding test functions, Ũ , Ṽ , θ̃, ϕ̃, Ñ and q should be such that

Ũ , Ṽ , θ̃, ϕ̃, Ñ ∈ W and q ∈ Q. The test functions Ũ , Ṽ , θ̃, ϕ̃, Ñ ∈ W multiplies

the momentum, energy, oxygen conservation, cell conservation components and

continuity equation by q ∈ Q in the variational formulation. The weak formulation

of the strong form of governing PDEs from Eqs. (4.25) to (4.30) is written below:

The weak form for u-component of momentum equation (4.26) as follows:

∂U

∂t
+A1U = − ∂P

∂X
,

Multiplying by test function Ũ first and then integrate over computational domain,

∂U

∂t
Ũ+A1UŨ−q

∂U

∂X
Ũ = − ∂P

∂X
Ũ

(4.31)

As
∂

∂X
(UŨ) = U

∂Ũ

∂X
+
∂U

∂X
Ũ

⇒ ∂

∂X
(UŨ)− U

∂Ũ

∂X
=
∂U

∂X
Ũ

⇒ −
[
∂

∂X
(UŨ)− U

∂Ũ

∂X

]
= − ∂U

∂X
Ũ

⇒ − ∂

∂X
(UŨ) + U

∂Ũ

∂X
= − ∂U

∂X
Ũ

∂

∂X
(PŨ) = P

∂Ũ

∂X
+
∂P

∂X
Ũ

⇒ ∂

∂X
(PŨ)− P

∂Ũ

∂X
=
∂P

∂X
Ũ

⇒ −
[
∂

∂X
(PŨ)− P

∂Ũ

∂X

]
= − ∂P

∂X
Ũ

⇒ − ∂

∂X
(PŨ) + P

∂Ũ

∂X
= − ∂P

∂X
Ũ.

So, equation (4.31) becomes:

∂U

∂t
Ũ+A1UŨ−q

∂

∂X
(UŨ)+qU

∂Ũ

∂X
= − ∂

∂X
(PŨ)+P

∂Ũ

∂X
,
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Ωn

∂U

∂t
ŨdΩ + A1

∫
Ωn

UŨdΩ− q

∫
Ωn

∂

∂X
(UŨ)dΩ + q

∫
Ωn

U
∂Ũ

∂X
dΩ =

−
∫
Ωn

∂

∂X
(PŨ)dΩ + P

∫
Ωn

∂Ũ

∂X
dΩ,

(4.32)

as

∫
Ωn

∂U

∂t
ŨdΩ =

∫
Ωn

(Un+1 − Un)

δt
ŨdΩ =

1

δt

∫
Ωn

Un+1ŨdΩ− 1

δt

∫
Ωn

UnŨdΩ,

1

δt

∫
Ωn

Un+1Ũ dΩ− 1

δt

∫
Ωn

UnŨ dΩ + A1

∫
Ωn

UŨ dΩ

− q

∫
Ωn

∂

∂X
(UŨ) dΩ + q

∫
Ωn

U
∂Ũ

∂X
dΩ

= −
∫
Ωn

∂

∂X
(PŨ) dΩ + P

∫
Ωn

∂Ũ

∂X
dΩ.

1

δt

∫
Ωn

Un+1Ũ dΩ− 1

δt

∫
Ωn

UnŨ dΩ + A1

∫
Ωn

UŨ dΩ

−

���
���

����*0

q

∫
Ωn

∂

∂X
(UŨ) dΩ + q

∫
Ωn

U
∂Ũ

∂X
dΩ

= −

��
���

����*
0∫

Ωn

∂

∂X
(PŨ) dΩ + P

∫
Ωn

∂Ũ

∂X
dΩ.

1

δt

∫
Ωn

Un+1ŨdΩ− 1

δt

∫
Ωn

UnŨdΩ + A1

∫
Ωn

UŨdΩ + q

∫
Ωn

U
∂Ũ

∂X
dΩ = P

∫
Ωn

∂Ũ

∂X
dΩ.

Taking Domain as current time step value, we have

1

δt

∫
Ωn+1

Un+1ŨdΩ− 1

δt

∫
Ωn+1

UnŨdΩ + A1

∫
Ωn+1

Un+1ŨdΩ + qn+1

∫
Ωn+1

Un+1 ∂Ũ

∂Xn+1
dΩ

= P n+1

∫
Ωn+1

∂Ũ

∂Xn+1
dΩ,

which is weak form of u-component of momentum equation.

Similarly, we obtain the weak form for v-component of momentum equation (4.26)
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as follows:

∂V

∂t
+A2V = −∂P

∂Y
−A3

[
A4N−θ

]
.

Multiplying by test function Ṽ first and then integrate over computational domain,

∂V

∂t
Ṽ+A2V Ṽ−q∂V

∂Y
Ṽ = −∂P

∂Y
Ṽ−A3

[
A4N−θ

]
Ṽ ,

(4.33)

as
∂

∂Y
(V Ṽ ) = V

∂Ṽ

∂Y
+
∂V

∂Y
Ṽ

⇒ ∂

∂Y
(V Ṽ )− V

∂Ṽ

∂Y
=
∂V

∂Y
Ṽ

⇒ −
[
∂

∂Y
(V Ṽ )− V

∂Ṽ

∂Y

]
= −∂V

∂Y
Ṽ

⇒ − ∂

∂Y
(V Ṽ ) + V

∂Ṽ

∂Y
= −∂V

∂Y
Ṽ

∂

∂Y
(PṼ ) = P

∂Ṽ

∂Y
+
∂P

∂Y
Ṽ

⇒ ∂

∂Y
(PṼ )− P

∂Ṽ

∂Y
=
∂P

∂Y
Ṽ

⇒ −
[
∂

∂Y
(PṼ )− P

∂Ṽ

∂Y

]
= −∂P

∂Y
Ṽ

⇒ − ∂

∂Y
(PṼ ) + P

∂Ṽ

∂Y
= −∂P

∂Y
Ṽ .

So, equation (4.33) becomes:

∂V

∂t
Ṽ+A2V Ṽ−q ∂

∂Y
(V Ṽ )+qV

∂Ṽ

∂Y
= − ∂

∂Y
(PṼ )+P

∂Ṽ

∂Y
−A3

[
A4N−θ

]
Ṽ ,

∫
Ωn

∂V

∂t
Ṽ dΩ + A2

∫
Ωn

V Ṽ dΩ− q

∫
Ωn

∂

∂Y
(V Ṽ )dΩ + q

∫
Ωn

V
∂Ṽ

∂X
dΩ =

−
∫
Ωn

∂

∂Y
(PṼ )dΩ + P

∫
Ωn

∂Ṽ

∂Y
dΩ− A3A4

∫
Ωn

NṼ dΩ + A3

∫
Ωn

θṼ dΩ.

(4.34)

As

∫
Ωn

∂V

∂t
Ṽ dΩ =

∫
Ωn

(V n+1 − V n)

δt
Ṽ dΩ =

1

δt

∫
Ωn

V n+1Ṽ dΩ− 1

δt

∫
Ωn

V nṼ dΩ,



Time Relaxation Effects in a Thermo-Bioconvective Porous Cavity 44

1

δt

∫
Ωn

V n+1Ṽ dΩ− 1

δt

∫
Ωn

V nṼ dΩ+A2

∫
Ωn

V Ṽ dΩ−q
∫
Ωn

∂

∂Y
(V Ṽ )dΩ+q

∫
Ωn

V
∂Ṽ

∂X
dΩ =

−
∫
Ωn

∂

∂Y
(PṼ )dΩ + P

∫
Ωn

∂Ṽ

∂Y
dΩ− A3A4

∫
Ωn

NṼ dΩ + A3

∫
Ωn

θṼ dΩ,

1

δt

∫
Ωn

V n+1Ṽ dΩ− 1

δt

∫
Ωn

V nṼ dΩ + A2

∫
Ωn

V Ṽ dΩ

−

�
���

���
��*0

q

∫
Ωn

∂

∂Y
(V Ṽ ) dΩ + q

∫
Ωn

V
∂Ṽ

∂X
dΩ

= −

�
���

���
��*0∫

Ωn

∂

∂Y
(PṼ ) dΩ + P

∫
Ωn

∂Ṽ

∂Y
dΩ

− A3A4

∫
Ωn

NṼ dΩ + A3

∫
Ωn

θṼ dΩ.

1

δt

∫
Ωn

V n+1Ṽ dΩ− 1

δt

∫
Ωn

V nṼ dΩ + A2

∫
Ωn

V Ṽ dΩ

+ q

∫
Ωn

V
∂Ṽ

∂X
dΩ

= P

∫
Ωn

∂Ṽ

∂Y
dΩ− A3A4

∫
Ωn

NṼ dΩ + A3

∫
Ωn

θṼ dΩ.

Taking Domain as current time step value, we have

1

δt

∫
Ωn+1

V n+1Ṽ dΩ− 1

δt

∫
Ωn+1

V nṼ dΩ + A2

∫
Ωn+1

V n+1Ṽ dΩ

+ qn+1

∫
Ωn+1

V n+1 ∂Ṽ

∂Xn+1
dΩ

= P n+1

∫
Ωn+1

∂Ṽ

∂Y n+1
dΩ− A3A4

∫
Ωn+1

Nn+1Ṽ dΩ + A3

∫
Ωn+1

θn+1Ṽ dΩ.
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which is weak form of v-component of momentum equation.

The energy equation (4.28) in the same way becomes:

∂θ

∂t
+ U

∂θ

∂X
+ V

∂θ

∂Y
=

∂2θ

∂X2
+
∂2θ

∂Y 2
+ A5

[
U
∂U

∂X

∂θ

∂X
+ V

∂U

∂Y

∂θ

∂X

+ U
∂V

∂X

∂θ

∂Y
+ V

∂V

∂Y

∂θ

∂Y
+ U2 ∂

2θ

∂X2
+ V 2 ∂

2θ

∂Y 2
+ 2UV

∂2θ

∂X∂Y

]
.

Multiplying by test function θ̃ first and then integrate over computational domain,

∂θ

∂t
θ̃ +

[(
U
∂θ

∂X

)
+

(
V
∂θ

∂Y

)]
θ̃ =

∂2θ

∂X2
θ̃ +

∂2θ

∂Y 2
θ̃ + A5

[
U
∂U

∂X

∂θ

∂X
+ V

∂U

∂Y

∂θ

∂X

+ U
∂V

∂X

∂θ

∂Y
+ V

∂V

∂Y

∂θ

∂Y
+ U2 ∂

2θ

∂X2
+ V 2 ∂

2θ

∂Y 2
+ 2UV

∂2θ

∂X∂Y

]
θ̃,

(4.35)

as
∂

∂X

(
U2 ∂θ

∂X
θ̃

)
= U2 ∂θ

∂X

∂

∂X
(θ̃) + U2 ∂

∂X

(
∂θ

∂X

)
θ̃ +

∂

∂X
(U2)

∂θ

∂X
θ̃

⇒ ∂

∂X

(
U2 ∂θ

∂X
θ̃

)
= U2 ∂θ

∂X

∂θ̃

∂X
+ U2 ∂

2θ

∂X2
θ̃ + 2U

∂U

∂X

∂θ

∂X
θ̃

⇒ ∂

∂X

(
U2 ∂θ

∂X
θ̃

)
− U2 ∂θ

∂X

∂θ̃

∂X
− 2U

∂U

∂X

∂θ

∂X
θ̃ = U2 ∂

2θ

∂X2
θ̃

∂

∂Y

(
V 2 ∂θ

∂Y
θ̃

)
= V 2 ∂θ

∂Y

∂

∂Y
(θ̃) + V 2 ∂

∂Y

(
∂θ

∂Y

)
θ̃ +

∂

∂Y
(V 2)

∂θ

∂Y
θ̃

⇒ ∂

∂Y

(
V 2 ∂θ

∂Y
θ̃

)
= V 2 ∂θ

∂Y

∂θ̃

∂Y
+ V 2 ∂

2θ

∂Y 2
θ̃ + 2V

∂V

∂Y

∂θ

∂Y
θ̃

⇒ ∂

∂Y

(
V 2 ∂θ

∂Y
θ̃

)
− V 2 ∂θ

∂Y

∂θ̃

∂Y
− 2V

∂V

∂Y

∂θ

∂Y
θ̃ = V 2 ∂

2θ

∂Y 2
θ̃

2UV
∂2θ

∂X∂Y
θ̃ =

∂

∂X

(
UV

∂θ

∂Y

)
θ̃ +

∂

∂Y

(
UV

∂θ

∂X

)
θ̃

⇒ ∂

∂X

(
UV

∂θ

∂Y

)
θ̃ +

∂

∂Y

(
UV

∂θ

∂X

)
θ̃

= UV
∂θ

∂Y

∂θ̃

∂X
+ UV

∂2θ

∂X∂Y
θ̃ + U

∂V

∂X

∂θ

∂Y
θ̃ +

∂U

∂X
V
∂θ

∂Y
θ̃

+ UV
∂θ

∂X

∂θ̃

∂Y
+ UV

∂2θ

∂Y ∂X
θ̃ + U

∂V

∂Y

∂θ

∂X
θ̃ +

∂U

∂Y
V
∂θ

∂X
θ̃



Time Relaxation Effects in a Thermo-Bioconvective Porous Cavity 46

⇒ ∂

∂X

(
UV

∂θ

∂Y

)
θ̃ +

∂

∂Y

(
UV

∂θ

∂X

)
θ̃

= UV
∂θ

∂Y

∂θ̃

∂X
+ UV

∂2θ

∂X∂Y
θ̃ + U

∂V

∂X

∂θ

∂Y
θ̃ +

∂U

∂X
V
∂θ

∂Y
θ̃

+ UV
∂θ

∂X

∂θ̃

∂Y
+ UV

∂2θ

∂Y ∂X
θ̃ + U

∂V

∂Y

∂θ

∂X
θ̃ +

∂U

∂Y
V
∂θ

∂X
θ̃

⇒ ∂

∂X

(
UV

∂θ

∂Y

)
θ̃ +

∂

∂Y

(
UV

∂θ

∂X

)
θ̃ − UV

∂θ

∂Y

∂θ̃

∂X
− U

∂V

∂X

∂θ

∂Y
θ̃

− ∂U

∂X
V
∂θ

∂Y
θ̃ − UV

∂θ

∂X

∂θ̃

∂Y
− U

∂V

∂Y

∂θ

∂X
θ̃ − ∂U

∂Y
V
∂θ

∂X
θ̃

= UV
∂2θ

∂X∂Y
θ̃ + UV

∂2θ

∂Y ∂X
θ̃

⇒ ∂

∂X

(
UV

∂θ

∂Y

)
θ̃ +

∂

∂Y

(
UV

∂θ

∂X

)
θ̃ − UV

∂θ

∂Y

∂θ̃

∂X
− U

∂V

∂X

∂θ

∂Y
θ̃−

∂U

∂X
V
∂θ

∂Y
θ̃ − UV

∂θ

∂X

∂θ̃

∂Y
− U

∂V

∂Y

∂θ

∂X
θ̃ − ∂U

∂Y
V
∂θ

∂X
θ̃ = 2UV

∂2θ

∂X∂Y
θ̃.

So equation (4.35) becomes:

∂θ

∂t
θ̃ +

(
U
∂θ

∂X
+ V

∂θ

∂Y

)
θ̃ =

∂2θ

∂X2
θ̃ +

∂2θ

∂Y 2
θ̃

+ A5

[
U
∂U

∂X

∂θ

∂X
+ V

∂U

∂Y

∂θ

∂X
+ U

∂V

∂X

∂θ

∂Y
+ V

∂V

∂Y

∂θ

∂Y

]
θ̃

+ A5

(
∂

∂X

(
U2 ∂θ

∂X
θ̃

)
− U2 ∂θ

∂X

∂θ̃

∂X
− 2U

∂U

∂X

∂θ

∂X
θ̃

)

+ A5

(
∂

∂Y

(
V 2 ∂θ

∂Y
θ̃

)
− V 2 ∂θ

∂Y

∂θ̃

∂Y
− 2V

∂V

∂Y

∂θ

∂Y
θ̃

)

+ A5

( ∂

∂X

(
UV

∂θ

∂Y

)
θ̃ +

∂

∂Y

(
UV

∂θ

∂X

)
θ̃ − UV

∂θ

∂Y

∂θ̃

∂X
− U

∂V

∂X

∂θ

∂Y
θ̃

− ∂U

∂X
V
∂θ

∂Y
θ̃ − UV

∂θ

∂X

∂θ̃

∂Y
− U

∂V

∂Y

∂θ

∂X
θ̃ − ∂U

∂Y
V
∂θ

∂X
θ̃
)

(4.36)



Time Relaxation Effects in a Thermo-Bioconvective Porous Cavity 47

∫
Ωn

∂θ

∂t
θ̃ dΩ +

∫
Ωn

(
U
∂θ

∂X
+ V

∂θ

∂Y

)
θ̃ dΩ

=

∫
Ωn

(
∂2θ

∂X2
+
∂2θ

∂Y 2

)
θ̃ dΩ

+ A5

∫
Ωn

(
U
∂U

∂X

∂θ

∂X
+ V

∂U

∂Y

∂θ

∂X
+ U

∂V

∂X

∂θ

∂Y
+ V

∂V

∂Y

∂θ

∂Y

)
θ̃ dΩ

+ A5

∫
Ωn

(
∂

∂X

(
U2 ∂θ

∂X
θ̃

)
− U2 ∂θ

∂X

∂θ̃

∂X
− 2U

∂U

∂X

∂θ

∂X
θ̃

)
dΩ

+ A5

∫
Ωn

(
∂

∂Y

(
V 2 ∂θ

∂Y
θ̃

)
− V 2 ∂θ

∂Y

∂θ̃

∂Y
− 2V

∂V

∂Y

∂θ

∂Y
θ̃

)
dΩ

+ A5

∫
Ωn

(
∂

∂X

(
UV

∂θ

∂Y

)
θ̃ +

∂

∂Y

(
UV

∂θ

∂X

)
θ̃ − UV

∂θ

∂Y

∂θ̃

∂X
− UV

∂θ

∂X

∂θ̃

∂Y

− U
∂V

∂X

∂θ

∂Y
θ̃ − ∂U

∂X
V
∂θ

∂Y
θ̃ − U

∂V

∂Y

∂θ

∂X
θ̃ − ∂U

∂Y
V
∂θ

∂X
θ̃

)
dΩ

as

∫
Ωn

∂θ

∂t
θ̃dΩ+

∫
Ωn

[
U
∂θ

∂X
+V

∂θ

∂Y

]
θ̃dΩ

=

∫
Ωn

(θn+1 − θn)

δt
θ̃dΩ +

∫
Ωn

[
U
∂θ

∂X
+ V

∂θ

∂Y

]
θ̃dΩ

=
1

δt

∫
Ωn

θn+1θ̃dΩ− 1

δt

∫
Ωn

θnθ̃dΩ+

∫
Ωn

[
U
∂θ

∂X
+V

∂θ

∂Y

]
θ̃dΩ
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=
1

δt

∫
Ωn

θn+1θ̃dΩ− 1

δt

(
θn o Xn

)
θ̃dΩ

1

δt

∫
Ωn

θn+1θ̃ dΩ− 1

δt
(θn ◦Xn) θ̃ dΩ

=

∫
Ωn

(
∂2θ

∂X2
+
∂2θ

∂Y 2

)
θ̃ dΩ

+ A5

∫
Ωn

(
U
∂U

∂X

∂θ

∂X
+ V

∂U

∂Y

∂θ

∂X
+ U

∂V

∂X

∂θ

∂Y
+ V

∂V

∂Y

∂θ

∂Y

)
θ̃ dΩ

+ A5

∫
Ωn

(
∂

∂X

(
U2 ∂θ

∂X
θ̃

)
− U2 ∂θ

∂X

∂θ̃

∂X
− 2U

∂U

∂X

∂θ

∂X
θ̃

)
dΩ

+ A5

∫
Ωn

(
∂

∂Y

(
V 2 ∂θ

∂Y
θ̃

)
− V 2 ∂θ

∂Y

∂θ̃

∂Y
− 2V

∂V

∂Y

∂θ

∂Y
θ̃

)
dΩ

+ A5

∫
Ωn

( ∂

∂X

(
UV

∂θ

∂Y

)
θ̃ +

∂

∂Y

(
UV

∂θ

∂X

)
θ̃

− UV
∂θ

∂Y

∂θ̃

∂X
− U

∂V

∂X

∂θ

∂Y
θ̃ − ∂U

∂X
V
∂θ

∂Y
θ̃

− UV
∂θ

∂X

∂θ̃

∂Y
− U

∂V

∂Y

∂θ

∂X
θ̃ − ∂U

∂Y
V
∂θ

∂X
θ̃
)
dΩ

1

δt

∫
Ωn

θn+1θ̃ dΩ− 1

δt
(θn ◦Xn) θ̃ dΩ

=

∫
Ωn

(
∂2θ

∂X2
+
∂2θ

∂Y 2

)
θ̃ dΩ

+ A5

∫
Ωn

(
U
∂U

∂X

∂θ

∂X
+ V

∂U

∂Y

∂θ

∂X
+ U

∂V

∂X

∂θ

∂Y
+ V

∂V

∂Y

∂θ

∂Y

)
θ̃ dΩ

+ A5

∫
Ωn

(
���������:0∂

∂X

(
U2 ∂θ

∂X
θ̃

)
− U2 ∂θ

∂X

∂θ̃

∂X
− 2U

∂U

∂X

∂θ

∂X
θ̃

)
dΩ

+ A5

∫
Ωn

(
���������:0∂

∂Y

(
V 2 ∂θ

∂Y
θ̃

)
− V 2 ∂θ

∂Y

∂θ̃

∂Y
− 2V

∂V

∂Y

∂θ

∂Y
θ̃

)
dΩ

+ A5

∫
Ωn

(
���������:0∂

∂X

(
UV

∂θ

∂Y

)
θ̃ +

���������:0∂

∂Y

(
UV

∂θ

∂X

)
θ̃

− UV
∂θ

∂Y

∂θ̃

∂X
− U

∂V

∂X

∂θ

∂Y
θ̃ − ∂U

∂X
V
∂θ

∂Y
θ̃

− UV
∂θ

∂X

∂θ̃

∂Y
− U

∂V

∂Y

∂θ

∂X
θ̃ − ∂U

∂Y
V
∂θ

∂X
θ̃
)
dΩ
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1

δt

∫
Ωn

θn+1θ̃ dΩ− 1

δt
(θn ◦Xn) θ̃ dΩ =

∫
Ωn

(
∂2θ

∂X2
+
∂2θ

∂Y 2

)
θ̃ dΩ

+
A5

3

∫
Ωn

(
3U

∂U

∂X

∂θ

∂X
+ 3V

∂U

∂Y

∂θ

∂X
+ 3U

∂V

∂X

∂θ

∂Y
+ 3V

∂V

∂Y

∂θ

∂Y

)
θ̃ dΩ

+ A5

∫
Ωn

(
−U2 ∂θ

∂X

∂θ̃

∂X
− 2U

∂U

∂X

∂θ

∂X
θ̃

)
dΩ

+ A5

∫
Ωn

(
−V 2 ∂θ

∂Y

∂θ̃

∂Y
− 2V

∂V

∂Y

∂θ

∂Y
θ̃

)
dΩ

+ A5

∫
Ωn

(
− UV

∂θ

∂Y

∂θ̃

∂X
− U

∂V

∂X

∂θ

∂Y
θ̃ − ∂U

∂X
V
∂θ

∂Y
θ̃

− UV
∂θ

∂X

∂θ̃

∂Y
− U

∂V

∂Y

∂θ

∂X
θ̃ − ∂U

∂Y
V
∂θ

∂X
θ̃

)
dΩ

Using Green’s theorem for Laplacian term as

∫
Ω

ψ∆ϕ dΩ = −
∫
Ω

∇ϕ∇ψ dΩ +

∫
Ω

ψ(∇ϕn) dΓ.

Here, ψ = θ̃, ∆ϕ =
∂2θ

∂X2
, ∆ϕ =

∂2θ

∂Y 2
, ∇ϕ =

∂θ

∂X
, ∇ϕ =

∂θ

∂Y
,

∇ψ =
∂θ̃

∂X
, ∇ψ =

∂θ̃

∂Y
.

As ∇ϕn =
∂ϕ

∂n
= nx

∂ϕ

∂X
+ ny

∂ϕ

∂Y
(ϕ = θ).

So,

∫
Ωn

[
∂2θ

∂X2
+
∂2θ

∂Y 2

]
θ̃dΩ

=

[
−
∫
Ωn

∂θ

∂X

∂θ̃

∂X
dΩ +

∮
Γ

θ̃

(
nx

∂θ

∂X

)
dΓ

]
+

[
−
∫
Ωn

∂θ

∂Y

∂θ̃

∂Y
dΩ +

∮
Γ

θ̃

(
ny
∂θ

∂Y

)
dΓ

]
.
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Now (4.36) becomes as

1

δt

∫
Ωn

θn+1θ̃ dΩ− 1

δt
(θn ◦Xn) θ̃ dΩ = −

∫
Ωn

∂θ

∂X

∂θ̃

∂X
dΩ +

∮
Γ

θ̃

(
nx

∂θ

∂X

)
dΓ

−
∫
Ωn

∂θ

∂Y

∂θ̃

∂Y
dΩ +

∮
Γ

θ̃

(
ny
∂θ

∂Y

)
dΓ

+
A5

3

∫
Ωn

(
3U

∂U

∂X

∂θ

∂X

)
θ̃ dΩ +

A5

3

∫
Ωn

(
3V

∂U

∂Y

∂θ

∂X

)
θ̃ dΩ

+
A5

3

∫
Ωn

(
3U

∂V

∂X

∂θ

∂Y

)
θ̃ dΩ +

A5

3

∫
Ωn

(
3V

∂V

∂Y

∂θ

∂Y

)
θ̃ dΩ

+ A5

∫
Ωn

(
−U2 ∂θ

∂X

∂θ̃

∂X
− 2U

∂U

∂X

∂θ

∂X
θ̃

)
dΩ

+ A5

∫
Ωn

(
−V 2 ∂θ

∂Y

∂θ̃

∂Y
− 2V

∂V

∂Y

∂θ

∂Y
θ̃

)
dΩ

+ A5

∫
Ωn

(
− UV

∂θ

∂Y

∂θ̃

∂X
− U

∂V

∂X

∂θ

∂Y
θ̃ − ∂U

∂X
V
∂θ

∂Y
θ̃

− UV
∂θ

∂X

∂θ̃

∂Y
− U

∂V

∂Y

∂θ

∂X
θ̃ − ∂U

∂Y
V
∂θ

∂X
θ̃

)
dΩ.
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Taking Domain as current time step value, we have

1

δt

∫
Ωn+1

θn+1θ̃ dΩ− 1

δt
(θn ◦Xn) θ̃ dΩ = −

∫
Ωn+1

∂θn+1

∂Xn+1

∂θ̃

∂Xn+1
dΩ

+

∮
Γ

θ̃

(
nx

∂θn+1

∂Xn+1

)
dΓ−

∫
Ωn+1

∂θn+1

∂Y n+1

∂θ̃

∂Y n+1
dΩ +

∮
Γ

θ̃

(
ny
∂θn+1

∂Y n+1

)
dΓ

+ A5

∫
Ωn+1

(
Un+1 ∂U

n+1

∂Xn+1

∂θn+1

∂Xn+1

)
· 3θ̃ dΩ

+ A5

∫
Ωn+1

(
V n+1∂U

n+1

∂Y n+1

∂θn+1

∂Xn+1

)
· 3θ̃ dΩ

+ A5

∫
Ωn+1

(
Un+1 ∂V

n+1

∂Xn+1

∂θn+1

∂Y n+1

)
· 3θ̃ dΩ

+ A5

∫
Ωn+1

(
V n+1∂V

n+1

∂Y n+1

∂θn+1

∂Y n+1

)
· 3θ̃ dΩ

+ A5

∫
Ωn+1

(
−UnUn+1 ∂θ

n+1

∂Xn+1

∂θ̃

∂Xn+1
− 2Un+1 ∂U

n+1

∂Xn+1

∂θn+1

∂Xn+1
θ̃

)
dΩ

+ A5

∫
Ωn+1

(
−V nV n+1 ∂θ

n+1

∂Y n+1

∂θ̃

∂Y n+1
− 2V n+1∂V

n+1

∂Y n+1

∂θn+1

∂Y n+1
θ̃

)
dΩ

+ A5

∫
Ωn+1

(
− Un+1V n+1 ∂θ

n+1

∂Y n+1

∂θ̃

∂Xn+1
− Un+1 ∂V

n+1

∂Xn+1

∂θn+1

∂Y n+1
θ̃

− ∂Un+1

∂Xn+1
V n+1 ∂θ

n+1

∂Y n+1
θ̃ − Un+1V n+1 ∂θ

n+1

∂Xn+1

∂θ̃

∂Y n+1

− Un+1∂V
n+1

∂Y n+1

∂θn+1

∂Xn+1
θ̃ − ∂Un+1

∂Y n+1
V n+1 ∂θ

n+1

∂Xn+1
θ̃

)
dΩ.

which is weak form of energy equation.

The oxygen conservation equation (4.29) in the same way becomes:

∂ϕ

∂t
+U

∂ϕ

∂X
+V

∂ϕ

∂Y
= A6

(
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

)
−A7N,

Multiplying by test function ϕ̃ first and then integrate over computational domain,

∂ϕ

∂t
ϕ̃+

[(
U
∂ϕ

∂X

)
+

(
V
∂ϕ

∂Y

)]
ϕ̃ = A6

(
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

)
ϕ̃−A7Nϕ̃
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∫
Ωn

∂ϕ

∂t
ϕ̃ dΩ +

∫
Ωn

(
U
∂ϕ

∂X
+ V

∂ϕ

∂Y

)
ϕ̃ dΩ = A6

∫
Ωn

(
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

)
ϕ̃ dΩ

− A7

∫
Ωn

Nϕ̃ dΩ (4.37)

As

∫
Ωn

∂ϕ

∂t
ϕ̃dΩ +

∫
Ωn

[
U
∂ϕ

∂X
+ V

∂ϕ

∂Y

]
ϕ̃dΩ

=

∫
Ωn

(ϕn+1 − ϕn)

δt
ϕ̃dΩ +

∫
Ωn

[
U
∂ϕ

∂X
+ V

∂ϕ

∂Y

]
ϕ̃dΩ

=
1

δt

∫
Ωn

ϕn+1ϕ̃dΩ− 1

δt

∫
Ωn

ϕnϕ̃dΩ+

∫
Ωn

[
U
∂ϕ

∂X
+V

∂ϕ

∂Y

]
ϕ̃dΩ

=
1

δt

∫
Ωn

ϕn+1ϕ̃dΩ− 1

δt

(
ϕn o Xn

)
ϕ̃dΩ

So (4.37), becomes:

1

δt

∫
Ωn

ϕn+1ϕ̃dΩ− 1

δt

(
ϕn o Xn

)
ϕ̃dΩ = A6

∫
Ωn

(
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

)
ϕ̃dΩ−A7

∫
Ωn

Nϕ̃dΩ

(4.38)

Using Green’s theorem for Laplacian term as

∫
Ω

ψ∆ϕ dΩ = −
∫
Ω

∇ϕ∇ψ dΩ +

∫
Ω

ψ(∇ϕn) dΓ

Here, ψ = ϕ̃, ∆ϕ =
∂2ϕ

∂X2
, ∆ϕ =

∂2ϕ

∂Y 2
, ∇ϕ =

∂ϕ

∂X
, ∇ϕ =

∂ϕ

∂Y
, ∇ψ =

∂ϕ̃

∂X
, ∇ψ =

∂ϕ̃

∂Y

As ∇ϕn =
∂ϕ

∂n
= nx

∂ϕ

∂X
+ ny

∂ϕ

∂Y
(ϕ = ϕ)
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So,

∫
Ωn

[
∂2ϕ

∂X2
+
∂2ϕ

∂Y 2

]
ϕ̃dΩ

=

[
−
∫
Ωn

∂ϕ

∂X

∂ϕ̃

∂X
dΩ +

∮
Γ

ϕ̃

(
nx

∂ϕ

∂X

)
dΓ−

∫
Ωn

∂ϕ

∂Y

∂ϕ̃

∂Y
dΩ +

∮
Γ

ϕ̃

(
ny
∂ϕ

∂Y

)
dΓ

]
,

Now (4.38), becomes:

1

δt

∫
Ωn

ϕn+1ϕ̃dΩ− 1

δt

(
ϕn o Xn

)
ϕ̃dΩ = A6

[
−
∫
Ωn

∂ϕ

∂X

∂ϕ̃

∂X
dΩ +

∮
Γ

ϕ̃

(
nx

∂ϕ

∂X

)
dΓ

−
∫
Ωn

∂ϕ

∂Y

∂ϕ̃

∂Y
dΩ +

∮
Γ

ϕ̃

(
ny
∂ϕ

∂Y

)
dΓ

]
− A7

∫
Ωn

Nϕ̃dΩ.

Taking Domain as current time step value, we have

1

δt

∫
Ωn+1

ϕn+1ϕ̃dΩ− 1

δt

(
ϕn o Xn

)
ϕ̃dΩ = A6

[
−
∫

Ωn+1

∂ϕn+1

∂Xn+1

∂ϕ̃

∂Xn+1
dΩ+

∮
Γ

ϕ̃

(
nx

∂ϕn+1

∂Xn+1

)
dΓ−

∫
Ωn+1

∂ϕn+1

∂Y n+1

∂ϕ̃

∂Y n+1
dΩ +

∮
Γ

ϕ̃

(
ny
∂ϕn+1

∂Y n+1

)
dΓ

]

− A7

∫
Ωn+1

Nn+1ϕ̃dΩ

which is weak form of oxygen conservation equation.

The cell conservation equation (4.30) in the same way becomes:

∂N

∂t
+

∂

∂X
(UN)+

∂

∂Y
(V N)+A8

(
∂

∂X

(
N
∂ϕ

∂X

)
+
∂

∂Y

(
N
∂ϕ

∂Y

))
= A9

[
∂2N

∂X2
+
∂2N

∂Y 2

]
.

Multiplying by test function Ñ first and then integrate over computational domain,

∂N

∂t
Ñ +

(
U
∂N

∂X
+N

∂U

∂X

)
Ñ +

(
V
∂N

∂Y
+N

∂V

∂Y

)
Ñ + A8

(
N
∂2ϕ

∂X2
+N

∂2ϕ

∂Y 2

)
Ñ

= A9

[
∂2N

∂X2
+
∂2N

∂Y 2

]
Ñ ,

(4.39)

as
∂

∂X

(
N
∂ϕ

∂X
Ñ

)
= N

∂ϕ

∂X

∂

∂X
(Ñ) +N

∂

∂X

(
∂ϕ

∂X

)
Ñ +

∂

∂X
(N)

∂ϕ

∂X
Ñ
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⇒ ∂

∂X

(
N
∂ϕ

∂X
Ñ

)
= N

∂ϕ

∂X

∂Ñ

∂X
+N

∂2ϕ

∂X2
Ñ +

∂N

∂X

∂ϕ

∂X
Ñ

⇒ ∂

∂X

(
N
∂ϕ

∂X
Ñ

)
−N

∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ = N

∂2ϕ

∂X2
Ñ

∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
= N

∂ϕ

∂Y

∂

∂Y
(Ñ) +N

∂

∂Y

(
∂ϕ

∂Y

)
Ñ +

∂

∂Y
(N)

∂ϕ

∂Y
Ñ

⇒ ∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
= N

∂ϕ

∂Y

∂Ñ

∂Y
+N

∂2ϕ

∂Y 2
Ñ +

∂N

∂Y

∂ϕ

∂Y
Ñ

⇒ ∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
−N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ = N

∂2ϕ

∂Y 2
Ñ

So (4.39), becomes:

∂N

∂t
Ñ +

1

2

(
U
∂N

∂X
+ U

∂N

∂X
+N

∂U

∂X
+N

∂U

∂X

)
Ñ +

1

2

(
V
∂N

∂Y
+ V

∂N

∂Y

+N
∂V

∂Y
+N

∂V

∂Y

)
Ñ + A8

(
∂

∂X

(
N
∂ϕ

∂X
Ñ

)
−N

∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ

+
∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
−N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

)
= A9

[
∂2N

∂X2
+
∂2N

∂Y 2

]
Ñ

∫
Ωn

∂N

∂t
ÑdΩ+

1

2

∫
Ωn

(
U
∂N

∂X
+U

∂N

∂X
+N

∂U

∂X
+N

∂U

∂X

)
ÑdΩ+

1

2

∫
Ωn

(
V
∂N

∂Y
+V

∂N

∂Y
,

+N
∂V

∂Y
+N

∂V

∂Y

)
ÑdΩ + A8

∫
Ωn

(
∂

∂X

(
N
∂ϕ

∂X
Ñ

)
−N

∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ

+
∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
−N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

)
dΩ = A9

∫
Ωn

[
∂2N

∂X2
+
∂2N

∂Y 2

]
ÑdΩ,

as

∫
Ωn

∂N

∂t
ÑdΩ =

∫
Ωn

(Nn+1 −Nn)

δt
ÑdΩ =

1

δt

∫
Ωn

Nn+1ÑdΩ− 1

δt

∫
Ωn

NnÑdΩ,

1

δt

∫
Ωn

Nn+1ÑdΩ− 1

δt

∫
Ωn

NnÑdΩ +
1

2

∫
Ωn

(
U
∂N

∂X
+ U

∂N

∂X
+N

∂U

∂X
+N

∂U

∂X

)
ÑdΩ

+
1

2

∫
Ωn

(
V
∂N

∂Y
+ V

∂N

∂Y
+N

∂V

∂Y
+N

∂V

∂Y

)
ÑdΩ + A8

∫
Ωn

(
∂

∂X

(
N
∂ϕ

∂X
Ñ

)

−N
∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ +

∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
−N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

)
dΩ

= A9

∫
Ωn

[
∂2N

∂X2
+
∂2N

∂Y 2

]
ÑdΩ
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1

δt

∫
Ωn

Nn+1ÑdΩ− 1

δt

∫
Ωn

NnÑdΩ +
1

2

∫
Ωn

(
U
∂N

∂X
+ U

∂N

∂X
+N

∂U

∂X
+N

∂U

∂X

)
ÑdΩ

+
1

2

∫
Ωn

(
V
∂N

∂Y
+ V

∂N

∂Y
+N

∂V

∂Y
+N

∂V

∂Y

)
ÑdΩ + A8

∫
Ωn

(
���������:0∂

∂X

(
N
∂ϕ

∂X
Ñ

)

−N
∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ +

���
����*0

∂

∂Y

(
N
∂ϕ

∂Y
Ñ

)
−N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

)
dΩ

= A9

∫
Ωn

[
∂2N

∂X2
+
∂2N

∂Y 2

]
ÑdΩ,

1

δt

∫
Ωn

Nn+1Ñ dΩ− 1

δt

∫
Ωn

NnÑ dΩ

+
1

2

∫
Ωn

(
2U

∂N

∂X
+ 2N

∂U

∂X

)
Ñ dΩ +

1

2

∫
Ωn

(
2V

∂N

∂Y
+ 2N

∂V

∂Y

)
Ñ dΩ

+ A8

∫
Ωn

(
−N ∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ −N

∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

)
dΩ

= A9

∫
Ωn

(
∂2N

∂X2
+
∂2N

∂Y 2

)
Ñ dΩ (4.40)

Using Green’s theorem for Laplacian term as

∫
Ω

ψ∆ϕ dΩ = −
∫
Ω

∇ϕ∇ψ dΩ +

∫
Ω

ψ(∇ϕn) dΓ

Here,

ψ = Ñ , ∆ϕ =
∂2N

∂X2
, ∆ϕ =

∂2N

∂Y 2
, ∇ϕ =

∂N

∂X
, ∇ϕ =

∂N

∂Y
, ∇ψ =

∂Ñ

∂X
, ∇ψ =

∂Ñ

∂Y

As ∇ϕn =
∂ϕ

∂n
= nx

∂N

∂X
+ ny

∂N

∂Y
(ϕ = N)
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So,

∫
Ωn

(
∂2N

∂X2
+
∂2N

∂Y 2

)
Ñ dΩ = −

∫
Ωn

∂N

∂X

∂Ñ

∂X
dΩ +

∮
Γ

Ñ

(
nx
∂N

∂X

)
dΓ

−
∫
Ωn

∂N

∂Y

∂Ñ

∂Y
dΩ +

∮
Γ

Ñ

(
ny
∂N

∂Y

)
dΓ

Now (4.40), becomes:

1

δt

∫
Ωn

Nn+1Ñ dΩ− 1

δt

∫
Ωn

NnÑ dΩ

+
1

2

∫
Ωn

(
U
∂N

∂X
+ U

∂N

∂X
+N

∂U

∂X
+N

∂U

∂X

)
Ñ dΩ

+
1

2

∫
Ωn

(
V
∂N

∂Y
+ V

∂N

∂Y
+N

∂V

∂Y
+N

∂V

∂Y

)
Ñ dΩ

+ A8

∫
Ωn

(
−N

∂ϕ

∂X

∂Ñ

∂X
− ∂N

∂X

∂ϕ

∂X
Ñ

−N
∂ϕ

∂Y

∂Ñ

∂Y
− ∂N

∂Y

∂ϕ

∂Y
Ñ

)
dΩ

= A9

(
−
∫
Ωn

∂N

∂X

∂Ñ

∂X
dΩ +

∮
Γ

Ñ

(
nx
∂N

∂X

)
dΓ

−
∫
Ωn

∂N

∂Y

∂Ñ

∂Y
dΩ +

∮
Γ

Ñ

(
ny
∂N

∂Y

)
dΓ

)

Taking Domain as current time step value, we have
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1

δt

∫
Ωn+1

Nn+1Ñ dΩ− 1

δt

∫
Ωn+1

NnÑ dΩ

+
1

2

∫
Ωn+1

(
Un+1∂N

n+1

∂Xn+1
+ Un+1∂N

n+1

∂Xn+1
+Nn+1 ∂U

n+1

∂Xn+1
+Nn+1 ∂U

n+1

∂Xn+1

)
Ñ dΩ

+
1

2

∫
Ωn+1

(
V n+1∂N

n+1

∂Y n+1
+ V n+1∂N

n+1

∂Y n+1
+Nn+1∂V

n+1

∂Y n+1
+Nn+1∂V

n+1

∂Y n+1

)
Ñ dΩ

+ A8

∫
Ωn+1

(
−Nn+1 ∂ϕ

n+1

∂Xn+1

∂Ñ

∂Xn+1
− ∂Nn+1

∂Xn+1

∂ϕn+1

∂Xn+1
Ñ

−Nn+1 ∂ϕ
n+1

∂Y n+1

∂Ñ

∂Y n+1
− ∂Nn+1

∂Y n+1

∂ϕn+1

∂Y n+1
Ñ

)
dΩ

= A9

(
−
∫

Ωn+1

∂Nn+1

∂Xn+1

∂Ñ

∂Xn+1
dΩ +

∮
Γ

Ñ

(
nx
∂Nn+1

∂Xn+1

)
dΓ

−
∫

Ωn+1

∂Nn+1

∂Y n+1

∂Ñ

∂Y n+1
dΩ +

∮
Γ

Ñ

(
ny
∂Nn+1

∂Y n+1

)
dΓ

)

(4.41)

Find (U, V, θ, ϕ, N) ε W and P ε Q such that

1

δt

∫
Ωn+1

Un+1Ũ dΩ− 1

δt

∫
Ωn+1

UnŨ dΩ

+ A1

∫
Ωn+1

Un+1Ũ dΩ + qn+1

∫
Ωn+1

Un+1 ∂Ũ

∂Xn+1
dΩ

1

δt

∫
Ωn+1

V n+1Ṽ dΩ− 1

δt

∫
Ωn+1

V nṼ dΩ + A2

∫
Ωn+1

V n+1Ṽ dΩ

+qn+1

∫
Ωn+1

V n+1 ∂Ṽ

∂Xn+1
dΩ− P n+1

∫
Ωn+1

∂Ṽ

∂Y n+1
dΩ

+A3A4

∫
Ωn+1

Nn+1Ṽ dΩ− A3

∫
Ωn+1

θn+1Ṽ dΩ = 0 (4.42)

1

δt

∫
Ωn+1

θn+1θ̃ dΩ− 1

δt
(θn ◦Xn) θ̃ dΩ
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+

∫
Ωn+1

∂θn+1

∂Xn+1

∂θ̃

∂Xn+1
dΩ−

∮
Γ

θ̃

(
nx

∂θn+1

∂Xn+1

)
dΓ

+

∫
Ωn+1

∂θn+1

∂Y n+1

∂θ̃

∂Y n+1
dΩ−

∮
Γ

θ̃

(
ny
∂θn+1

∂Y n+1

)
dΓ

− A5

3

∫
Ωn+1

(
Un+1 ∂U

n+1

∂Xn+1

∂θn+1

∂Xn+1
+ Un+1 ∂U

n+1

∂Xn+1

∂θn+1

∂Xn+1

+ Un+1 ∂U
n+1

∂Xn+1

∂θn+1

∂Xn+1

)
θ̃ dΩ

− A5

3

∫
Ωn+1

(
V n+1∂U

n+1

∂Y n+1

∂θn+1

∂Xn+1
+ V n+1∂U

n+1

∂Y n+1

∂θn+1

∂Xn+1

+ V n+1∂U
n+1

∂Y n+1

∂θn+1

∂Xn+1

)
θ̃ dΩ

− A5

3

∫
Ωn+1

(
Un+1 ∂V

n+1

∂Xn+1

∂θn+1

∂Y n+1
+ Un+1 ∂V

n+1

∂Xn+1

∂θn+1

∂Y n+1

+ Un+1 ∂V
n+1

∂Xn+1

∂θn+1

∂Y n+1

)
θ̃ dΩ

− A5

3

∫
Ωn+1

(
V n+1∂V

n+1

∂Y n+1

∂θn+1

∂Y n+1
+ V n+1∂V

n+1

∂Y n+1

∂θn+1

∂Y n+1

+ V n+1∂V
n+1

∂Y n+1

∂θn+1

∂Y n+1

)
θ̃ dΩ

− A5

∫
Ωn

(
− UnUn+1 ∂θ

n+1

∂Xn+1

∂θ̃

∂Xn+1
− 2Un+1 ∂U

n+1

∂Xn+1

∂θn+1

∂Xn+1
θ̃
)
dΩ

− A5

∫
Ωn+1

(
− V nV n+1 ∂θ

n+1

∂Y n+1

∂θ̃

∂Y n+1
− 2V n+1∂V

n+1

∂Y n+1

∂θn+1

∂Y n+1
θ̃
)
dΩ

− A5

∫
Ωn+1

(
− Un+1V n+1 ∂θ

n+1

∂Y n+1

∂θ̃

∂Xn+1
− Un+1 ∂V

n+1

∂Xn+1

∂θn+1

∂Y n+1
θ̃

− ∂Un+1

∂Xn+1
V n+1 ∂θ

n+1

∂Y n+1
θ̃ − Un+1V n+1 ∂θ

n+1

∂Xn+1

∂θ̃

∂Y n+1

− Un+1∂V
n+1

∂Y n+1

∂θn+1

∂Xn+1
θ̃ − ∂Un+1

∂Y n+1
V n+1 ∂θ

n+1

∂Xn+1
θ̃
)
dΩ = 0 (4.43)

1

δt

∫
Ωn+1

ϕn+1ϕ̃dΩ− 1

δt

(
ϕn o Xn

)
ϕ̃dΩ− A6

[
−
∫

Ωn+1

∂ϕn+1

∂Xn+1

∂ϕ̃

∂Xn+1
dΩ +

∮
Γ

ϕ̃

(
nx

∂ϕn+1

∂Xn+1

)
dΓ−

∫
Ωn+1

∂ϕn+1

∂Y n+1

∂ϕ̃

∂Y n+1
dΩ +

∮
Γ

ϕ̃

(
ny
∂ϕn+1

∂Y n+1

)
dΓ

]
+ A7

∫
Ωn+1

Nn+1ϕ̃dΩ = 0

(4.44)
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1

δt

∫
Ωn+1

Nn+1Ñ dΩ− 1

δt

∫
Ωn+1

NnÑ dΩ

+
1

2

∫
Ωn+1

(
Un+1∂N

n+1

∂Xn+1
+ Un+1∂N

n+1

∂Xn+1
+Nn+1 ∂U

n+1

∂Xn+1
+Nn+1 ∂U

n+1

∂Xn+1

)
Ñ dΩ

+
1

2

∫
Ωn+1

(
V n+1∂N

n+1

∂Y n+1
+ V n+1∂N

n+1

∂Y n+1
+Nn+1∂V

n+1

∂Y n+1
+Nn+1∂V

n+1

∂Y n+1

)
Ñ dΩ

+ A8

∫
Ωn+1

(
−Nn+1 ∂ϕ

n+1

∂Xn+1

∂Ñ

∂Xn+1
− ∂Nn+1

∂Xn+1

∂ϕn+1

∂Xn+1
Ñ

−Nn+1 ∂ϕ
n+1

∂Y n+1

∂Ñ

∂Y n+1
− ∂Nn+1

∂Y n+1

∂ϕn+1

∂Y n+1
Ñ
)
dΩ

− A9

(
−
∫

Ωn+1

∂Nn+1

∂Xn+1

∂Ñ

∂Xn+1
dΩ +

∮
Γ

Ñ

(
nx
∂Nn+1

∂Xn+1

)
dΓ

−
∫

Ωn+1

∂Nn+1

∂Y n+1

∂Ñ

∂Y n+1
dΩ +

∮
Γ

Ñ

(
ny
∂Nn+1

∂Y n+1

)
dΓ

)
= 0 (4.45)

for all Ũ ,Ṽ ,θ̃,ϕ̃,Ñ ε W and P ε Q.

For the Galerkin discretization, the infinite dimensional test and trial spaces are

approximated by finite dimensional spaces. In particular, following are the trial

and test spaces

Trial Spaces:

U ≈ Uh, V ≈ Vh, θ ≈ θh, ϕ ≈ ϕh, N ≈ Nh and P ≈ Ph.

Test Spaces:

W ≈ Wh and Q ≈ Qh.

Find (Uh, Vh, θh, ϕh, Nh) ε W h and Ph ε Qh such that

1

δt

∫
Ωn+1

Un+1
h Ũh dΩ− 1

δt

∫
Ωn+1

Un
h Ũh dΩ + A1

∫
Ωn+1

Un+1
h Ũh dΩ

+ qn+1
h

∫
Ωn+1

Un+1
h

∂Ũh

∂Xn+1
dΩ− P n+1

h

∫
Ωn+1

∂Ũh

∂Xn+1
dΩ = 0 (4.46)

1

δt

∫
Ωn+1

V n+1
h Ṽh dΩ− 1

δt

∫
Ωn+1

V n
h Ṽh dΩ + A2

∫
Ωn+1

V n+1
h Ṽh dΩ
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+ qn+1
h

∫
Ωn+1

V n+1
h

∂Ṽh
∂Xn+1

dΩ− P n+1
h

∫
Ωn+1

∂Ṽh
∂Y n+1

dΩ

+ A3A4

∫
Ωn+1

Nn+1
h Ṽh dΩ− A3

∫
Ωn+1

θn+1
h Ṽh dΩ = 0 (4.47)

1

δt

∫
Ωn+1

θn+1
h θ̃h dΩ− 1

δt
(θnh ◦Xn) θ̃h dΩ +

∫
Ωn+1

∂θn+1
h

∂Xn+1

∂θ̃h
∂Xn+1

dΩ

−
∮
Γ

θ̃h

(
nx

∂θn+1
h

∂Xn+1

)
dΓ +

∫
Ωn+1

∂θn+1
h

∂Y n+1

∂θ̃h
∂Y n+1

dΩ−
∮
Γ

θ̃h

(
ny
∂θn+1

h

∂Y n+1

)
dΓ

− A5

3

∫
Ωn+1

(
3Un+1

h

∂Un+1
h

∂Xn+1

∂θn+1
h

∂Xn+1

)
θ̃h dΩ

− A5

3

∫
Ωn+1

(
3V n+1

h

∂Un+1
h

∂Y n+1

∂θn+1
h

∂Xn+1

)
θ̃h dΩ

− A5

3

∫
Ωn+1

(
3Un+1

h

∂V n+1
h

∂Xn+1

∂θn+1
h

∂Y n+1

)
θ̃h dΩ

− A5

3

∫
Ωn+1

(
3V n+1

h

∂V n+1
h

∂Y n+1

∂θn+1
h

∂Y n+1

)
θ̃h dΩ

− A5

∫
Ωn

(
−Un

hU
n+1
h

∂θn+1
h

∂Xn+1

∂θ̃h
∂Xn+1

− 2Un+1
h

∂Un+1
h

∂Xn+1

∂θn+1
h

∂Xn+1
θ̃h

)
dΩ

− A5

∫
Ωn+1

(
−V n

h V
n+1
h

∂θn+1
h

∂Y n+1

∂θ̃h
∂Y n+1

− 2V n+1
h

∂V n+1
h

∂Y n+1

∂θn+1
h

∂Y n+1
θ̃h

)
dΩ

− A5

∫
Ωn+1

(
−Un+1

h V n+1
h

∂θn+1
h

∂Y n+1

∂θ̃h
∂Xn+1

− Un+1
h

∂V n+1
h

∂Xn+1

∂θn+1
h

∂Y n+1
θ̃h

− ∂Un+1
h

∂Xn+1
V n+1
h

∂θn+1
h

∂Y n+1
θ̃h − Un+1

h V n+1
h

∂θn+1
h

∂Xn+1

∂θ̃h
∂Y n+1

− Un+1
h

∂V n+1
h

∂Y n+1

∂θn+1
h

∂Xn+1
θ̃h

−∂U
n+1
h

∂Y n+1
V n+1
h

∂θn+1
h

∂Xn+1
θ̃h

)
dΩ = 0

(4.48)

1

δt

∫
Ωn+1

ϕn+1
h ϕ̃h dΩ− 1

δt

∫
Ωn+1

(ϕn
h ◦Xn) ϕ̃h dΩ

− A6

[ ∫
Ωn+1

∂ϕn+1
h

∂Xn+1

∂ϕ̃h

∂Xn+1
dΩ−

∮
Γ

ϕ̃h

(
nx

∂ϕn+1
h

∂Xn+1

)
dΓ

+

∫
Ωn+1

∂ϕn+1
h

∂Y n+1

∂ϕ̃h

∂Y n+1
dΩ−

∮
Γ

ϕ̃h

(
ny
∂ϕn+1

h

∂Y n+1

)
dΓ

]



Time Relaxation Effects in a Thermo-Bioconvective Porous Cavity 61

+ A7

∫
Ωn+1

Nn+1
h ϕ̃h dΩ = 0 (4.49)

1

δt

∫
Ωn+1

Nn+1
h ÑhdΩ− 1

δt

∫
Ωn+1

Nn
h ÑhdΩ +

1

2

∫
Ωn+1

(
Un+1
h

∂Nn+1
h

∂Xn+1
+ Un+1

h

∂Nn+1
h

∂Xn+1

+Nn+1
h

∂Un+1
h

∂Xn+1
+Nn+1

h

∂Un+1
h

∂Xn+1

)
ÑhdΩ +

1

2

∫
Ωn+1

(
V n+1
h

∂Nn+1
h

∂Y n+1
+ V n+1

h

∂Nn+1
h

∂Y n+1

+Nn+1
h

∂V n+1
h

∂Y n+1
+Nn+1

h

∂V n+1
h

∂Y n+1

)
ÑhdΩ + A8

∫
Ωn+1

(
−Nn+1

h

∂ϕn+1
h

∂Xn+1

∂Ñh

∂Xn+1

− ∂Nn+1
h

∂Xn+1

∂ϕn+1
h

∂Xn+1
Ñh −Nn+1

h

∂ϕn+1
h

∂Y n+1

∂Ñh

∂Y n+1
− ∂Nn+1

h

∂Y n+1

∂ϕn+1
h

∂Y n+1
Ñh

)
dΩ

− A9

([
−
∫

Ωn+1

∂Nn+1
h

∂Xn+1

∂Ñh

∂Xn+1
dΩ

∮
Γ

Ñh

(
nx
∂Nn+1

h

∂Xn+1

)
dΓ−

∫
Ωn+1

∂Nn+1
h

∂Y n+1

∂Ñh

∂Y n+1
dΩ

+

∮
Γ

Ñh

(
ny
∂Nn+1

h

∂Y n+1

)
dΓ

])
= 0,

(4.50)

for all Ũh,Ṽh,θ̃h,ϕ̃h,Ñh ε Wh and Ph ε Qh.

FEM approximation is achieved by using the approximate trial solution functions

and trial test functions. These functions are the linear combination of nodal

unknowns and shape functions which are linearly independent. Given below are

the trial solution functions:

Uh =
m∑
j=1

Ujξj, Vh =
m∑
j=1

Vjξj, θh =
m∑
j=1

θjξj, ϕh =
m∑
j=1

ϕjξj,

Nh =
m∑
j=1

Njξj, Ph =
l∑

j=1

Pjηj.

Similarly following trial approximated functions are defined for test spaces:

Ũh, Ṽh, θ̃h, ϕ̃h, Ñh =
m∑
i=1

(Ũi, Ṽi, θ̃i, ϕ̃i, Ñi)ξi, qh =
l∑

i=1

qiξi.

In all above relations ξj and ηj are the shape functions. By using these approxi-

mations in Eqs. (4.46) to (4.50), weak formulation can be expressed as
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(4.46)⇒

1

δt

∫
Ωn+1

( m∑
j=1

Ujξj

)n+1 m∑
i=1

ŨiξidΩ− 1

δt

∫
Ωn+1

( m∑
j=1

Ujξj

)n m∑
i=1

ŨiξidΩ

+ A1

∫
Ωn+1

m∑
j=1

Ujξj

m∑
i=1

ŨiξidΩ +
l∑

i=1

qiξi

∫
Ωn+1

m∑
j=1

Ujξj
∂

∂X

m∑
i=1

ŨiξidΩ

−
l∑

j=1

Pjηj

∫
Ωn+1

∂

∂X

m∑
i=1

ŨiξidΩ = 0.

By Galerkins,

1

δt

∫
Ωn+1

(
m∑
j=1

Ujξj

)n+1( m∑
i=1

ξi

)
dΩ− 1

δt

∫
Ωn+1

(
m∑
j=1

Ujξj

)n( m∑
i=1

ξi

)
dΩ

+ A1

∫
Ωn+1

(
m∑
j=1

Ujξj

)(
m∑
i=1

ξi

)
dΩ +

l∑
i=1

qiξi

∫
Ωn+1

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
i=1

ξi

)
dΩ

−
l∑

j=1

Pjηj

∫
Ωn+1

∂

∂X

(
m∑
i=1

ξi

)
dΩ = 0

1

δt

∫
Ωn+1

(
m∑
j=1

Ujξj

)n+1( m∑
i=1

ξi

)
dΩ− 1

δt

∫
Ωn+1

(
m∑
j=1

Ujξj

)n( m∑
i=1

ξi

)
dΩ

+ A1

∫
Ωn+1

(
m∑
j=1

Ujξj

)(
m∑
i=1

ξi

)
dΩ

+
l∑

i=1

qiξi

∫
Ωn+1

(
m∑
j=1

Ujξj

)(
m∑
i=1

∂ξi
∂X

)
dΩ

−
l∑

j=1

Pjηj

∫
Ωn+1

(
m∑
i=1

∂ξi
∂X

)
dΩ = 0

1

δt

∫
Ωn+1

(Ujξj)
n+1 ξi dΩ− 1

δt

∫
Ωn+1

(Ujξj)
n ξi dΩ

+ A1

∫
Ωn+1

Ujξjξi dΩ + ξi

∫
Ωn+1

Ujξj
∂ξi
∂X

dΩ− ηj

∫
Ωn+1

∂ξi
∂X

dΩ = 0
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1

δt

∫
Ωn+1

Un+1
j ξn+1

j ξn+1
i dΩ− 1

δt

∫
Ωn+1

Un
j ξ

n
j ξ

n+1
i dΩ

+ A1

∫
Ωn+1

Un+1
j ξn+1

j ξn+1
i dΩ + ξn+1

i

∫
Ωn+1

Un+1
j ξn+1

j

∂ξn+1
i

∂Xn+1
dΩ

− ηn+1
j

∫
Ωn+1

∂ξn+1
i

∂Xn+1
dΩ = 0.

(4.51)

(4.47)⇒

1

δt

∫
Ωn+1

( m∑
j=1

Vjξj

)n+1 m∑
i=1

ṼiξidΩ− 1

δt

∫
Ωn+1

( m∑
j=1

Vjξj

)n m∑
i=1

ṼiξidΩ

+ A2

∫
Ωn+1

m∑
j=1

Vjξj

m∑
i=1

ṼiξidΩ +
l∑

i=1

qiξi

∫
Ωn+1

m∑
j=1

Vjξj
∂

∂X

m∑
i=1

ṼiξidΩ

−
l∑

j=1

Pjηj

∫
Ωn+1

∂

∂Y

m∑
i=1

ṼiξidΩ + A3A4

∫
Ωn+1

m∑
j=1

Njξj

m∑
i=1

ṼiξidΩ

− A3

∫
Ωn+1

m∑
j=1

θjξj

m∑
i=1

ṼiξidΩ = 0.

By Galerkins,

Ṽh =
m∑
i=1

ξi,

1

δt

∫
Ωn+1

( m∑
j=1

Vjξj

)n+1 m∑
i=1

ξidΩ− 1

δt

∫
Ωn+1

( m∑
j=1

Vjξj

)n m∑
i=1

ξidΩ

+ A2

∫
Ωn+1

m∑
j=1

Vjξj

m∑
i=1

ξidΩ +
l∑

i=1

qiξi

∫
Ωn+1

m∑
j=1

Vjξj
∂

∂X

m∑
i=1

ξidΩ−
l∑

j=1

Pjηj

∫
Ωn+1

∂

∂Y

m∑
i=1

ξidΩ + A3A4

∫
Ωn+1

m∑
j=1

Njξj

m∑
i=1

ξidΩA3

∫
Ωn+1

m∑
j=1

θjξj

m∑
i=1

ξidΩ = 0

1

δt

∫
Ωn+1

( m∑
j=1

Vjξj

)n+1 m∑
i=1

ξidΩ− 1

δt

∫
Ωn+1

( m∑
j=1

Vjξj

)n m∑
i=1

ξidΩ + A2

∫
Ωn+1

m∑
j=1

Vjξj

m∑
i=1

ξidΩ +
l∑

i=1

qiξi

∫
Ωn+1

m∑
j=1

Vjξj

m∑
i=1

∂ξi
∂X

dΩ−
l∑

j=1

Pjηj

∫
Ωn+1

m∑
i=1

∂ξi
∂Y

dΩ

+ A3A4

∫
Ωn+1

m∑
j=1

Njξj

m∑
i=1

ξidΩ + A3

∫
Ωn+1

m∑
j=1

θjξj

m∑
i=1

ξidΩ = 0,
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1

δt

∫
Ωn+1

(
Vjξj

)n+1

ξidΩ− 1

δt

∫
Ωn+1

(
Vjξj

)n

ξidΩ + A2

∫
Ωn+1

VjξjξidΩ

+ ξi

∫
Ωn+1

Vjξj
∂ξi
∂X

dΩ− ηj

∫
Ωn+1

∂ξi
∂Y

dΩ + A3A4

∫
Ωn+1

NjξjξidΩ− A3

∫
Ωn+1

θjξjξidΩ = 0,

1

δt

∫
Ωn+1

V n+1
j ξn+1

j ξn+1
i dΩ− 1

δt

∫
Ωn+1

V n
j ξ

n
j ξ

n+1
i dΩ + A2

∫
Ωn+1

V n+1
j ξn+1

j ξn+1
i dΩ

+ ξn+1
i

∫
Ωn+1

V n+1
j ξn+1

j

∂ξn+1
i

∂Xn+1
dΩ− ηn+1

j

∫
Ωn+1

∂ξn+1
i

∂Y n+1
dΩ + A3A4

∫
Ωn+1

Nn+1
j ξn+1

j ξn+1
i dΩ

− A3

∫
Ωn+1

θn+1
j ξn+1

j ξn+1
i dΩ = 0.

(4.52)

(4.48)⇒

∫
Ωn

(
−

(
m∑
j=1

Ujξj

)2
∂

∂X

(
m∑
j=1

θjξj

)
∂

∂X

(
m∑
i=1

θ̃iξi

)

− 2

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
j=1

θjξj

)(
m∑
i=1

θ̃iξi

))
dΩ

− A5

∫
Ωn+1

(
−

(
m∑
j=1

Vjξj

)2
∂

∂Y

(
m∑
j=1

θjξj

)
∂

∂Y

(
m∑
i=1

θ̃iξi

)

− 2

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)(
m∑
i=1

θ̃iξi

))
dΩ

− A5

∫
Ωn+1

(
−

(
m∑
j=1

Ujξj

)(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)
∂

∂X

(
m∑
i=1

θ̃iξi

)

−

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)(
m∑
i=1

θ̃iξi

)

− ∂

∂X

(
m∑
j=1

Ujξj

)(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)(
m∑
i=1

θ̃iξi

)

−

(
m∑
j=1

Ujξj

)(
m∑
j=1

Vjξj

)
∂

∂X

(
m∑
j=1

θjξj

)
∂

∂Y

(
m∑
i=1

θ̃iξi

)

−

(
m∑
j=1

Ujξj

)
∂

∂Y

(
m∑
j=1

Vjξj

)
∂

∂X

(
m∑
j=1

θjξj

)(
m∑
i=1

θ̃iξi

)

− ∂

∂Y

(
m∑
j=1

Ujξj

)(
m∑
j=1

Vjξj

)
∂

∂X

(
m∑
j=1

θjξj

)(
m∑
i=1

θ̃iξi

))
dΩ = 0
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By Galerkins,

θ̃h =
m∑
i=1

ξi

θ̃h =
m∑
i=1

ξi

1

δt

∫
Ωn+1

(
m∑
j=1

θjξj

)n+1( m∑
i=1

ξi

)
dΩ− 1

δt

((
m∑
j=1

θjξj

)n

◦Xn

)(
m∑
i=1

ξi

)
dΩ

+

∫
Ωn+1

∂

∂X

(
m∑
j=1

θjξj

)
∂

∂X

(
m∑
i=1

ξi

)
dΩ−

∮
Γ

(
m∑
i=1

ξi

)(
nx

∂

∂X

m∑
j=1

θjξj

)
dΓ

+

∫
Ωn+1

∂

∂Y

(
m∑
j=1

θjξj

)
∂

∂Y

(
m∑
i=1

ξi

)
dΩ−

∮
Γ

(
m∑
i=1

ξi

)(
ny

∂

∂Y

m∑
j=1

θjξj

)
dΓ

− A5

3

∫
Ωn+1

[ m∑
j=1

Ujξj
∂

∂X

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
j=1

θjξj

)

+
m∑
j=1

Ujξj
∂

∂X

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
j=1

θjξj

)

+
m∑
j=1

Ujξj
∂

∂X

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
j=1

θjξj

)]( m∑
i=1

ξi

)
dΩ

− A5

3

∫
Ωn+1

[ m∑
j=1

Vjξj
∂

∂Y

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
j=1

θjξj

)

+
m∑
j=1

Vjξj
∂

∂Y

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
j=1

θjξj

)

+
m∑
j=1

Vjξj
∂

∂Y

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
j=1

θjξj

)]( m∑
i=1

ξi

)
dΩ

− A5

3

∫
Ωn+1

[ m∑
j=1

Ujξj
∂

∂X

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)

+
m∑
j=1

Ujξj
∂

∂X

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)

+
m∑
j=1

Ujξj
∂

∂X

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)]( m∑
i=1

ξi

)
dΩ
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− A5

3

∫
Ωn+1

[ m∑
j=1

Vjξj
∂

∂Y

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)

+
m∑
j=1

Vjξj
∂

∂Y

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)

+
m∑
j=1

Vjξj
∂

∂Y

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)]( m∑
i=1

ξi

)
dΩ

− A5

∫
Ωn

[
−

(
m∑
j=1

Ujξj

)2
∂

∂X

(
m∑
j=1

θjξj

)
∂

∂X

(
m∑
i=1

ξi

)

− 2
m∑
j=1

Ujξj
∂

∂X

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
j=1

θjξj

)(
m∑
i=1

ξi

)]
dΩ

− A5

∫
Ωn+1

(
−

(
m∑
j=1

Vjξj

)2
∂

∂Y

(
m∑
j=1

θjξj

)
∂

∂Y

(
m∑
i=1

ξi

)

− 2

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)(
m∑
i=1

ξi

))
dΩ

− A5

∫
Ωn+1

(
−

(
m∑
j=1

Ujξj

)(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)
∂

∂X

(
m∑
i=1

ξi

)

−

(
m∑
j=1

Ujξj

)
∂

∂X

(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)(
m∑
i=1

ξi

)

− ∂

∂X

(
m∑
j=1

Ujξj

)(
m∑
j=1

Vjξj

)
∂

∂Y

(
m∑
j=1

θjξj

)(
m∑
i=1

ξi

)

−

(
m∑
j=1

Ujξj

)(
m∑
j=1

Vjξj

)
∂

∂X

(
m∑
j=1

θjξj

)
∂

∂Y

(
m∑
i=1

ξi

)

−

(
m∑
j=1

Ujξj

)
∂

∂Y

(
m∑
j=1

Vjξj

)
∂

∂X

(
m∑
j=1

θjξj

)(
m∑
i=1

ξi

)
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− ∂

∂Y

(
m∑
j=1

Ujξj

)(
m∑
j=1

Vjξj

)
∂

∂X

(
m∑
j=1

θjξj

)(
m∑
i=1

ξi

))
dΩ = 0

1

δt

∫
Ωn+1

(
θjξj

)n+1

ξidΩ− 1

δt

((
θjξj

)n

o Xn

)
ξidΩ +

∫
Ωn+1

∂ξj
∂X

∂ξi
∂X

dΩ−
∮
Γ

ξi

(
nx
∂ξj
∂X

)
dΓ +

∫
Ωn+1

∂ξj
∂Y

∂ξi
∂Y

dΩ−
∮
Γ

ξi

(
ny
∂ξj
∂Y

)
dΓ− A5

3

∫
Ωn+1

(
Ujξj

∂ξj
∂X

∂ξj
∂X

+ Ujξj
∂ξj
∂X

∂ξj
∂X

+ Ujξj
∂ξj
∂X

∂ξj
∂X

)
ξidΩ− A5

3

∫
Ωn+1

(
Vjξj

∂ξj
∂Y

∂ξj
∂X

+ Vjξj
∂ξj
∂Y

∂ξj
∂X

+ Vjξj
∂ξj
∂Y

∂ξj
∂X

)
ξidΩ− A5

3

∫
Ωn+1

(
Ujξj

∂ξj
∂X

∂ξj
∂Y

+ Ujξj
∂ξj
∂X

∂ξj
∂Y

+ Ujξj
∂ξj
∂X

∂ξj
∂Y

)
ξidΩ

− A5

3

∫
Ωn+1

(
Vjξj

∂ξj
∂Y

∂ξj
∂Y

+ Vjξj
∂ξj
∂Y

∂ξj
∂Y

+ Vjξj
∂ξj
∂Y

∂ξj
∂Y

)
ξidΩ− A5

∫
Ωn

(
− UjξjUjξj

∂ξj
∂X

∂ξi
∂X

− 2Ujξj
∂ξj
∂X

∂ξj
∂X

ξi

)
dΩ− A5

∫
Ωn+1

(
− VjξjVjξj

∂ξj
∂Y

∂ξi
∂Y

− 2Vjξj
∂ξj
∂Y

∂ξj
∂Y

ξi

)
dΩ− A5

∫
Ωn+1

(
− UjξjVjξj

∂ξj
∂Y

∂ξi
∂X

− Ujξj
∂ξj
∂X

∂ξj
∂Y

ξi −
∂ξj
∂X

Vjξj
∂ξj
∂Y

ξi − Ujξj

Vjξj
∂ξj
∂X

∂ξi
∂Y

− Ujξj
∂ξj
∂Y

∂ξj
∂X

ξi −
∂ξj
∂Y

Vjξj
∂ξj
∂X

ξi

)
dΩ = 0,
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1

δt

∫
Ωn+1

θn+1
j ξn+1

j ξn+1
i dΩ− 1

δt

(
θnj ξ

n
j oX

n
)
ξn+1
i dΩ

+

∫
Ωn+1

(
∂ξn+1

j

∂Xn+1

∂ξn+1
i

∂Xn+1
+
∂ξn+1

j

∂Y n+1

∂ξn+1
i

∂Y n+1

)
dΩ

− A5

∫
Ωn+1

Un+1
j ξn+1

j

(
∂ξn+1

j

∂Xn+1

)2

+ V n+1
j ξn+1

j

∂ξn+1
j

∂Y n+1

∂ξn+1
j

∂Xn+1

+Un+1
j ξn+1

j

∂ξn+1
j

∂Xn+1

∂ξn+1
j

∂Y n+1
+ V n+1

j ξn+1
j

(
∂ξn+1

j

∂Y n+1

)2
 ξn+1

i dΩ

− A5

∫
Ωn

−Un
j ξ

n
j U

n+1
j ξn+1

j

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Xn+1
− 2Un+1

j ξn+1
j

(
∂ξn+1

j

∂Xn+1

)2

ξn+1
i

 dΩ

− A5

∫
Ωn+1

−V n
j ξ

n
j V

n+1
j ξn+1

j

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Y n+1
− 2V n+1

j ξn+1
j

(
∂ξn+1

j

∂Y n+1

)2

ξn+1
i

 dΩ

− A5

∫
Ωn+1

(
− Un+1

j ξn+1
j V n+1

j ξn+1
j

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Xn+1

− Un+1
j ξn+1

j

∂ξn+1
j

∂Xn+1

∂ξn+1
j

∂Y n+1
ξn+1
i −

∂ξn+1
j

∂Xn+1
V n+1
j ξn+1

j

∂ξn+1
j

∂Y n+1
ξn+1
i

− Un+1
j ξn+1

j V n+1
j ξn+1

j

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Y n+1
− Un+1

j ξn+1
j

∂ξn+1
j

∂Y n+1

∂ξn+1
j

∂Xn+1
ξn+1
i

−
∂ξn+1

j

∂Y n+1
V n+1
j ξn+1

j

∂ξn+1
j

∂Xn+1
ξn+1
i

)
dΩ

=

∮
Γ

ξn+1
i

(
nx

∂ξn+1
j

∂Xn+1

)
dΓ +

∮
Γ

ξn+1
i

(
ny

∂ξn+1
j

∂Y n+1

)
dΓ.

(4.53)
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(4.49)⇒

1

δt

∫
Ωn+1

( m∑
j=1

ϕjξj

)n+1 m∑
i=1

ϕ̃iξidΩ− 1

δt

(( m∑
j=1

ϕjξj

)n

o Xn

) m∑
i=1

ϕ̃iξidΩ

− A6

[
−
∫

Ωn+1

∂

∂X

m∑
j=1

ϕjξj
∂

∂X

m∑
i=1

ϕ̃iξidΩ +

∮
Γ

m∑
i=1

ϕ̃iξi

(
nx

∂

∂X

m∑
j=1

ϕjξj

)
dΓ

−
∫

Ωn+1

∂

∂Y

m∑
j=1

ϕjξj
∂

∂Y

m∑
i=1

ϕ̃iξidΩ +

∮
Γ

m∑
i=1

ϕ̃iξi

(
ny

∂

∂Y

m∑
j=1

ϕjξj

)
dΓ

]

+ A7

∫
Ωn+1

m∑
j=1

Njξj

m∑
i=1

ϕ̃iξidΩ = 0.

By Galerkins,

ϕ̃h =
m∑
i=1

ξi,

1

δt

∫
Ωn+1

( m∑
j=1

ϕjξj

)n+1 m∑
i=1

ξidΩ− 1

δt

(( m∑
j=1

ϕjξj

)n

o Xn

) m∑
i=1

ξidΩ

− A6

[
−
∫

Ωn+1

∂

∂X

m∑
j=1

ϕjξj
∂

∂X

m∑
i=1

ξidΩ +

∮
Γ

m∑
i=1

ξi

(
nx

∂

∂X

m∑
j=1

ϕjξj

)
dΓ

−
∫

Ωn+1

∂

∂Y

m∑
j=1

ϕjξj
∂

∂Y

m∑
i=1

ξidΩ +

∮
Γ

m∑
i=1

ξi

(
ny

∂

∂Y

m∑
j=1

ϕjξj

)
dΓ

]

+ A7

∫
Ωn+1

m∑
j=1

Njξj

m∑
i=1

ξidΩ = 0,

1

δt

∫
Ωn+1

( m∑
j=1

ϕjξj

)n+1 m∑
i=1

ξidΩ− 1

δt

(( m∑
j=1

ϕjξj

)n

o Xn

) m∑
i=1

ξidΩ− A6

[
−
∫

Ωn+1

m∑
j=1

∂ξj
∂X

ϕj

m∑
i=1

∂ξi
∂X

dΩ +

∮
Γ

m∑
i=1

ξi

(
nx

m∑
j=1

∂ξj
∂X

ϕj

)
dΓ−

∫
Ωn+1

m∑
j=1

∂ξj
∂Y

ϕj

m∑
i=1

∂ξi
∂Y

dΩ

+

∮
Γ

m∑
i=1

ξi

(
ny

m∑
j=1

∂ξj
∂Y

ϕj

)
dΓ

]
+ A7

∫
Ωn+1

m∑
j=1

Njξj

m∑
i=1

ξidΩ = 0,

1

δt

∫
Ωn+1

(
ϕjξj

)n+1

ξidΩ− 1

δt

((
ϕjξj

)n

o Xn

)
ξidΩ− A6

[
−
∫

Ωn+1

∂ξj
∂X

∂ξi
∂X

dΩ

+

∮
Γ

ξi

(
nx
∂ξj
∂X

)
dΓ−

∫
Ωn+1

∂ξj
∂Y

∂ξi
∂Y

dΩ +

∮
Γ

ξi

(
ny
∂ξj
∂Y

)
dΓ

]
+ A7

∫
Ωn+1

NjξjξidΩ = 0,
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1

δt

∫
Ωn+1

ϕn+1
j ξn+1

j ξn+1
i dΩ− 1

δt

(
ϕn
j ξ

n
j o X

n

)
ξn+1
i dΩ− A6

[
−
∫

Ωn+1

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Xn+1
dΩ

−
∫

Ωn+1

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Y n+1
dΩ

]
+ A7

∫
Ωn+1

Nn+1
j ξn+1

j ξn+1
i dΩ

=

∮
Γ

ξn+1
i

(
nx

∂ξn+1
j

∂Xn+1

)
dΓ +

∮
Γ

ξn+1
i

(
ny

∂ξn+1
j

∂Y n+1

)
dΓ.

(4.54)

(4.50)⇒

1

δt

∫
Ωn+1

( m∑
j=1

Njξj

)n+1 m∑
i=1

ÑiξidΩ− 1

δt

∫
Ωn+1

( m∑
j=1

Njξj

)n m∑
i=1

ÑiξidΩ

+
1

2

∫
Ωn+1

( m∑
j=1

Ujξj
∂

∂X

m∑
j=1

Njξj +
m∑
j=1

Ujξj
∂

∂X

m∑
j=1

Njξj +
m∑
j=1

Njξj
∂

∂X

m∑
j=1

Ujξj

+
m∑
j=1

Njξj
∂

∂X

m∑
j=1

Ujξj

) m∑
i=1

ÑiξidΩ +
1

2

∫
Ωn+1

( m∑
j=1

Vjξj
∂

∂Y

m∑
j=1

Njξj +
m∑
j=1

Vjξj

∂

∂Y

m∑
j=1

Njξj +
m∑
j=1

Njξj
∂

∂Y

m∑
j=1

Vjξj +
m∑
j=1

Njξj
∂

∂Y

m∑
j=1

Vjξj

) m∑
i=1

ÑiξidΩ + A8

∫
Ωn+1

(
−

m∑
j=1

Njξj
∂

∂X

m∑
j=1

ϕjξj
∂

∂X

m∑
i=1

Ñiξi −
∂

∂X

m∑
j=1

Njξj
∂

∂X

m∑
j=1

ϕjξj

m∑
i=1

Ñiξi

−
m∑
j=1

Njξj
∂

∂Y

m∑
j=1

ϕjξj
∂

∂Y

m∑
i=1

Ñiξi −
∂

∂Y

m∑
j=1

Njξj
∂

∂Y

m∑
j=1

ϕjξj

m∑
i=1

Ñiξi

)
dΩ

− A9

[
−
∫

Ωn+1

∂

∂X

m∑
j=1

Njξj
∂

∂X

m∑
i=1

ÑiξidΩ +

∮
Γ

m∑
i=1

Ñiξi

(
nx

∂

∂X

m∑
j=1

Njξj

)
dΓ

−
∫

Ωn+1

∂

∂Y

m∑
j=1

Njξj
∂

∂Y

m∑
i=1

ÑiξidΩ +

∮
Γ

m∑
i=1

Ñiξi

(
ny

∂

∂Y

m∑
j=1

Njξj

)
dΓ

]
= 0.

By Galerkins,

Ñh =
m∑
i=1

ξi,
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1

δt

∫
Ωn+1

(
m∑
j=1

Njξj

)n+1 m∑
i=1

ξi dΩ− 1

δt

∫
Ωn+1

(
m∑
j=1

Njξj

)n m∑
i=1

ξi dΩ

+
1

2

∫
Ωn+1

(
2

m∑
j=1

Ujξj
∂

∂X

m∑
j=1

Njξj + 2
m∑
j=1

Njξj
∂

∂X

m∑
j=1

Ujξj

)
m∑
i=1

ξi dΩ

+
1

2

∫
Ωn+1

(
2

m∑
j=1

Vjξj
∂

∂Y

m∑
j=1

Njξj + 2
m∑
j=1

Njξj
∂

∂Y

m∑
j=1

Vjξj

)
m∑
i=1

ξi dΩ

+ A8

∫
Ωn+1

(
−

m∑
j=1

Njξj
∂

∂X

m∑
j=1

ϕjξj
∂

∂X

m∑
i=1

ξi −
∂

∂X

m∑
j=1

Njξj
∂

∂X

m∑
j=1

ϕjξj

m∑
i=1

ξi

−
m∑
j=1

Njξj
∂

∂Y

m∑
j=1

ϕjξj
∂

∂Y

m∑
i=1

ξi −
∂

∂Y

m∑
j=1

Njξj
∂

∂Y

m∑
j=1

ϕjξj

m∑
i=1

ξi

)
dΩ

− A9

[
−
∫
Ωn+1

∂

∂X

m∑
j=1

Njξj
∂

∂X

m∑
i=1

ξi dΩ +

∮
Γ

m∑
i=1

ξi

(
nx

∂

∂X

m∑
j=1

Njξj

)
dΓ

−
∫
Ωn+1

∂

∂Y

m∑
j=1

Njξj
∂

∂Y

m∑
i=1

ξi dΩ +

∮
Γ

m∑
i=1

ξi

(
ny

∂

∂Y

m∑
j=1

Njξj

)
dΓ

]
= 0

(4.55)

1

δt

∫
Ωn+1

(
Njξj

)n+1

ξidΩ− 1

δt

∫
Ωn+1

(
Njξj

)n

ξidΩ +
1

2

∫
Ωn+1

(
Ujξj

∂ξj
∂X

+ Ujξj
∂ξj
∂X

+Njξj
∂ξj
∂X

+Njξj
∂ξj
∂X

)
ξidΩ +

1

2

∫
Ωn+1

(
Vjξj

∂ξj
∂Y

+ Vjξj
∂ξj
∂Y

+Njξj
∂ξj
∂Y

+Njξj
∂ξj
∂Y

)

ξidΩ + A8

∫
Ωn+1

(
−Njξj

∂ξj
∂X

∂ξi
∂X

− ∂ξj
∂X

∂ξj
∂X

ξi −Njξj
∂ξj
∂Y

∂ξi
∂Y

− ∂ξj
∂Y

∂ξj
∂Y

ξi

)
dΩ

− A9

[
−
∫

Ωn+1

∂ξj
∂X

∂ξi
∂X

dΩ +

∮
Γ

ξi

(
nx
∂ξj
∂X

)
dΓ−

∫
Ωn+1

∂ξj
∂Y

∂ξi
∂Y

dΩ

+

∮
Γ

ξi

(
ny
∂ξj
∂Y

)
dΓ

]
= 0,
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1

δt

∫
Ωn+1

Nn+1
j ξn+1

j ξn+1
i dΩ− 1

δt

∫
Ωn+1

Nn
j ξ

n
j ξ

n+1
i dΩ

+
1

2

∫
Ωn+1

(
2Un+1

j ξn+1
j

∂ξn+1
j

∂Xn+1
+ 2Nn+1

j ξn+1
j

∂ξn+1
j

∂Xn+1

)
ξn+1
i dΩ

+
1

2

∫
Ωn+1

(
2V n+1

j ξn+1
j

∂ξn+1
j

∂Y n+1
+ 2Nn+1

j ξn+1
j

∂ξn+1
j

∂Y n+1

)
ξn+1
i dΩ

+ A8

∫
Ωn+1

−Nn+1
j ξn+1

j

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Xn+1
−

(
∂ξn+1

j

∂Xn+1

)2

ξn+1
i

−Nn+1
j ξn+1

j

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Y n+1
−

(
∂ξn+1

j

∂Y n+1

)2

ξn+1
i

 dΩ

− A9

[∫
Ωn+1

(
∂ξn+1

j

∂Xn+1

∂ξn+1
i

∂Xn+1
+
∂ξn+1

j

∂Y n+1

∂ξn+1
i

∂Y n+1

)
dΩ

]

=

∮
Γ

ξn+1
i

(
nx

∂ξn+1
j

∂Xn+1

)
dΓ +

∮
Γ

ξn+1
i

(
ny

∂ξn+1
j

∂Y n+1

)
dΓ

(4.56)

From Eqs. (4.51) to (4.56), we get the discretized system of nonlinear algebraic

equations as

[A∗(U, V )]{X∗} = {F ∗}+ {Q∗}.

The matrix notation of A∗(U, V ), X∗, F ∗ and Q∗ can be written as



K11 K12 B1 K14 K15 K16

K21 K22 B2 K24 K25 K26

BT
1 BT

2 K33 K34 K35 K36

K41 K42 K43 K44 K45 K46

K51 K52 K53 K54 K55 K56

K61 K62 K63 K64 K65 K66


︸ ︷︷ ︸

A∗



U

V

P

θ

ϕ

N


︸ ︷︷ ︸
X∗

=



Q1

Q2

Q3

Q4

Q5

Q6


︸ ︷︷ ︸

Q∗

. (4.57)

Here A∗, X∗ and Q∗ are called block stiffness matrix, block solution vector and

block boundary vector respectively. The local elemental entries of block stiffness
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matrix are given as

K11 =
1

δt

∫
Ωn+1

Un+1
j ξn+1

j ξn+1
i dΩ− 1

δt

∫
Ωn+1

Un
j ξ

n
j ξ

n+1
i dΩ + A1

∫
Ωn+1

Un+1
j ξn+1

j ξn+1
i dΩ

+ ξn+1
i

∫
Ωn+1

Un+1
j ξn+1

j

∂ξn+1
i

∂Xn+1
dΩ, ,

K12 = 0,

K14 = 0,

K15 = 0,

K16 = 0,

K21 = 0,

K22 =
1

δt

∫
Ωn+1

V n+1
j ξn+1

j ξn+1
i dΩ− 1

δt

∫
Ωn+1

V n
j ξ

n
j ξ

n+1
i dΩ + A2

∫
Ωn+1

V n+1
j ξn+1

j ξn+1
i dΩ

+ ξn+1
i

∫
Ωn+1

V n+1
j ξn+1

j

∂ξn+1
i

∂Xn+1
dΩ,

K24 = −A3

∫
Ωn+1

θn+1
j ξn+1

j ξn+1
i dΩ,

K25 = 0,

K26 = A3A4

∫
Ωn+1

Nn+1
j ξn+1

j ξn+1
i dΩ,

K33 = 0,

K34 = 0,

K35 = 0,

K36 = 0,
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K41 =− A5

3

∫
Ωn+1

3Un+1
j ξn+1

j

(
∂ξn+1

j

∂Xn+1

)2
 ξn+1

i dΩ

− A5

3

∫
Ωn+1

(
3Un+1

j ξn+1
j

∂ξn+1
j

∂Xn+1

∂ξn+1
j

∂Y n+1

)
ξn+1
i dΩ

− A5

∫
Ωn

−Un
j ξ

n
j U

n+1
j ξn+1

j

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Xn+1
− 2Un+1

j ξn+1
j

(
∂ξn+1

j

∂Xn+1

)2

ξn+1
i


dΩ

+ A5

∫
Ωn+1

Un+1
j ξn+1

j V n+1
j ξn+1

j

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Xn+1
dΩ

+ A5

∫
Ωn+1

Un+1
j ξn+1

j V n+1
j ξn+1

j

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Y n+1
dΩ

+ A5

∫
Ωn+1

Un+1
j ξn+1

j

∂ξn+1
j

∂Xn+1

∂ξn+1
j

∂Y n+1
ξn+1
i dΩ

+ A5

∫
Ωn+1

Un+1
j ξn+1

j

∂ξn+1
j

∂Y n+1

∂ξn+1
j

∂Xn+1
ξn+1
i dΩ,

(4.58)

K42 =− A5

3

∫
Ωn+1

(
3V n+1

j ξn+1
j

∂ξn+1
j

∂Y n+1

∂ξn+1
j

∂Xn+1

)
ξn+1
i dΩ

− A5

3

∫
Ωn+1

(
3V n+1

j ξn+1
j

(
∂ξn+1

j

∂Y n+1

)2)
ξn+1
i dΩ

− A5

∫
Ωn+1

(
− V n

j ξ
n
j V

n+1
j ξn+1

j

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Y n+1

− 2V n+1
j ξn+1

j

(
∂ξn+1

j

∂Y n+1

)2

ξn+1
i

)
dΩ

+ A5

∫
Ωn+1

Un+1
j ξn+1

j V n+1
j ξn+1

j

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Xn+1
dΩ

+ A5

∫
Ωn+1

Un+1
j ξn+1

j V n+1
j ξn+1

j

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Y n+1
dΩ

+ A5

∫
Ωn+1

∂ξn+1
j

∂Xn+1
V n+1
j ξn+1

j

∂ξn+1
j

∂Y n+1
ξn+1
i dΩ

+ A5

∫
Ωn+1

∂ξn+1
j

∂Y n+1
V n+1
j ξn+1

j

∂ξn+1
j

∂Xn+1
ξn+1
i dΩ
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K43 = 0,

K44 =
1

δt

∫
Ωn+1

θn+1
j ξn+1

j ξn+1
i dΩ− 1

δt

(
θnj ξ

n
j o X

n

)
ξn+1
i dΩ +

∫
Ωn+1

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Xn+1
dΩ

+

∫
Ωn+1

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Y n+1
dΩ,

K45 = 0,

K46 = 0,

K51 = 0,

K52 = 0,

K53 = 0,

K54 = 0,

K55 =
1

δt

∫
Ωn+1

ϕn+1
j ξn+1

j ξn+1
i dΩ− 1

δt

(
ϕn
j ξ

n
j o X

n

)
ξn+1
i dΩ

− A6

[
−
∫

Ωn+1

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Xn+1
dΩ−

∫
Ωn+1

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Y n+1
dΩ

]
,

K56 = A7

∫
Ωn+1

Nn+1
j ξn+1

j ξn+1
i dΩ,

K61 =
1

2

∫
Ωn+1

(
Un+1
j ξn+1

j

∂ξn+1
j

∂Xn+1
+ Un+1

j ξn+1
j

∂ξn+1
j

∂Xn+1
+Nn+1

j ξn+1
j

∂ξn+1
j

∂Xn+1

+Nn+1
j ξn+1

j

∂ξn+1
j

∂Xn+1

)
ξn+1
i dΩ,

K62 =
1

2

∫
Ωn+1

(
V n+1
j ξn+1

j

∂ξn+1
j

∂Y n+1
+ V n+1

j ξn+1
j

∂ξn+1
j

∂Y n+1
+Nn+1

j ξn+1
j

∂ξn+1
j

∂Y n+1

+Nn+1
j ξn+1

j

∂ξn+1
j

∂Y n+1

)
ξn+1
i dΩ,

K63 = 0,

K64 = 0,
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K65 = A8

∫
Ωn+1

(
−Nn+1

j ξn+1
j

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Xn+1
−

∂ξn+1
j

∂Xn+1

∂ξn+1
j

∂Xn+1
ξn+1
i

−Nn+1
j ξn+1

j

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Y n+1
−
∂ξn+1

j

∂Y n+1

∂ξn+1
j

∂Y n+1
ξn+1
i

)
dΩ,

K66 =
1

δt

∫
Ωn+1

Nn+1
j ξn+1

j ξn+1
i dΩ− 1

δt

∫
Ωn+1

Nn
j ξ

n
j ξ

n+1
i dΩ +

1

2

∫
Ωn+1

(
Un+1
j ξn+1

j

∂ξn+1
j

∂Xn+1

+ Un+1
j ξn+1

j

∂ξn+1
j

∂Xn+1
+Nn+1

j ξn+1
j

∂ξn+1
j

∂Xn+1
+Nn+1

j ξn+1
j

∂ξn+1
j

∂Xn+1

)
ξn+1
i dΩ

+
1

2

∫
Ωn+1

(
V n+1
j ξn+1

j

∂ξn+1
j

∂Y n+1
+ V n+1

j ξn+1
j

∂ξn+1
j

∂Y n+1
+Nn+1

j ξn+1
j

∂ξn+1
j

∂Y n+1

+Nn+1
j ξn+1

j

∂ξn+1
j

∂Y n+1

)
ξn+1
i dΩ + A8

∫
Ωn+1

(
−Nn+1

j ξn+1
j

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Xn+1

−
∂ξn+1

j

∂Xn+1

∂ξn+1
j

∂Xn+1
ξn+1
i −Nn+1

j ξn+1
j

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Y n+1
−
∂ξn+1

j

∂Y n+1

∂ξn+1
j

∂Y n+1
ξn+1
i

)
dΩ

− A9

[
−
∫

Ωn+1

∂ξn+1
j

∂Xn+1

∂ξn+1
i

∂Xn+1
dΩ−

∫
Ωn+1

∂ξn+1
j

∂Y n+1

∂ξn+1
i

∂Y n+1
dΩ

]
,

The entries K13, K23 and K31, K32 are the pressure matrices with their respective

transposes can be written as

Bij
1 = −ηn+1

j

∫
Ωn+1

∂ξn+1
i

∂Xn+1
dΩ,

Bij
2 = −ηn+1

j

∫
Ωn+1

∂ξn+1
i

∂Y n+1
dΩ,

(Bij
1 )

t = −ξn+1
i

∫
Ωn+1

∂ηn+1
j

∂Xn+1
dΩ,

(Bij
2 )

t = −ξn+1
i

∫
Ωn+1

∂ηn+1
j

∂Y n+1
dΩ,

Q1 = 0,

Q2 = 0,

Q3 = 0,

Q4 =

∮
Γ

ξn+1
i

(
nx

∂ξn+1
j

∂Xn+1

)
dΓ+

∮
Γ

ξn+1
i

(
ny

∂ξn+1
j

∂Y n+1

)
dΓ,
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Q5 =

∮
Γ

ξn+1
i

(
nx

∂ξn+1
j

∂Xn+1

)
dΓ+

∮
Γ

ξn+1
i

(
ny

∂ξn+1
j

∂Y n+1

)
dΓ,

Q6 =

∮
Γ

ξn+1
i

(
nx

∂ξn+1
j

∂Xn+1

)
dΓ+

∮
Γ

ξn+1
i

(
ny

∂ξn+1
j

∂Y n+1

)
dΓ.

The discrete system of non-linear algebraic equations in matrix form can be written

as: 

K11 0 B1 0 0 0

0 K22 B2 K24 0 K26

BT
1 BT

2 0 0 0 0

K41 K42 0 K44 0 0

0 0 0 0 K55 K56

K61 K62 0 0 K65 K66





U

V

P

θ

ϕ

N


=



0

0

0

Q4

Q5

Q6


(4.59)

An examination of the weak form Eqs. (4.31) to (4.35) and the finite element

matrices in (??) shows that ξi should be atleast linear functions of x and y. Dis-

cretization of the domain is performed using selected two-dimensional finite ele-

ments. One of the simplest two-dimensional elements is the three-noded triangular

element. This is also known as linear triangular element. The element is shown

in Figure 4.4. It has three nodes at the vertices of the triangle and the variable

interpolation within the element is linear in x and y like

Figure 4.1: Systematic Computational Domain

Figure 4.2: Linear Triangular Element

u = a1 + a2x+ a3y, (4.60)
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or

u = [1 x y]


a1

a2

a3

 , (4.61)

where ai is the constant to be determined. The interpolation function, Eq. (4.60)

should represent the nodal variables at the three nodal points. Therefore, substi-

tuting the x and y values at each nodal point gives


u1

u2

u3

 =


1 x1 y1

1 x2 y2

1 x3 y3



a1

a2

a3

 , (4.62)

here, xi and yi are the coordinate values at the i
th node and ui is the nodal variable

as seen in Figure 4.4. Inverting the matrix and rewriting Eq. (4.62) give


a1

a2

a3

 = [A]−1


u1

u2

u3

 ,


a1

a2

a3

 =
1

|A|


x2y3 − x3y2 x3y1 − x1y3 x1y2 − x2y1

y2 − y3 y3 − y1 y1 − y2

x3 − x2 x1 − x3 x2 − x1



u1

u2

u3

 . (4.63)

For the finite element computation, the element nodal sequence must be in the

same direction for every element in the domain.

Substituting the Eq. (4.63) into Eq. (4.60), we obtain

u = [1 x y]
1

|A|


x2y3 − x3y2 x3y1 − x1y3 x1y2 − x2y1

y2 − y3 y3 − y1 y1 − y2

x3 − x2 x1 − x3 x2 − x1



u1

u2

u3

 ,
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u =
1

|A|

[
ξ1, ξ2, ξ3

]
u1

u2

u3

 =
3∑

i=1

ξiui,

where, ξ1 =
1

|A|
[(x2y3 − x3y2) + x(y2 − y3) + y(x3 − x2)],

ξ2 =
1

|A|
[(x3y1 − x1y3) + x(y3 − y1) + y(x1 − x3)],

ξ3 =
1

|A|
[(x1y2 − x2y1) + x(y1 − y2) + y(x2 − x1)].

For a linear triangular element, Eq. (4.41) to (4.46), becomes

U =
3∑

i=1

Uiξi, V =
3∑

i=1

Viξi, θ =
3∑

i=1

θiξi, ϕ =
3∑

i=1

ϕiξi,

N =
3∑

i=1

Niξi, P =
3∑

i=1

Piηi, Ũ , Ṽ , θ̃, ϕ̃, Ñ =
3∑

i=1

(Ũi, Ṽi, θ̃i, ϕ̃i, Ñi)ξi,

(4.41)⇒

1

δt

∫
Ωn+1

( 3∑
i=1

Uiξi

)n+1 3∑
i=1

ŨiξidΩ− 1

δt

∫
Ωn+1

( 3∑
i=1

Uiξi

)n 3∑
i=1

ŨiξidΩ

+ A1

∫
Ωn+1

( 3∑
i=1

Uiξi

)n+1 3∑
i=1

ŨiξidΩ +

( 3∑
i=1

qiξi

)n+1 ∫
Ωn+1

( 3∑
i=1

Uiξi

)n+1

∂

∂Xn+1

3∑
i=1

ŨiξidΩ−
( 3∑

i=1

Piηi

)n+1 ∫
Ωn+1

∂

∂Xn+1

3∑
i=1

ŨiξidΩ = 0.

(4.64)

(4.43)⇒

1

δt

∫
Ωn+1

( 3∑
i=1

Viξi

)n+1 3∑
i=1

ṼiξidΩ− 1

δt

∫
Ωn+1

( 3∑
i=1

Viξi

)n 3∑
i=1

ṼiξidΩ

+ A2

∫
Ωn+1

( 3∑
i=1

Viξi

)n+1 3∑
i=1

ṼiξidΩ +

( 3∑
i=1

qiξi

)n+1 ∫
Ωn+1

( 3∑
i=1

Viξi

)n+1
∂

∂Xn+1

3∑
i=1

ṼiξidΩ−
( 3∑

i=1

Piηi

)n+1 ∫
Ωn+1

∂

∂Y n+1

3∑
i=1

ṼiξidΩ

+ A3A4

∫
Ωn+1

( 3∑
i=1

Niξi

)n+1 3∑
i=1

ṼiξidΩ− A3

∫
Ωn+1

( 3∑
i=1

θiξi

)n+1 3∑
i=1

ṼiξidΩ = 0

(4.65)
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(4.44)⇒

1

δt

∫
Ωn+1

(
3∑

i=1

θiξi

)n+1( 3∑
i=1

θ̃iξi

)
dΩ

− 1

δt

((
3∑

i=1

θiξi

)n

◦Xn

)(
3∑

i=1

θ̃iξi

)
dΩ

+

∫
Ωn+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θ̃iξi

)
dΩ

−
∮
Γ

(
3∑

i=1

θ̃iξi

)nx
∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1
 dΓ

+

∫
Ωn+1

∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θ̃iξi

)
dΩ

−
∮
Γ

(
3∑

i=1

θ̃iξi

)ny
∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1
 dΓ

− A5

3

∫
Ωn+1

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1

+

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1

+

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1( 3∑
i=1

θ̃iξi

)
dΩ

− A5

3

∫
Ωn+1

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1

+

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1

+

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1( 3∑
i=1

θ̃iξi

)
dΩ
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∫
Ωn+1

 ∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1
( 3∑

i=1

θ̃iξi

)
dΩ

− A5

3

∫
Ωn+1

[( 3∑
i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1

+

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1

+

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1 ]( 3∑
i=1

θ̃iξi

)
dΩ

− A5

3

∫
Ωn+1

[( 3∑
i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1

+

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1

+

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1 ]( 3∑
i=1

θ̃iξi

)
dΩ

− A5

∫
Ωn

[
−

(
3∑

i=1

Uiξi

)n( 3∑
i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θ̃iξi

)

− 2

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1( 3∑
i=1

θ̃iξi

)]
dΩ

− A5

∫
Ωn+1

[
−

(
3∑

i=1

Viξi

)n( 3∑
i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θ̃iξi

)

− 2

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1( 3∑
i=1

θ̃iξi

)]
dΩ
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− A5

∫
Ωn+1

[

−

(
3∑

i=1

Uiξi

)n+1( 3∑
i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θ̃iξi

)

−

(
3∑

i=1

Uiξi

)n+1

∂

∂Xn+1

(
3∑

i=1

Viξi

)n+1( 3∑
i=1

θ̃iξi

)

− ∂

∂Xn+1

(
3∑

i=1

Uiξi

)n+1( 3∑
i=1

Viξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θiξi

)n+1( 3∑
i=1

θ̃iξi

)

−

(
3∑

i=1

Uiξi

)n+1( 3∑
i=1

Viξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1

∂

∂Y n+1

(
3∑

i=1

θ̃iξi

)

−

(
3∑

i=1

Uiξi

)n+1

∂

∂Y n+1

(
3∑

i=1

Viξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1( 3∑
i=1

θ̃iξi

)

− ∂

∂Y n+1

(
3∑

i=1

Uiξi

)n+1( 3∑
i=1

Viξi

)n+1

∂

∂Xn+1

(
3∑

i=1

θiξi

)n+1 ]
dΩ = 0

(4.66)

1

δt

∫
Ωn+1

( 3∑
i=1

ϕiξi

)n+1 3∑
i=1

ϕ̃iξidΩ− 1

δt

(( 3∑
i=1

ϕiξi

)n

o Xn

) 3∑
i=1

ϕ̃iξidΩ

− A6

[
−
∫

Ωn+1

∂

∂Xn+1

( 3∑
i=1

ϕiξi

)n+1
∂

∂Xn+1

3∑
i=1

ϕ̃iξidΩ +

∮
Γ

3∑
i=1

ϕ̃iξi

(
nx

∂

∂Xn+1

( 3∑
i=1

ϕiξi

)n+1)
dΓ−

∫
Ωn+1

∂

∂Y n+1

( 3∑
i=1

ϕiξi

)n+1
∂

∂Y n+1

3∑
i=1

ϕ̃iξidΩ

+

∮
Γ

3∑
i=1

ϕ̃iξi

(
ny

∂

∂Y n+1

( 3∑
i=1

ϕiξi

)n+1)
dΓ

]
+ A7

∫
Ωn+1

( 3∑
i=1

Niξi

)n+1 3∑
i=1

ϕ̃iξidΩ = 0

(4.67)
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(4.46)⇒

1

δt

∫
Ωn+1

( 3∑
i=1

Niξi

)n+1 3∑
i=1

ÑiξidΩ− 1

δt

∫
Ωn+1

( 3∑
i=1

Niξi

)n 3∑
i=1

ÑiξidΩ

+
1

2

∫
Ωn+1

(( 3∑
i=1

Uiξi

)n+1
∂

∂Xn+1

( 3∑
i=1

Niξi

)n+1

+

( 3∑
i=1

Uiξi

)n+1
∂

∂Xn+1

( 3∑
i=1

Niξi

)n+1

+

( 3∑
i=1

Niξi

)n+1
∂

∂Xn+1

( 3∑
i=1

Uiξi

)n+1

+

( 3∑
i=1

Niξi

)n+1

∂

∂Xn+1

( 3∑
i=1

Uiξi

)n+1) 3∑
i=1

ÑiξidΩ +
1

2

∫
Ωn+1

(( 3∑
i=1

Viξi

)n+1
∂

∂Y n+1

( 3∑
i=1

Niξi

)n+1

+

( 3∑
i=1

Viξi

)n+1
∂

∂Y n+1

( 3∑
i=1

Niξi

)n+1

+

( 3∑
i=1

Niξi

)n+1
∂

∂Y n+1

( 3∑
i=1

Viξi

)n+1

+

( 3∑
i=1

Niξi

)n+1
∂

∂Y n+1

( 3∑
i=1

Viξi

)n+1) 3∑
i=1

ÑiξidΩ + A8

∫
Ωn+1

(
−
( 3∑

i=1

Niξi

)n+1

∂

∂Xn+1

( 3∑
i=1

ϕiξi

)n+1
∂

∂Xn+1

3∑
i=1

Ñiξi −
∂

∂Xn+1

( 3∑
i=1

Niξi

)n+1
∂

∂Xn+1

( 3∑
i=1

ϕiξi

)n+1

3∑
i=1

Ñiξi −
( 3∑

i=1

Niξi

)n+1
∂

∂Y n+1

( 3∑
i=1

ϕiξi

)n+1
∂

∂Y n+1

3∑
i=1

Ñiξi −
∂

∂Y n+1( 3∑
i=1

Niξi

)n+1
∂

∂Y n+1

( 3∑
i=1

ϕiξi

)n+1 3∑
i=1

Ñiξi

)
dΩ−

A9

([
−
∫

Ωn+1

∂

∂Xn+1

( 3∑
i=1

Niξi

)n+1

∂

∂Xn+1

3∑
i=1

ÑiξidΩ +

∮
Γ

3∑
i=1

Ñiξi

(
nx

∂

∂Xn+1

( 3∑
i=1

Niξi

)n+1)
dΓ−

∫
Ωn+1

∂

∂Y n+1

( 3∑
i=1

Niξi

)n+1
∂

∂Y n+1

3∑
i=1

ÑiξidΩ +

∮
Γ

3∑
i=1

Ñiξi

(
ny

∂

∂Y n+1

( 3∑
i=1

Niξi

)n+1)
dΓ

]
)

= 0

(4.68)

Eq. (4.64) to (4.68) are solved through FEM code Free Fem++. These equations

are along with the given Boundary Conditions are implemented in Free Fem++,

the code is used to compute the solution for variant parameter on the computa-

tional domain.
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4.4 Results and Discussion

This section contains the results computed by the code implemented for the model

problem presented.

(a) Pe = 0.1 (b) Pe = 3

(c) Pe = 5 (d) Pe = 7

(e) Pe = 9 (f) Pe = 13

Figure 4.3: Streamline plots for varying values of Peclet number Pe.
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In figure 4.3, the Peclet number increases, the dominance of advection over diffu-

sion becomes more pronounced, leading to a stronger directional bias in the flow.

This causes the streamlines to shift towards the right wall, with the velocity profiles

becoming more skewed in that direction. In turn, the flow contours, which repre-

sent scalar fields like concentration or temperature, also migrate toward the right

wall, further emphasizing the impact of advection. When the Peclet number is set

to 13, as observed in the top left corner, the system exhibits a noticeable slowdown

near the left sub-wall vortex. This results in the formation of a region with nega-

tive velocities, where the flow recirculates. The transition of the streamlines and

contours with increasing Peclet number also highlights the reduced mixing effects

due to the limited role of diffusion. In regions with high Peclet numbers, the flow

becomes more stratified, with concentration or temperature gradients becoming

sharper near the boundaries. This can lead to the formation of sharp interfaces or

boundary layers, enhancing the formation of vortical structures.

In figure 4.4, the flow’s shift towards the top edge of the domain results in asym-

metric deformation, suggesting a non-uniform distribution of velocity and pressure

across the flow field. Initially, the stream velocity reaches its maximum value of 1,

but as the flow progresses, it begins to gradually decrease, reaching a minimum of

0.99. This velocity then continues to decline further to 0.87. At this point, the ve-

locity begins to increase again, ultimately resulting in a reduction in the N values

at the upper boundary, which drops to 0.77. This change in the velocity profile

and N values can have significant implications in fluid dynamics, particularly when

considering microorganisms in the flow. In the context of microorganisms, the de-

crease in velocity, particularly in the initial phase, can influence their swimming

patterns and distribution. Additionally, changes in flow velocity, especially near

the upper boundary, could impact the microorganisms’ diffusion and distribution

within the cavity. The variation in stream velocity may affect how microorgan-

isms move through the fluid, influencing their ability to reach different parts of

the cavity.

In figure 4.5, it is noted that, regardless of the Péclet number, oxygen consumption

by microorganisms primarily occurs in the upper part of the cavity. This is because

the concentration of dissolved oxygen is typically higher in the upper regions of the
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cavity, which facilitates microbial metabolic processes. As a result, microorganisms

in this area consume oxygen at a higher rate compared to other regions of the

cavity. This leads to a decrease in the concentration of motile bacteria in the upper

part of the cavity. Furthermore, an increase in the average directional swimming

velocity of microorganisms can lead to a reduction in the intensity of oxygen

consumption in the upper part of the cavity. This phenomenon can be attributed

to a more efficient use of the available oxygen. When microorganisms swim more

efficiently, they are able to move through areas with lower oxygen concentrations.

This behavior suggests that microorganisms, by adjusting their swimming velocity,

can optimize their energy expenditure and oxygen consumption.

In figure 4.6, it is illustrated that the streamlines and isoconcentrations of motile

microorganisms for various values of the Péclet number, providing insight into

the effects of convective and diffusive transport on both the flow dynamics and

microbial distribution. As the Péclet number increases, the core of the convective

cell and the regions with low oxygen and motile microorganism concentration shift

towards the right wall of the cavity. This shift reflects the growing dominance of

convective effects over diffusive processes as the Péclet number increases, indicat-

ing that advection is driving the redistribution of both oxygen and microorganisms.

As the Péclet number increases, the velocity profile changes, with the maximum

velocity remaining at 1. However, the minimum velocity decreases significantly as

the Péclet number increases. Initially, the minimum velocity decreases to 0.989,

and at a Péclet number of 13, it further decreases to 0.915. When the Péclet num-

ber reaches 29, the minimum velocity continues to decrease, reaching 0.85. This

progressive decrease in minimum velocity indicates a shift towards more uniform

convective flow, which contributes to a symmetric redistribution of the velocity

profile.

In Figure 4.7 (from a to c), as the Prandtl number increases, the overall thermal

behavior of the fluid is altered significantly. With a higher Prandtl number, the rel-

ative importance of momentum diffusion compared to thermal diffusion increases.

This results in a more stable and well-developed velocity profile, which confines

most of the thermal variations to the boundary layer. Consequently, the thermal

boundary layer becomes sharper and more pronounced, with temperature rising
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more steeply near the top boundary. Furthermore, with an increasing Prandtl

number, the heat transfer near the surface becomes more efficient because of the

thinner thermal boundary layer. As heat is concentrated in this narrower region,

the system’s overall thermal resistance is reduced, leading to a more localized and

focused heat transfer near the boundary. From subfigure (d) to subfigure (f):

when the Prandtl number is high, as in the case with a value of 5, the thermal

diffusion becomes less efficient compared to momentum diffusion. This leads to a

stronger resistance to temperature propagation in the fluid, particularly near the

top boundary. The larger Prandtl number results in a thinner thermal boundary

layer, which restricts the flow of heat into the bulk of the fluid. The temperature

profile becomes more localized to the region near the boundary, further empha-

sizing the resistance to temperature movement across the cavity. The effect of

the relaxation time in this context is significant. As the relaxation time increases,

the time it takes for the fluid to reach thermal equilibrium is prolonged, further

hindering the distribution of heat within the medium.

In Figure 4.8, as the Peclet number increases from 0.1 to 27, there is a notable

change in the behavior of the isotherms, reflecting the changing dynamics of heat

transfer in the fluid. For low Peclet numbers, heat transfer is dominated by thermal

diffusion, and the isotherms are more spread out, indicating a less efficient transfer

of heat throughout the medium. The temperature remains concentrated closer to

the boundaries, with limited penetration into the interior of the fluid. At higher

Peclet numbers, the fluid’s advection effects help redistribute the heat across the

system, promoting a more uniform temperature distribution throughout the fluid.

As a result, the isotherms become more tightly packed near the top boundary,

indicating a higher temperature gradient near the surface.

In Figure 4.9, as the Rayleigh number increases, the convective heat transfer be-

comes more dominant, leading to a more complex flow pattern within the fluid.

Initially, at lower Rayleigh numbers, heat diffusion is the primary mode of tem-

perature distribution, and the system behaves in a more symmetric manner, with

temperature gradients distributed evenly across the medium. At higher Rayleigh

numbers, the temperature distribution becomes increasingly asymmetric, with

a pronounced difference in heat transfer efficiency between the top and bottom
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boundaries. The top boundary experiences a relatively easier and more efficient

movement of heat, as the convective currents near the surface facilitate the trans-

port of thermal energy. In contrast, at the bottom boundary, the resistance to

heat movement increases, likely due to the development of a more stable ther-

mal boundary layer or reduced convective activity near the colder regions of the

medium.

In Figure 4.10, as the Bio-convective Rayleigh number (Rb) increases, the mi-

croorganisms experience a stronger upward buoyant force due to the enhanced

thermal gradients in the fluid. This causes the microorganisms to not only move

towards the top boundary more quickly but also to align with the direction of the

convective currents. At higher Rb values, the convection becomes more vigorous,

resulting in a more dynamic and pronounced upward transport of microorganisms.

The increased buoyancy forces create a more turbulent environment within the

fluid, facilitating the migration of microorganisms to regions where they are more

likely to encounter favorable conditions, such as higher temperatures or nutrient

concentrations near the top boundary.

In Figure 4.11, as the relaxation parameter (Rt) increases further, the flow dy-

namics become more pronounced, with the streamlines exhibiting increasingly

stretched and distorted shapes. Initially, the flow is more symmetric, with circular

or near-circular streamlines near the boundaries. However, as the relaxation time

lengthens, the effect of the relaxation parameter on the fluid’s behavior becomes

more evident, causing the streamlines to stretch towards both the left and right

walls.

At higher values of Rt, the streamlines not only elongate but also show a more

complex pattern, including diagonal stretching that forms critical shapes. This

transition indicates a more significant influence of the relaxation effects on the

thermal and momentum transport within the fluid.

The flow is no longer symmetric, as it becomes increasingly skewed, with the

streamlines aligning more with the boundaries, especially along the right wall,

where the streamlines align parallel to the x-axis.
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(a) N for Pe = 1.0

(b) N for Pe = 13

(c) N for Pe = 29

Figure 4.4: En plots for varying values of Peclet number Pe and fixed Ra =
10. Other parameters used are Pr = 13, Da = 0.5, Rt = 0, Le = 1, κ = 0.1,

σ = 1, Ra = 10, Rb = 10, λ = 1.
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(a) N for Pe = 1.0

(b) N for Pe = 13

(c) N for Pe = 29

Figure 4.5: En plots for varying values of Peclet number Pe and fixed Ra =
100. Other parameters used are Pr = 13, Da = 0.5, Rt = 0, Le = 1, κ = 0.1,

σ = 1, Rb = 10, λ = 1.
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(a) N for Pe = 1.0

(b) N for Pe = 13

(c) N for Pe = 29

Figure 4.6: En plots for varying values of Peclet number Pe and fixed Rb =
100. Other parameters used are Pr = 13, Da = 0.5, Rt = 0, Le = 1, κ = 0.1,

σ = 1, Ra = 10, Rb = 100, λ = 1.
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(a) Without relaxation for
Pr = 0.3

(b) Without relaxation for
Pr = 3

(c) Without relaxation for
Pr = 5

(d) With relaxation for Pr =
0.3

(e) With relaxation for Pr = 3 (f) With relaxation for Pr = 5

Figure 4.7: Isotherm plots for varying value of Prandtl number Pr. The
relaxation time factor is chosen as Rt = 0.085. Other parameters are: Pe = 1,

Da = 0.5, Le = 1, κ = 0.1, σ = 1, Ra = 10, Rb = 100, λ = 1.
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(a) Pe = 0.1

(b) Pe = 5

(c) Pe = 7

Figure 4.8: Isotherm plots for varying value of Peclet number Pe. Other
parameters are: Pr = 3, Da = 0.5, Le = 1, κ = 0.1, σ = 1, Ra = 10, Rb = 10,

λ = 1.



Time Relaxation Effects in a Thermo-Bioconvective Porous Cavity 94

(a) Ra = 1

(b) Ra = 10

(c) Ra = 100

Figure 4.9: Isotherm plots for varying value of Rayleigh number Ra. Other
parameters are: Pe = 1, Pr = 3, Da = 0.5, Le = 1, κ = 0.1, σ = 1, Rb = 10,

λ = 1.
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(a) Rb = 10

(b) Rb = 100

(c) Rb = 1000

Figure 4.10: ϕ plots for varying value of Bio-convective Rayleigh number Rb.
Other parameters are: Pe = 1, Pr = 3, Da = 0.5, Le = 1, κ = 0.1, σ = 1,

Ra = 10, λ = 1.
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(a) Rt = 0

(b) Rt = 0.55

(c) Rt = 2.55

Figure 4.11: Ψ plots for varying value of Relaxation parameter Rt. Other
parameters are: Pe = 1, Pr = 3, Da = 20.5, Le = 1, κ = 0.001, σ = 1,

Ra = 10, Rb = 10, λ = 1.



Chapter 5

Conclusion

This study numerically investigated steady thermo-bioconvection in a square porous

cavity filled with oxytactic bacteria, employing the Cattaneo-Christov heat flux

model. The finite element approach is used to numerically solve the governing

equations, which include the conservation laws of mass, momentum, and energy.

In order to illustrate the effects of different parameters, including the Rayleigh

number Ra, bioconvection Rayleigh number Rb, Lewis number Le, and Peclet

number P e, on the fluid dynamics, heat transfer, and mass transfer behavior,

the results are displayed using streamlines, isotherms and concentration profiles.

The impact of these parameters on the Nusselt and Sherwood values at the ver-

tical cavity walls is highlighted in the study. A Nusselt and Sherwood number

table that contrasts the calculated solutions with the body of existing literature

is provided in order to validate the calculated results. There is a high degree of

consistency between the calculated numerical values and those found in the liter-

ature. This demonstrates how well the finite element code was implemented for

the model problem that was supplied. The outcomes are calculated for different

physical parameter values and thoroughly discussed. With an emphasis on the

implications of important dimensionless quantities, the study offers insightful in-

formation about the intricate relationships between heat, fluid flow, and microbe

concentration in a porous cavity.
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These results are crucial for improving heat transmission and bioconvection pro-

cesses in porous media, especially in biological or ecological systems where mi-

croorganisms are important to the dynamics.

Some of the future direction include:

1. Extend the current steady-state analysis to a transient study to investigate

the dynamic evolution of thermo-bioconvection and the potential for oscil-

latory or chaotic behavior.

2. Explore the impact of different cavity shapes (e.g., rectangular, triangular)

and porous structures on the heat and mass transfer characteristics in the

presence of oxytactic bacteria.

3. Include the effects of thermal radiation, especially relevant in applications

with significant temperature differences, to provide a more comprehensive

understanding of the coupled heat transfer mechanisms.
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