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Abstract

The theoretical investigation of Cattaneo-Christov double diffusion model and
energy activation on Casson fluid flow over a stretching sheet has been carried
out through the utilization of the shooting method. The primary objective of
the current research is to comprehensively analyze the influence of Arrhenius en-
ergy activation, while incorporating the Cattaneo-Christov double diffusion model.
Additionally, this study takes into account factors such as thermophoresis effects,
Brownian diffusion, velocity slip, and chemical reaction, in the context of a Cas-
son fluid flowing over an extensible sheet. The similarity transformations have
been employed to convert the nonlinear partial differential equations into a set of
ordinary differential equations. Tables and graphs vividly illustrate the impact of
various parameters, including the magnetic field parameter, Casson fluid parame-
ter, Prandtl number, thermophoresis parameter, Brownian motion parameter, and
Eckert number. The findings indicate that as the chemical reaction parameter ~;
increases, both the velocity and concentration profiles exhibit a decrement, while
the temperature profile increases. As the Casson parameter § values increase,
there is a downfall in the local Nusselt and Sherwood numbers, and a simultane-

ous increase in the skin friction.
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Chapter 1

Introduction

Fluids were early studied by Archimedes in ancient Greece era around 2508C" and
he established fluid buoyancy formulation known as Archimedes’s principle. Fluid
is basically a material or a substance that can flow or move. Fluids are further
classified into two types which are Newtonian and non-Newtonian. A Newtonian
fluid such as water has linear proportionality between its viscosity and the velocity
gradient at the boundary surface. The non-Newtonian fluids such as honey, fruit
juice, shampoo, paint, sanitizer, mud, and blood don’t have the proportionality
between viscosity and the velocity gradient at the boundary region. Casson fluid is
one of the non- Newtonian fluids. Casson fluids which by nature are shear thining,
were firstly presented by Casson in 1959.

Crane [1] initially studied the behavior of viscous and incompressible Newtonian
fluids over a linearly stretching surface. He comprehended that the stretching ve-
locity of the fluid is proportional to the distance from the slit. The manufacturing
of plastic film is an example of this. Rajgopal [2] studied the two-dimensional
flow of viscous and incompressible fluid over a moving sheet. Ishak et al. [3]
examined the boundary layer of laminar magneto hydrodynamic, a viscous and
incompressible fluid, over a moving wedge with effects of suction/injection param-
eters. Mukhopadhyay [4] observed the MHD viscous and incompressible fluid flow
and discussed how transpiration and heat transfer occurred in the boundary layer
over the stretching sheet. Belhocine et al. [5] investigated a two-dimensional lam-
inar flow of viscous and incompressible Newtonian fluid at zero pressure gradients

in the absence of body forces.



Siddapa and Abel [6] studied the visco-elastic fluid flow in the boundary layer
region. This research used a similarity parameter method to obtained the solution
of boundary layer equations of motion past a stetching plate. They found that
the viscoelastic parameter has a significant impact on the flow velocity. Anders-
son [7] also investigated the magnetohydrodynamic (MHD) flow of a viscoelastic
fluid over a stretching surface. He used the exact analytical solution to solve the
non-linear boundary layer equation to show the effect of magnetic field on the
fluid flow. Dandapat et al. [8] studied a viscoelastic fluid flow in the presence
magnetic field through a stretching surface, by applying the free parameter and
separation of variable methods. Mamaloukas et al. [9] found the exact solution of
viscoelastic fluid flow of second grade in two dimensions over a stretching surface.
Furthermore, Jalili et al. [10] explored the thermal dynamics of non-Newtonian
vicoelastic fluid flow between rotating disks under MHD conditions and analyzed
the effects of viscous parameter and magnetic field parameter on the velocity and
temperature distributions using the Homotopy Perturbation method (HPM) and
Akbari-Ganji’s method (AGM).

Fang [11] observed the solution of the extented Blasius flow in the boundary layer
using the variable transformation method. Batallar [12] studied the Newtonian
fluid that had no electric conduction having different conditions; first, when the
fluid was at rest over a moving plane and the second, when the fluid was at rest
over a flat plane. The momentum equation is solved numerically by using 4th
order Runge-Kutta shooting method to observe the static flat-plate (Blasius flow)
and moving flate plate (Sakiadis flow). The analysis of the fractional boundary-
layer Blasius flow using a finite difference method implemented on a quasi-uniform
grid, is analyzed by Jannelli [13].

Motsa et al. [14] studied the effects of MHD and upper-convected Maxwell (UCM)
on a fluid flow over a stretching sheet by using successive Taylor series lineariza-
tion method (STSLM) to solve nonlinear boundary value problems. Motsa and
Sibanda [15] also studied the boundary layer region of MHD flow over a non-
linearly stretching sheet in the presence of magnetic field. They prefered to use
spectral homotopy analysis method (SHAM) and the Matlab in-built numerical
solver bvp4c to produce the soution of the flow model. Rosca [16] showed the study



of two-dimensional viscous, incompressible, and electrically conducted MHD fluid
flow over a shrinking porous sheets using the function bvp4c. Nadeem et al. [17]
examined the MHD fluid flow over a stretching sheet in the boundary region, and
to solve nonlinear differential equations this research used the homotopy analysis
method (HAM). To investigate the MHD flow and heat transfer over a stretching
cylinder in the presence of uniform magnetic field, Mukhopadhyay [18] carried out
a numerical analysis by applying the fourth order Runge-Kutta method. Akber et
al. [19] studied the two-dimensional boundary layer flow of MHD incompressible
Carreau fluid flow over a permeable sheet. The governing model was solved nu-
merically by the shooting method to observe the stretching/shrinking parameter.
Khidir [20] attempted to solve the Falker-Skan non-linear boundary layer problem
related to MHD fluid by applying the successive linearization method and spectral
homotopy perturbation method. Sharada and Shankar [21] studied the boundary
layer of MHD fluid flow over a stretching sheet with the effects such as mixed
convection, thermal radiation, Dufour, Soret, and chemical reaction. Biswas et al.
[22] studied the unstable MHD fluid flow having radiation and reaction-induced
vertical place within it. Ahmed et al. [23] recorded their observations regarding
the MHD fluid flow over a moving and inclined plate that has variable thermal
conductivity and free convection and radiation. Biswas and Ahmed [24] utilized
Hall current and chemical reaction effects to study the boundary layer of unsteady
MHD fluid. Noor [25] analyzed the two dimensional boundary layer flow of MHD
fluid past a stretching sheet which was laminar, time independent and incom-
pressible. The work included the analysis of impact of stretching sheet with Hall
current, free convection, and thermophoresis effects by using the numerical solu-
tions obtained through the homotopy analysis method. Raza et al. [26] studied
the boundary layer region of MHD nano-Williamson fluid flow over a stretching
sheet with an extended magnetic field with numerous slips. Raza et al. [27] also
analyzed the boundary layer of MHD non-Newtonian fluid, over a non-linearly
sheet. In this article, authors used two different methods; the shooting and 3-
stage Lobatto III-A methods to examine the effects of a transverse magnetic field

and slip effects on the Casson fluid flow.

Nadeem et al. [28] carried out a study of the Casson fluid on a significantly



shrinking surface. Lare [29] examined the effect of exponential heat generation
on a Casson fluid over a stretching sheet along with thermal conductivity. Am-
limohamadi et al. [30] studied the Casson fluid flow through a porous medium in
two dimensional setting with the effect of Darcy-Forcheimer model. Vellanki et al.
[31] examined the effects of radiation and chemical reaction on Casson fluid flow
through a porous medium with effects of suction/injection parameters. An inves-
tigation of Ali et al. [32] illustrates the flow of the non-Newtonian Casson fluid
experiencing pulsation within a channel featuring symmetrical constriction bumps
on both upper and lower walls, where the fluid exhibits low electrical conductivity
and experiences the influence of a uniform transverse magnetic field, allowing for
the exploration of the ensuing Lorentz force effects. Without the influence of the
magnetic field and thermal radiation, the impact of transpiration is investigated
for a system composed of viscous, in-compressible, electrically conductive fluids
along with a combination of Casson fluid, approaching a non-linearly stretched iso-
thermal permeable sheet by Reddy et al. [33]. A comprehensive study has been
carried out to examine the heat and mass transfer phenomena of a Casson fluid as
it flows past a cylinder within a channel exhibiting wavy features by Majeed et al.
[34]. Buzuzi [35] investigated the unsteady MHD Casson fluid flow over an inclined
surface, incorporating the effects of a variable magnetic field, heat generation, and

an effective Prandtl number.

Rubab and Mustafa [36] studied the Cattaneo-Christov heat flux modal for the
magneto-hydrodynamics and UCM fluid in three-dimensional flow over a stretch-
ing sheet. Hayat et al. [37] numerically investigated the Cattaneo-Christov double
diffusion with three-dimensional flow of Prandtl fluid over a stretching surface.
The stagnation point flow behavior of an incompressible fluid over a stretching
sheet in a porous medium, incorporating the effects of suction/injection and Cat-
taneo—Christov model is investigated by Upreti et al. [38].

Kala [39] studied the boundary layer region MHD fluid flow over a nonlinear
stretching sheet in a non-Darcy medium and analyzed the effects of Grashof num-
ber, modified Grashof number, chemical reaction, suction, slip, and inclination
parameters. In-depth evaluation of Kala [40] focused on the effect of magnetic

field forcing the transverse direction and fluid with velocity slip flows through a



non-Darcy medium. He used the bvp4c solver to solve the boundary value prob-

lem.

1.1 Thesis Contributions

In this thesis, an in-depth evaluation of the flow of a Casson fluid on a strecthing
surface has been carried out. The work of Kala et al. [40] has been extended
by considering the effects of Cattaneo-Christov double diffusion, Brownian diffu-
sion, thermophoretic effect, and energy activation, which have not been previously
examined. The nonlinear partial differential equations (PDEs) have been trans-
formed into a system of dimensionless ordinary differential equations (ODEs) using
similarity transformations, and numerical solutions have been obtained through
the shooting method. The numerical results have been computed using MATLAB.
The effects of key parameters on the velocity distribution f’(n), temperature dis-
tribution 6(n), concentration distribution ¢(n), skin friction coefficient C'f,, lo-
cal Nusselt number Nu,, and local Sherwood number Sh, have been examined

through graphical and tabular analyses.

1.2 Layout of Thesis

The following is the summary of the thesis contents:

Chapter 2 covers essential definitions which would be mandatory and dicussed
afterward.

Chapter 3 presents a detailed review of Kala et al. [40].

Chapter 4 extends the proposed framework flow mentioned in Chapter 3 by in-
cluding the Cattaneo-Christov double diffusion, Energy activaton, Brownian dif-
fusion and thermophoretic effect. The shooting method is used to generate the

numerical solutions of the governing flow model.
Chapter 5 summarizes the main findings and conclusions of the thesis.

All references cited in the thesis are listed in the biblography.



Chapter 2

Preliminaries

The present chapter outlines crucial definitions and governing laws, that will serve

as a foundation in the forthcoming chapters.

2.1 Some Fundamental Terminologies

Definition 2.1.1 (Fluid )

“A fluid is a substance that deforms continuously under the application of a shear
(tangential) stress no matter how small the shear stress may be.” [41]
Definition 2.1.2 (Fluid Mechanics)

“Fluid mechanics is that branch of science which deals with the behavior of the
fluid (liquids or gases) at rest as well as in motion.” [42]

Definition 2.1.3 (Fluid Dynamics)

“The area of mathematics and physics that deals with describing and understand-
ing how liquids and gases move.” [42]

Definition 2.1.4 (Fluid Statics)

“The study of fluid at rest is called fluid statics.” [42]

Definition 2.1.5 (Viscosity)

“Viscosity is defined as the property of a fluid which offers resistance to the move-

ment of one layer of fluid over another adjacent layer of the fluid. Mathematically,



where p is viscosity coefficient, 7 is shear stress and g—Z represents the velocity
gradient.” [42]

Definition 2.1.6 (Kinematic Viscosity)

“It is defined as the ratio between the dynamic viscosity and density of fluid. It

is denoted by symbol v called ‘nu’. Mathematically,

7 [42]

V=

ESERS

Definition 2.1.7 (Thermal Conductivity)

“The Fourier heat conduction law states that the heat flow is proportional to the
temperature gradient. The coefficient of proportionality is a material parameter

known as the thermal conductivity which may be a function of a number of vari-

ables.” [43]

Definition 2.1.8 (Thermal Diffusivity)
“The rate at which heat diffuses by conducting through a material depends on the
thermal diffusivity. It can be defined as,

where « is the thermal diffusivity, k£ is the thermal conductivity, p is the density

and C,, is the specifc heat at constant pressure.” [43]

Definition 2.1.9 (Boundary Layer)
“Boundary layer is a flow layer of fluid close to the solid region of the wall in
contact where the viscosity effects are significant. The flow in this layer is usually

laminar. The boundary layer thickness is the measure of the distance apart from

the surface.” [43]



2.2 Types of Fluid

Definition 2.2.1 (Ideal Fluid)
“A fluid, which is incompressible and has no viscosity, is known as an ideal fluid.
Ideal fluid is only an imaginary fluid as all the fluids, which exist, have some vis-

cosity.” [42]

Definition 2.2.2 (Real Fluid)
“A fluid, which possesses viscosity, is known as a real fluid. In actual practice, all

the fluids are real fluids.” [42]

Definition 2.2.3 (Newtonian Fluid)
“A real fluid, in which the shear stress is directly proportional to the rate of shear

strain (or velocity gradient), is known as a Newtonian fluid.” Examples are water

and alcohol.” [42]

Definition 2.2.4 (Non-Newtonian Fluid)

“A real fluid in which the shear stress is not directly proportional to the rate
of shear strain (or velocity gradient), is known as a non-Newtonian fluid.” Non-

Newtonian fluids include substances like toothpaste and honey.

Definition 2.2.5 (Magnetohydrodynamics)

“Magnetohydrodynamics (MHD) is concerned with the mutual interaction of fluid
flow and magnetic fields. The fluids in question must be electrically conducting
and non-magnetic, which limits us to liquid metals, hot ionised gases (plasmas)

and strong electrolytes.” [44]



2.3 Types of Flow

Definition 2.3.1 (Rotational Flow)
“Rotational flow is that type of flow in which the fluid particles while flowing along

stream-lines, also rotate about their own axis.” [42]

Definition 2.3.2 (Irrotational Flow)
“Irrotational flow is that type of flow in which the fluid particles while flowing
along stream-lines, do not rotate about their own axis then this type of flow is

called irrotational flow.” [42]

Definition 2.3.3 (Compressible Flow)
“Compressible flow is that type of flow in which the density of the fluid changes
from point to point or in other words the density (p) is not constant for the fluid.

Mathematically,
p#k,

where k is constant.” [42]

Definition 2.3.4 (Incompressible Flow)

“Incompressible flow is that type of flow in which the density is constant for the
fluid. Liquids are generally incompressible while gases are compressible, mathe-
matically,

p =k,

where k is constant.” [42]

Definition 2.3.5 (Steady Flow)

“Steady flow is defined as that type of flow in which the fluid characteristics like
velocity, pressure, density, etc., at a point do not change with time. Thus for

steady flow, mathematically we have

0Q _

=0
ot ’
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where @ is any fluid property.” [42]

Definition 2.3.6 (Unsteady Flow)
“Unsteady flow is defined as that type of flow in which the fluid characteristics
like velocity, pressure, density, etc., at a point do change with time. Thus for

Unsteady flow, mathematically, we have

9Q

5#07

where @ is any fluid property.” [42]

Definition 2.3.7 (Internal Flow)
“Flows completely bounded by a solid surfaces are called internal or duct flows.”

[41]

Definition 2.3.8 (External Flow)
“Flows over bodies immersed in an unbounded fluid are said to be an external

flows.” [41]

2.4 Modes of Heat Transfer and Mass Transfer

Definition 2.4.1 (Heat Transfer)
“The subject of physics known as heat transfer studies how thermal energy moves
from one place in one media to another or from one medium to another when there

is a temperature difference.” [43]

Definition 2.4.2 (Conduction)

“The transfer of heat within a medium due to a diffusion process is called conduc-
tion. The Fourier heat conduction law states that the heat flow is proportional
to the temperature gradient.” During the ironing process, heat is transferred from
the iron to the fabric. Chocolate candy in a hand will eventually melt as heat is

conducted from a hand to the chocolate. [43]
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Definition 2.4.3 (Convection)

“Convection heat transfer is usually defined as energy transport affected by the
motion of a fluid. The convection heat transfer between two dissimilar media is
governed by Newton’s law of cooling. It states that the heat flow is proportional
to the difference of the temperatures of the two media. The proportionality co-
efficient is called the convection heat transfer coefficient.” Examples are heating

water on the stove and air conditioner [43]

Definition 2.4.4 (Thermal Radiation)
“Thermal Radiation is defined as radiant (electromagnetic) energy emitted by a

medium and is due solely to the temperature of the medium.” [43]

Definition 2.4.5 (Mass transfer)

“Mass transfer is the flow of molecules from one body to another when these bodies
are in contact or within a system consisting of two components when the distri-
bution of materials is not uniform.” A common example is drying of clothes or
the evaporation of water spilled on the floor when water molecules diffuse into the
air surrounding it. Usually mass transfer takes place from a location where the
particular component is proportionately high to a location where the component
is proportionately low. Mass transfer may also take place due to potentials other

than concentration difference.

2.5 Dimensionless Numbers

Definition 2.5.1 (Eckert Number)
“It is the dimensionless number used in continuum mechanics. It describes the
relation between flows and the boundary layer enthalpy difference and it is used

for characterized heat dissipation. Mathematically,
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where C, denotes the specific heat.” [41]

Definition 2.5.2 (Prandtl Number)
“It is the ratio between the momentum diffusivity v and thermal diffusivity a.

Mathematically, it can be defined as

where 1 represents the dynamic viscosity, Cp denotes the specific heat and &
stands for thermal conductivity. The relative thickness of thermal and momentum
boundary layer is controlled by Prandtl number. For small Pr, heat distributed

rapidly corresponds to the momentum.” [41]

Definition 2.5.3 (Skin Friction Coefficient)
“The steady flow of an incompressible gas or liquid in a long pipe of internal D
(mass diffusivity). The mean velocity is denoted by w,. The skin friction coeffi-
cient can be defined as

279

Oy =2

2 7
pu,

where 7y denotes the wall shear stress and p is the density.” [45]

Definition 2.5.4 (Grashof Number)
“It express the buoyancy to viscous forces ratio and its action on fluid. It charac-
terizes the free non-isothermal convection of the fluid due to the density difference

caused by the temperature gradient in the fluid. Mathematically,

B H3gBAT

2

Gr

Y

where ¢ is acceleration due to Earth’s gravity, H is the characteristic length, AT is
temperature change, v is the kinematic viscosity, § coefficient of thermal expansion

of fluid.” [45]
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Definition 2.5.5 (Nusselt Number)
“The hot surface is cooled by a cold fluid stream. The heat from the hot surface,
which is maintained at a constant temperature, is diffused through a boundary

layer and convected away by the cold stream. Mathematically,

Nu= 1
Uu ]{}7

where ¢ stands for the convection heat transfer, L for the characteristic length and

k stands for thermal conductivity.” [46]

Definition 2.5.6 (Sherwood Number)
“It is the non-dimensional quantity which shows the ratio of the mass transport

by convection to the transfer of mass by diffusion. Mathematically,

kL
h=""
Sh==.,

Where L is characteristics length, D is the mass diffusivity and £ is the mass

transfer coeffcient.” [47]

Definition 2.5.7 (Reynolds Number)
“It is defined as the ratio of inertia force of a flowing fluid and the viscous force

of the fluid. Mathematically,

L
Re:V—,

v

where V' denotes the free stream velocity, L is the characteristic length and v

stands for kinematic viscosity.” [42]

2.6 Governing Laws

Definition 2.6.1 (Continuity Equation)
“The principle of conservation of mass can be stated as: the time rate of change

of mass is fixed volume is equal to the net rate of flow of mass across the surface”.
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Mathematically, it can be written as

dp B
5t + V.(pu) =0,

where p is density, v is the velocity, and V is del operator. [43]

Definition 2.6.2 (Momentum Equation)

“The momentum equation states that the time rate of change of linear momentum
of a given set of particles is equal to the vector sum of all the external forces acting
on the particles of the set, provided Newton’s Third Law of action and reaction

governs the internal forces”. Mathematically, it can be written as:

%(pv) + V.[(pv)v] = V.o + pf,

where o is Cauchy stress tensor (N/m?), p is density, v is the velocity, and f is
the body force vector. [43]

Definition 2.6.3 (Energy Equation)

“The law of conservation of energy states that the time rate of change of the total
energy is equal to the sum of the rate of work done by the applied forces and

change of heat content per unit time”. Mathematically,

0
a—'Z—i—V.pV:—V.q—i-Q—i—(b,

where ¢ is the dissipation function, () is the internat heat generation, and ¢ is the

heat flux vector .” [43]

2.7 Shooting Method

It is a numerical approach for resolving the boundary value problems expressed
in the form of nonlinear ordinary differential equations. Initially, the higher-order
nonlinear ordinary differential equations (ODEs) are converted into a system of

first-order ODEs. The missing initial conditions are guessed to have a complete
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initial value problem (IVP). To explain the detailed computational procedure,
consider the classical Blausius problem in the dimensionless form governed by he

following ODEs along with the relavant boundary conditions:

af”(x) + f(@)f"(x) =0
f(0)=0=f'(0), f =1 as x— oo.

(2.1)

Introduce the following notations to reduce the order of the above boundary value

problem.

f/ — Zi — 227 (22)

2} = 2o, 21(0) = 0. (2.3)
zh = z3, 25(0) = 1. (2.4)
25 = —é [2123], z3(0) = h. (2.5)

where h is the missing initial condition which will be guessed to initialize the
computational problem.

The RK-4 method will be used for the numerical solution of the provided initial
value problem (IVP). The choice of h should be made to meet the condition:

zo(x, h) = 1. (2.6)

For convenience, now onward zy(x, h) will be denoted by z3(h).

Let us further denote z5(h) — 1 by ¢(h), so that
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The iterative formula detailed below allows us to implement Newton’s method as

a solution approach for the previously discussed equation:

¢(hn)
hn+1—hn_ <6¢(h )
o ) _p.
or
g1 = hp — ————. 2.
h +1 h (822(h)> ( 8)
ot )y
For 822—}(1}‘), we introduce the following notations:
0z 079 0z3
—_— —_— _— = . 2.9
on ~ " on = on T (2.9)

With the use of these notations, representation for iterative scheme of Newton is:

B = hy —
+1 Z5<hn)

(2.10)

Differentiating the first-order ODEs (2.3)-(2.4) with respect to h, we derive another

system of ODEs as below:

2y = 2s, 24(0) = 0. (2.11)

Zp = Zg, z5(0) = 0. (2.12)
1

2 = —5[2126 + 2324}7 2(0) = 1, (2.13)

Writing all the ODEs (2.3)-(2.5) and (2.11)-(2.13) together, we have the following
IVP.

2 = 29, z1(0) = 0.
zy = 23, 2(0) = 1.
zp = —%[2123], 23(0) = h.
2y = zs, 24(0) = 0.

2t = 26, 25(0) = 0.
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1
zp = _E[ZIZG + 23,24}, 26(0) = 1.

To solve the above IVP, we will apply the fourth-order Runge-Kutta numerical
method.

The stopping criteria for the shooting technique is established as:
| z2(h) = 1]<e¢,

where € > 0 is an arbitrarily small positive number.



Chapter 3

A Casson Fluid Flow on a

Nonlinear Stretching Surface
affected by Magnetic Field and

Velocity Slip

3.1 Introduction

The Principal concern of this chapter has been regarding the numerical evaluation
of a Casson fluid rotating flow when subjected to the consequence of a magnetic
field, viscous dissipation, Joule heating and nonlinear thermal radiation. This
model was proposed and numerically computed by Kala et al. [40] by utilizing
shooting method.The conversion of the governing nonlinear PDEs into a set of
dimensionless ODEs is a requirement for implementing the shooting method. To
sum up, the of the result numerical solutions for various parameters are explored
for the dimensionless velocity f’, temperature distribution # and concentration
distribution ¢. The acquired numerical results have been presented through tables

and graphs.

18
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3.2 Mathematical Modeling

Consider a two-dimensional steady, laminar flow of an incompressible Casson fluid
through a non-linearly stretching surface, in a saturated homogeneous Forchheimer
porous medium (See Figure 3.1). In this study, the stretching surface has been
considering along x-axis inclined at an acute angle a to the vertical. Assume that
the velocity of extending sheet is represented by U, (x)=cx™. Suppose C,, repre-
sents the wall concentration and T, signifies the wall temperature, while C, <

Cy and T,, < T, are the ambient concentration and temperature respectively.

During stretching, position of the origin remains unchanged; and stretching veloc-
ity at a point of the surface is non-linearly proportional to its distance from origin
and B the magnetic field is normal to stretching surface.

The rheological equation for the Casson fluid as follow:

i (n+J5) if wem
Tij =

2e;; <uB + %) if < T,

«ZBo
ﬁ"--.
e

r
|

H(x), T(x). C(x)

F1GURE 3.1: The boundary layer flow presentation.



Thermal Radiation Casson fluid Flow 20

The set of equations describing the flow are:

ou  Ov
T, 1
ou  Ou 1\ 0%u
g +va—y =0 (1 + E) a7 + g (Br(T —Tw) + Bo(C — Cy)) cos a
2
— iu ~ Y G u?, (3.2)

or or 0T

U% + Ua—y = Oéa—y2, (33)
oC oC 9*°C
The associated BCs have been taken as:
ou )
y=0: u:U(x):uw—i-uS:cx”—i-N,ua—y, v =1, = —V(x),
oC
y—oo: u—0,T—>T, C—Cy, C’(x):C’w—i-C'oa—y, . (3.5)
or
T(x)="T, To—.
($) w + 0 8y )

With the utilization of the Rosseland approximation for radiation, ¢, is presented

as the radiative heat flux:

do* OT*
3k* Oy’

qr =

where o* presents the Stefan-Boltzmann constant, and £* symbolizes the absorp-
tion coefficient. If the difference of temperature is marginal in significance, then

the temperature 7% can be widened about T, using Taylor series, as follows:

T =TL + 4T3 (T — Too) + 6T (T — Too)* + ...

Avoiding the terms with higher order, we write:

T =TL + 4T3 (T — Ty,
=T2 +4T2T — 4TS,
= —3TL +4T3T,

= 4T3 T —3T%.
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To modify the equations (3.1)-(3.4) to have the form of ODEs, use the following

transformations:
Je(n+1) na B 200 a1 e oY )
77_ 2’(} x y7 ¢_ n+1x f(n)u U ay7 81'7
_ g _Jelnt1l) aa n—1, s (3.6)
u=can g, o=~/ L (o + ).
T—-T, C—-Cy

The detailed method for converting equations (3.1)-(3.4) into the dimensionless

form, is discussed below:

cn+1) na
0= Ty
2v
on  Je(n+1) na
oy 2v

- 2w Yo ’
_Jeln+1) n—1 ns
N 20 2

u = a_,l?D
— 3y

0 200 ws1

_ [ 200w, on
. 200 nt1 , C(TL—}—l) n—1
= cz" f'(n).

ou o0 .,

% = %Cﬂv f( ),
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n—1 [e(n+1)

= nex" " f'(n) + e () —; ERAE
—1 ¢ n—1 g/ n—1
= nea" " f'(n) + e " () ——n. (3.7)
L
oz
0 2c0  ni1

B 2cv n+1 na 2cv g1, (O
=Wz g v S+ e f(")ax]’

B 2c0 n+1 na 200 a1, cn+1) n—1 a3
=~ Wauzi 3 x?f(n)ﬂ/nﬂwf(n)\/ 5y VT TR |

2 n—1 1 1 — 1 n—1
B (25t e B )
B cv(n+1) net n—1
= — SR f(n)+n+177f (77)]-

- cv(n2+ 1)3;"218%<f(n) Z;inf’(n)>,
= e g [ D et J D) LD
_ cn+ 1)an_lan_1f/< ) cv(n2—|— 1)“"”_124:1 nf"(n) 0(712;r 1) n
+ f'(n) C(nzj 1)xn_1],
= g gy — [ e
+ %"51],
—Cm;l) ") - f”(n)z+ic(n;1) n_l_z:&cm;l) A
=D e )+ "y g
_ _C(n;r D) ”*ii? — 1f’(n) + ZJ_F 177f”(n)},
_ _C(”; D e _n2f1f’(n) + Z; 1nf”(77)],
— —nee™ L[ () — e () e (3:8)
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The satisfaction of Equation (3.1) by using the results of (3.7) and (3.8), can be

seen as follows:

n—1 n—1

8u 81} —1 pr n— 17
5 —ner’ L' () — e nf"(n) 5

or oy

= nca" " f'(n) + ca"nf" (n)

=0.

For the left hand side of the equation (3.2), the following derivatives have been

determined:
0 —
G = e s+ "5 )
uge =)ot () + 50" ) |
=" e (n )+ s ).
ouw 0 .
By = 3—y01‘ (n),
n gl a
=" ") 50
_ anf//( ) C(”Q—: 1) n—l
0 1) na -1 1) na
Ua—Z _ cv(n2+ )ZL’ 5 (f(n)+ Z+177f/(77)) anf//( ) C(n21‘ )
0 0 - n-1
uge + Vg, = T e (nf’(n) + 220 f”(n)) il
(f(n) o 177)”’(77)) e () g2t

= ) () + s ) - e )

_l’_
(f(n) + 2= 1nf’(n)>,

n—+1

— (2p2n-1 (nf&(n) + n ; 177f/(77)f”(77)> e (nTHf”(n)f(n)

n+ln-—1
2 n+1

nf”(n)f’(n)) ,

= 22 ) + " s o) ) — " ) ()

n—1
2

nf”(n)f’(n)) ,
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= ) = " ) )| 39)

For the right hand side of equation (3.2), the following derivatives have been

determined:

ﬁ_ﬁ{ n, [ ]

oy* Oy
In—‘l_]‘ ///
C(n+1) /// n+1) "51
V w

2 2n ln—i_1 ///
5y 1 ().

1 aQU 1 2 2n—1n+1 "
”(“E)a?f”(”z)” T2 T

— (1 4 %) (CZxannTHf///(n)> ’
= ! [(1 + %) ”TH f’”(n)} : (3.10)

9(Br(T = Teo) + Po(C = Cu)) cos o = g(Br(Tw — To0)0(n) + o (Cuw — Coo) (1))

G2 Gov?
60(n) + xlﬁ d)(n)) cosa,

G.v?

o B2 o(Bz"z)? n
— ( >C(IJ fl(n),
Pf Pf
B2
= et (),
Pf
B2
=T ym cx" f'(n)
Cpf

=™ M (n). (3.12)
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v cx™t
= e )
1
_ 02x2n—1fpf/(n) (3.13)
Cy 2 _ F n g/ 2
\/qu - x(CQf f(77)) )
FS n gl
= _621:2 fQ(n)a
T
(3.14)

— C2$2n_1FSfl2(7]).

Now, from (3.10) - (3.14) we get:

o (145) 58 % 95T = T + e(C - Caosar = Z2u = L
3) ap 9T oo/ T PC > Py Kq
J%“Q s [ (1 ' %) nTHf”’(rﬂ} & 22 (0(n) + 16(n) cosa

- ne1 1 ne
o C2$2n 1Mf/(77) o 02.%2 lffl(n) - 6256'2 1st/2(77)
p

(3.15)

As a result, the dimensionless form of (3.2), becomes:

C2x2n71 nf’2(77) - n ;_ 1f//(n)f(n>1 — 02x2n71 |: (1 4 %) n —2|_ 1f///(n)1

£ A (30(n) + 6(n)) cosa — P IM S (n) — ¢ f1()

_ CQI‘Qn_lFSf/Q(’I]),
2N g — ) f () = (1 n 1) F0) + —2— (*6(n) + 16 (n)) cos

n+1 16 n+1
- o) o+ )|
L+ DY £ o) — 2 )+ —2— (8(n) + 46 (n)) cosa
= I6] n+1 n+1
-2 (e 1) o+ s <o (3.16)

For the energy equation (3.3), the following derivatives have been determined:

T—-T,
0(n) = T, — T
T = 9(77)(Tw - Too) + T
oT an

(T — TN (n) =
e (T 00)9(77)(%,
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cn+1)n—1 na

= (T~ Ty LD Ly
= (T~ Tu)# ()"
B = o Tt (T = T,
~ (T - T )5
= (1, - o)y e
W v = et )T = Tt )"y [
(7 + 2 ) 1 = T (L5

(70 + s ) (5 - )0 ),
= cx”_l(Tw T.)0'(n) f’(n)ngln— n—;lf(n)
n+ln—1 _, ]
BT |
. , ,, n—1 n+1 n—1
=cx" (T — Too)0'(n) | f'(m) 5 17 f(n) — 5 nf'(m|,
— (T~ T L ) ). (3.17

Now, for the right hand side of the energy equation (3.3), the following derivatives

have been determined:

C(ﬂ—i—l) n=1 877

ccn+1) na, cn+1) na

= (T, — Ty T g [
1

=a(T, — Tw)%xn_lé’"(n). (3.18)

=a(T, —Ty)

)

As a result, The energy equation (3.3) has been satisfied by using the equations
(3.17) and (3.18):



Thermal Radiation Casson fluid Flow 27

— ca" T, — Too)n; L0 (n)f(n) = (T, - Too)C(nJ :

«

= 8/ f(n) = 26" ()

= () () = 5000,

r

710" (n),

= 26 (n) + ) () = 0. (3.19)

For the right hand side of the mass concentration equation (3.4), the following

derivatives have been determined:

C—Cx = (Cuw — Cx)o(n),

C=Cx+ (Cp—Cx)o(n).

oc 0
S = 9 (Co+ (Cu = Co)o(),

= (Cu = C)d )

() — C lc n+1n—1 n—lg
x’
(Chy— Ci [c( n+1n—1 n1

= (Cu— )"
oc 0
8_y = a_y(coo + (Cw — Cx)d(n)),
~ (Cu = C) ) o
= (G~ Copo (| LY
oC oc , n—1 co(n+1) aa
6_x+v€9_y cx” f'(n)(Cw — Cs)#'(n) oy 1T 5 ;
(s + 2307 @) (€ = oy Ve,
= (1) (Cu = C) ) C(”; S
(s + 2307 )} (Ca = Co ),
= et H(C = )| )™ = T )
n+ln—-1
L),
= e (C = )| £ 5 = ) = 2 s )|
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= —ca" (C, — Cy)

o' (n)f(n). (3.20)

Now, for the left hand side conversion of mass concentration equation (3.4), the

following derivatives have been carried out:

o = (G- e
%%z%@%—%wwf%?%?)
— (o= Co| T L),
~ (o= C| L g 2
= (G = [ LD sty [ D ot
:4%—%%:%%QYMTW%%
= (Cu - O D)
D?;T(i  Ke(C—Cu) =D ((cw —ognt 1)x"1¢”(77)>

- KC(Ow - COO)¢(77)7

— D ((Cw _ COO>C(” + 1)xn—1

v

¢”(n))
- KC(Cw - Coo)§b(77)a

- 5: (10 - co ey

— Kc(Cyp — Cso)d(n),

— _ n—ln__‘_1 i "
- (Cu - Cer ()

K 2

i1

w@. (3.21)

As a result of equations (3.20) and (3.21) the mass concentration becomes:

¢'(n)f(n) = (Cw — Cxo)c 5 < ¢"(n)

noi+1]1
Sc
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1 2

= =) = 50" (n) = — Kz "6(),
= = S (0) = 0" 0) — ——K.o(n),
=50 ) + S ) ) — — Keoln) = 0. (3:22)

The dimensionless parameters used for the equations (3.2), (3.3) and (3.4) are:

n—1

Gr— 9B (Tw — Too)9637 Ge= _ 9Bc(Cuw—Coo)a® = R€27 Re? _Uw M_UBO K __cKgzx

v2 v2 cpy? v ’

Fs=J " =0 Ke=Kz'™", B=up,V/2r, aT:Wa M:<M3+\5_§7>,

_ _ 2__plon/2. C(n+1) 212 Qe _160"T5
Pr=2-, S=—uv, preEsyEd 2 Vs=Np 2 Sc= B> Rd=—F375=.

The final version of the governing model’s dimensionless form is:

<1 i %) 7)) = 1) + —— (001) + 79(n)) cosa

n+1
-2 () o+ ] <o (323)
58 0) + 00 () =0, (3.24)
)+ ST (1) — — < Keol) = 0. (3.25)

The transformation of corresponding BCs into the non-dimensional form is given

below:

u=Uy,(x) = ca", at y = 0.
= cf'(n)a" = cx” at n=0.
= cx"f'(n) = ca”, at n=0.
= f'(n) =1, at n = 0.
= f'(0)=1

v =0, at y=0.

w1 [(n+1)ve ,, n—1 B
= -z 5 (f(n)+77f(77)n+1> , at  n=0
1

=~ —z ("+2) £(0) =0,
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T'="1Ty, at y=0.
= 0n)(Tw — Too) + Too = To, at  n=0.
= 0n)(Tw — Ts) = Ty — T, at  n=0.
= 0(n) =1, at  n=0.
= 6(0) =1.

C = Cy, at y = 0.
= ¢(n)(Cw — Cx) + Csx = Cl, at  n=0.
= ¢(n)(Cw — Cx) = Cy — C, at  n=0.
= ¢(n) =1, at  n=0.
= ¢(0) =1

u— 0, as Yy — 0Q.
= cf'(n)a™ — (0), as 1 — 0.
= f'(n) — (0), as 1N — 00.
= f'(00) =0

T — T, as Yy — 00.
= 0(n)(Tw — Teo) + Too = Teo, as 1 — oo,
= 0(n) (T — Ts) — 0, as n — 0.
= 0(n) =0, as 1 — 00.
= 0(c0) — 0.

C — Cu, as Yy — 00.
= o) (Cuw — Cc) + Coo = O, as n — 0.
= o) (Cuw — Co) — as n — 00.
= o(n) — as n — 0.
= ¢(00) =

u=u(x) = uy + us, at y = 0.
= cx"f'(n) =ca™ + NV%WHJU(”)) at  n=0.
= e f'(n) = ex” (1 + N[ ”x”z‘l> , at =0,
= fl(n) =1+ V.f"(n), at 1 =0.
= f(0) =1+ V,f"(0).



Thermal Radiation Casson fluid Flow 31

Y

4

T(z)=T, +Tog§ as T — Ty.
Too—l—H(n)(Tw—Too):Tw+TO%(Tm+9(n)(Tw—Tm)), as 6, —=0.
B(0) (T = To) = T = To o (F)(Tu = T)50) . as 100
6(”)(Tw - Too) =Ty —Tx+1Tp (0/(77)(Tw — TOO) wxn;l) ;

as n—0.
0(n) =1+ At0'(n) — 0, as n— 0.
6(0) = 1+ Atd'(0) — 0.
C(z) =Cy + Co%—(;, as C — Cx.
Coo 4 6(0)(C — Cot) = Coy +c§(c + o) (Cu—C)), as 17— 0.

0
¢(n)(Cyp — Co) = Cyy — Coo + Co (gb )Oyn) , as 1 —0.
¢(77)(Cw_0 ) C —C +Co< C —C ) C(nQ_:l)xn;l>7
as n—0.

o(n) =1+ At¢'(n) — 0, as n— 0.

$(0) = 1+ At (0).

The dimensionless form of the associated BCs (3.6) is:

N — 00 f=0,9g—0 060, ¢—0.

n—0: f0)=S5, f(0)=1+Vsf'(0), 0(0) =1+ N0 (0), $(0) =1+ A\t/(0) }

(3.26)
The skin friction coefficient, is given as follow:
T,
Ciy = — 3.27
f P Ug; ( )

where, the shearing stress 7, is defined as:

Tw = (u5+ %) <g—Z>yZO. (3.28)
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Therefore,

1 P ou
Cx: + y) a 5
o (2 3) (3.

1 Py ) cn+1) w1,
= 12 e 0),
pf(Cfl?")Quﬁ< ppV 2w 2v Fo
1 Dy ) n+1.,
= 1+ 0),
pf\/;\/cm"xﬂﬂ( sV 2T 2 £
| 1 1.,
= 1 (1 + _> & f (0)
Rez B 2

% o l n+1 1"
= ReCf, = (1+6> 5 1"(0).

(3.29)

Similarly, to achive the dimensionless form of Nusselt number Nu,, the following

procedure has been included:

Nu, = —— % (9T
Ty — T \ Oy
y=0

B x cn+1) ot
=TT (T Ty) 5, ¢ 6'(0),

- —\/”T1 \/Ewm

= —Rely " L0).

=1 1
= Re.” Nu, = —/ n—2|— 6'(0).

(3.30)

(3.31)

Now, to achive the dimensionless form of the Sherwoood number Sh,, consider

the following procedure:

x oC
th—‘m(a—y> |
y=0
cn+1) na ),
B+ D) 22 400),

x
- —Cw) (Cow = Cx) U

n+1 [cx"z ,
— 0
Y )

(3.32)
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In+1 |uyx ,

. T
— _Re? ”; #(0).

-1 1
—~ Re? Shy, = —,/”_QF '(0). (3.33)

Here Re, = % denotes the local Reynolds number.

3.3 Numerical Method for Solution

The system of nonlinear ordinary differential equations (3.23)-(3.25) along with
the boundary conditions (3.26) has been tackled numerically using the shooting
method based on the Runge-Kutta fourth-order method and Newton’s method.
The equations will be first transformed into a system of first-order differential

equations by using the following notations:

fzzl7 f/:Zi:ZQ7 I/:Zi/:Zé:Z37
0= Z47 91 = Zz’l = Z5a 9// = Zélll = Zé)’

O6=2Z¢, ¢ =2Zy=27;, ¢ =27{=727.

The equations (3.23)-(3.25) are transformed into the following system of first-order

ODEs:
Zi — Z2, Zl(O) = S
B 2n 2
Zh = —— Zy* — Iy — —— (V' Z Z
3148 |nt1 2 143 n+1(7 4 + 7 Zs)cosa
+ 2 M+1 Zy+ 2Py Z3(0) =
n+ 1 K,) 7 Tn17? ] =
Zy = Zs, Z4(0) = 1+ Mg,
7t = —PrZ,Zs, Z5(0) = g,
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2
7, =8c|——K.Zsg+ 217 Z-(0) = 7.
7 Cn—i—l 6 T 4147, 7(0) =7

RK-4 method has been applied for solving the above IVP. The domain of the
problem is considered to be bounded i.e. [0, 7], Where 7., represents a +ve real
number, for which the variation in the solution is ignorable after n = 1. The

missing conditions p, ¢ and r are to be chosen such that:

ZQ(”OOaP»er) = 07 Z4(7700ap7 q, ’f’) = 07 26(770071% q, T) = 0.

Newton’s method will be used to find p, ¢ and r. This method has the following

iterative scheme:

p p op 0q or Z3
— — | 924 0Zs 0Zs
q q op dq or Z4
, 0Zs 0% 0Zs Ze
(n+1) n op  0q  Or 1(n) (n)

To move further, the following notations have been introduced:

8@—? = Zsg, aa_iz = Zy, %—i;’ = Z10, 88_% = 211, aa_ff = 212,
aa—ff = Zi3, aa—i? = 24y aa—qu = Z15, 68_qu = 416, 83_qu = 7,
88_%]4 = Z13, aa_is = 49, aa—%; = 490, % = Zo, % = Z,
% = Zos, % = Zoa, % = Zas, % = Zss, % = Zor,
% e

By using the above notations, the iterative scheme of Newton method is as follows:

-1

p p Zy Zie Za3 Zy
q i Z1n Zhg Lo Zy

Zia Zoy 7 7
Ty Ulm A N K

Now differentiating the last system of seven first order ODEs first with respect to

p, then w.r.t ¢ and finally with respect to r, we get twenty one more ODEs, as
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follows:
Z§ = Zy, Zs(0) = 0.
Zgl) = ZlO7 Zg(O) = ‘/s
B 4n 2
Zio = m n+ 12229 - ZIZIO - Zng - n——i-l(fy Z11 + ’)/Zlg)COSOé
PV LA Z10(0) = 1
n + 1 Kp 9 n + 1 s4L2449 |, 10 = 1.
Zil - 2127 ZH(O) =0.
Zyy = —Pr [21212 + Zszs] ; Z12(0) = 0.
Z{g = Zl47 213(0) =0.
2
70, =8| ——=K Zy3 — 717w — Z7 73], Z14(0) = 0.
14 [n—l— 1 13 1414 7 s] 14(0)
Z{5 - 2167 215(0) =0.
Zi6 = ZI77 ZlG(O) =0.
B | 4n 2,
7y, = 113 n—+122216 — L2y — L3215 — n——i—l(v Zg + vy Za)cosa
+ : M+1 Zhe + 2 2F 757 Z17(0) =0
ol K, 16+ 2k 22216 17(0) = 0.
ZiS = Z197 218(0) = >\t-
Zyg = —Pr [25215 + Z121917 Z19(0) = 1.
Zyo = Zan, Z90(0) = 0.
2
Zy = Se {n——l—chZm — Zn1Zys — le21} ; Z51(0) = 0.
Zé2 = Z237 ZQQ(O) =0.
Zé?) = ZQ47 Zgg(()) =0.
p 4n 2
Ty = —— | ——Z5 T3 — D1 Loy — Z3Log — —— (V" 7. V4
e ] e 2223 1424 3222 n+1(7 95 + Y Za7)cosa
2 (v 2 2 —Eom 2z Zoa(0) = 0
n+1 K,) % n417 0] 24(0) = 0.
ZéS = Z267 225(0) =0.
Zye = —Pr [25222 + 21226:| ) Zs(0) = 0.
Zoyg = Zag, Z97(0) = Ae.

2
Zys = S. [n——l-chZ27 — Ly — 21228:| ) Z9s(0) = 1.
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For the Newton’s technique, the stopping criteria is as follows:

mal‘{| ZQ(T/oovpn7qn7Tn) |7| Z4(77007pn7qn7rn) |}7| Zﬁ(nooapn7qnarn) |} <€,

where € > 0 is an arbitrarily small number, which has been considered as 10719,

3.4 Results and Discussion of Graphs and Tables

In this section, we thoroughly discuss the influence of the dimensionless parameters
on the skin friction coefficient Re% C',, Nusselt number Re, %N Uy, Sherwood num-
ber Re, %S h.., velocity profile, temperature distribution and concentration profile
through different graphs and tables.

The growing influence of the skin friction Re% Cy, is evident in Table 3.1 as the
Casson parameter [, the buoyancy parameters v and ~v*, the velocity slip V;, and
the permiability porosity K, rise. Increasing the values of the magnetic parameter
M, Forchheimer parameter F§, stretching index n, inclination «, suction parame-
ter S, Prandtl number Pr, Schmidt number S., K. the reaction rate parameter,
slip parameters A; and \., a decreasing effect on the skin friction Reé Cy, can be
seen.

By raising the permiability porosity K, stretching index n, suction parameter
S, Prandtl number Pr, and buoyancy parameters v and ~*, the Nusselt num-
ber Re, %N u, is increased. Upon increasing the magnetic parameter M, Casson
parameter [, Forchheimer parameter Fj, velocity slip Vi, inclination «, Schmidt
number S., K., the reaction rate parameter, and slip parameters \; and )., it is
observed that the Nusselt number Re, %N u, is decreasing.

With raising the values of the response rate parameter K., the stretching index n,
the suction parameter S, the buoyancy parameters v and v*, the Schmidt number
S, and the permiability porosity K, the Sherwood number Re, %S h, indicates an
increasing trend. By increasing the magnetic parameter M, Casson parameter [3,
Forchheimer parameter Fj, velocity slip V5, inclination «, Prandtl number Pr, and

slip parameters \; and \., a decreasing effect is noticed in the Sherwood number
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Re, 3 Sh,.

Figure 3.2 shows how the velocity profile f’ decreases as the magnetic parameter
M increases. From a concrete point of view, it shows an inverse relationship be-
tween the magnetic parameter and the velocity due to Lorentz force. By rising
the magnetic parameter the strength of the magnetic field increases, resulting in
a stronger Lorentz force which slows down the fluid flow. Figure 3.3 reflects that
the magnetic parameter causes an increases in the temperature. As the magnetic
parameter M increases, the strength of the magnetic field increases, resulting in
a stronger EMF. The increased EMF generates more heat, which shows an in-
creasing effect in the temperature profile. A force, induced on the particles in the
fluid by the magnetic field, is known as magnetophoretic force. A stronger magne-
tophoretic force is developed when the magnetic field increases by increasing the
magnetic parameter M, which further drives the migration of particles towards
the region with increased magnetic field strength thus increasing the concentration
profile that is reflected in Figure 3.4.

Figure 3.5 illustrates how the velocity profile f" decreases as the Casson parameter
[ increases. The raising values of Casson parameter § decreases yield stress and
suppress the velocity field. The fluid behaves Newtonian fluid as Casson param-
eter 8 becomes very large. Figure 3.6 displays the influence of Casson parameter
B. A rise in the value of § increases the temperature profile. It is noticed that an
increases in the temperature profile along the thermal boundary layer is observed
with an enchancement in the Casson parameter as well as the thickness of thermal
boundary layer increases. Figure 3.7 describes the impact of Casson parameter 3
on ¢. By increasing the values of Casson parameter 3, concentration profile also
increases. Likewise, the solutal boundary layer thickness increases with increasing
values of Casson parameter (.

Figures 3.8-3.10 display the impact of permeability porosity K, on the velocity,
temperature and concentration distributions. It is noticed that permeability poros-
ity K, increases the velocity, because an increase in the permeability of medium
implies less resistance due to the porous matrix present in the medium while it
decreases the temperature and concentration.

Figure 3.11 illustrates the effect of the Forchheimer parameter F; on the veloc-

ity profile, demonstrating that as Fj increases, the velocity profile decreases. The
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Forchheimer parameter Fj, is the measure of nonlinear drag force on a fluid caused
by a porous medium. The drag force is increased with the rise of Fj, opposing
the fluid flow and reducing its velocity. Figures 3.12 and 3.13 depict the impact of
Forchheimer parameter F, on temperature and concentration profiles. It is found
that the temperature and concentration profiles are increased as Forchheimer pa-
rameter F, values rise.

The stretching index n represents the non-Newtonian behavior of the fluid flow.
Figures 3.14-3.16 display the impact of stretching index n on the velocity, tem-
perature and concentration profiles. It has been noted that the velocity and con-
centration profiles are increased as the stretching index n is enhanced while it
decreases the temperature distribution.

Figure 3.17 illustrates the impact of the velocity slip parameter V; on the velocity
field, showing that the thickness of the velocity boundary layer of the velocity
decrease as the value of the velocity slip parameter V increases. Figures 3.18 and
3.19 show the impact of the velocity slip parameter V; on temperature and con-
centration distributions, respectively. As the velocity slip parameter V; increases,
the temperature and concentration profiles also increase.

Figures 3.20-3.22 demonstrate the impact of inclination angle o on the velocity f,
temperature 6 and concentration ¢ profiles. As the inclination angle a increases,
the velocity of the nanofluid flow decreases, due to a decrease in the shear stress.
Meanwhile, the temperature and concentration distributions increase with increas-
ing .

Figure 3.23 shows that an increase in the suction parameter S reduces the fluid’s
momentum, resulting in a decrease in the velocity. Figures 3.24 and 3.25 illustrate
the effects of the suction parameter S on the temperature and concentration pro-
files. Enhanced suction results in the removal of fluid from the boundary layer,
leading to a reduction in temperature and concentration.

Figures 3.26 and 3.29 illustrate the impact of the solutal buoyancy parameters
and v* on velocity profiles. As the solutal buoyancy parameters v and ~* increase,
the velocity profile f’ also increases due to buoyancy force. With rising the solutal
buoyancy parameters v and v* the density difference between the fluid and the
ambient fluid grows, resulting in a stronger buoyancy force. Figures 3.27 and 3.30

illustrate the impact of v and v* on the temperature profiles. As the parameters
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~v and ¥* increase, the buoyancy force intensifies, causing the fluid to rise more
rapidly and enhancing convective heat transfer. This leads to a decrease in both
temperature profiles. Similarly, Figures 3.28 and 3.31 show that the concentration
distribution also decreases with increasing v and ~*.

Figures 3.32 and 3.33 show the impact of the Prandtl number Pr on the velocity
and temperature profiles, respectively. It is evident that as the value of Pr in-
creases, the velocity and temperature profiles transform into decreasing functions,
indicating a significant impact of the Prandtl number on the flow and thermal
characteristics of the fluid. Figure 3.34 reveals that the concentration profile ¢
exhibits an increase in response to an increase in the Prandtl number Pr.

Figure 3.35 displays how the Schmidt number S, affects the velocity profile f'. As
Schmit number S, increases, the fluid velocity decreases due to a decline in mass
diffusivity, which in turn reduces the momentum diffusivity. When Schmidt num-
ber S. is enhanced, it can cause the thermal boundary layer to become thicker,
leading to a reduction in the convective heat transfer and an increase in the heat
retention within the fluid. This leads to a higher temperature profile, as seen in
Figure 3.36. Figure 3.37 reflects that as the value of Schmidt number S, increases,
the concentration ¢ changes into a decreasing function due to a rise in the mass
transfer rate. This is due to the inverse proportionality between Schmidt number
S. and the diffusion coefficient, which leads to a decrease in diffusion and a sub-
sequent decline in concentration.

Figure 3.38 shows the impact of the reaction rate parameter K. on f’. As the reac-
tion rate parameter K. increases, larger consumption of reactants occurs, leading
to decrease the momentum, increased resistance to flow, and thicker boundary
layer. Consequently, the velocity profile decreases, indicating a slow down the
fluid flow. Figure 3.39 shows that increasing the reaction rate parameter K, leads
to a rise in temperature. As illustrated in Figure 3.40, raising the K, values de-
creases the concentration distribution ¢.

Figure 3.41 illustrates the effect of increasing the slip parameter A\; on the fluid
flow. An increase in the slip parameter \; leads to a decrease in the velocity due
to an increase in the slip velocity of the fluid on the wall. This increase in the slip
velocity results in a higher velocity gradient near the wall, causing a greater shear

stress that opposes the fluid motion and reduces its velocity. Elevating the slip
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parameter )\; will improve fluid motion on and near the solid boundary, leading
to an enhanced heat convection, minimized resistance and therefore, a lowered
temperature profile as seen in Figure 3.42. By increasing the value of the slip
parameter \;, the slip velocity increases, enhancing the fluid flow and leading to
a steeper concentration gradient. As a result, the concentration distribution is
increased, as shown in Figure 3.43.

Figures 3.44-3.46 depict the impact of the slip parameter \. on velocity, tempera-
ture and concentration profiles, respectively. An increment in the slip parameter \.
has dual effects: it reduces both velocity and concentration, while simultaneously

increasing the temperature profile.

TABLE 3.1: Numerical Results of Skin Friction, Nusselt Number, and Sherwood

Number
I _T _ I
M B K, Fsn Vs a S ~ ~* Pr S¢ Ko At Ac|ReZCfz|Rey?Nug | Rey % Shy
1 05 1 1 1 02 02 02 05 05 1 1 051 1 [-2.4756 |0.4029 0.5049
0.01 -2.1278 | 0.4159 0.5094
0.2 -2.2004 |0.4133 0.5085
0.2 -3.7775 | 0.4241 0.5125
0.3 -3.1050 |0.4147 0.5090
0.9 -2.5105 |0.4015 0.5044
1.5 -2.3663 | 0.4070 0.5063
0.8 -2.4396 |0.4038 0.5052
1.2 -2.5106 |0.4019 0.5045
0.8 -2.3952 | 0.3803 0.4854
1.5 -2.6627 | 0.4546 0.5499
0.6 -1.7486 | 0.3814 0.4949
1 -1.3596 | 0.3670 0.4890
1 -2.5691 | 0.3994 0.5037
1.5 -2.6720 |0.3953 0.5023
0.5 -2.6140 |0.4740 0.5483
1 -2.8352 | 0.5679 0.6118
0.2 -2.5265 |0.4011 0.5043
0.8 -2.4251 | 0.4046 0.5055
0.3 -2.5244 | 0.4009 0.5042
0.9 -2.3805 |0.4065 0.5061
0 -2.3010 |0.1111 0.5083
0.5 -2.4183 |0.2921 0.5060
0.5 -2.4342 | 0.4052 0.4040
1.5 -2.4961 |0.4019 0.5653
0.2 -2.4585 | 0.4037 0.4551
1 -2.4923 |0.4021 0.5581
0.5 -2.4451 |0.5063 0.5053
1.4 -2.4924 | 0.3464 0.5047
0.5 [-2.4471 |0.4038 0.6760
1.2 -2.4833 |0.4026 0.4585
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FIGURE 3.2: Velocity Profile f'(n) and n against M
ﬂ=0-5, Kp=1, FS=1, n=1, M=001
V=02, a=0.2, S=0.2 7=0.5, —M=0.2
* M=1
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2 3 4 5 7 8
Ui

FIGURE 3.3: Temperature Profile f(n) and n against M
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(1)

f'(n)

FIGURE 3.5: Velocity Profile f'(n) and n against /3
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FIGURE 3.4: Concentration Profile ¢(n) and n against M
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FIGURE 3.6: Temperature Profile (n) and n against
M=1, Kp=1, FS=1, n=1, —ﬂ=02
V=02, a=0.2, §=0.2 y=0.5, — (=03
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FIGURE 3.7: Concentration Profile ¢(n) and n against g
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FIGURE 3.8: Velocity Profile f'(n) and n against K,
0.1 : : : T
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FIGURE 3.9: Temperature Profile 8(n) and n against K,
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Chapter 4

The Impact of Cattaneo-Christov
Double Diffusion, and Energy
Activation on a Flow of Casson

Fluid over a Stretching Surface

4.1 Introduction

The main objective of the this chapter is to extend the work of Kala et al. [40]
discussed in the previous chapter. The model discussed in Chapter 3 has been ex-
tended by considering the Cattaneo-Christov Double Diffusion model, Brownian
diffusion, thermophoretic effect and energy activation. Using similarity transfor-
mations, the governing nonlinear partial differential equations are transformed
into a set of dimensionless ordinary differential equations (ODEs). MATLAB is
utilized for numerical computations, and the shooting technique is employed as a
numerical method to obtain the numerical results. The acquired numerical results

have been presented through tables and graphs.
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4.2 Mathematical Modeling

Consider a two-dimensional, steady and laminar flow of an incompressible Casson

fluid over a nonlinearly stretching surface, embedded in a saturated, homogeneous

Forchheimer porous medium (as depicted in Figure 3.1, which shows the fluid

flow and stretching surface configuration). In this study, the stretching surface is

aligned with the z-axis and inclined at an acute angle a to the vertical, as shown in

Figure 3.1. Energy transport analysis is also carried out in the presence of thermal

radiation Brownian diffusion, thermophoretic effect and Cattaneo-Christov double

diffusion. Moreover, the concentration of flow is discussed with the help of con-

centration equation under the effect of energy activation and Cattaneo-Christov

double diffusion.
The flow is described by the following set of equations:

%—F@ =0
oxr Oy ’
2,
u%%—vg—z =v (1—1— 5) g 5 9 (Br(T —T) + Bc(C — Cx)) cosa
B v G
Py K" VK.
ua_T+U6_T+F {U@G_T_f_va_ua_T_’_u@a_T_f_v@a_T_’_ 82
ox oy | 0z Oz dy Ox ox Oy dy Jy e
+v82—T+2uanT} 82T+T{D 8C’8T+DT (8T> ]
Oy? 0x0y Oy? Oy Oy oy ’
u8_0+vc9_0 F{ 8u80+ 8u80+u@8_0+ 8@80+ 02C
ox dy Ox Ox dy Oz ox Oy dy Jy D22
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+v g—€+2 Ué?xgy} D((;—(i—KC(C Cx)

— K2(C - Cy) {%rexp (_k?)

The BCs associated with this problem are:

3

y=0: u:U(x):uw—i-uS:cx”—i-N,ug—z, v =1, =—-V(x),
oC

y—o00: u—0,T—Ty, C— Cy, C(:c):C’erCoa—y,
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(4.1)

(4.2)

(4.3)

(4.4)

(4.5)
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4.3 Conversion of PDEs into ODEs

To modify the equations (4.1)-(4.4) to have the form of ODEs, use the following

transformations:
~ Je(n+1) na _ [ 20 nn o o )
77— 2U Y ya ¢_ 7’L—|—1l‘ f(n)7 u_aya U= @:17’
_ oong _ el 1l) an n—1 ., (4.6)
u=ca ), v == O () 0 )
T—-T, C—-Cy
9(”) = Tw o Too’ gb(n) - Cw _ Coo . )

The identical satisfaction of equation 4.1 is already established in Chapter 3 be-
cause it is equation 3.1 of that chapter. The conversion of equation 4.2 into the
dimensionless form is already included in Chapter 3 because it is the same as
equation 3.2.

To convert equations 4.3 and 4.4 into dimensionless, most of the derivatives are
already available in Chapter 3. The new derivatives have been determined for

equation 4.3 shown below:

v _ 9 (_ “J(”Q—“)x <f(n>+z_1nf’<n)))

or  Ox +
cv(n n-1 0 n—
- 2 (o o)
+ (o 2o e

B cu(n+1) aaf o on—1 n—1ln—-1,
- R e (e nf'(n)

" er 1n2;177f’/(77)77) + (f(n) + n—_lnf’(n)> n2;1xn21]
cv(n—i—l)an_l n—1 (n—1)2

2 z { 5" () + 2 F D
2(n+1)

on 0 c(n+1)anf1

or  Ox 2v Y

cn+1)n—1 a1
2v o

(n—1
2(n+1)

—_ | —
[\o}

nf'(n) + nf"(n)

n—1
+Tf(77)+

nf’(n)} :




Cattaneo-Christov’s Numerical Analysis 67

_n-— 1
2 -
9*°T 0

T (@” - W'(”)nz_xl")

— (1T { (” = 1)27729”(77) St (5 ) ),

*T 0 c(n+1) o 1)
2

M@:@O%_%WW .
= (T = Too)(?’(n)\/c(g—iﬂ)% (e’(n)x’%l)
’(n)@{x"?ﬁm )+9'(n)aﬁx”;]
) E

€T 2

— (T — Too)f U) ) :
= (T, — Tso)0'(n /C(”;j’ 1) 77)%77‘1‘9/(77)”2;1%”21]

ox
nTil 077 (

= (= T O My " )|
G G = can o) (e )+ e 7)™ ) (€8~ T )" )
— (e PO )T~ To) 5 0 0 1)+ 0™ )
= @2t - [as e e (M5 0) e o)
— (e (T = T " P e o
SR 000 (@7)

LAY LGRS S {f<n>+Z—‘1nf'<n>} (cx”f”(n) “nt ”x"zl>

2x
= (T - T ) | £ + )
= (e (T~ T P 8 ) )
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— (e T = T | = P s e )

- R W ) (45)
wor . (n+1)z"= \[n—-1 (n—1)?2
- f<n><— e ){ s ) + et )

)+ o)
o] (o )
.y cwhn+1)z"z \ [n—1 (n—1)2%
= et () | [ LADE )[ s+ )
oo+ i) <<T T iy Y )
= (e (T = T " a8 )| " s+

b )+ " )

n—1\2 n+1 Bn-—1m-1) ., /
— (e (1 - T | - B e

- s <n>—”2 Fos o' (49)
8U8T B cv(n+1)xn2 1 , g
"oy oy ( 2 { “”D( {

"o D(T—T ”?1 <)
= (e (T = T ™ (F0 ) + 2 0r ) ()
o)
= (e (T = T ™ [ WO ) + "5 0 ) ) o)
nslngll)nf”(n)@(n) + é?{ﬁij 772f’(77)9’(77)f”(n)} : (4.10)
T R SE N (e P Rt

+ (n o) 1)2?79’(77)}
— (ca” ()T, — T >%[( )
(n—1)? —2n—1 n}
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2 4
— (e - T g |2 ()
2 (n—1)(n—
n+1 4

— (e )T~ T (M) e+ PR,

3>9'<n>nf'2<n>}
o S )

3 e’<n>nf'2<n>] . (4.11)

Z:nﬂm]) (7.~ 1.

;1779”(77) + n;@’(n)D

= (Cﬂcn_l)Q(Tw —T)

(n—1)(n—
T

0? co(n n—1
mgy = 2cz" f'(n) (— %W {f(n) +

c(n+1)z"2 [n
2v

2uv

5 () f ()" (n)

_1)2 2 r12

n° [ (n)0" (n)

n—I—l{n—l
n—1 / 9/ (TL
5 ) f'(n) (n)+2(n+1)

(n—1)*
2(n+1)

nf'2<n>e'<n>]

1
— (™ (T — To) 2 ;

[ — (= Dnf () f(me" ()

=0 ) — L )
Lot (4.2

57 = (—\/@ (f<n> o 1nf'<n>)>2

= @2t -0 () [P+ (28) e

2(” — 1) ! 1"
+ 2= Dnsns o)
_ n—1\2 - n+1 n+1 2 Vi (n_1)2 2 p12 Vi
— (e T T P P )+ SR e
= Vs ) )"0 (113
W2 or + p 20T + S + 20T + 2uv O°T + u282T + U282T
Ox Ox Jy Jy Ox Oy dy Ox 0xy 0x? 0y?
(TL— 1)2 2 ¢l

= (ca™ (T — Tio) F' ()0 (m)n + n’ f'(me (n) f" (n)

n;—l{n(n—l) ,

n+1 2(n+1)
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+nf(n)f (md'(n) + (mf" (' (n) + 715?—4:11)%’2(77)9’(77)

(n — 1)2 2 o/ / " (3TL — 1)(" — 1) 2 /
2t Fmo(n).f"(n) — 2t 1) nf= (o' (n)
S ) ) = " @O )~ s ) () )
S 1) = (0= Dnd () (@8 ) — (n = D) ()0 )
- o) - S + e )
# O Dy e + 5 L)+ P 0

F(n- 1>nf<n>f'<n>e"<n>]

— (e T T P P o+ SR )

)7 ) + "t ) + D )

+ ;?n_jij n*f ()0 () f"(n) — (3712_(7111("1)_ 2o ()

B é?n_fii P50 ) ) — " £ F ) ) — ")) o)

- ;T(Ln:rlij 2 f () f" ()0 (n) — (n = )nf(n) f'(m)0"(n) — (n— 1) f(n) f' (n)6 (n)

- o) - S + e )
D03+ 0 ) + o)

o= D () )00
n+1{(n(n—1) Bn—=1)(n—1) n(n-—1)

5 —

— n—lZT_T
(ca) (T = Too) nt 1 2(n + 1) nt1

OSB8I, o

2(n + 1) n+1
# (0= 250 = - 0)) s + () o)
n+1

= (ca"” 1) (Tw — T) 9
[n—l (2n—3n+1+2n—|—n—3—2n+2) 02 () (n)
+

n+1 2
(2n—n+1—2n—|—2
2

n—l—l

)f( o) + L e >9”<n>}
P ) " 3f<n>f’<n>e'<n>}

n—+1

~ (P (=T [
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=t (T = L) e P ) - e ) ) (410
oT oT \ ou 0T ou T ov T ov oT ,O*T
:>ua—x+va—y+ T{U%%—Fvﬁ—ya—i‘u%a—y—i‘ 8y8y+ 8132
0*T 0*T aan+1 )
+ UZa—yQ +2 U@x@y] = —(Ty — Tno)cx lan(n)e (n)
0 (e - ) 5 ) [ P08 ) - "5 ) ) )
= (T~ e = S8 ) + e P00
w22 1) ) )
= (T~ T)er™ 5L et ) + Lo )6 ()
- " st o) (1.15)
aTdC\ Dp [(OT\’
(DB <0y 3@/) "L (3_11) )
= 7| Dl - Ty e € - gt T e
v 2v
D a1\
tg ((Tw oy At %2) }
:T[DB(TU,—T V0 (1)(Co — Co) () ca™™ 1”“
+ DT — T ) e 1”“]
1 D C D Tw - Too /
~ (T, - T)ea { O = Coed gyt + 22T Tl gy
= (T~ T)er™ " E L (Nl (1) () + NP (). (4.16)
82T 9COT Dy (T n+l1
>+ ouy 5+ 2 (5) | = g
(T, — T)er N (Nl () () + ()
= (B~ Ty | L)+ ()6 ) + 80| (@17
As a result of (4.15) and (4.17), the dimensionless form of (4.3), becomes;
A [‘ Fnen) + Le " ) (n)
- e R )| = (T~ Ty 52 | 0 + (N )
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+ Nte’Q(n)]

n+1 3

S f )] = |

Fell(ﬁ)

r

N [ o) + Lo o) — "

- N () () + Nte@(n)]

= 00) | - = L™ )|+ S + a5 o e )
4 Nl () o)+ Nt () = 0. (1.18)

Most of the derivatives for the concentration equation (4.4) already discussed in

Chapter 3, the remaining derivatives have been determined shown below:

A (RN =)
- (Cu-Cy (d00" 22
= (€= C 0T L s ) )
—-co(ow ("F) L -vw T L vow (") 1)
e[ (5 - s (25 o]
7 = 2 (1Cu- s )

= (Cu— 0y DD ()0

c(n—l—l) |:xn21£ n 0 n1:|

= (Cw = Cs)¢'(n)

2v Ox
= (Cu = Cd U [ )+ )"
= (Cu- oy VI e + P )] @)
G G = e ) (mea L) + o)) (€3 = T ) )
— (e LI )(Co = Co) | ) + " ()]

:<cas”—1>2<ow—coo>[nf'<n>2¢’<n>”7‘1n+n2( ) s o)

~ (e P = €)M et
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e £ ) (4.20)
g;‘ 20— “’(”2* D o5t [fm) + '<n>] <c:c”f”(?7) —C("J ”x”;)
((€u-castn” )
= (e Cu = O )| )+ )
= (e G = ) | e )
L ) 1) )
— (e (G = Ca) 5 | = Pl ) ) )
- S W ) ). (4.21)
u%% e i) (_ cv(n2+ 1)1:;) [n - L) + ;?n_ji)"f/(")
) + )+ = )]
((Cw —cadn/E ”x"f)
— (o) (— ol t 1 ) o+ 2=
bR+ ) <<cw ~C)o ) (”2—“):::)
= (PG - ) )| " s + )
o)+ )
= (2" )(C,y — Coo) ™ ; ! {— (3712_(711)45711)_ 1)nf’2(n)¢'(77)
- ST W )~ " ) ()6 (1.22)

35 (- )
+ 177f”('rz)D ((Cw — Ce)@' (1) Mfwl)

— (e (- o) (P + 2

n+1
”(n))

of ) ) (v 0
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= (e PG = Co) 5 ) ) + "5 ) ) )
Mo + W] a
#EG = (e PCa - Cog | (M5 ) ) = P o)

+ (n o) 1)2n¢’(77)}

— (e ()H(Co — Coc) { i 1>2n2¢”(n)

= @ Co - 5[ (M) e + O
~ - 0P 2 (M) e
- i - = 11(71 — S)cb’(n)nfa(n)]
— (e PG - ) | S )
03 s (1.21)
2w e = et (— = hf’(vv)D

N n+1
(”—1)2 12 /
] (4:25)
ngTC; _ (- C”("; D ot (f(n)+ Z:L 1771”(77))) ((Cw = C)e" ()
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= e (M22) [Poneon « (22 ) o

n+1
20D et )]
— (e PG - ) | P ) + SR e
+ (n— Dnf(n 77] (4.26)
Ou oC ov oC ov oC 0?C ,0*C ,0°C

ou 0C
gu ot 9C 9% o
Uaear T oy oy T Yan oy oy s T 2 Wamay T o TV o
1)

=<cx"-1>2<ow—coo>”“{ nn = 1) g2y + e g

; n £ (m)e' (n) f"(n)

n+1 2(n+1)

g e+ s oo o)+ "y e o)

n+1
- = e )

(n—1)2% , n—1 n—1

2(n + 1) 2 2
= R P )6 ) — (1= Vs ) ) ) = (0= D) () o)
Lo - Sl msn + S More o)
# LS o)+ o o) + SR 6
0= D) () )
~ (e 20 - )" M ot + E=Hrr oo
)7 el )+ " nr ) £ (o' n) + "D )
+ o o) - DDy )
= IR s o)~ s )6 ) = e o)
= S P )6 ) — (1= D ) ) ) — (1= DS () o)
Lo - Sl sn + S Hore o)
# LD o)+ o o) + SR

. 1>nf<n>f'<n>¢"<n>}

n+1[/nn—-1) @Bn-1)(n-1) n(n-1)
2 [( n+1  2(n+1) N n+1

= (an_1>2(cw - Cx)
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(D) )
e = A o)
# (05t = =) s e + (") P

1
= (ca" H*(C,, — Coo)n;—

(
n—1/2n—3n+1+2n+n—-3—2n+2 ” ,
[n+1 ( 5 )nf (m¢'(n)

+(2n—n+1—2n+2 n+1

22 fo o)+ e o)

e - 1w we )

nhl [c:c"—lnTHF(n)sb”(n) p— —f(n)f'(n)qs’(n)].

(4.27)

= (anil)Q (Cw — Cx)

=cz" M (C,p — Cx)

For the L.H.S of the equation (4.4), the following derivatives have been determined:

oC oC Ou 0C' ou 0C ov oC ov oC ,02C ,02C
UG UG Ac{uax%+va_y%+u%a_y+va_ya_y+“ PR
F g | = (G - ) S0 ) + el PG - Co)
P ) = 5 o)
- e (G- 0 [ - S0
Fdoer L ) (n) — Aoe™ 2 £ ) £ ) (o)
= G = G - S ) + L™ P o)
- 1" o o) (429

Some dimensionless form of equation 4.4 were previously determined in Chapter
3 for equation 3.4.
Now, For the remaining dimensionless form for the R.H.S of the equation (4.4),
the following derivatives have been determined below:
T1" —-FE
2 — i _—a
K:(C OOO)[TOJ exp( T )
jﬂloo(1 + (ew - 1)9(77))}mex < _Ea )
Ty PAKTL(1+ (0., — DO(0))

— KAC- )|
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—-EB, )
KT(1+ (6, —1)0(n))
K2¢(77)(Cw —C) [1+ (0w — l)en]m

= K20(0)(Cu = C) L+ (T = 16" exp

an+1 2 1

= (Cw = C)ex 2 n+lcY(Cp,— Cy)

e ()

- (Co = Caer o) 1+ 0 - 1o

e (zzzrr o)
= (€= Coea™ R 2ot 1+ 6~ 100" ()|
D% — Ko(C — Cy) — K*(C — C) {%} mexp (;f;) = (Cy — Co)ea™™!
g - Ko + et + 6, - Do)
| = ] 2

As a result, The concentration equation (4.4) has been satisfied by using the

equations (4.28) and (4.29):

SRS ) + L P e ) — Lo F) ) () = 56" ()

Kep(n) = - mé(m){ + (0w — 1)6(n))™ exp (1 - (ﬁw_—El)f)(n))
”“f?( )" () + S fn) —

K.$(n) + Lo
1M1+ (6w — 1)0(n))" exp (1 T - 1)9(n)>

—0 (4.30)

2
2
n-+1

= %cb”(n) -

f) f' (m)e'(n) +

n+1

The following dimensionless parameters are used in equations (4.3) and (4.4):

oB? 160* T3 -1 K —
M= Jpa Rd==72=, Pr=%2, Ly = Ncx" ™, Ag=cl'¢, K. = ==, SC—[;’B

o n—1 7Dp(Cy—Cs) D7 (Tw—Too) _L
Lo = Aecx"™', Nb="—F=p—== Np=""Lp—=, Ec_(cp)f(Tszoo)'

The final version of the governing model’s dimensionless form is:

= (1 + %) )+ f () f(n) — j—flf&(n) + =7 (70(n) +6(m) cosa
= = [(M 41K f'(n) + Fof?(n)] =0, (4.31)
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= )| 5y e 0|+ SO + L )0 0
+ Not' ()@ (1) + N8 (n) = 0, (4.32)
= o) — Lo P ) + () ) — —— Kedl)
L™ f) )¢ )

o1+ 0w = 080" e (g ) =0 (439

+

The dimensionless form of the associated BCs (4.5) is:

n—0: f(0)=S, f'(0) =14 Vif"(n), 6(0) = 1+ A'(0), 6(0) =1+ A.¢'(0) }

n—oo: f —=0,9—0 00 ¢—0.
(4.34)

The skin friction coefficient, Nusselt number and sherwood number are already

discussed in chap 3 (3.29), (3.31) and (3.33) respectively.

T e 1y /n4+1,,
Re2C'f, = (1+ﬁ> 5 1"(0). (4.35)

Re Nuy = —/ " ; Lo(0). (4.36)
-1 1
Re Shy = —,/”; #(0). (4.37)

4.4 Numerical Method for Solution

The ordinary differential equations (4.34) to (4.36) have been resolved using the

shooting method.

" 1 2n 2 ” 2 2 1 /
_ 2 (%0 = (M+ —
f (H%) [an ff n+1(7 + y¢)cosa t o +Kp f
Fsf?|.
+n—|—1 s/ }
1\ —
0" = <L ot f2) {—H’f LSy N — Nt@’z}
Pr 2 2

n —

3 ! !
11

! n+1 .\ [ 2 .
¢ —(——Lc 5 f2) {H—HKC¢_¢]C_LC
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+

SRR ) |

n+1 1+ (0, —1)0

For this purpose, the following notations have been taken:

f=2, f=Zi=2 ['=2=%=72
0=24, 0 =2,=25, 0 =2=2,

O6=1Z¢, ¢ =2Zy=27;, ¢ =27{=727.

The equations (4.34)-(4.36) are transformed into the following system of first-order
ODEs:

B 2n 2
Ly = ——o Zoyt — Iy — —— (V' Z Z
3118 nt1 2 1243 n+1(7 4+ Zs)cosa
2 () 2+ 2 Fez? Z3(0)
J— S =P.
"+ 1 Kp 2 7’L+1 2 | 3 b
Zé[l = Z5, Z4(0) =1+ )\tq
1 1 - -3
2= (= — 1272 | - 22— L =2 2070 7 — NbZs Zn — Nt 252
Pr 2 2
Zé = Z7, ZG(O) =1+ )\CT.
1 n+1 02 n—3
Z,; = <§ —_ LC 5 Z12) |:n—_HKCZ6 — Z1Z7 - LC 9 Z1ZQZ7
;2 Zs(1+ (0, — 1) Zy)™ —F Z:(0)
w ) =T
n+1’71 6 4) €XDp 1+ (0, — 12, 7

RK-4 method has been applied to compute the above IVP. The domain of the
problem is considered to be bounded i.e. [0, 7], Where 7., represents a +ve real
number, for which the variation in the solution is ignorable after n = 7,,. The

missing conditions p, ¢ and r are to be chosen such that:

ZQ(UOOap>q7T) = Oa Z4<77007p7 q, T) = 07 Z6<77007p7 q, T) = 0.
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Newton’s method will be used to find p,

iterative scheme:

(n+1)

075 [
op dq
_ | 024 07y
op dq
0Zg 0Zg
op  Oq

To move further, the following notations have

0z,

ap 8
02

a — 413,
0z,

a — 418,
075

— =7
87” 23>
07y

— = Zog.
(97” 28

02,

8p:

07,

op

0Zs

R

075

or

02,

or 22
0z

or Z4
0Z¢ A

or (n) 6

02,
02,
Jq

07

dq

or

=7
ap 11,

= 416,

= 421,

= 2265

g and r. This method has the following

(4.38)

(n)

been introduced:

By using the above notations, the iterative scheme of Newton method is as follows:

(n+1)

r
(n)

Zy

le
ZlS

216
AT
Z

Za3
Zas
Loy

—1
Zs

Zy

Z
(ny L7C

(4.39)

(n)

Now differentiating the last system of seven first order ODEs first with respect to

p, then w.r.t ¢ and finally with respect to r, we get twenty one more ODEs, as

4n

follows:
Zé - Zg,
Z{/) = ZlOa
)|
AP
: (1 +
2
P (M
n+1

/
Z11 = Z12>

n+1

1

+_

K

p

2
7 ——2F's7Zs 7,
)9+n+1 S§l9lg |,

Z4(0) = 0.

Zg(o) =V

2
ZQZg — lelo — Z3Z8 — n—_{_l(’}/*ZH + ’)/Zlg)COSCY
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1 n+1 -1 n—3
Ziz =|—=——Lr 212 — 1 Jyg — Zr)Zs — Ly Z2ZSZS
Pr 2
—3 —3
L g 2 Ty — L2 7, 7 T — NbZnZiy — NbZsZus
1 1 —2
_ 2NtZ5Zu] T <ﬁ _ LT"; Zﬂ) (Lp(n+1)2,2s)| — 2125
—3
L2 2 202 — NVZsZy — NtZﬁ} , Z15(0) = 0.
Z{g = Z147 Zlg(O) = 0.
1 n+1 o9 n—3
Ziy = (S_c — L¢ 5 Z12) {H—HKCZB — Z7Zs — Z1Z14 — Lo 5 VAVAIAL:
n—3 n—3
—L¢ L1272y — Le AVAYAY
+ Zys(1+ (0 — 1) Zy)" —b
o — ex
n_|_171 13 4 p 1+ (00— 1)Zs
+ L mZez (T — 1) (1 + (6 — 1) Zy)™ ! —b
my w w T €x
ny 1 oesn ! P+ 0. -1z
9 . —E E(6, — 1)Zn
Ze(1+ 0y — 1)Z
+n+171 6( +( ) 4) exp(1+<9w_1)Z4> (1+(0w—1)Z4)2

1 nt+1,_,\" 2
+ (_ — LC 5 Z12> (LC(” + 1>leS) |:n——HKCZ6 — Z127

n—3 2 —-F
—L J1 727 Zs(1+ (0, —1)Z)" ,
c 14247 + +171 6 (14 ( )Z4) eXp<1+(6’w—1)Z4>]
Zl4(0) - 0
ZiE) = Z167 Z15(0) =0.
Z:/lﬁ = Zl?; 216(0) — 0
] 4n 2

Zi,? = (1 n B . 1Z2Z16 — Z1Z17 — ZgZ15 — n——|—1<7 Zg + ")/ZQO)COSOé

w2 (v 2+ —Eorszz Zus(0) = 0

R S = U.
1 K, 16+ T 2216 | 17
ZiS = ZlQa Zlg<0) = )\t-
1 n+1 -1 n—3
Zig=|——Lr Z,? — dsZys — L1219 — Ly AYAYAD
Pr 2
-3 -3
L 2 2 e — L2 7, 7y Zr — NbZnZrg — NbZs Zoy
1 +1 -2
— 2NtZ5Z19:| + (ﬁ — LTn 2 212> (LT(TL + 1>lel5) — le5
-3
L2 2 2 2 — NVZsZy — NtZﬁ] , Z19(0) = 1.

Z/20 - Z21, 220(0) — O
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1 n+1 Iro2 n—3
Z§1 = (Sc - Lc 9 A ) ln——HKCZQO — L2 — Z14y — Lo AVAVAT
n—3 n—3
— L¢ 212726 — Lo AVAYA
+ Zoo (14 (0 — 1) Zg)™ —b
o — ex
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— — L A L INVAV4 —KcZsg — Z1 7
+(Sc T 1> (C(n+)115)|:n+106 147
L™= 2 207+ —2 25 (1 + (B — 1) Z0)"
C 14247 n+1716 w 4) €XDp 11 —1)Z4
Zn (0) = 0.
ZQQ — Zgg, ZQQ(O) — 0
Zég == Z247 223(0) — 0
4n 2
Zyy = (1 f_ 5) [n n 122223 — L Loy — L3 Zag — p—— (V" Zas + v Za7)cOSl
2 (v 2 2+ —Eorszz Zoa(0) = 0
— —2Fs = 0.
w1 K, 2t 22923, 24
Zé5 == Z267 Z25(0) — 0
1 n+1 ! n—3
Zas = (P_ — Ly le) [ — UsZyy — L1 4y — L AVAYSY
T 2
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— Ly 27 25 Dy — L2 7y 25 s — NbZz Zg — NbZs Do
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Zyr = Zos, Z97(0) = Ae.
1 n+1 T2 n—3
Zés = (S_c — Lc 9 212> {n i 1K0227 — Lyl — Z149g — L 9 AVAYALY,
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— L¢ Z1Z7Zas — Lo AVAYAY
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o (1 0, — 1) Z)™
o Zr )24) eXp<1+(9w—1)Z4)
L2 mZeZ (O — 1) (14 (0 — 1) Z)"™ —b
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1 n-+1 - 2
+ (§ — L¢ 5 212> (Le(n+ 1) 21 Z9) {R—HKCZ@‘ — 2

n—3

—-E
— LC 212227 + ’}/126 (1 + (Qw - 1)Z4)m exp < ) :| s

1 + (ew - 1)Z4
Zos(0) = 1.

n-+1

For the Newton’s technique, the stopping criteria is as follows::

max{| ZQ(noovpnaqnvrn) |a| Z4<nooapn7qnarn) |a| Z6(nooapnvqn77ﬂn> |} <€,

where € > 0 is a sufficiently small number, which has been considered as 107,

4.5 Representation of Graphs and Tables

In this section, we thoroughly discuss the influence of the dimensionless parameters
on the skin friction coefficient Re% C/,, Nusselt number Re, %N Uy, Sherwood num-
ber Re, %S h., velocity profile, temperature distribution and concentration profile
through different graphs and tables.

The impacts of different parameters are displayed in Table 4.1. An increase in
the Casson parameter 3, permeability porosity K, velocity slip V;, buoyancy pa-
rameters v and ~*, activation energy parameter E, Brownian parameter N,, and
thermophoresis parameter IV; all have a positive impact on the skin friction, lead-
ing to an increase in its value. In contrast, an increase in the magnetic parameter
M, Forchheimer parameter F§, stretching index n, inclination «, suction parame-
ter S, Prandtl number Pr, Schmidt number S., reaction rate parameter K., slip
parameters \; and \., thermal relaxation parameter Ly, dimensionless mass relax-
ation L¢, chemical reaction rate parameter v;, and temperature ratio parameter
0., a decreasing effect on the skin friction Re% (', can be seen.

The Nusselt number Re, %N u, is increased by increasing the permeability porosity
K, stretching index n, suction parameter S, Prandtl number Pr, and buoyancy
parameters v and ~*, slip parameter \., thermal relaxation parameter Ly, activa-
tion energy parameter F/, and temperature ratio parameter 6,,. On the other hand,

_1
the Nusselt number Re; * Nu, is decreased by raising the magnetic parameter M,
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Casson parameter [, Forchheimer parameter Fj, velocity slip Vi, inclination «,
Schmidt number S, reaction rate parameter K., slip parameter \;, dimensionless
mass relaxation L¢, Brownian parameter N,, thermophoresis parameter Ny, and
chemical reaction rate parameter ~;.

With increasing the values of the permeability porosity K, stretching index n,
suction parameter S, buoyancy parameters v and v*, Schmidt number S, reac-
tion rate parameter K., dimensionless mass relaxation Lo, chemical reaction rate
parameter v;, Brownian parameter /N, thermophoresis parameter NV;, and temper-
ature ratio parameter 0,,, the Sherwood number Re, %S h, indicates an increasing
trend. By raising the magnetic parameter M, Casson parameter [, Forchheimer
parameter Fy, velocity slip Vj, inclination «, Prandtl number Pr, slip parameters
A¢ and A, thermal relaxation parameter Ly, and activation energy parameter F,
a decreasing effect is observed in the Sherwood number Re, %S h.

Figure 4.1 illustrates the effect of the velocity profile f’ decreases as the magnetic
parameter M rises. From a practical perspective, it shows an inverse relation-
ship between the magnetic parameter and the velocity due to Lorentz force. By
increasing the magnetic parameter the strength of the magnetic field increases,
resulting in a stronger Lorentz force which slows down the fluid flow. Figure 4.2
shows how the magnetic parameter causes an increases in the temperature. As the
magnetic parameter M increases, the strength of the magnetic field increases, re-
sulting in a stronger EMF. The increased EMF generates more heat, which shows
an increasing effect in the temperature profile. A force, induced on the particles
in the fluid by the magnetic field, is known as magnetophoretic force. A stronger
magnetophoretic force is developed when the magnetic field increases by raising
the magnetic parameter M, which further drives the migration of particles towards
the region with increased magnetic field strength thus increasing the concentration

profile that is reflected in Figure 4.3.

Figure 4.1 shows that f’ decreases with increasing Casson parameter 5. The rais-
ing values of Casson parameter ( decreases yield stress and lower the velocity
field. The fluid behaves Newtonian fluid as Casson parameter [ becomes very
large. Figure 4.5 displays the influence of Casson parameter 5. A rise in the

value of 3 increases the temperature profile. It is noticed that an increases in
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the temperature profile along the thermal boundary layer is observed with an en-
chancement in the Casson parameter as well as the thickness of thermal boundary
layer increases. Figure 4.6 describes the impact of Casson parameter 5 on ¢. By
increasing the values of Casson parameter 3, concentration profile also increases.
Likewise, the solutal boundary layer thickness increases with increasing values of
Casson parameter .

Figures 4.7-4.9 display the impact of permeability porosity K, on the velocity, tem-
perature and concentration distributions. It is noticed that permeability porosity
K, increases the velocity, because a raise in the permeability K, of medium implies
less resistance due to the porous matrix present in the medium while it reduces
the temperature and concentration.

Figure 4.10 shows the impact of the Forchheimer parameter F; on the velocity
profile, this figure demonstrates that as the Forchheimer parameter F increases,
the velocity profile decreases. The Forchheimer parameter Fj, is the measure of
nonlinear drag force on a fluid caused by a porous medium. The drag force is
increased with the rise of Fj, opposing the fluid flow and reducing its velocity.
Figures 4.11 and 4.12 depict the impact of Forchheimer parameter Fy on tempera-
ture and concentration profiles. It is found that the temperature and concentration
profiles are increased as Forchheimer parameter F values rise.

The stretching index n represents the non-Newtonian behavior of the fluid. Figures
4.13-4.15 illustrate the impact of stretching index n on the velocity, temperature
and concentration profiles. It has been noted that as the stretching index n in-
creases, the velocity and concentration profiles exhibit an enhancement, whereas
the temperature distribution undergoes a reduction.

Figure 4.16 displays the effect of the velocity slip parameter V on the velocity
profile, showing that the thickness of the velocity boundary layer of the velocity
decrease as the value of the velocity slip parameter V; increases. Figures 4.17 and
4.18 illustrate the effect of the velocity slip parameter V, on temperature and con-
centration distributions, respectively. As the velocity slip parameter V; increases,
the temperature and concentration profiles also increase.

Figures 4.19-4.21 display the influence of inclination angle o on the velocity f,
temperature ¢ and concentration ¢ distributions. As the inclination angle o in-

creases, the velocity of the nanofluid flow decreases, due to a decrease in the shear
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stress. Meanwhile, the temperature and concentration distributions raise with
raising .

Figure 4.22 illustrates that an increase in the suction parameter S leads to a re-
duction in fluid momentum, consequently causing a decrease in velocity. Figures
4.23 and 4.24 illustrate the effects of the suction parameter S on the temperature
and concentration profiles. Enhanced suction results in the removal of fluid from
the boundary layer, leading to a reduction in temperature and concentration.
Figures 4.25 and 4.28 demonstrate the effect of the solutal buoyancy parameters ~
and v* on velocity profiles. As the solutal buoyancy parameters v and ~* increase,
the velocity profile f" also increases due to buoyancy force. With rising the solutal
buoyancy parameters v and v* the density difference between the fluid and the
ambient fluid grows, resulting in a stronger buoyancy force. Figures 4.26 and 4.29
display the influence of v and ~* on the temperature profiles. As the parameters
~v and v* increase, the buoyancy force intensifies, causing the fluid to rise more
rapidly and enhancing convective heat transfer. This leads to a decrease in both
temperature profiles. Similarly, Figures 4.27 and 4.30 show that the concentration
distribution also decreases with increasing v and ~*.

Figures 4.31 and 4.32 show the impact of the Prandtl number Pr on the velocity
and temperature profiles, respectively. It is evident that as the value of Pr in-
creases, the velocity and temperature profiles are decreased. Figure 4.33 reveals
that the concentration profile ¢ exhibits an increase in response to an increase in
the Prandtl number Pr.

Figure 4.34 illustrates the influence of the Schmidt number S, on the velocity
profile f’. As Schmit number S. increases, the fluid velocity decreases due to a
decline in mass diffusivity, which in turn reduces the momentum diffusivity. When
Schmidt number S, is enhanced, it can cause the thermal boundary layer to be-
come thicker, leading to a reduction in the convective heat transfer and an increase
in the heat retention within the fluid. This leads to a higher temperature profile,
as seen in Figure 4.35. Figure 4.36 reflects that as the value of Schmidt number
S, increases, the concentration ¢ is decreased.

Figure 4.37 illustrates the effect of the reaction rate parameter K, on the ve-
locity f’. As the reaction rate parameter K. increases, larger consumption of

reactants occurs, leading to decrease the momentum, increased resistance to flow,
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and thicker boundary layer. Consequently, the velocity profile decreases, indicat-
ing a slow down the fluid flow. As shown in Figure 4.38, when K. increases, the
temperature profile decreases due to the enhanced chemical reaction rate, which
consumes reactants more quickly and releases heat faster. As illustrated in Figure
4.39, increasing the K. values reduces the concentration distribution ¢.

Figure 4.40 illustrates the effect of increasing the slip parameter \; on the fluid flow.
An increase in the slip parameter \; leads to a decrease in the velocity. Elevating
the slip parameter \; will improve fluid motion on and near the solid boundary,
leading to an enhanced heat convection, minimized resistance and therefore, a
lowered temperature profile as seen in Figure 4.41. By increasing the value of the
slip parameter )\, the slip velocity increases, enhancing the fluid flow and leading
to a steeper concentration gradient. As a result, the concentration distribution is
increased, as shown in Figure 4.42.

Figures 4.43-4.45 demonstrate the influence of the slip parameter A\, on velocity,
temperature, and concentration profiles. As ). increases, all three profiles exhibit
a decline, indicating a reduction in fluid flow, heat transfer, and mass transport
due to the enhanced slip effect.

Figure 4.46 shows how the velocity profile f’ decreases as the thermal relaxation
parameter Ly increases. Figure 4.47 illustrates the impact of the thermal relax-
ation parameter Ly on the temperature 6. It has been noted that less heat is
transferred from the sheet to the fluid when Lt is increased. The increase in
Lt increases the concentration ¢ in the Figure 4.48. An increase in Ly enhances
thermal-driven diffusion and reaction rates, leading to an increase in the concen-
tration profile.

Figure 4.49 shows the impact of the mass relaxation parameter Lo on f'. An in-
crease the mass relaxation parameter Lo leads to decrease in the velocity profile.
Figure 4.50 shows that, an increase in L increases the temperature distribution ¢.
Figure 4.51 displays how the mass relaxation parameter Lo affects the concentra-
tion distribution. As mass relaxation parameter Lo increases, the concentration
profile is decreased. The reason for this decrease is that the fluid takes more time
to diffuse. Higher values of the mass relaxation parameter Lo correspond to a
situation where the material begins to behave more like a solid, resulting in a

reduction of the concentration profile.



Cattaneo-Christov’s Numerical Analysis 88

Figures 4.52 and 4.54 illustrate the impact of the activation energy parameter E
on velocity and concentration profiles. An increase in F indicates a reduction
in this energy barrier, leading to enhanced chemical reactions, increased molecu-
lar motion, and reduced viscosity, ultimately resulting in increased velocity and
concentration profiles. Figure 4.53 reflects that as the value of E increases,the
temperature 6 is decreased.

Figures 4.55 and 4.57 depict the impact of the chemical reaction rate parameter
~1 on velocity and concentration profiles. The chemical reaction rate parameter v;
represents the rate at which chemical reactions occur. An increase in ~; indicates
a faster reaction rate, leading to enhanced consumption of reactants, increased
sink terms, and reduced the fluid motion, ultimately resulting in decreased veloc-
ity and concentration profiles. Figure 4.57 shows that raising v; leads to a rise in
temperature distribution.

Figures 4.58-4.60 display the impact of the relative temperature ratio parameter
0, on the velocity, temperature and concentration profiles. The relative tempera-
ture ratio parameter 6, represents the ratio of the wall temperature to the fluid
temperature. An increase in 6, indicates a greater temperature difference, leading
to enhanced heat transfer, increased thermal boundary layer thickness, reduced
species transport, and a cooling effect, ultimately resulting in decreased velocity,
temperature, and concentration profiles.

Figures 4.61 and 4.62 reflect that, Increasing Brownian parameter N, increase
both velocity and temperature profiles. The Brownian parameter N, measures
how much Brownian motion affects the movement of fluids. When NV, increases,
Brownian motion plays a bigger role in transporting energy and momentum lead-
ing to more mixing and collisions between particles. This means that as NV, goes
up, the fluid’s motion and energy transfer become more intense, leading to higher
velocity and temperature throughout the fluid. As N, increases, causing a lower
concentration profile in a Figure 4.63.

Figures 4.64 and 4.65 clearly illustrate, when thermophoresis parameter N; in-
crease, the velocity f’ and temperature @ are increased. When the thermophoretic
N, is enhanced, particle migration, thermal convection, and thermal diffusion are
all enhanced, while viscous dissipation is reduced. As a result, particle kinetic en-

ergy increases, leading to increased velocity and temperature profiles. The effect
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of thermophoresis parameter /Ny on the concentration € is shown in Figure 4.66.
raising the values of the thermophoresis parameter N; reduces the concentration

distribution.

TABLE 4.1: Numerical Results of Skin Friction, Nusselt Number, and Sherwood

Number
MpB KpFsn Vsa S v 4" P Se KeAt Ac Lr Lo Ey 0w Ny Ny ReEszRe;%Nque;%Shz
1 051 1 1 0202 0205051 1 051 1 0.2 0.2 30.30.50.3 0.3 |-2.4697 [0.3672  [0.5096
0.9 -2.4387 |0.3689  [0.5100
1.1 -2.5019 [0.3664  |0.5091
0.3 -3.1029 [0.3801  [0.5141
0.4 -2.7199 [0.3730  [0.5115
0.9 -2.5053 |0.3663  [0.5091
1.5 -2.3620 [0.3720  [0.5115
0.8 -2.4338 |0.3683  [0.5100
0.9 -2.4519 |0.3677  [0.5098
1.1 -2.5100 [0.3787  |0.5202
1.2 -2.5496 [0.3901  |0.5307
0.3 -2.2365 [0.3619  [0.5062
0.4 -2.0429 |0.3556  [0.5034
0.01 -2.4654 [0.3674  |0.5096
0.05 -2.4657 |0.3673 (05096
-2.3697 [0.3099  |0.4765
0.1 -2.4196 [0.3386  |0.4928
0.6 -2.4535 |0.3678  [0.5098
0.7 -2.4374 |0.3683  [0.5100
0.6 -2.4441 {0.3683  [0.5099
0.7 -2.4186 [0.3694  [0.5103
1.5 -2.4974 (0.4225  |0.5092
2 -2.5143 [0.4601  |0.5090
1.2 -2.4796 |0.3669  [0.5393
1.3 -2.4837 |0.3668  [0.5492
0.6 -2.4736 [0.3672  [0.5219
0.7 -2.4772 (0.3672  |0.5330
0.7 -2.4526 (0.4099  |0.5097
0.8 -2.4587 (0.3947  |0.5097
0.9 -2.4658 |0.3666  [0.5370
1.1 -2.4749 |0.3686  [0.4848
-2.4650 [0.3618  |0.5097
-2.4666 |0.3636  [0.5096
0.05 -2.4677 [0.3676  |0.5067
0.1 -2.4683 [0.3675  |0.5077
-2.4695 |0.3672 (05090
-2.4694 |0.3672  [0.5089
1 -2.4704 (0.3672  [0.5114
1.5 -2.4708 [0.3671  [0.5126
1 -2.4700 [0.3672  |0.5107
2 -2.4710 {0.3672  [0.5142
0.01  |-2.4770 [0.3886  [0.5095
0.1 -2.4748 |0.3820  [0.5095
0.01}-2.4779 |0.3896  [0.5095
0.1 |-2.4754 |0.3827  |0.5095
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FIGURE 4.2: Temperature Profile f(n) and n against M
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FIGURE 4.3: Concentration Profile ¢(n) and n against M
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FIGURE 4.4: Velocity Profile f'(n) and n against /3
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FIGURE 4.7: Velocity Profile f'(n) and n against K,
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FIGURE 4.8: Temperature Profile 8(n) and n against K,
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FIGURE 4.10: Velocity Profile f/'(n) and 7 against F's
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FIGURE 4.12: Concentration Profile ¢(n) and n against F's
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FIGURE 4.15: Concentration Profile ¢(n) and 7 against n
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FIGURE 4.16: Velocity Profile f/(n) and 7 against Vs
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FIGURE 4.17: Temperature Profile 6(n) and n against V's
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FIGURE 4.22: Velocity Profile f/(n) and 7 against S
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FIGURE 4.23: Temperature Profile §(n) and n against S
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FIGURE 4.24: Concentration Profile ¢(n) and 7 against S
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FIGURE 4.26: Temperature Profile §(n) and 7 against
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FIGURE 4.31: Velocity Profile f/'(n) and n against Pr
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FIGURE 4.32: Temperature Profile §(n) and 7 against Pr
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FIGURE 4.33: Concentration Profile ¢(n) and 7 against Pr
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FIGURE 4.34: Velocity Profile f/(n) and 7 against Sc
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FIGURE 4.35: Temperature Profile §(n) and n against Sc
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FIGURE 4.37: Velocity Profile f/'(n) and 7 against K,
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FIGURE 4.38: Temperature Profile §(n) and 7 against K.
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FIGURE 4.41: Temperature Profile 6(n) and 7 against \;
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FIGURE 4.42: Concentration Profile ¢(n) and 7 against \;
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FIGURE 4.45: Concentration Profile ¢(n) and n against A,
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Chapter 5

Conclusion

In this thesis, the work of Kala [40] is reviewed and extended by including the
Cattaneo-Christov double diffusion in the temperature and concentration equa-
tions. Brownian and thermophoretic diffusion effects in temperature equation
and activation energy in the concentration equation have also been incorporated.
Firstly, by using the similarity transformation, the momentum, energy and con-
centration equations are altered into the ODEs. Through the application of the
shooting technique, numerical solutions for the modified ODEs have been achieved.
Utilizing the different values for the governing parameters, The results are pre-
sented in tables and graphs, illustrating the velocity, temperature, and concentra-

tion profiles. The following are the key findings of this study:

e As M increases, the velocity profile f'(n) decreases, whereas the temperature

distribution # and concentration profile ¢ increase.

e The velocity distribution and temperature profile are showing decreasing
trend by rising the Prandtl number while concentration distribution shows

the increasing effects by rising Pr.

e As the Schmidt number S, increases, a decreasing trend is observed in both
the velocity profile and concentration distribution, while the temperature

profile increases with increasing S..
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e An increase in the Casson parameter § leads to a decline in the velocity
profile f’(n), whereas both the temperature profile #(n) and concentration

profile ¢(n) increase with rising 3 values.

e As the activation energy parameter E increases, the velocity and concen-
tration distributions exhibit an upward trend, while a rise in £ leads to a

decline in the temperature profile 6(n).

e An increase in the Forchheimer parameter F leads to a decline in the velocity
profile f'(n), whereas both the temperature profile #(n) and the concentra-

tion profile ¢(n) increase by rising F values.

e By increasing the values of Brownian parameter N, and thermophoresis pa-
rameter Ny, the velocity and temperature profiles increase, while the concen-
tration distribution shows a decreasing trend by rising the values of Brownian

and thermophoresis parameters.
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