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Abstract

In this thesis some results are proved by using contravariant, generalized and covariant
(av — ) Meir-Keeler contracion, within the framework of bipolar b-metric space. Our
findings extend and generalize the results with several known results emerging as
special cases. To illustrate the proposed approach, various examples are provided.
Additionally, as a practical application we establish the existence and uniqueness for

fredholm integral equation.
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Chapter 1

Introduction

1.1 Background

Mathematics is very important for scientific knowledge, which is why it is often called
the "mother of all sciences.” It is applicable in almost every part of life. Mathematics
has many branches, each with its own importance, and one of these is functional anal-
ysis. It provides tools for understanding functions and spaces that can have infinitely
many dimensions, connecting theoretical mathematics with practical applications. It
also draws from areas like approximation theory, calculus of variations, and the study
of differential and integral equations. Consequently, it plays a key role in advancing
knowledge and technology. Initially, functional analysis was used to solve differential
equations, but over time it has been applied to many other problems, including non-
linear ones. In nonlinear analysis, metric fixed point (FP) theory serves as one of the
key tools. Metric space (MS) is important in mathematics because they help us study
distances, spatial relationships, and limits. They extend the idea of Euclidean space,
enabling the study of more general and abstract spaces. The concept of a MS was

introduced by Maurice Frechet [1].

This powerful framework is essential for proving the existence and uniqueness of solu-
tions to differential and integral equations, supporting various areas of mathematics

and their applications in many fields.
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In the 1880s, Poincaré [2] used the FP method to study differential equations in ce-
lestial mechanics. A FP theorem states that, under certain conditions, a function
@ : M — M has at least one point r where ¢(r) = r. This point r, which stays un-
changed by the function, is called a FP. In 1912, Brouwer [3] proved a famous result in
algebraic topology called Brouwer’s FP theorem. This theorem says that any contin-
uous function that maps a compact convex set to itself in Euclidean space will always
have at least one FP. This is a very useful result in areas like game theory, where it
helps find equilibrium points, and in economics, where it is used to show that solutions
to some optimization problems exist. Other notable FP theorems includes Schauder
FP theorem [4] and Kirk’s FP theorem, which broaden the concepts of Brouwer to
apply in more general contexts. The Schauder FP Theorem is a generalization of the
Brouwer Fixed-Point Theorem. It applies to continuous functions that map a convex
set in a Banach space to itself and ensures that a FP exists under these condition. The
collection of FP theorems keeps expanding, with new discoveries and uses appearing

regularly.

In 1922, Stefan Banach [5] presented a crucial result known as the Banach Contraction
Principle (BCP). It states that a function £ : 9t — 9t on a complete MS (90, p) gives

a unique FP, meaning &£(u) = p, if it satisfies the contraction condition

p(§(p1),E(p2)) < kud(pa, p2) YV g, pro € 9,

where k£ € (0,1). This principle is viewed as one of the foundational results in FP
theory. It assures the existence and uniqueness of FP. It also offers a way to find FP

of mapping.

The BCP can be used to prove the Picard-Lindeldéf theorem [6], which helps show
that solutions to certain differential equations exist and are unique. In FP theory,
researchers have explored two main ways to extend the BCP and find more uses for
it. One way is by changing the space, and the other is by adjusting or relaxing the
contraction condition. A key contribution in this area came from Berinde and Pacurar
[7] in 2008, who introduced a new group of generalized contractions, including types
like usual contractions, Kannan mappings[8|, and Chatterjea mapping[9]. Kannan

mapping state that a fuction S : 9t — 9t on a MS (9, p) is called Kannan if there
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exist a constant « € [0, 5) such that

p(Su, Sv) < afp(p, Sv) + p(v, Sv)]

for all p,v € 9. Later on, he proved that if (91, p) is complete MS then S has a
unique FP in 9. Chatterjea mapping states that a function S : 9t — 9, where I
is a MS with a distance function p, is refferd to as a Chatterjea-type contraction if
there exist a constant « in the interval [0, 1) such that for all u, v € 9, the following
inequality hold:

p(Su, Sv) < afp(p, Sv) + p(v, Sv)]

Bakhtin [10] introduced the concept of bMS, which Czerwik [11] later formally de-
fined to extend the BCP. It is an important extension of classical MS theory, offered a
wider framework for solving problems in areas like mathematical analysis, geometry,
and real-world applications. Recently, E.Ameer [12] introduce a new type of contrac-
tion, called the generalized (o — 6) Geraghty contraction, for multivalued mappings.
Then prove the FP theorems for these mappings in an a-complete bMS. In 2012,
Samet et al. [13] introduced a-admissible mappings and used to prove FP theorems.
In 2014, A.Mukheimer [14] establish the idea of (v — 8 — ¢) contractive self mapping
in ordered partial bMS.

T.Abdeljawad [15] proposed generalized Meir-Keeler (M-K) a-contractive functions
and pairs, and derive FP and common FP theorems for them. Additionally, he pre-
sented generalized M-K (a— f) contractive maps that commute with f and study their
coincidence and common FP theorems. Then, J.H.Asl [16] presented the notion of
(cx — 0) contractive multifunctions which states that the function S : 9t — 2™ 0 € ¥
and o : M x M — [0,00) on a MS (M, p) then S is said to be a (., — @) contractive

multifunctions when it satifies
(S, Sv)H (Sp, Sv) < 6(p(p, v))

for all p, v € 9, where H is the Hausdorff generalized metric and the set 2™ contains
all non-empty subsets of 9. In 2014, Popescu [17] proposed a-orbital admissible

mappings to obtain FP theorems.
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The idea of bipolar metric space (BMS) was inroduced by A.Mutlu and U.Gurda [18]
in 2016. A BMS is an extended version of a MS. While a metric space measures
distances between points within the same set, a BMS measured of distances between
points from different sets. This made it useful for more complex situations where
multiple sets are involved. Since then researchers have explored various contractive
conditions to establish FP theorems in BMSs. In 2020, A Mutlu [19] introduced the
idea of (o — @) contractive cov and cont mapping in BMS, that offered a framework to
study distances between different objects. He then prove the existance and uniqueness
of FP for these mappings in complete BMS. PP.Murthy [20] in 2022 establish a new
FP theorem in BMS by using the Boyd-Wong-type contraction. Later on, in 2023
M Kumar [21] introduce (o — #) M-K contractive mappings by defining ¥ function
that is monotonically decreasing and assumed to be continuous. He also used the
a-admissible and a-orbital admissible mapping to establish FP theorems in the envi-
ronment of BMS.The M-K contraction is an extension of the BCP with more flexible
conditions. Recently, researchers have combined (o — 6) conditions with M-K con-
tractions to further generalize the concept. These advancements have created exciting
new possibilities for research in this area. It helps to solve problems in broader spaces

where traditional FP methods cannot be applied.

In our research study, we propose a new concept of cont (o — #) M-K contractive
mappings by introducing a-orbital admissible mappings and cov M-K contractions
in the environment of bipolar b-metric space (BbMS). Several FP theorems for these
mappings are established and derive related corollaries. To support our findings, an
illustrative example is provided, and we conclude by solving an integral equation using

our main results.

The thesis is further divided into four chapters, which are organized in the following

manner:

Chapter 2 provides the fundamental definitions and concepts, including MS, bMS,
BCP, BMS, BbMS. Some examples related to these concepts are also given.

Chapter 3 the notion of a-admissible and a-orbital admissible mapping in the frame-

work of BMS has been introduced. Several FP results using cont(a — 6) M-K and
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cov(a — 0) M-k contractive mappings has been established. An example is provided

to support our findings.

Chapter 4 The main idea of this chapter is to introduced (o — ) M-K contraction
mapping in BbMS. Some results are proved using these contractions. The chapter
includes the corollaries and an illustrative example that demonstrates the efficency
and validity of the obtained results. For applicability purpose, the solution of fredholm

integral equation is presented by using this idea.

Chapter 5 provides the conclusion of the thesis.



Chapter 2

Basic Definitions

This chapter is about some basic definitions and results that will be used throughout
the thesis. The first section covers some basics of MS and examples. The second
section covers the basic concept of bMS with some fundamental results and examples.
The third section deals with the FP and related concept. In fourth section BMS is
introduced and some examples are given to elaborate the idea. In fifth section the

idea of BbMS is introduced with an example.

2.1 Metric Space

In this section, the definition of MS with suitable examples is presented and also the
idea of convergence, Cauchyness, and completeness has been discussed in the frame

work of MS.

Definition 2.1.1. (Metric Space)
“A MS is a pair (9, p), where 9 is a set and p is a metric on M (or distance function

on M), that is, a function defined on M x M such that for all u, v, r € M we have:

(M1) p is real-valued, finite and non-negative.

(M2) p(p,v) =0 if and only if pu=r.
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(M3) p(u,v) = p(v,p)  (Symmetry).
(M4) : p(p,v) < p(u,r)+ p(r,v)  (Triangular inequality).” [6]

Example 2.1.1. Let M =R, define p: R x R — R by

p(p,v) = | —v|

then, the function p satisfies the properties of a metric on R and p is called the usual

metric.

Example 2.1.2. Let 9t = R?; define p: R? x R? — R by

pliv) = /(= 11)? + (2 — 1)’

then, p is a metric on R? and (R?, p) is called Eucledian plane.

Example 2.1.3. Let 91 = C[a, b] be the set of all real-valued CF on a closed
interval [a,b]. Choosing the metric defined by

p(f,g) = max [f(s) — g(s)], Vv f,g € Clab]

s€a,b]

then, p is a metric on C[a, b].

Definition 2.1.2. (Convergent sequence)
“A sequence (p,) in a MS 9t = (M1, p) is said to converge or to be convergent if there
is a p € 9M such that

lim p(pin, p) =0,
n—o0o

w is called the limit of (u,) and we write

lim p, = p

n—oo

or, simply,

fn —> [
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We say that (u,) converges to p has the limit u. If (u,) is not convergent, it is said
to be divergent.” [6]

Example 2.1.4. (i) Let M = R and p be a usual metric, on R. Then the
1

sequence () converges to 0 in 9 as n — oo,

(i) Let 9t = (0,1) be an open interval on R with the usual metric p(p,v) = |u—v/|,

then the sequence (1) is not convergent since 0 ¢ 9.

Definition 2.1.3. (Cauchy sequence)
“A sequence (pu,) in a MS 9t = (9, p) is said to be a Cauchy (or fundamental) if for
every € > 0 there is an N = N(e) such that

PHim, fin) < €

for all m,n > N.
The space 9 is said to be complete if every Cauchy sequence in 9t converges (that

is, has a limit which is an element of 9t).” [6]

Example 2.1.5. Consider the sequence (u,) in usual MS (R, p) and (u,) = (3).

n

This sequence is Cauchy, because for any € > 0, we can choose N = %, and then for

all n,m > N we have [p — pim| = |2 — 2| < 1.

2.2 b-Metric Space

The idea of bMS was initiated from the works of Boubaki [22] and Bakhtin [10]. The
concept of bMS was first introduced by Czewik [11] as a generalization of MS.

Definition 2.2.1. “Let 9 be a non-empty set and let b > 1 be a given real
number. A function p : M x M — [0,00) is called a b-metric. If it satisfies the
following properties for each pq, o, uz € M.

(B1) p(p1, pe) > 0 and p(p1, o) = 0 if and only if py = po;

(B2) p(pa, p2) = p(pa; p12);
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(B3) = pu1, pa) < blp(pa, p2) + ppiz, p3)]-

The pair (90, p) is called bMS.” [23]

Example 2.2.1. The set of real numbers R is a bMS with metric defined as:

po(i,v) = (n—v)* VYV pu,veRwithb=2.

Example 2.2.2. Let M = /(,(R) with 0 < p < 1, where £,(R) = {(u,) C R :
Z |tn|? < 0o}. Define p : 9 x M — RT as:

n=1
> 1
plp,v) = (Z |pn — va|")?
n=1

where p = (), v = (vn). Then p is a bMS with coefficient b = 27, 23]
Example 2.2.3. Let 9t = {0,1,2} and let pp : M x M — R, defined as
,Ob(o, 0) = pb(la 1) = pb(27 2) =0

pb(07 1) = pb(17 0) = pb(L 2) = pb(27 1) =1

pb(072) = pb(270> =S

where s € R and s > 2,
(B1) and (B2) are obvious. For (B3) we have,

po(pin, p2) < Slop(pa, p3) + polps, p2)] Y pi, pio, pis € M.

Hence py, is a b-metric on 9 with b = 5

Definition 2.2.2. “Let (9, p) be a bMS. A sequence (u,) is said to be:

(i) Cauchy if and only if p(n, m) — 0 as n,m — oc.

(i) Convergent if and only if there exist p € 9 such that p(un, ) — 0 as n — oo

and we write lim p, = p.
n—00

(iii) The bMS (901, p) is complete if every Cauchy sequence is convergent.” [23]
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2.3 Banach Contraction Principle

In mathematics, the Banach FP theorem (also known as contracting mapping the-
orem) is an important tool in the theory of MS. It guarantees the existence and
uniqueness of FP of certain self-maps of MS and provides a constructive method to

find those FP.

The theorem is named after Stefan Banach (1892-1945) who first stated it in 1922.
Many extensions and generalization on Banach contraction principle are made by a

lot of author essentially, [24-26].

Definition 2.3.1. (Fixed Point)
“A FP of a mapping S : 91 — N of a set M into itself is a p € M which is mapped
onto itself (is “kept fixed” by S), that is,

S(p) = p
the image Su concides with p.” [6]

Example 2.3.1. Let M =R and S : 9 — M be a mapping such that,

S(w) = p+1,

then S has no FP.

10

FiGure 2.1: No FP
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Example 2.3.2. Let M =R and S : 9 — M be a mapping such that,

S(pu) =2p+1
then S has a unique FP.
10
5
=10 =5 5 10
-5
-10

FIGURE 2.2: Unique FP

Example 2.3.3. Let M =R and S : 9 — M be a mapping such that,
S(p) =y + 4p® — 3 — 16

then S has three FP.

5 /

-10 =5 5 10

=18

FiGURE 2.3: Three FP
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Definition 2.3.2. (Contraction Mapping)
“Let 9t = (M, p) be a MS. A mapping S : MM — M, is called a contraction on M if

there is a positive real number o < 1 such that for all py, e € M

p(S(p1), S(p2)) < ap(pn, p2).” 6]

Example 2.3.4. Consider usual MS (R, p). Then the function S : R — R defined

as
S(p)=Et+b
Consider,
_ M
IS — Sv| = E+b_(_+b)|
_|/‘ v
e e
1
= —|p—v|
e

Since e > 1 then % < 1. Therefore S is a contraction, and its FP is u = %

Theorem 2.3.1. (Banach Contraction Principle)
Consider a MS 9t = (9, p), where M # &. Suppose that M is complete and let
S : Mt — M be a contraction on M. Then S has unique FP.[6]

2.4 Bipolar Metric Space

In this section, we introduce some basic concept of BMS with suitable examples to

understand the structure of BMS.

Definition 2.4.1. (Bipolar Metric Space)
“Let 9 and 9 be two nonempty sets and p : M x N — [0,00) be a map satisfying
the following conditions:

(i) p(p,v) =0 if and only if p = v for all (u,v) € M x N;

(ii) p(u,v) = p(v,p) for all p, v € MN M
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(i) p(p1, 1) < p(pa, 1) + p(p2, 1) + p(p2, v2); for all pi, po € M and vy, v € MN.

Then,p is called a bipolar metric and (9, N, p) is called BMS. If 9 N I = (),
then the space is called disjoint; otherwise, it is called joint. The set 91 is called
left pole, and the set 1 is called the right pole of (901,91, p). The elements of
M, O and M NN are called left, right and central elements, respectively.”[21]

Example 2.4.1. Let M = [0,1] and N = [2,3]. Define p : M x N — R by
p(u,v) =3 for any (u,v) in I x N.

Then p satisfies the conditions of BMS on (9%, 9%). Hence (9, M, p) is a BMS.

Example 2.4.2. If M, 91 are two non-empty subsets of a MS (R, p) and suppose
that v : 2t x 91 — R be one to one function.

Define
A XN — R by A(u,v) = p(y(w),v(v)) for any (u,v) € M x N.

Then A is a BMS.

Proof. (i) If
A(p,v) =0
< p(y(u),7(v)) =0
< 7(u) =7(v)

< u=v. (yis one- one)

(i) If pu, v are two arbitrary points in 9t x 91 then,

Ap,v) = p(y(p),v(v))

= p(y(v),v(1)),

= A(v,pu), for any p,vin M x N.
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(iii) : Consider,

A(p, ve) = p(y(p2),v(12))
< p(v(11), (1)) + p(y (1), ¥ (12)) + p(v(p2), ¥(v2))
= A(pr, 1) + A(vy, pa) + Alpe, v2)

for all pq, po in M and vy, v, in M.
Hence (9,0, A) is a BMS. O

Definition 2.4.2. “Let (9M,M,p) be a BMS. Then, any sequence (u,) C M
is called left sequence and is said to be convergent to the right element say v, if
p(tn, V) = 0 as n — oo. Similarly, a right sequence (v,) C 91 is said to be convergent

to a left element say p, if p(p, v,) — 0 as n — 00.”[21]

Example 2.4.3. Let 9 = (1,00) and M = [—1, 1] define p: M x N — RT as

plu,v) = |p? — 17|

then, (901,91, p) is BMS. Note that the left sequence (1 + %) converges to right point

1 and -1.

Definition 2.4.3. “Let (9, M, p) be a BMS.

(i) A sequence {fi,, vy} C I x N is called a bisequence on (M, N, p).

(i) If both the sequences {u,} and {v,} converge, then the bisequence {,, v, } is
said to be convergent. If both sequences {u,} and {v,} converge to the same

point 1 € M NN, then the bisequence {p,, v, } is called biconvergent.

(iii) A bisequence {fin, v, } on (9, N, p) is said to be a Cauchy bisequence if for each
e > 0, there exists a positive integer N € N such that p(u,,v,) < €, for all

n,m> N.

(iv) A BMS is said to be complete if every Cauchy bisequence is

convergent in this space.” [21]
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Definition 2.4.4. “Let (9, 7M,p1) and (My,MN2,p2) be two BMS and S : 9, U
My — Ny U N, be a function:

(i) If S(Mty) C My and S(D;) C My, then S is called covariant mapping and is
denoted by S : (91, M4, p1) = (Mo, Ny, po2).

(i) If S(Mt) € My and S(N;) C My, then S is called contravariant mapping and is
denoted by S : (91, Ny, p1) S (Mo, Mo, p2).” [21]

Definition 2.4.5. “Let (9%,9,p1) and (95, My,p2) be two BMS.

(i) Amap S : (9, My, p1) = (Mo, Ny, pa) is called left continuous at a point

o € M if for every e > 0 there exist a § > 0 such that py(Spo, Sv) < € whenever

p1(po,v) < 9.

(i) A map S : (9,9, p1) = (M, My, p2) is called right continuous at a point

vy € M if for every € > 0 there exist 6 > 0 such that po(Sp, Srg) < € whenever

pl(/“% VO) < 0.

(i) A map S : (M, My, p1) = (M2, Ny, p2) is called continuous if and only if it is

left continuous at each py € 9 and right continuous at each vy € M.

(iv) Amap S : (M, My, p1) & (M, Ny, p2) is called continuous if and only if it is
continuous as covariant map S : (9, Ny, p1) = (Mo, Mo, p2).”[21]

Definition 2.4.6. “Let S: (M, M) = (M, N) and o : M x N — [0, 00). Then, S

is called a- admissible if

a(p,v) > 1= a(Su,Sv) > 1, (2.1)

for all (p,v) € M x N.”[21]

Definition 2.4.7. “Let S: (91,91) = (9, N) and a : M x 9N — [0, 00). Then, S

is called a- admissible if

a(p,v) > 1= a(Sv,Su) > 1, (2.2)

for all (p,v) € M x N7 [21]
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Example 2.4.4. Let 9t = [0, +00) and M = (—00,0]. We define the covariant
mapping S : (M, N) = (M, N) by Sp = p and a : M x N — [0, 4+00) by

0, p=v

2, otherwise

for all 4 € M and v € M. Then S is a-admissible. Similarly, if we take contravariant
mapping S : (M, N) = (M, N) which is defined by Sy = —p. Then S is also a-
admissible.[27]

Definition 2.4.8. “Let © be the family of functions 6 : [0, 00) — [0, 00) satisfying

the following conditions:

(i) 0 is non- decreasing.

+oo
(ii) Z@” < oo for all s > 0, where 6" is n'* iterate of 0. These functions are

n=1
known as (c)-comparison functions. It can be easily verified that 6(s) < s for

any s > 0.7[21]

Definition 2.4.9. “Let S: (M, M) = (M, M) and a : M x N — R. Then ,S is

called an a-orbital admissible mapping if

alp,Sp) > 1 = a(S?u,Sp) > 1, (2.3)
and

a(Sv,v) > 1= a(Sv,5%v) > 1, (2.4)

for all (u,v) € MM x N.7[21]

Example 2.4.5. Let M = {0, 1,2} and 9 = {2, 3,4}. We define the contravariant
mapping S : (I, N) = (M, N) by S(0) =0,5(1) =2,5(2) =2,5(3) =4,
S(4) =4, and a: M x N — R,

0, pu=v

L, p#v

(i, v) =

for all 4 € M and v € N. Then S is a-orbital admissible.



Basic Definitions 17

2.5 Bipolar b-Metric Space

In this section we introduce the definition of BbMS with an example and its related

results.

Definition 2.5.1. “A BbMS is a triple (91, 0N, p) such that MM, N # ¢ and p :

M x N — RT is a function satisfying the following conditions:

(i) p(p,v) =0 if and only if u = v;
(ii) if p, v € MNAN, then p(p,v) = p(v, p);

(iii) p(p1,v2) < blp(ur, v1) + plpz, 1) + p(pz, v2)];
for all (p,v), p1,v1, o, v € M x N and b > 1. We say p is a bipolar b-metric

on the pair (91, 91).”[28]

Example 2.5.1. Let 9t = {(p,0)|p € R} , M = {(q,r)|q,r € R} = R? and

p(p,v) = (p—q)* +r|,

for every p = (p,0) € 9 and v = (q,r) € . Obviously, M NN = M and condition
(i) and (ii) are satisfied.
For each = (p,0), 1 = (p1,0) € M; v = (q,r), 1 = (q1,r1) € N and b = 3, we have

p(p,v) = (p—a)* +|r]
=[(p—q1) + (g1 —p1) + (p1 — q)]* + |r]
<3(p—qu)’+|r| +3(p1 — a1)* + |r1| +3(p1 — q)* + |r|

= 3[p(p, v1) + p(pa, v1) + p(pa, v)).
So, condition (iii) is also satisfied and p is a bipolar b-metric with b = 3. [2§]

Definition 2.5.2. “Let (9,9, p) be a BbMS

(i) A sequence {u,} C M is called left sequence, and a sequence {v,,} C DN is called

a right sequence. In BbMS, a left or right sequence is simply called a sequence.
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(ii) A sequence {u,} is said to be convergent to a point pu, if and only if {u,} is a left
sequence, f is a right point and lim p(u,, ) = 0, or {u,} is a right sequence, p
n—o00
is a left point and lim p(pu, p,) = 0.
n—00

(i) A bi-sequence {j,,v,} on (M, M, p) is a sequence on the set W x N. If the
sequences {u,} and {v,} are convergent, then the bi-sequence {,,,} is said
to be convergent, and if {u,} and {v,} converge to a common fixed point then

{ftn, Vs } is said to be bi-convergent.

(iv) {pn, v} is called Cauchy bi-sequence if lim  p(pn, vm) = 0.

n,m—oo

(v) A BbMS is called complete, if every Cauchy bi-sequence is convergent, hence

bi-convergent.” 28]

Definition 2.5.3. “Let (ml,ml,pl) and (mtg,m27p2) be BbMS.

(i) Amap S : (9, My, p1) = (Mo, No, pa) is called left continuous at a point
po € M if for every e > 0, there exist a & > 0 such that p;(ug, ) < ¢ implies
p2(Spig, Sv) < € for all v € M.

(i) Amap S : (M1, M, p1) = (Ma, My, pa) is called right continuous at a point
vy € Vi, if for every € > 0, there exist 6 > 0 such that p;(u,v9) < 0 implies

p2(Sp, Svg) < e for all p € M.

(i) A map S is called continuous if it is left continuous at each point p € 9, and

right continuous at each point v € N,.

(iv) A contravariant map S : (M1, Ny, p1) = (M, No, p2) is continuous if and only
if it is continuous as covariant map S : (9, Ny, p1) = (Mo, N, po).” [28]



Chapter 3

Fixed Point Theorems for (o — 0)
Meir-Keeler Contractions in

Bipolar Metric Spaces

In this chapter we introduce the notion of M-K type contractions and proved certain
FP results endowed with these contractions. In order to elaborate our results, an

example is also provided.

3.1 Contravariant M-K Contraction
In this section we introduce (o — ) M-K contractions and a-orbital admissible map-
pings and prove FP theorems for these contractions in BMSs.
Definition 3.1.1. Let © be the family of functions € : [0, 00) — [0, 00) satisfying
the following conditions:

(i) 0 is non-decreasing.

(ii 6 is subadditive.

(i) 0(0) =0at s =0.

19
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+oo
(iv) Z@” < oo for all s > 0, where 6" is n'" iterate of 6.

n=1
These functions are known as (c¢)-comparison functions. It can be easily verified

that 6(s) < s for any s > 0.”

Definition 3.1.2. Let (9,91, p) be a BMS and 6 € ©. Suppose that S : (9, 9) =
(1, 91) is a cont mapping. Then, for each € > 0 there exist 6 > 0 such that

e <B(p(p,v)) <e+0= a(u,Su)a(Sv,v)8(p(Sv,Spn)) < € (3.1)

for all (p,v) € MxNand o : M x N — R. Then, S be a cont(a— ) M-K contractive

mapping.

Remark 1. By (3.1),
a(p, Sp)a(Sv,v)0(p(Sv, Sp)) < 8(p(p,v)) when 7 v.

and

(11, Sp) (S, 1)6(p(Sv, Sp)) < B(p(p,v)) when pu = v

Theorem 3.1.1. Let (M, N,p) is a complete BMS. Suppose that S : (9,91) =
(1, N) is a cont (v — @) M-K contractive mapping which satisfies the following con-

ditions:

(i) S is a-orbital admissible;
(i) there exist ug € M such that a(uo, Spy) > 1;

(iii) S is continuous;

then S has a FP. Moreover, if Sy = p implies a(u, Sp) > 1, then S has a unique FP.

Proof. Let py € M be such that (g, Spy) > 1. Construct the sequences {u,} and
{vn} taking v, = Sy, and p,+1 = Sv, for all n € N.. It follows that {u,,v,} is a

bisequence.
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From condition (ii) a(po, Spg) > 1,

therefore,

a(po, ) = a(po, Sprg) > 1 = a(S?ug, Sprg) = ar(pa, o) > 1,

By continuing this process
a(fin, vy) > 1 and a(ppi1,vn) > 1 VneN. (3.2)
By using Remark 1 and (3.2),

0(p(pns vn)) = O(p(Svn-1,51,)) < (ptn, Vn)Afin, Vn-1)0(p(SVn-1, Sty ),
= a(ﬂnv Sﬂn)a(syn—la Vn—1)0<p(syn—la Sﬂn))>

< 9(p(ﬂna Vn—l))~

Again using Remark 1 together with (3.2), we have

0(p(ttnt1,vn)) = 0(p(Svn, Spty)) < apins i) optnr1, v )0(p(Svn, Sitay)),
(s St ) (S, V)0 (p(SVi, Spi)),

< 0(p(ptn, Vn))-

Mathematical induction together with (3.3) and (3.3) gives

0(p(tns vn)) < O(p(pn—1,vp-1)) Vn €N (3.3)

and

0(p(tnt1,vn)) < 0(p(fn, Vn—1)) Vn €N. (3.4)

From (3.3) and (3.4), it is clear that the sequences {0(p(in, vn))} and {0(p(tni1,vn))}
are monotonically decreasing and it consist positive real numbers. Therefore, the
sequences must be convergent. Let {0(p(un, vn))} — c1 and {0(p(pini1,v0))} — o as

n — 00, where cq,co > 0.
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Now, we prove that ¢; =0 and cy = 0.
Suppose to the contrary that ¢; > 0. Clearly, 0(p(pn,v,)) > ¢ >0 ¥V neN.
Let € = ¢;. Then, there exist 6 > 0 and ng € N such that

€ < 0(p(ting, Vng)) < €+ 9.
From (3.1), we have

9(:0<:U’no+17 Vn0+1)) < O‘(Mno+17 Vn0+1>a<:uno+1> Vn0)0<:0(:uno+17 Vn0+1))7

= (fng+1: Shng11)X(SVng; Vng )0(P(SVngs Sting 1))

< € = (Cq,
which contradicts ¢; > 0. So, ¢; = 0.

Similarly, we can prove that co = 0.
Hence, 0(p(pin,vn)) — 0 and 0(p(ptns1,v)) — 0 as n — oco. As 6 is continuous at
s = 0, we have

P(in, vn) = 0 and p(pin11,vn) — 0 as n — oo. (3.5)

For any € > 0, there exist § > 0 that satisfies (3.1). For simplicity, we can take § < e.
As 0(p(pin, vy)) — 0 and 0(p(pnr1,vn)) — 0, there exist M, Ms € N such that

0
0(p(fn—1,Vn-1)) < 3 vnzM, (3.6)

)
O(p(fns Vn-1)) < 3 vV n > M. (3.7)

Now, we will prove these inequalities

0(p</~bn+l7 Vn)) <€ (3'8)

and

0(p(pns Vnt1)) <€, ¥Vn > M, (3.9)

where M = maz{ M, Ms}.
Now we can prove the inequality 0(p(tin11, vn)) < € by mathematical induction. From

(3.7), the result is true for ¢ = 1.
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Let the inequality hold for
t=aq,
that is,
0(p(Hntqs vn)) < € V> M. (3.10)
Now, using the definition of BMS together with (3.6),(3.7) and (3.10),
0(p(tntq; n-1)) < 0(p(kntqs Vn) + p(tin; vn) + pin; V1)),
< 0(p(tnrgs ¥n)) + 0(p(tins ) + 0(p(fin;s V1),
<040y
—+-+e¢
3 3
20 N
=—+e¢
3 Y
< e+0.
If 0(p(ptntqgs Vn—1)) > €, then (3.1) follows,
Q(p(:un—&-q—f—l: Vn)) < apin, Vn)()é(un+q+1, Vn—&-q)e(p(:un—i—q-l—la Vn)),
= Oé(/'LTLJ S:un)a(syn-i-q; Vn+q)6(p(SVn+q, SNn))’
< €.
So, (3.8) holds for ¢ = q+ 1.
Hence,
P(n, V) <€ ¥Yn>m> M. (3.11)

Similarly, we can prove (3.9).

Using the definition of BMS together with (3.6) and (3.7), to obtain

IA
S

0(p(tins Vny1)) < 00, V) + p(Hins1; Vn) + p(fnt1; Vni1))

S e(p(ﬂn+la VnJrl)) + ep(MnJrla Vn)) + 9p<,un7 Vn))
<§+§+§—6<
=3737T379°¢%
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So, (3.9) is true for ¢ = 1.

Now, assume that this one is true for some ¢ = q, that is,

O(p(fins Vntq)) <€ Y n> M. (3.12)

Using the definition of BMS, (3.6), (3.7), and (3.12), the following is obtained:

O(p(tin—1, Vntq)) < O0(p(tin—1,Vn-1) + p(tn, Vn—1) + p(in; Vniq))

g(p(ﬂn—la Vn—l)) + 0(p(ﬂnv Vn—l)) + 0(9(:“7“ Vn-i—q))

IN

)
-+ = Nl
<3+3+6 (3.13)

2(5+
= —4c¢€
3

<e+0.

When 0(p(tbn—1,Vntq)) > €, then by (3.1),

Q(p(,un, Vn-l—q-l-l)) S O[(,un—i—qa Vn-&—q)a(ﬂn—i-la Vn)e(p(:una Vn+q+1)>
= a(Kn+g> Stintq) (S, V)0 (p(Sttnq, Svn))

< €.

Hence, (3.9) holds for ¢ = q + 1.

By using property of 6 we say that
P(n, V) <€ ¥Ym>n> M. (3.14)

From(3.11) and (3.14), we say that {u,, v, } is a Cbs. As (9,9,p) is a complete BMS,
implies {fn, vy} is biconvergent. Then, there exist v € 9t N N such that p, — v and

v, = tasn — oo. As S is a continuous map.
[, — t implies that v, = Su,, — St.

To combine v, = Sp,, — St with v, — ¢, we get St = t.

Now we will prove the uniqueness of FP. Suppose that S has two distinct FPs t; and
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ty such that |
Oé(tl, Stl), a(tg, Stg) > 1.

Now, by Remark 1,

p(tl, tg) = p(Stl, Stg) S Oé(tl, Stl)Oé('CQ, StQ)p(Stl, Stz)

< p(tlth)

which is a contradiction, so t; = ts. ]

Now, we exclude the continuity condition and introduced the new criteria to find FP

in the following theorem.

Theorem 3.1.2. Suppose that (9,0M,p) be a complete BMS. Let S : (9, 91) =
(M, N) is a cont (v — ) M-K contractive mapping which satisfies the following con-
ditions:
(i) S is a-orbital admissible;
(i) there exist pp € M such that apg, Spy) > 1;
(iii) if {pn, vn} is a bisequence such that a(p,, v,) > 1 for all n and v, - v € MNN
as n — oo, then a(St,v) > 1;

then S has a FP. Moreover, if Sy = p implies a (i, Sp) > 1 then S has a unique FP.

Proof. From previous Theorem 3.1.1 , {u,,v,} is a Cbs. As (9M,M,p) is a complete
BMS, then it follows that {u,,,} is biconvergent. So, there exist v € 2t N M such
that p, — v, v, — t. From condition (iii), we have «(St,t) > 1. Using the definition

of BMS

0(p(St,v)) < 0(p(St, Spy,) + p(Sva, Spiy,) + p(Svn, ¥)).

From the definition of 6,

0(p(St,t)) < 0(p(St,Sp,,)) + O(p(Svn, Sp,)) + 0(p(Sv, v)).
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From (3.1), to obtain

0(p(St,v)) < a(fin, Sp, ) (S, v)0(p(St, Sy, ),
+ a(pin, St ) a(SVi, v )0(0(Svn, Spiy,)),
+ 0(p(Svy, v)).

Then by Remark 1

0(p(St,v)) < 0(p(pn;v)) + O(p(pin; vn)) + 0(p(pnt1, ).

Letting n — oo in above inequality and using (3.14),

O(p(St,t)) <0.

By using the property of 6, we say that p(St,t) = 0. Hence, St = .

Now we will prove its uniqueness. For this let us suppose that S has two distinct FPs
t; and vy such that

a(ry, Sty), ary, Stg) > 1.

Now, by Remark 1,

p(ry,t2) = p(Sty, Sta) < af(ry, Sty)a(te, Sty)p(Sty, Sta)

< p(tla tQ)

which is a contradiction and so t; = ty. ]

3.2 Generalized Contravariant M-K Contraction

Definition 3.2.1. Let (9,91,p) be a BMS and 6 € O, suppose that S : (9, 9) =
(91, 9) is a cont mapping. Then, for each € > 0 there exist ¢ > 0 such that

€ <O(R(u,v)) <e+d6= aluSu)a(Sr,v)0(p(Sv,Su)) < e. (3.15)
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Here R(p, v) = max{p(u, v), p(pt, Sps), p(Sv, v), LESLLELIY for all (4, 1) € M x N.

Then, S is a generalized form of cont (o — #) M-K contractive mapping.

Remark 2. Using (3.15), we conclude that

alp, Sp)a(Sv, v)0(p(Sv,Sp)) < O(R(w,v)), when p # v.
If p = v then a(p, Sp)a(Sv,v)0(p(Sv,Su)) < 0(R(u,v)).

Theorem 3.2.1. Let (9,91,p) be a complete BMS. Suppose that S : (9, N) =
(M, N) is a generalized cont (o — ) M-K contractive mapping. If the following

conditions hold:

(i) S is a-orbital admissible;
(i) there exist po € 9% such that a(pug, Spg) > 1;

(iii) S is orbital continuous;

then S has a FP.
Moreover,
if,
Sp=p implies o(p,Sp) >1

then S has a unique FP.

Proof. Let pp € 9 such that o(po, Spy) > 1. Construct sequences {u,} and {v,} by
taking v, = Sp,, and p,+1 = Sv, for all n € N. It follows that {u,, v, } is a bisequence.

Theorem 3.1.1, and condition (iii) follows the result
(i, vn) > 1 and a(pini1,vn) > 1; VneN. (3.16)

From Remark 2 and (3.16),
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we construct the following equation,

0(p(pin, vn)) = 0(p(Svi-1, Spy,))
< a(ftn, St )(SVy—1, Vn—1)0(p(SVn—1, Sty ),
< O(R(tns Vn-1)),
=0 (max{p(um Vn—1), P(Hns St ) P(SVn—1, V1),
p(ns Stt) + p(SVn—1, V1) }) ’

2

p(ﬂn; Vn) + p(:uﬂn Vn—l) }),

= e(max{p(ﬂnaVTHl)aP(,“m”n)a:O(,unaanl), 5

< O(max{p(fin, Vn), p(fin; Vn-1)})-

Since # is a non-decreasing function, therefore

Pt vn) < max{p(n, V), p(tin;, Vn-1)}-

If

P(Nm Vn) > p(””’ Vn—l)’

then

P(fins V) < p(fin, Vy), which is not possible. Hence,

Pttn, Vn) < p(fns Vp—1), ¥V n € N. (3.17)

Similarly, we can say that

P(tn+1, V) < p(fns V), ¥ € N (3.18)

From (3.17) and (3.18), it is clear that {p(pn, vn)} and {p(tns1, vn)} are monotonically
decreasing sequences of positive real numbers and hence convergent. Suppose that
{p(ptn, )} — c1 and {p(tns1,vn)} — c2 as n — oo, where ¢y, cy > 0. It follows that

lim {0(p(un, va))} = lim {6(R(un,vn))}

n—oo n—oo

=0(s1), (3.19)
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and

lim {0(p(uns1,va))} = Lm {O(R(unt1,va))}

n—o0 n—oo

= 9(52). (3-20)

Now, we will prove that ¢; = 0 and ¢, = 0.
Suppose on contrary ¢; > 0. Clearly, p(pn, v,) > ¢; > 0 for all n € N.
Consider € = ¢;. Then, there exist 6 > 0 and o € N such that

0(€) < O(R(fing, vng)) < O(€) + 6. (3.21)

From (3.15),

0<p<uno+1v Vn0+1)) < a(:uno+1> Vn0+1>@<uno+1v Vn)e(p(:un(ﬂrl’ Vn0+1))
= CL/(SVnO, Vno)a(:uno-i-lv S:unoJrl)e(p(Synm Sy“no+1))
< 0(e).

From the definition of 6,

p(/ino—&-l’ V’no-l—l) <€ =5y, (322)

a contradiction, so ¢; = 0.

Similarly, we can prove that cy = 0.

Now, we want to prove that {u,,v,} is a Cbs; that is, nﬂl)ilr_r)loop(un,um) = 0. For
this we suppose on contrary that {y,,,} is not a Cbs, then there exist ¢ > 0 and

subsequences {n}, {nw+1)} € N such that

Pty Vngyary) > € (3.23)

for every r € N. It follows that, any given € > 0 there exist 6 > 0 such that (3.15)
holds
Set h = min{¢, 0}.
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Since p(pin, vn) and p(pni1, vn) — 0 as n — oo, there exist fny,ny € N
such that
h
P(pony ) < 3 V'n>n, (3.24)

and

h
Pty Vn) < 3 YV n > ne. (3.25)

Choosing R = maz{ni,ny}. Then, 3.24 and 3.25 are satisfied for all n > R. Let
ny > R. to obtain npy < npypy—p. If p(unm,un(r“)_l) < e+ %; then, using the
definition of BMS, (3.24) and (3.25),

p(y’n(rw V”<r+1)) S p(ﬂn('r)7 Vn(r+l)7l) + p(’un(r+l)’ Vn(r+1)71) + p(ﬂ’n(rﬂ)’ Vn('r+1)7l)7

< +h+h+h
6 J— J— J—
2 8 8’
3
—e+h
€—|—4,

this contradict the result. So, there exist p such that ny < p < n(41) and p(unm, vy) >
€+ %

Now if p(tng,1s Vng,y) = €+ b then P(fhng, s Vngy) = €+ B>h4b>t

that contradicts 3.23 .

So, there exist an integer k such that ny) < k < n(4q) implies p(,un(r),l/k) <€+ %
Choose k > n( such that p(Un(,), Vp) > €+ 5.

Thus, p(un(r), Vp_1) < €+ %

From the definition of BMS and (3.25),

p(:un(r)’ Vk) < p(ll'Ln(r)7 Vk—l) + p(luk’ Vk—l) + p(ILLk7yk)7

< +h+h+h
E — — —
- 2 8 8’
3
= —h.
€+4

Now, we choose a number p that satisfied ni) < k < n(,41) such that

h 3
€+ B < pfhng,y, Vi) < €+ Zh' (3.26)
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Therefore,

3
Pttn,ys V) < €+ Zh <e+h (3.27)
h
p(ﬂn(r)a Vn,«)) < g <e+h (328)
h
p(tr1, Vi) < g <€th (3:29)

Now, from (3.27)-(3.29) we have € < R(fn@), V) < € +1 < €+ 6 and so (¢) <
O(R(ftn(rys Vi) < O(e+1) < 0(e +6) < 0(e) +6(6).

As S be a generalized (o — 0) M-K contractive mapping,

Q(P(Mkﬂa Vn(r))) < Oé(:un(ry S,un(r))Oé(S/,Lk, Vk)e(p(sykv S:un(r)))
< 0(e),

which follows that

P(Hr41, Vnry) < €. (3.30)

Since p is a BMS,

p(:un(r)? Vk’) S p(ﬂn(ry Vn(r)) + P(Mk+1, Vn(r)) + p(:uk-i-lv Vk)a

which implies that

/O(:un(r)a Vk‘) - p(/'Ln(,,.); Vn(,-)) - p(luk-f—h Vk‘) S p(,uk‘-i-la Vn(,.))v

h h h
€+ 5738 ° P(Hk+15 Vng,y )
This shows that
€ < p(Hk+1; Vg, )- (3.31)

This contradicts (3.30).
So, {in,vn} is a Cbs. As we know that (91,91, p) is a complete BMS, then we say

{ttn, Vs } is biconvergent. Hence, there exist v € 9t NN such that p, — v and v, — ¢
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as n — 0o. As S is an orbital continuous map,

in, — v implies that v, = Sy, — St.

Combining v,, = Su,, — St with v, — ¢, we have St =t.
Uniqueness: Suppose that S has two distinct FPs t; and t,. Therefore
Oé(tl, SW1), Of(tz, SWQ) Z 1.

Now, by Remark 1,

p(tl, tz) = p(Stl, Stz) S Oé(tl, Stl)&(tg, Stg)p(Stl, S'CQ)

< p(tla t?)

which is a contradiction and so t; = ts. O]

3.3 Covariant M-K Contraction

Definition 3.3.1. Let (97,91, p) be a BMS. Suppose S : (9, 0M) = (M, N) is a

cov mapping. Then, for each € > 0 there exist o > 0 such that

€ < p(u,v) < e+ = p(Su,Sv) <e, (3.32)

for all p,v € MM x N.

Then, S be a cov M-K contractive mapping.

Remark 3. From(3.32), we say that p(Su, Sv) < p(u, ), whenever pu # v. If yp = v
then p(Sp, Sv) < p(p, v).

Theorem 3.3.1. Let (9,9, p) be a complete BMS. Suppose that S : (9, 91) =
(M, N) be a cov M-K contractive mapping. Then S has a unique FP.

Proof. Construct the sequences {u,} and {v,} by taking u,, = Sy,,_, and v,, = Sv,,_;1.

Using Remark 3 and contractive condition, to obtain

Pt Vn) = p(Stp—15Vn-1) < p(fn—1, Vn-1)- (3.33)
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Now,

using Remark 3 together with contractive condition

P(pns Vn1) = p(Stin—1,SVn) < pfn-1,vn). (3.34)

From (3.33) and (3.34), it is clear that

{p(tins vn) Yand{ p(pin, Vny1) }

are monotonically decreasing sequences of positive real numbers and hence convergent.
Suppose that {(p(tn, vn))} — 1 and {(p(tin+1, )} — €2 as n — oo, where ¢1, co > 0.
Now, we prove that ¢; =0 and ¢y = 0.

Suppose on contrary that ¢; > 0. Clearly, p(iy,, v,) > ¢ > 0 for all n € N.

Let € = ¢;. Then, there exist § > 0 and ng € N such that

€ < p(po, o) < €+ (3.35)

From (3.32),

p(lun(H—lv Vno—i—l) < p(uno—&-l’ Vno-i-l)a

= p(SMnO,SVno) < €=s5y,

a contradiction, So ¢; = 0.
Similarly, prove that c; = 0.

Hence,

P(n, V) — 0 and p(fin, Vnr1) — 0 as n — oo. (3.36)

For any given € > 0, there exist § > 0 such that (3.32) holds.

For simplicity, we assume that § < e. As

P(Mm Vn) =0
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and

p(:una Vn+1) — 07

there exist, R1,Ro € N such that
o
P(fn—1,Vn_1) < 3 for all n > R4, (3.37)

and

)
Pfn_1,n) < 3 for all n > Rs. (3.38)

Now, we will prove these inequalities

P V1) < € (3.39)

and
P(finst, V) < €, for all m > R. (3.40)
where R = maz{R1, Rz} . From mathematical induction, we prove (3.39), that is

O(p(pns1, V7)) < €. By (3.36), it holds for ¢ = 1.
Let the inquality holds for some ¢ = q, that is

P, Vnik)) <€, for all n > R. (3.41)

From the definition of BMS

p(un,l, Vn+q)) S p(ﬂnfla Vn) + p(una Vn) + P(,Un, Vn+q)-

From (3.37)-(3.41),

( v D<§+é+ —§+
P\Hn—1,Vntq 3 3 €= 3 €
<e+d. (3.42)

It p(ﬂﬂ*l? ynJrq)) 2 €, then by (332>7

Pin, Vntgr1)) < €.
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Hence, (3.39) holds.
If p(ftnsk; vn—1)) < €, then

P(fnsk+1:Vn) < €

So, (3.39) holds for £ =q+ 1.

Hence,

P, V) < € ¥Yn>m>N. (3.43)
Similarly, one can prove (3.40), from which we conclude that

P, Vm) < € ¥Yn>m>N. (3.44)

Therefore, {i,,v,} is a Cbhs. As (9,M, p) is a complete BMS, implies {p,, v, }is
biconvergent. That is, there exist v € MM NN such that p,, — v and v,, — vas n — oco.

Since S is a continuous map
{ptn} — v implies that p, 1 = Sy, — St.

which gives St = t.
Now we will prove the uniqueness of FP. For this we suppose on contrary that v; and

ty are two different FPs of S. Then, by Remark 3,

p(tlatQ) - P(SW17TW2) < p(t17t2)7

which holds only when t; = ts. O

Example 3.3.1. Let 9 = (—o0,0],91 = [0, c0)

Define p : (—00,0] % [0,00) — [0, 00) as p(u,v) = |p—v|. Then, (9, N, p) is a complete
BMS.

Define S : (—o0,0]U[0, 00) &= (—00,0]U[0, 00) by Spe = 3, for all p € (—o0,0]U[0, 00),
and 0(t) = 5, ap,v) = 1forall (i, v) € MxMN. S((—o0,0]) C [0,00) and S([0,00)) C
(—00,0].
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Let pu € (—00, 0], there exist m € [0, 00), such that u = —m. Now,

Op(1,) = (1 = v]) = 0 =m = v]) = B(m + v) = ",
0(p(Sh,5v)) = 0lp(55 =) = 001" — (5)) = T2

By choosing carefully 0 < € < 1 and 6 = 2¢ , that follows (3.1). So, all the conditions

of Theorem 3.1.1 must hold. From above it is clear that S is continuous. By choosing

= —3 we have
a(=3,5(=3)) = a(=3,1)
= 1.
implies
a(S(5(=3),5(=3)) = a(S(1),5(=3))
-1
=a(—,1
a(51)
=1.
It shows that « is orbital admissible. For condition (iii) there exist o = —1 € M
such that

Hence, all the condition are satisfied and S has a FP.

Clearly 0 is the FP of S.

Corollary 3.3.1. Suppose that (9,91, p) bea BMS and § € ©. Let S : (9, N) =

(9, M) be a cont mapping. Then, for each € > 0 there exist § > 0 such that
€ < 0(p(n,v)) < €+ 3= B(p(Sv,Sp) < 5

here § € © and A > 1. Then, S has a FP.

(3.45)
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Proof follows by letting a(p, ) = v/A in Theorem 3.1.1.

Corollary 3.3.2. Suppose that (9, M, p) bea BMS and § € ©. Let S : (M, N) =
(9, 91) be a cont mapping. Then, for each € > 0 there exist 6 > 0 such that

e < Rplp,v)) < e+ 6= 0(p(Sw,Sp)) < % (3.46)

here # € © and A > 1. Then, S has a FP.

Proof follows by letting a(s, v) = v/A in Theorem 3.1.1.

3.4 Application

Theorem 3.4.1. Let us consider the following integral equation

p(0) = p(9) + A / By (i, 7, p(m)) d + Ao / B, (0,1, p()) dr (3.47)

@ € F1 UFy, F1 UF, is a Lebesgue measurable set with finite measures and Aj, Ay are

constants.

(1) Suppose that B : F2 UF2 x [0,00) — [0,00) and B, : FFUF2 x [0, 00) — [0, 00).
(2) Thereisa CF o : F2UF2 x [0,00) and s € (0, 1) such that for all (p,7) € F? UF3

and p(p) € L(F1) UL™(F).

[Ai(Bi(p,m,p(7))) = Ai(Bi(ep, 7, E()))]| < ZU(%W)IP(W) —&(m)]

for all i = 1,2 and || (¢, m)dn|| <1 that is sup,er,F, [ |0(@, m)dn] < 1.

Then, (4.45) gives unique solution in L*(F;) U L>(F3).

Proof. Let M = L*°(F;) and N = L*°(F2). be two normed linear spaces, where F; and
F2 be two Lebesgue measurable sets with p(F; UFy) < oo.

Consider p : M x N — [0, 00) as

P, v) = || — V||oo-
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Since (I, N, p) is a complete BMS. Define a cov mapping as

S(p(9)) = p(2) + A / B (0, 7, p(m)) dr + Ay / By (p, 7, p(r))dr.

Now, for each € > 0, there exist § > 0 such that e < p(p(7),&(7)) < € + 4.

p(Sp(m),SE(m)) = [ISp(m), SE(7)|

— lp(m) + / B (0, 7, p(m)) d + Ay / By(p, 7. p(r)) dr

)+ h / B (0, 1, p(m))dm — Ay / By, . p(m)) dr|

< Mol Dlp(r) — Em)) + Ma(sa (e, m)lp(m) — ()

4

< Jolp.m)lp() = €m)| + Jo(p,m)lp(w) — &()
= Splp(m), ()

%@ + )
<€

Hence, all conditions of Theorems 3.3.1 holds. This imlpies,S has a FP, and (3.47)

has a unique solution.

Example 3.4.1. Consider

O

p(p) =0.001p+0.2 /0@0(% —0.2¢)p(¢)dm + sin(0.1) /Ow(—90+ 2y Dp(p)dm. (3.48)

3

Here, ¢ is independent on 7. The first integral gives the solution

G =020t = i) F—=

The second integral gives

—6¢p* + p? + 6y

G ]

[ o+ 5+ vtern =)

By putting 3.49 and 3.50 in 3.48, the solution is obtained

B 0.01¢
"~ 0.0582¢2 — 0.0598¢p + 1

p(e)

(3.49)

(3.50)



Fized Point Theorems for (o« — 0) Meir-Keeler Cont. in Bipolar Metric Spaces 39

Figure illustrate the solution of integral equation with ¢ values on z-axis and numerical

values of p(¢) on y-axis.

p(0) =0

p(1) = 0.010016

p(3) = 0.022314
p(5) = 0.023191
p(7) = 0.020389
p(9) = 0.017387
p(11) = 0.01489
p(13) = 0.01292
p(15) = 0.01136
p(17) = 0.01011
p(19) = 0.0091
p(21) = 0.00826
p(23) = 0.00756
p(25) = 0.00696
p(27) = 0.00645
p(29) = 0.00601
p(31) = 0.00562
p(33) = 0.00528
p(35) = 0.00498
p(37) = 0.00471

p(39) = 0.00447

p(4) = 0.023641
p(6) = 0.021926
p(8) = 0.018839
p(10) = 0.016072
p(12) = 0.01385
p(14) = 0.0121
p(16) = 0.0107
p(18) = 0.00958
p(20) = 0.00866
p(22) = 0.00789
p(24) = 0.00725
p(26) = 0.0067
p(28) = 0.00622
p(30) = 0.00581
p(32) = 0.00545
p(34) = 0.00513
p(36) = 0.00484
p(38) = 0.00459

p(40) = 0.00436

TABLE 3.1: Solution of Integral Equation
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Plot of p(v) vs

0.02

0.015

p(v)

0.01

0.005 |

FiGURE 3.1: Convergence behaviour



Chapter 4

Fixed Point Theorems for (o — 0)
Meir-Keeler Contraction in Bipolar

b-Metric Space

In this chapter we prove the FP results for M-K contractive mapping, specially in the
environment of complete BbMS, using the (c)-comparison function. An example is

presented to validate the result.

4.1 Contravariant M-K Contraction

In this section we prove the FPs theorems for M-K contraction in BbMS.

Definition 4.1.1. Let (9,91,p) be a BbMS with b > 1 and # € ©. Consider
S: (M, N) = (M, N) is a cont mapping. Then for each € > 0, there exist & > 0 such
that

(4.1)

e <Ulp(,v)) < e+ 8 = aln, Sp)a(Sw, v)r(p(Sy.Sp)) < ¢,

for all (u,v) € M x N and a : M x N — R. Then, S cont (o — ) M-K

contractive mapping.

41
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Remark 4. By (4.1), we conclude that

a(p, Sp)a(Sv,v)0(p(Sv, Sp)) < Mb?y))

if p # v.
When p = v we get

6 R
o, Sp)a(Sv, v)0(p(Sw, Sp)) < Aol

Note: From the Definition 3.1.1 we add the hypothesis that the function 6 is linear
throughout the chapter to prove the FP results.

Theorem 4.1.1. Let (9,91,p) be a complete BbMS. Suppose that S : (9, 91) =
(M, M) is a cont (o — #) M-K contractive mapping which satisfies the following con-

ditions:
(i) S is a-orbital admissible;
(i) there exist pg € M such that a (o, Spy) > 1;
(iii) S is continuous;

(iv) if Su = p then a(p, Sp) > 1;

then S has a unique FP.

Proof. Let ug € 9t such that a(uo, Syy) > 1. Construct the sequences {u,} and {v,}
by taking v, = Su,, and p,+1 = Sv, for all n € N. It follows, {u,, v, } is a bisequence.
By (ii) (g, Spo) > 1, therefore
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By continuing this process

a(fin, vy) > 1 and a(ppy1,vn) >1 VY neN. (4.2)

By using Remark 4 and (4.2),

0(p(tins vn)) = 0(p(Svn-1,S1,,)) < a(ftns Vn)(thny Vn—1)0(p(SVn-1,Sity,)),

= a(,un, S/Ln)a(syn—la Vn—1)9<p(syn—17 S:un))v

0(p(pin, Vn—1)) .

< b

Again using Remark 4 together with (4.2),

we have

0(p(tin+1,vn)) = 0(p(Svn, Spi)) < apin, Vi) (pnr, v )0 (p(Sv, Spiy)),

= O‘(Mm Sﬂn>a(syn7 Vn)0<p(syna SMn))?

O(p(pn; Vo))

< b

Mathematical induction together with (4.3) and (4.3) gives

e(p(ﬂn—la Vn—l))
b

O(p(pn, vn)) < VneN (4.3)

and

Q(p(lu’nv Vn—l))

> VneN. (4.4)

e(p(MTL—O—l? Vn)) <

From (4.3) and (4.4), it is clear that the sequences {0(p(in, vn))} and {0(p(tni1,vn))}
are monotonically decreasing and it consist positive real numbers. Therefore, the se-

quences must be convergent.

Let {0(p(in, va))} —= €1 and {0(p(pn11,vn))} = €2

as n — 0o, where ¢q,cy > 0.

Now, we prove that ¢; =0 and ¢y = 0.

Suppose on contrary that c¢; > 0.
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Clearly, 0(p(ptn,vn)) >c1 >0 ¥V neN.
Let € = ¢;. Then, there exist 6 > 0 and ng € N such that

€ < 0(p(png, Vno)) < €+ 0. (4.5)

From (4.1), we have

(9(,0(,Un0+1, V”O+1)) < Oé(:unoJrh Vﬂ0+1>04(:un0+17 Vno)e(p(:un(ﬂrla VnoJrl))?

= a(Kng+15 Sting+1)(SVngs Vg )0(P(SVngs St 41))
< € =Cyq,
which contradicts ¢; > 0. So, ¢; = 0.
Similarly, we can prove that cy = 0.
Hence, 0(p(pin,vn)) — 0 and 0(p(tnt1,vn)) — 0 as n — oo. As 6 is continuous at

s = 0, therefore
P(ptn, V) — 0 and p(pni1, ) — 0 as n — oo. (4.6)

For any € > 0, there exist § > 0 that satisfies (4.1). For simplicity, we can take § < e.
As O(p(pin, vn)) — 0 and O(p(pins1, vn)) — 0, there exist My, My € N such that

J
0(p(pn—1,vn-1)) < 3b Vn > M, (4.7)
J
O(p(fin, Vn-1)) < T vV n> M. (4.8)

Now, we will prove these inequalities

Op(ptnsis ) < (4.9)

and

6Pt o)) < 3, ¥ 2 M, (4.10)

where

M = max{M;, M5}



Fized Point Theorems for (o — 0) Meir-Keeler Cont. in Bipolar b-Metric Space 45

By mathematical induction, we can prove that

S e

O(p(tns1, Vn)) <

From (4.8), the result is true for ¢ = 1.

Let the inequality holds for
t=q,

such that
0(p(tnsgs Vi) < g V> M. (4.11)

Now, using the definition of bipolar metric space together with (4.7),(4.8) and (4.11),

0(p(pntq: vn—1)) < O[b(p(pntqs Vi) + p(pns Vi) + Pt V1)),

< O[0(p(tntgs vn)) + 0(p(pns V) + 0(p(ptns V1)),

0 0 € 20 €
<b(%+%+g):b(%+g)

25+
= — +e¢
3

< e+ 0.
If

9(ﬂ(ﬂn+qa anl)) > €,

then by (4.1),

0(p(Hntg+15Vn)) < lfhny Vn)(fntqr1s Vg 0(p(Hntqr1: Vn)),
= a(ﬂna S:U’n)a(SVnJrqa Vn+Q)‘9(p(SVn+Q? Sﬂn))v
€
< 5
So, (4.9) holds for £ =q+ 1.
Hence,

s V) <§:el Vn>m> M. (4.12)
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Similarly, we can prove (4.10).

Using the definition of BMS together with (4.7) and (4.8), to obtain

0(p(tns Vnt1)) < O[0(p(pns Vn) + p(ftnt1, Vn) + p(Hnt1,s Vit1))]

b[Q(P(MnH, Vn+1)) + ep(lun-&-b Vn)) + Hp(un, Vn))]

<b[i+£_‘_£]
- 3 3b  3b

€
_5< &
<%

IN

That is (4.10) holds for ¢ = 1.

Now, suppose that the result is true for some ¢ = q, that is,
mem%M»<§Vn2N. (4.13)
By using the definition of BMS,(4.7), (4.8), and (4.13), the following is obtained

O(p(tn—1, Vniq)) < O0(p(ptn—1, Vn-1) + p(fin; Vn—1) + p(Hn; Vniq))],

S b[e(p(un—la Vn—l)) + ep(:urw Vn—l)) + Hp(ﬂ’n’ VTH-Q))]?

<M£+£+3—%+
3% 3 b 3 ©
< e+9.

If O(p(ftn—1,Vn+q)) > €, then by (4.1),

0(p<,un7 Vn+q+1)) S OC(MnJrqa VnJrq)a(/JJnJrla Vn)9<p<,un7 Vn+q+1)>,

= (fn+gs St4q) SV, V) 0(p(Sty g SV)),

<

S

Hence, (4.10) holds for ¢ = q + 1.
By using property of 6 we say that

pmmWJ<£Vm>n2N. (4.14)

From(4.12) and (4.14), we say that {p,, .} is a Cbs. As (9,N,p) is a complete BMS,

implies {fn, vy} is biconvergent. Then, there exist v € 9t N M such that p, — v and
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v, — tasn — oo. As S is a continuous map.
tn — ¢ implies that v, = Su,, — St.

To combine v, = Sp,, — St with v, — v, we get St = .

Now we will prove the uniqueness of FP. Suppose that S has two distinct FPs v, and
to. Then, from the condition (iv),

a(ty, Sty), ary, Sty) > 1.

Now, by Remark 4,

p(tl, t2) = p(Stl, Stg) S Oé(t1, Stl)a(tz, S‘Cz)p(stl, S'CQ)

p(t1,t2)
ST

which is a contradiction, so t; = ts. ]

Theorem 4.1.2. Let (M,91,p) be a complete BbMS. Suppose that S : (9, 91) =
(M, M) is a cont (o — #) M-K contractive mapping which satisfies the following con-
ditions:

(i) S is a-orbital admissible;

(i) there exist ug € M such that a (o, Spy) > 1;

(iii) if {gn, vn} is a bisequence such that a(puy,,,) > 1 for all n and v, — v € MNN

as n — oo, then a(St,v) > 1;

(iv) if Sy = p then a(p,Sp) > 1;

then S has a unique FP.

Proof. From previous Theorem 4.1.1 , we say that {u,,v,} is a Cbs. As (9M,MN,p) is
a complete BbMS, then it follows {y,, v, } is biconvergent. So, there exist v € 9NN
such that p,, — v, v, — t. From condition (iii), we have «(St,t) > 1. By applying the
definition of BbMS,

0(p(St,v)) < O[b((p(St, Sp,,) + p(S¥n, Spr,) + p(Svn, ¥))].
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From the definition of 0

0(p(St,t)) < b[0(p(St,Sp,,)) + O(p(Svn, Spy,)) + 0(p(Sv, ¥))]-

Using (4.1), to obtain

0(p(St,t)) < bla(fin, Sp,)a(St, ©)0(p(St, Sp,,))],
+ bla(ptn, St ) (S, v)0(p(Svn, Spa))],
+ b[0(p(Svp, v))].

Then by Remark 4

0(p(St,v)) < b(0(p(ttn, ¥))) + b(O(p(ktn, ) + b(O(p(ttnt1, ),
< b[O(p(nsv) + (O(p(ttns Vi) + (O(p(pint1,v))]-

Letting n — oo in above inequality and using (4.14),

O(p(St,v)) <0.

By using the property of 6, we say that p(St,t) = 0., hence, St = t.

Now we will prove its uniqueness. For this let us suppose that S has two distinct FPs

t; and to. Then, from the condition (iv),
Oé(tl, Stl), Oé(tz, Stz) > 1.

Now, by Remark 4,

p(tl, tg) = p(Stl, Stg) S Oz(tl, Stl)a(tg, Stg)p(S‘Cl, S‘CQ)

p(tlv t2)
< —b ,

which is a contradiction and so t; = t.
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4.2 Generalized Contravariant M-K Contraction

Definition 4.2.1. Let (9t,91,p) be a BbMS and 6 € ©, Suppose S : (M, N) =
(M, M) be a cont mapping and that for each € > 0 there exist § > 0 such that

e <OR(u,v)) < e+ 6= alpSu)a(Sv,v)0(p(Sv,Su)) < —. (4.15)

ol

where R (s, v) = max{p(p, v), p(p, S), p(Sv, v), LESLELEVAY for all (1, 1) € Mx N,

Then, S is generalized cont (o — ) M-K contractive mapping.

Remark 5. Using (4.15), we conclude that

a(p, Sp)a(Sv, v)0(p(Sv, Sp)) < 2D when 1 £ v.
O(M(u,v

If p=v we get a(p, Sp)a(Sv,v)0(p(Sv,Sp)) < %.

Theorem 4.2.1. Let (9,91,p) be a complete BbMS. Suppose that S : (9, 91) =
(M, N) is a generalized cont (o — #) M-K contractive mapping. If the following

conditions hold,

(i) : S is a-orbital admissible;
(i) = there exist ug € 9 such that a(ug, Spy) > 1;
(i) : S is orbital continuous;

(iv) : if Sp = p then oy, Sp) > 1;

then S has a unique FP.

Proof. Let pp € 9 such that o(po, Spy) > 1. Construct sequences {u,} and {v,} by
taking v, = Sp,, and p,,+1 = Sv,, for all n € N. It follows {u,, v, } is a bisequence.

Theorem 4.1.1 and condition (iii) follows the result

(i, vp) > 1 and a(pini1,vn) > 1V neN, (4.16)
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From Remark 5 and (4.16)

O(p(pin, vn)) = 0(p(Svn—1,Sp,))

S Oé(:un7 S/v‘n)a(SVn—la Vn—l)e(p(syn—la S:“’n))’

< Q(R(Nm Vn—l)) :
b
1

=0 (max{p(un, V1) P(ftns Sttn)s P(SVn—1, Vn-1),

b
P, Stt,) + P(SVn—1, Vn—1) }>
2 )

1
= 50 (maX{p(um Vn—1)s Pty Un)s p(ftns Vn—1),

Ptn; Vn) + p(fin; Vn—1)
2 }).

<

o>

(max{p(ﬂna Vn)a p(,unv Vn—l)}>'

Since 6 is a non-decreasing function, so p(fi,, v,) < max{p(””’””g’p(“”’”"*l)}.

If possible, suppose that p(pn, vn) > p(fn, Va—1), then p(p,, v,) < W, which is
not possible. Hence,

Pty ) < ”(“"’—b””—l), ¥neN (4.17)
Similarly, we can say that

Pl V) < W, VneN. (4.18)

From (4.17) and (4.18), it is clear that {p(pn, vn)} and {p(ttns1, vn)} are monotonically
decreasing sequences of positive real numbers and hence convergent.

Suppose that {p(n, vn)} — ¢1 and {p(tni1, )} — c2 as n — oo, where ¢;,co > 0.
It follows that

Tim {0(p(yin, 1)} = lim {O(R (1, v2)}

= 0<C1)a

and

Hm {0(p(pns1, vn))} = lm {O(R(ptns1, va))}

n—o0 n—oo

= G(CQ).
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Now, we prove that ¢; = 0 and ¢, = 0.
Firstly, suppose that ¢c; > 0.
Clearly, p(pin,vs) > ¢1 > 0 for all n € N.

Consider € = c;. then there exist 6 > 0 and pg € N such that

0(€) < O(R(fing, vng)) < O(€) + 6. (4.19)

From (4.15),

O(p(tng+15 Vng+1)) < ngt1s Vng+1) @ (tng 415 Vi )0 (P(fhng 1, Vig+1))

= a(synm Vno)a<:um)+1v S:unoJrl)e(p(SVnm Sy“no+1))

€
0(-).
<6()
From the definition of 6,
€ cC
p(:uno-i-la Vno-i-l) < B - Fl7 (42())

a contradiction, therefore c¢; = 0.
Similarly, we can prove that co = 0.
Now, we want to show that {u,, .} is a Cbs; that is
lim  p(pin, V) = 0. For this we suppose on contrary that {u,, v, } is not a Cbs, then

n,1M—00

there exist € > 0 and subsequences {ny} and {n¢41)} of N such that

p('u"(r)’ V”(H-l)) > €, (421)

for every r € N. It follows, for any given € > 0 there exist 4 > 0 such that 4.15 holds.
Set h = min{e, 0}. Since p(pin, vn) and p(pn+1, ) — 0 as n — oo, there exist ny,ny €

N such that

h
P, ) < b ¥ n>ny, (4.22)
and
h
(i1, vn) < b vV n>n,. (4.23)

Choose M = max{ny,ny}, then 4.22 and 4.23 holds for n > M. Let n() > M. We get
N < Negpry — L If p(,un(r), Vn(r+1),1) < %(6 + %), then, using the definition of BbMS,
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(4.22) and (4.23),

P(Nn(r)v Vnm.n) < b[P(Mn(r)v Vn(r+1>*1> + p(ﬂn(THV Vn(r+1)*1> + p(ll’tn(r+1)7 Vn(r+1)*1)]>
1 h h h
b[= Sy,
<Py T )

e 3h
3h

this contradict the result. So, there exist p such that ny < p < n(41) and p(unm, vy) >
€+ %

Now if p('u”(wl)’yn(r)) = %(€+ %>7 then p(’un(r+1)’yn(r)) 2 %(€+ %) > %(h + %) > %a

it contradicts the result.
So, there exist values of p such that nr) < k < n(y1) implies p(pin,,,, i) < Lle+ D).

Select the integer p with p > n(, such that p(up,, 1) > £(e+%). Thus, P(fngyys Vi—1) <
e+ D).

Using the definition of BbMS and (4.23),

Py Vi) < B[Oty V1) + p(pk, V1) + ok, V)],
1, h. h h

b[B(EJF 5) T T %]7

3
_6+Z_Lh'

Now, we can select k satisfying n() < k < n(,41) such that

1 h 3
B(e + 5) < pftngy s Vi) < €+ Zh. (4.24)
Therefore,
3
P(fhny V) < €+ Zh <e+h (4.25)
h
p(,un(r), Vn(r)) <o <e+h (4'26)

8b
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h
p(prr1, V) < b < e+ h. (4.27)

Now, from (4.25)-(4.27) we have

€ < R(pn@ry, Vi) < €+h < e+ 0 and so

0(6) < O(R(unry, 1)) < B+ h) < Ble + ) < 0(e) + ().
As S be a generalized (o — #) M-K contractive mapping,

0(p(pks1, Vn(T))) < Oé(/in(r), Sun(r))a(sum vi)0(p(Svi, S,un(,.)))
€
< Q(B)
< 0(e),
which follows that

P([k415 Vn(r)) < € (4.28)

Since p is a BbMS,

which implies that

p(/vbn(rw Vk) - b(p</“’tn(r)7 VTL(T))) - b(p(:uk+17 Vk)) < b(p(:uk—‘rh VTL(@))?

1 h h h

B(e + 5) — % - % < p(ﬂk—l—la Vn(r))'

This shows that

€ < p(Hk+1; Vg, )- (4.29)

This contradicts (4.28).

So, {tn, vn} is a Cbs.

As (I, M, p) is a complete BbMS, then we say that {p,, v, } biconverges. There exist
v € MNN such that p, — vand v, — v as n = oc.

As S is an orbital continuous map,
i, — ¢ implies that v, = Sy, — St.

Combining v,, = Su,, — St with v, — ¢, we have St = t.
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Uniqueness: Suppose that S has two distinct FPs v; and vy. Then, from condition

(iv),
Oé(tl, Stl), Oé(tg, Stz) > 1.

Now, by Remark 5,

p(tl, tg) = p(Stl, Stz) < Oé(tl, Stl)&(tg, Stg)p(Stl, Stg)

p<t17 t2)
< b ,

which is a contradiction and so t; = ty. ]

4.3 Covariant M-K Contraction

Definition 4.3.1. Let (9, M, p) be a BbMS. Suppose that S : (9T, N) = (M, IN)

be a cov mapping then for each € > 0 there exist § > 0 such that

e <p(p,v) <e+0= p(Su,Sr) < (4.30)

€
b?
for all pu, v € M x M.

Then, S is a cov M-K contractive mapping.

Remark 6. By(4.30), we say that p(Su,Sv) < p(’f}’”), whenever u # v. If p = v

(1,v)
then p(Sp, Sv) < B2

Theorem 4.3.1. Let (9, N, p) be a complete BbMS. Suppose that S : (9, 9) =
(M, N) be a cov M-K contractive mapping. Then S has a unique FP.

Proof. Construct the sequences {u,,} and {v,} by taking p, = Su,,_; and v, = Sv,,_1.

Using Remark 6 and contractive condition, to obtain

Hn—1, anl)

P(pns V) = p(Sttp—1,SVn-1) < o . (4.31)

Again, using Remark 6 together with contractive condition

it Vi) = plSp g, Ss) < PLnto ) (4.32)
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From (4.31) and (4.32), it is clear that {p(pn, )} and {p(tin, Vni1)} are monoton-
ically decreasing sequences of positive reals and hence convergent. Suppose that
{(p(tn,vn))} — 1 and {(p(phn+1,vn))} — C2 @s n — oo, where ¢y, ¢y > 0.

Now, we claim that ¢; = 0 and ¢, = 0.

Suppose by contradiction that ¢; > 0.

Clearly, p(pin, V) > ¢; > 0 for all n € N.

Assume € = ¢;. Then, there exist 6 > 0 and ny € N such that

€ < P(fngs Vng) < €+ 0. (4.33)

From (4.30),

p(:uno-i-lv Vn0+1) S p(uno-&-l? Vno-i-l)a

= (St S) < T = T
a contradiction, So ¢; = 0.
Similarly, we can prove that co = 0.
Hence,
P(n, vn) — 0 and p(fin, Vnt1) — 0 as n — oo. (4.34)

For any given € > 0, there exist § > 0 such that (4.30) holds. For simplicity, we
assume that 6 < €. As p(pn, vn) — 0 and p(pn, Vpy1) — 0, there exist My, My € N
such that

P(fn—1,Vn-1) < % for all n > My, (4.35)

and

)
Pfin—1,Vn) < U for all n > M.. (4.36)

Now, we want to prove that

€
plttn; Vna) < (4.37)

and

Pty Vn) < E, for all n > M. (4.38)
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where M = max{M;, Mz} . Now we prove (4.37)Firstly by using mathematical
induction, that is 6(p(tnii, ¥n)) < ¢. From (4.34), the result is true for £ = 1.
Let this inequality holds ¢ = q, that is

P(fn, Vntq)) < —, forall n > M. (4.39)

[oali e

Now, by using the definition of BbMS

P(fin—1,Vntq)) < blp(tn—1,vn) + p(tn, Vn) + p(fns Vntg)]-

From (4.35)-(4.39),

1) 1 €

P(Hn—1,Vn+q)) < b(% + 3 + B)
N
< e+ 0.

If p(pn—1,Vntq)) > €, then by (4.30),

p(ﬂm Vn+q+1)) <

ol e

Hence, (4.37) holds.
It p(l’bn-‘r(p Vn—l)) S €, then

€
P(Nn+q+1, Vn) < B

So, (4.37) holds for { =q+ 1.
Hence,

plin, V) < =i ¥m>n> M. (4.40)

b;

Similarly, one can prove (4.38), from which we conclude that
Pty Um) < E; Vin>m> M. (4.41)

Therefore, {p,, v} is a Cbs. Since (9, M, p) is a complete BbMS, hence {pu,, v}

biconverges. That is, there exist v € 91N N such that u, — v and v, - vas n — oo.
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Since S is a continuous map

i, — ¢ implies that g, = Sp,, — St.

which gives St = t.
Now we will prove the uniqueness of FP. For this, we suppose on contrary that v; and

ty are two different FPs of S. Then, by Remark 6,

p(tla t2)
b Y

p(tl,tg) = p(S'Cl, StQ) <

which holds only when t; = ts. O

Example 4.3.1. Suppose that 9 = (—o0c, 0],91 = [0, co)

Define p : (—00,0] x [0,00) — [0,00) as p(u,v) = | — v|*>. Then, (MM, N,p) is a
complete BbMS.

Define S : (—00,0] U [0,00) = (—00,0] U [0,00) by Sy = =# V pu € (—00,0] U [0, 00),
and 0(t) = £, ap,v) = 1 for all (1, v) € MxN. S((—o0,0]) C [0,00) and S([0,00)) C
(—00,0].

Let pu € (—00,0], there exist m € [0, 00), such that 4 = —m. Now,

Bp(p.)) = 01— V) = O] —m — v2) = B((m + 1)) = T2
oS50 =00 = 00— (5 = g

By taking 6 = 2¢ and 0 < e < 1, (4.1) holds. It follows the conditions of Theorem

4.1.1. From above it is clear that S is continuous. By choosing ;1 = —3 we have

a(—=3,5(-3)) = a(-3,1)

= 1.

implies
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It shows that « is orbital admissible. For condition (iii) there exist pp = —2 € M
such that

a(po, S(po)) = a(=2,5(-2))

Example 4.3.2. Consider 9 = (—o0,0],91 = [0, 00)

Define p : (—00,0] x [0,00) — [0,00) as p(u,v) = (u — v)% Then, (9M,N,p) is a
complete BbMS.

Define S : (—o00,0] U [0,00) & (—00,0] U [0,00) by Sy = = V¥ pu € (—00,0] U [0, 00),
and 0(t) = 15, o(p,v) = 1, R(p,v) = maz{p(u,v), p(, Sp), p(Sv, v), LS trEraly
for all (u,v) € M x N,

As S((—00,0]) C [0,00) and S([0, 00)) C (—00,0].

Let p € (—00,0], v € [0,00). and (R(p,v)) = 2 Now,

O(R (1, v)) = 0(2) = = = 1.33,

0(p(Sv,Sm)) = (p(—, L) = 0((5 — B2y = 2 MW_ —25>+ .

By taking 6 = 2¢, 0 < € < 1, and carefully choosing the values of u, v that satisfies
(4.15). It follows the conditions of Theorem 4.2.1. From above, condition (i) and (ii)

are obvious. For condition (iii) there exist py = —2 € 9t such that

a(po, S(po)) = a(=2,5(-2))

Hence, all the condition are satisfied and S has a FP.

Clearly 0 is the FP of S.
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Corollary 4.3.1. Let (91,91,p) be a BbMS with 6 > 1 and § € ©. Let S :
(M, 91) = (I, N) be a cont mapping. Then, for each ¢ > 0 there exist § > 0 such
that

€ < O0(p(p,v)) < e+ 0= 0(p(Sv,Sp)) < i (4.42)

here § € © and A > 1. Then, S has a FP.

Proof. Tt follows by choosing a(y, ) = v/A in Theorem 4.1.1. O

Corollary 4.3.2. Let (91,91,p) be a BbMS with 6 > 1 and § € ©. Let S :
(M, 91) = (I, N) be a cont mapping. Then, for each ¢ > 0 there exist § > 0 such

that

e < R(p(u,v)) < e+ 6 = 0(p(Sv,Sp)) < é (4.43)
here § € © and A > 1. Then, S has a FP.
Proof. 1t follows by choosing a(u,v) = v/A in Theorem 4.1.1. O

Corollary 4.3.3. Let (91,91,p) be a BbMS with 6 > 1 and § € ©. Let S :
(0T, 91) = (M, N) be a cov mapping, Then, for each € > 0 there exist § > 0 such that

e < p(u,v)) <e+6= p(Sv,Su)) < biA (4.44)
here A > 1. Then, S has a FP.
Proof. Tt follows by taking a(s, ) = v/A in Theorem 4.3.1. O

4.4 Application

Theorem 4.4.1. Let us consider the following integral equation

p(0) = p(e) + A / By (0, 7, p(m))dr + Ao / B, (0,1, p(r)) dr (4.45)
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(,OEF1UF2,F1UF2

is a Lebesgue measurable set with finite measures and A\, Ay are constants.

(1) Suppose that
B:FTUF; x [0,00) — [0,00)

and

By : FFUF; x [0,00) — [0,00).

(2) There is a CF
o F%UF% x [0, 00)

and

ke (0,1)

such that for all
(o, ) € FFUF;

and

p(p) € L=(F1) UL™(F3).

1A (Bi (0, 7, p(m))) = Xi(Bip, m, E(m)))I* < gﬁ(w,ﬂ)lp(ﬂ) —&(m)P?,

for all i = 1,2 and [|o(¢, m)dn||* < 1 that is sup,cg, e, [ |0(0, 7)dr| < 1.
Then, (4.45) gives a unique solution in L>(F;) U L>(F2).

Proof. Assume M = L>°(F;) and 9 = L>(F3). be two normed linear spaces, where Fy
and Fy are two Lebesgue measurable sets with p(F; U Fs) < oo.

Consider p : M x N — [0, 00) as

p(p,v) = |lp— vl

Since (M, N, p) is a complete BbMS with b > 1. Define a cov mapping as

S(p(p)) IP(SO)‘i‘)\l/%1(¢,W,p(7r))d7r+Ag/%g(@,ﬂ,p(ﬁ))dw.
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Now, for each € > 0, there exist 6 > 0 such that € < p(p(7),&(7)) < € + 0.

p(Sp(r). SE(m)) = ||Sp(m). SE(x)|?
— [lp(m) + Ar / B, (. 7, p(m))dm + Ay / By (. 7, p(r))dm

g A / B, (0, 7, p(m))dr — A, / B(p, 7. p(m)) dr

IA
=

S otemlp(r) — €M) + Mol S0 (e, mlp(r) — Em)P)

< Zo(p mlp(r) ~ £ + Sole,Mlb(m) — £
=+ p(p(m). ()

< %(6 +6)

<

Hence, condition of Theorems 4.3.1 proved. So, S has a unique FP, and (4.45) gives

unique solution. O



Chapter 5

Conclusion

This thesis reviews and expands upon the work of M.Kumar [21] on “New FP theorems
for (o — 6) M-K contraction in BMS.” The main goal of this research is to extend

their findings within the framework of bMS. To achieve this,

(1) We introduce the cont (o — #) M-K contraction mapping in BbMS and prove

certain results for this type of contraction.

(77) The existence and uniqueness of FP has been proved by using generalized («—6)

M-K contraction mapping in BbMS.

(#7) To introduce the (o — @) M-K contraction mapping in the framework of BbMS
and prove the FP result for these mapping.

These findings are supported by meaningful examples that demonstrate their valid-
ity. Additionally, these results are applied to obtain analytical solutions for integral
equations. Our results presented in this study could be useful for determining FP in

the context of bMS.
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