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Abstract

The purpose of this research is to examine in depth, the flow of (7902 + Ag)/EO
hybrid nanofluid along a stretching sheet. Cattaneo-Christov double diffusion
model has been incorporated along with the inclusion of motile gyrotactic micro-
organisms. The resistance to the flow and measure of heat transfer rate have
been analyzed subjected to some crucial effects like Darcy-Forchheimer medium,
magnetic field, thermal radiation and activation energy. The nonlinear ordinary
differential equations extracted from the partial differential equations governing
the aforementioned flow, through the similarity transformations and are solved us-
ing the shooting approach in the computational framework of MATLAB. The drag
force, heat and mass transfer rate are calculated numerically. Plots and tables are
used to show the numerical results. From the conclusion of the current work, it
is important to mention that the Forchheimer parameter and the bio-convection
Peclet number respectively animate to scale down the fluid velocity and density

distribution of motile gyrotactic microorganisms.
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Chapter 1

Introduction

Hybrid nanofluids are a class of nanofluids that are manufactured by combining
different nanoparticles with a base fluid. Hybrid nanofluids take advantage of the
synergistic effects resulting from combining different nanoparticles to further en-
hance these properties. In comparison to the conventional fluids, hybrid nanofluids
are expected to transfer heat more effeciently. The hybrid nanofluids have a wide
range of potential applications due to their improved properties. Some important
applications of hybrid nanofluids include heat transfer enhancement, solar thermal
systems, electronics cooling, automotive cooling systems, energy storage systems,
aerospace technology, biomedical applications such as hyperthermia therapy for
cancer treatment, food processing such as pasteurization and sterilization, ensur-
ing food safety and quality and oil and gas industry such as refining processes,

improving efficiency and reducing energy consumption.

Hussain et al. [1] examine findings on the flow of a Cu — Al,O3/H;0 nanofluid
within a blocked cavity. They employed Finite Element Method (FEM) for nu-
merical solutions, focusing on understanding the behaviour of few physical factors
on the heat transfer properties of hybrid nanofluids. The study by Mollamahdi [2]
delves into forced convection fluid flow and heat transfer within a porous channel
featuring walls that can either expand or contract. This channel is filled with an

Aly,O3 — Cu/Hy0 micropolar hybrid nanofluid, and a magnetic field is present.
1



Introduction 2

To address the governing equations analytically, the least square method is uti-
lized. The study investigates the impact of significant parameters, including the
Reynolds number, Hartmann number, micro-rotation factor, and nanoparticle vol-
ume fraction, on velocity and temperature profiles. The findings reveal that as
the Reynolds number rises, the values of temperature and micro-rotation profiles
decrease. Additionally, it is observed that an increase in the Hartmann number

leads to an increase in the Nusselt number.

The scientific community has conducted both analytical and numerical investi-
gations into flows involving hybrid nanofluids. Karabanova et al. [3] explored a
novel hybrid nanofluid, Ammonia-SrCl2, and analyzed the simultaneous impacts
of mass and heat transfer in the system. Nawaz et al. [4] provided a compelling
numerical analysis to investigate the effect of dust particles on the thermal prop-
erties of hybrid nanoparticles. They demonstrated that the fluid speed decreased
along with a reduction in skin friction, attributed to the impact of the magnetic
interaction parameter. The researchers utilized a numerical technique to conduct
the simulations. Further relevant research on the practical applications of hybrid

nanoparticle flow can be found in references [5-9].

The boundary layer flow of a Casson fluid under the effect of magnetohydrody-
namics (MHD) through shrinking sheet is examined by Nadeem et al. [10], where
Adomian Decomposition Method (ADM) is used to obtaine analytical solution.
Mukhopadhyay et al. [11] explored the unsteady two-dimensional (2D) Casson
fluid model over a stretching sheet. The transformed equations are solved numer-
ically using the shooting method. As the unsteadiness parameter increases, the
fluid velocity as well as the temperature profile experienced a notable decrease.
Khalid et al. [12] investigated an unsteady MHD free convection flow of a Casson
fluid past an oscillating vertical plate through a permeable medium by using the
Laplace transform technique. Kataria and Patel [13] opted the Laplace transform
for finding the solution of an MHD flow of a Casson fluid past an oscillating ver-
tical plate embedded in a porous medium. The Casson parameter is reported to

exhibit an inverse relationship with the yield stress of the fluid. Fazle Mabood
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and Das [14] delineated the characteristics of melting heat transfer in the con-
text of magnetohydrodynamic Casson fluid flow within a porous medium. The
model proposed in this study is utilized to simulate the viscoelastic behavior of
the fluid within the porous regime using the Runge-Kutta Fehlberg-45 method.
It was observed that with the enhancing values of M and €2, the velocity profile
declined but the temperature profile behaved the other way round. The objective
of Goud et al. [15] investigated the impact of heat source on the magnetohydrody-
namic Casson fluid flow over a vertical fluctuating porous plate. The transformed
non-dimensional ordinary differential equations governing the velocity and tem-
perature were solved using the Galerkin element technique. The study conducted
by Jamshed et al. [16] delves into the analysis of the Casson nanofluid, specifically
focusing on its thermal transport and entropy. On the transformed set of ODEs,
a numerical technique, namely the Keller box method, was employed to obtain
the self-similar solution. The findings indicate that an increase in both Reynolds
number and effective Brinkman numbers leads to an augmentation of overall en-

tropy within the system.

The phenomenon of heat transformation is exceedingly significant across a mul-
titude of industrial and engineering domains, encompassing microelectronics, fuel
cells, and transportation. To address this need, Fourier [17] laid the foundational
groundwork in 1882, by initially articulating the heat conduction law, provid-
ing a basis for understanding the mechanism of heat transportation. In 1948,
Cattaneo [18] introduced a modification to Fourier’s [17] heat conduction law by
incorporating a relaxation time parameter. This modification aimed to refine the
understanding of heat conduction processes. Later on, Christov [19] further re-
fined the theories of Fourier and Cattaneo by introducing Oldroyd’s convective
derivative. This enhancement led to the development of a new model known as
the Cattaneo-Christov model for heat flux, which has implications in understand-
ing heat conduction in a more comprehensive and accurate manner. The model
proposed by Mustafa [20] was based on a modification of the classical Fourier’s
law, incorporating the intriguing aspect of thermal relaxation time. The solution

was obtained in series form using a powerful homotopy analysis method (HAM).



Introduction 4

Jamshed and Aziz [21] presented the study of entropy generation and heat transfer
rate of a thermal system containing hybrid nanofluid. In this analysis the gov-
erning equations are solved by Keller Box method. Farooq et al. [22] analyzed a
novel scenario involving the implementation of the Cattaneo-Christov heat the-
ory in conjunction with the melting phenomenon, specifically focusing on utilizing
transformer oil as a base fluid. The shooting scheme was employed to assess the
numerical results of different physical variables. The radial velocity exhibited an
increase as the volume fraction of nanoparticles increased. Concurrently, the ra-
dial velocity field demonstrated an enhancement with an increase in the porosity
parameter. Moreover, the temperature profile exhibited a decrease with higher
values of the thermal reduction parameter. Alsaedi et al. [23] discussed the MHD
flow through stretching cylinder. The formulation was based on the fluxes using
the Cattaneo-Christov relation. The solutions were developed using the optimal
homotopy analysis approach (OHAM). The entropy rate was seen to increase with
an increase in the Brinkman number. An opposite trend was noted for the entropy
rate concerning magnetic and temperature difference variables. A decrease in con-
centration was noted against the random motion parameter, while an increase in
temperature was noted to occurr for the thermophoresis variable. Numerous other
scholars have also made significant contributions to investigate this model in var-

ious contexts, as cited in the referenced articles [24-27].

Acharya et al. [28] investigated the influence of Hall current on the radiative trans-
port of a Cu — TiOy/Hy0O nanofluid over a rotating disc. They conducted a nu-
merical study utilizing the shooting method to obtain similarity solutions. The
results indicated that temperature profiles in the hybrid nanofluid were higher
compared to those in traditional nanofluids. Maskeen et al. [29] explored numer-
ical solutions concerning the influence of heat transfer and flow properties in the
context of Cu — AlyO3/H>0 hybrid nanofluid flow over an expanding cylinder.
Their model integrated linear thermal radiation and Lorentz magnetic forces. The
study showcased that this hybrid nanofluid exhibited greater efficacy in heat trans-
fer processes compared to the nanofluids. Rehman et al. [30] made an effort to

provide a numerical solution for the tangent hyperbolic fluid model in the context
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of both cylindrical and flat stretching surfaces. A computational algorithm was
employed to facilitate the solution process. The findings indicated that the tem-
perature profile exhibited an increasing trend with respect to the thermal radiation
parameter. Conversely, opposite trends were observed for positive values of the
thermal stratification parameter. Bilal et al. [31] reported the impact of thermal
radiation on an incompressible thermo-convective flow of a micropolar fluid over
a permeable extensible sheet with energy and mass transfer. Numerical solutions
for the problem were obtained using the Parametric Continuation Method (PCM).
An interesting observation was made regarding the influence of the permeability
parameter, which was found to increase the micro-rotation profile. In various con-
texts, a multitude of other researchers have also made substantial contributions
to the investigation of model incorporating the thermal radiation, as mentioned

in articles [32-34].

Shankaralingappa et al. [35] discussed the impacts of Darcy-Forchheimer and
Cattaneo-Christov model in dusty tangent hyperbolic fluid. The model prob-
lem was defined by highly nonlinear partial differential equations, derived using
suitable formulations. Further characterization of Darcy Forchheimer flows can
be found in the referenced articles [36-40]. Ahmad et al. [41-43] successfully ob-
tained results for nanofluid flow through a permeable medium involving gyrotactic

microorganisms.

Harfash [44] investigated the problem of double-diffusive convection in a reacting
fluid considering a magnetic field effect-based internal heat source. The numerical
approach utilized the finite element method to obtain the numerical results. The
presented numerical results encompassed scenarios with fixed-fixed and free-free
boundary conditions. Bilal et al. [45] discussed the flow pattern within the bound-
ary layer under the influence of a magnetic field. The nonlinear differential system
resulting from this consideration was solved using the shooting scheme. The inves-
tigation involved analyzing the influence of various variables on the velocity and
temperature fields.

The present study is focused on the Casson fluid model incorporating double dif-

fusion based Cattaneo-Christov approach along with the thermal radiation and
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magnetic field, all over a stretching surface through a porous medium. The lit-
erature survey reveals that no model has so far been proposed addressing the
heat and mass transfer phenomenon along with the presence of motile gyrotactic
micro-organisms, activation energy and Darcy-Forchheimer medium. This article
involves different aspects of fluid dynamics, nanofluid behavior, microbiology and

mathematical modeling.

1.1 Thesis Contributions

In this thesis, we provide a review and extended study of [46]. The target of
this survey is on numerical analysis of Cattaneo-Christov double diffusion with
additional Casson effect, magnetic effect and thermal radiation effect. The flow
model is a system of PDEs that have been transformed into ODEs using the
similarity transformations and then solved by the shooting method. Utilizing
MATLAB, the numerically acquired findings are computed. The influence of sig-
nificant parameters on velocity distribution f’(¢), temperature distribution 6(§),
concentration distribution ¢(¢), motile distribution G(&), skin friction coefficient
C'f, local Nusselt number Nu,, local Sherwood number Sh, and density of motile

micro-organisms Nn, have been discussed through the plots and tables.

1.2 Layout of Thesis

The following is a brief summary of the thesis’s content.

Chapter 2:
This chapter provides a list of fundamental definitions and covers some terminolo-

gies that facilitate to uderstand the concepts discussed in subsequent chapters.

Chapter 3:
This chapter provides a detailed review of the work reported by Ahmad et al [46].

Numerical technique, shooting method, is used to obtain the solutions of the flow
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model. Graphs and plots express the impact of different physical parameters on

the velocity, temperature, concentration and motile profiles.

Chapter 4:

This chapter extends the flow model discussed in chapter 3, by including Casson
fluid and the impacts of Cattaneo-Christov double diffusion, magnetic field and
thermal radiation. The shooting methodology is used to generate the numerical

solutions of the governing flow model.

Chapter 5:

This chapter summaries overall the thesis final findings.

References used in the thesis are mentioned in Biblography.



Chapter 2

Preliminaries

This chapter contains some basic definitions and governing laws, which will be

helpful in the subsequent chapters.

2.1 Some Fundamental Terminologies

Definition 2.1.1 (Fluid )

“A substance exists in three primary phases: solid, liquid, and gas. (At very high
temperatures, it also exists as plasma.) A substance in the liquid or gas phase is

referred to as a fluid.” [48]

The differentiation between a solid and a fluid relies on the substance’s capac-
ity to withstand an applied shear (or tangential) stress attempting to alter its
shape. A solid can withstand applied shear stress by undergoing deformation,
while a fluid consistently undergoes deformation under even the slightest influ-
ence of shear stress. In solids, stress is directly related to strain, whereas in fluids,
stress is directly related to strain rate. In the case of a constant shear force, a solid
eventually ceases deformation at a specific strain angle, whereas a fluid continues

to deform indefinitely and approaches a specific strain rate.

8
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Definition 2.1.2 (Fluid Dynamics)
“The study of fluid if the pressure forces are considered for the fluids in motion,

is called fluid dynamics.” [49]

Definition 2.1.3 (Fluid Mechanics)
“The fluid mechanics is defined as the science that deals with the behavior of fluids
at rest or in motion, and the interaction of fluids with solids or other fluids at the

boundaries.” [48]

Definition 2.1.4 (Fluid Statics)
“The study of fluids at rest is called fluid statics.” [49]

Definition 2.1.5 (Viscosity)
“Viscosity is defined as the property of a fluid which offers resistance to the move-

ment of one layer of fluid over another adjacent layer. Mathematically,

M:

FIF[ -

where p is viscosity coefficient, 7 is shear stress and Z—Z represents the velocity

gradient.” [49]

The SI units of viscosity is kgmts™1.

Definition 2.1.6 (Density)

“Density is defined as the mass per unit volume, that is,

where m and v are the mass and volume of the substance, respectively.” [49]

The SI units of density is kgm?.

Definition 2.1.7 (Kinematic Viscosity)

“It is defined as the ratio between the dynamic viscosity and density of fluid. It



Preliminaries 10

is denoted by symbol v. Mathematically,

The SI units of kinematic viscosity v is m?/sec.” [49]

Definition 2.1.8 ( Nanofluid)

“Nanofluids are engineered by suspending nanoparticles with average size below
100 nm in traditional heat transfer fluids such as water, oil and ethylene glycol.
A very small amount of guest nanoparticles, when dispersed uniformly and sus-
pended stably in host fluids, can provide dramatic improvements in the thermal

properties of host fluids.” [50]

Definition 2.1.9 (Hybrid Nanofluid)

“Hybrid nanofluid is a very new type of nanofluids that contains two or more var-
ious nanoparticles. The use of hybrid nanofluids is aimed at simultaneously using
the physical and chemical properoties of two or more different types of nanoparti-

cles, for improving the base fluid properties.” [51]

Definition 2.1.10 (Magnetohydrodynamics)
“Magnetohydrodynamics (MHD) is concerned with the flow of electrically conduct-
ing fluids in the presence of magnetic fields, either externally applied or generated

within the fluid by inductive action.” [52]

Definition 2.1.10 (Boundary Layer)

“Viscous effects are particularly important near the solid surfaces, where the strong
interaction of the molecules of the fluid with molecules of the solid causes the rel-
ative velocity between the fluid and the solid to become almost exactly zero for a
stationary surface. Therefore, the fluid velocity in the region near the wall must
reduce to zero. This is called no slip condition. In that condition there is no
relative motion between the fluid and the solid surface at their point of contact. It

follows that the flow velocity varies with distance from the wall; from zero at the
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wall to its full value at some distance away, so that significant velocity gradients
are established close to the wall. In most cases this region is thin (compared to

the typical body dimension), and it is called a boundary layer.” [53]

2.2 Types of Flow

In this section, different types of fluid flows have been described which are expe-
rienced in different scenarios while investigating the motion of a fluid.
Definition 2.2.1 (Compressible Flow)

“Compressible flow is that type of flow in which the density of the fluid changes
from point to point or in other words the density (p) is not constant for the fluid.

Mathematically,
p 7k,

where k is constant.” [49]
Air is considered as compressible, which means that you can compress the air and

add a little bit more air.

Definition 2.2.2 (Incompressible Flow)
“Incompressible flow is that type of flow in which the density is constant for
the fluid flow. Liquids are generally incompressible while gases are compressible,
Mathematically,

p =k,

where k is constant.” [49]
Gallon of milk can be put into a differently shaped gallon-sized container, but
you would not be able to squeeze that entire gallon of milk into half gallon-sized

container.

Definition 2.2.3 (Rotational Flow)
“Rotational flow is that type of flow in which the fluid particles while flowing along

stream-lines, also rotate about their own axis.” [49]
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Definition 2.2.4 (Irrotational Flow)
“Irrotational flow is that type of flow in which the fluid particles while flowing

along stream-lines, do not rotate about their own axis.” [49]

Definition 2.2.5 (Laminar Flow)

“Laminar flow is defined as that type of flow in which the fluid particles move
along well-defined paths or stream lines and all the stream-lines are straight and

parallel.” [49]

Definition 2.2.6 (Turbulent Flow)

“Turbulent flow is that type of flow in which the fluid particles move in a zig-zag

way.” [49]

Definition 2.2.7 (Steady Flow)

“Steady flow is defined as that type of flow in which the fluid characteristics like
velocity, pressure, density, etc., at a point do not change with time. Thus for

steady flow, Mathematically, we have

oQ
7%
ot ’
where @ is any fluid property.” [49]

Definition 2.2.8 (Unsteady Flow)

“Unsteady flow is defined as that type of flow in which the fluid characteristics
like velocity, pressure, density, etc., at a point do change with time. Thus for

Unsteady flow, Mathematically, we have,

9Q
5 70

where @ is any fluid property.” [49]



Preliminaries 13

Definition 2.2.9 (Viscous Flow)

“Flows in which the frictional effects are significant are called viscous flows.” [48]

Definition 2.2.10 (Internal Flow)

“Flows completely bounded by a solid surfaces are called internal or duct flows.” [48]

Definition 2.2.11 (External Flow)
“Flows over bodies immersed in an unbounded fluid are said to be an external

flows.” [48]

2.3 Types of Fluids

In this section, different types of flows have been discussed which we normally

come across in real-life and industrial scenarios.

Definition 2.3.1 (Ideal Fluids)

“A fluid, which is incompressible and has no viscosity, is known as an ideal fluid.
Ideal fluid is only an imaginary fluid as all the fluids, which exist, have some vis-
cosity.” [49]

Definition 2.3.2 (Real Fluids)

“A fluid, which possesses viscosity, is known as a real fluid. In actual practice, all
the fluids are real fluids.” [49]

Examples of such fluids are water, diesel and honey.

Definition 2.3.3 (Newtonian Fluids)

“A real fluid, in which the shear stress is directly proportional to the rate of shear
strain (or velocity gradient), is known as a Newtonian fluid.” [49]

Examples of such fluids are water, oil and alcohol.

Definition 2.3.4 (Non-Newtonian Fluids)

“A real fluid in which the shear stress is not directly proportional to the rate of
shear strain (or velocity gradient), is known as a non-Newtonian fluid.” [49]

Some examples of non-Newtonian fluids are toothpaste, shampoo, and honey etc.
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2.4 Modes of Heat Transfer and Mass Transfer

In this section, the formal definition of heat transfer and its different types are

included:

Definition 2.4.1 (Heat Transfer)

“Heat transfer is a branch of engineering that deals with the transfer of thermal
energy from one point to another within a medium or from one medium to another
due to the occurrence of a temperature difference. Heat transfer may take place

in one or more of its three basic forms: conduction, convection, and radiation.” [54]

Definition 2.4.2 (Conduction)

“The transfer of heat within a medium due to a diffusion process is called conduc-
tion. The Fourier heat conduction law states that the heat flow is proportional to
the temperature gradient.” [54]

Due to conduction, during the ironing process, heat is transferred from the iron
to the fabric. Likewise chocolate candy in a hand will eventually melt as heat is

conducted from hand to the chocolate.

Definition 2.4.3 (Convection)

“Convection heat transfer is usually defined as energy transport affected by the
motion of a fluid. The convection heat transfer between two dissimilar media is
governed by Newton’s law of cooling. It states that the rate of heat flow is propor-
tional to the difference of the temperatures of the two media. The proportionality
coefficient is called the convection heat transfer coefficient.” [54]

Examples of this type of heat transfer are heating water on the stove and air Con-

ditioner.

Definition 2.4.4 (Thermal Radiation)
“Thermal radiation is defined as radiant (electromagnetic) energy emitted by a

medium and is due solely to the temperature of the medium.” [54]
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Examples of thermal radiation include microwaves from an oven, X-rays from X-

ray tubes and ultraviolet radiation from the sun, etc.

2.5 Dimensionless Numbers

Some important dimensionless numbers will be discussed in this section which will

subsequently be used in the next chapters.

Definition 2.5.1 (Eckert Number)
“It expresses the ratio of kinetic energy to the thermal energy change. Mathemat-

ically, it can be written as

w2

Ec=—2_
CyoT
where w, is the fluid flow velocity far from body, C, is the specific heat capacity

of fluid and 07" denote the temperature difference.” [55]

Definition 2.5.2 (Prandtl Number)
“The Prandtl number is the ratio of momentum to heat diffusivities. Mathemati-
cally, it can be defined as

1Cyp

Pr=——
r o

where p represents the dynamic viscosity, C, denotes the specific heat and k stands

for thermal conductivity.” [56]

Definition 2.5.3 (Skin Friction)

“The skin friction coeflicient can be defined as

27
Cr=—7,
Py,
where 7., denotes the wall shear stress, p is the density and the velocity of free

fluid flow is denoted by wy..” [55]
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Definition 2.5.3 (Schmidt Number)
“It is the ratio between kinematic viscosity v and molecular diffusion D. It is

denoted by Sc and mathematically we can write it as:
v

Sc=—,

D

where v is the kinematic viscosity and D is the mass diffusivity.” [54]

Definition 2.5.4 (Nusselt Number)
“It is a dimensionless number, first introduced by a German engineer Ernst Kraft

Wilhelm Nusselt. Mathematically,

Nu= —
u k,

where a represents the heat transfer coefficient, L denotes the characteristic length
and k is the thermal conductivity. It expresses the ratio of the total heat transfer

in a system to the heat transfer by conduction.” [55]

Definition 2.5.5 (Biot Number)
“This number expresses the ratio of the heat flow transferred by convection on a

body surface to the heat flow transferred by conduction in a body. Mathematically,
B; = a(2m fAcQ) V2,

where « is the heat transfer coefficient, f is the frequency, c is the specific heat
capacity, @ is the density and A is thermal conductivity.” [55]
Definition 2.5.6 (Reynolds Number)

“It is defined as the ratio of inertial forces to viscous forces. Mathematically,

L
Re:pU ,

v

where p denotes the density of the fluid, U the characteristic flow velocity, p is

the fluid viscosity, and L is a characteristic dimension of the flow region.” [54]
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Definition 2.5.7 (Sherwood Number)
“The Sherwood number was first introduced by an American chemical engineer,

Thomas Kilgore Sherwood and it is defined as

BL
Sh=—,
D
where B is the mass transfer coefficient, L denotes the characteristic length and D
stands for molecular diffusivity. It expresses the ratio of the heat transfer to the

molecular diffusion. It characterizes the mass transfer intensity at the interface of

phases.” [55]

2.6 Governing Laws

Definition 2.6.1 (Continuity Equation)

“The principle of conservation of mass can be stated as the time rate of change of
mass in a fixed volume is equal to the net rate of flow of mass across the surface.
The mathematical statement of the principle results in the following equation,

known as the continuity (of mass) equation.

9p
% + V.(pv) =0,

where ¢ is time, p is density of fluid and v is the fluid velocity and V the nabla or

del operator. By introducing the material derivative D%,

D 0
E—&‘l—v.v.

The above continuity equation can be expressed in the alternate non-conservation

form, as

dp
ot +v.Vp+pV.v =0.

For steady-state conditions, the continuity equation becomes
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V.(pv),

when the density changes following a fluid particle are negligible, the continuum is

D

termed incompressible and we have 7= 0. The continuity equation then becomes

V.v=0,

which is often referred to as the incompressibility condition or incompressibility
constraint.” [54]

Definition 2.6.2 (Momentum Equation)

“The momentum equation states that the time rate of change of linear momentum
of a given set of particles is equal to the vector sum of all the external forces acting
on the particles of the set, provided Newton’s Third Law of action and reaction

governs the internal forces.” Mathematically, it can be written as:

%(pu) + V.[(pu)u] = V. T + pg. [54]

Definition 2.6.3 (Energy Equation)
“The law of conservation of energy (or the first law of thermodynamics) states
that the time rate of change of the total energy is equal to the sum of the rate of

work done by applied forces and change of heat content per unit time.

%e +V.pve=-V.q+Q + o,

where ® is the dissipation function, e is the internal energy q is the heat flux vector

and Q is internel heat generation.” [54]

2.7 Shooting Method

This section is devoted to the illustration of the shooting method, which is a nu-
merical scheme for the computation of the solution of a boundary value problem.

To explain the working procedure of the shooting method, consider the following
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boundary value problem:

(2.1)

Introduce the following notations to reduce the order of the above boundary value

problem.

==
f/:2'1—22, (22)
f//_Z/

= 2.

As a result, (2.1) is transformed into the following system of first order ODEs.

2} = 29, 21(0) =0, (2.3)

Zh = 2129 + 227, 2(0) = s. (2.4)

where s is the missing initial condition which will be guessed.
The above IVP will be numerically solved by the RK-4 method. The missing

condition s is to be chosen such that.
z(H,s) =G. (2.5)

For convenience, now onward z;(H, s) will be denoted by z;(s).

Let us further denote z1(s) — G by ¢(s), so that

(s) = 0. (2.6)

The above equation can be solved by using any appropriate root-finding technique

, e.g., Newton’s method which has the following iterative formula:

B (tn)
thrl - tn - <8¢(t)

?

ot t=t,
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or

21 (tn) — G
t =t —— - 2.
n+1 n 921 (1) ( 7)
ot t=t,
To find 8zét(t), we introduce the following new notations:
821 822
— = — = 2. 2.8
o v o (2:8)
By using these notations Newton’s iterative scheme, will get the form:
21 (tn) — G
tpy1 =t — —————. 2.9
+1 Zg(tn ( )

Now differentiating the ODEs (2.3) and (2.4) w.r.t s, we get another system of
ODESs, as follows:

23 = 21, 23(0) =0, (2.10)

2y = 2320 + 2124 + 421 23, 24(0) = 1. (2.11)

Finally, we have the following IVP:

4= z1(0) =0,
2y = 2129 + 223, 25(0) = t,
2= 2, 23(0) =0,
2y = 2329 + 2124 + 42123, 24(0) = 1.

The above IVP will be solved numerically by using any appropriate method, e.g.,
the RK-4 method.

The stopping criteria is set as,

[ 21(t) =G [< e

where € > 0 is an sufficiently small positive number.



Chapter 3

Novel Thermal Aspects of Hybrid
Nanofluid Flow Comprising of
Manganese Zinc Ferrite, Nickel
Zinc Ferrite and Motile

Micro-organisms

3.1 Introduction

In this chapter, we will perform a numerical analysis of the flow and thermal
aspects of hybrid nanofluids comprising of the nanoparticles MnZnFe;O, and
NiZnFey,O4 and the base fluid water in the presence of motile microorganisms.
This chapter contains a detailed review of the article published by Ahmed et
al. [46]. The numerical solution for this model was computed by the finite difference
method. In the present chapter, a numerical solution of this work is reproduced
by using the shooting method. Water-based hybrid nanofluid flow is considered
over a stretching sheet. Motile gyrotactic microorganisms are involved in the flow

with the understanding that motion of these microbes is due to the bioconvection

21
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phenomenon. The Darcy-Forchheimer medium and the effect of activation energy

have also been taken into account.

3.2 Mathematical Modeling

Consider the flow of hybrid nanofluid over a stretching sheet. Motile gyrotactic
microorganisms are involved in the flow and motion of these microbes is due
to the bioconvection phenomenon. The stretching velocity of sheet is taken as
Uy(z). The Cartesian dimensional coordinates are assumed with x-axis along
the porous surface, and y-axis normal to it, as depicted in figure 3.1. Hybrid
nanofluids are manufactured by adding MnZnFe,0, (manganese zinc ferrite) and
NiZnFey0y (nickel zinc ferrite) of volume frictions ®; and ®, respectively in the
pure water (H>O) of volume friction . The nanoparticle volume concentration
of the resulting hybrid nanofluid is defined as ®p,; = ®; + ®5. The stretching

velocity has been taken as:

Uy(z,0) = cx. (3.1)

The governing mathematical model proposed by Ahmad et al. [46] for the hybrid
nanofluids has been given below in equations (3.2)- (3.6).

Mass conservation equation:

Oou  Ov
—+—=0. 3.2
ox * oy (3:2)
Momentum equation:
ou ou 9%u Mg Cy N (3.3)

U— + V—=— = Vpp, U — u”.
r Oy PO prnsk VA

Energy equation:

OT T kpuy O°T

U-—+ V7~ = .
ox oy (pCp)hny OY?

(3.4)
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g Nanoparticles @
o 00 00 0
g -,G)'rolnctlc Microorgansims
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X
N=Ny C=Cyy T=Ty,v=mg
FiGURE 3.1: Geometry of the problem.
Concentration equation:
oC oC 0*C T\™ —FE*
— 4v— =Dp— — K}C -C)| — : 3.5
T it cICECN] £ R =ty R CE)
Motile equation:
ON  ON 1 AN 92N
ik - bW, =D, —— 3.6
Vor Yoy T, —c. oy 01 (36)
Boundary condition:
The associated BCs have been taken as:
u(z,0) = Uy(x) = cx, v(z,0) = —vy, T(z,0) =T, C(x,0)=C,,
N(z,0)=N, at y=0, (3.7)

u—0, T—>T,,C—Cyx,N— Ny as y— oo.

Here, u and v are horizontal and vertical velocities respectively. Furthermore

Uhnfs Phnfs Knng, (POD)nng, and K, are viscosity, density, thermal conductivity,

specific heat capacity and rate constant of chemical reaction of hybrid nanofluid

respectively.
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3.3 Non-Dimensionalization

In this section, the mathematical model mentioned in (3.2)-(3.7) will be non-

dimensionalized.

3.3.1 Similarity Transformation

For the conversion of the mathematical model in the form of partial differential
equations (3.2)-(3.7) into the ODEs, the following similarity transformation has

been introduced:

& T — Too
é(x7y): Q/_ya w(%y): Vl/fCl'f(f), 6(&) :Wa
N VJ;V C-C o (3:8)
Ge) = — 1t _ YT
where 1) denotes the stream function.
3.3.2 Some Useful Notations
Thermo-physical properties of hybrid nanofluid are presented in Table 3.1.
TABLE 3.1: Thermo-physical properties of hybrid naonofluid
Feature Hybrid Nanofluid (MnZnFe;0,-NiZnFe; Oy/H>0)
Viscosity (1) fhng = prp(1— 1) 722 (1 — By) =27
Density (p) Phnf = (1- CDz)((l - ®1>pf + q’lﬂpl) + Dapp,
. Cp)hn (rCp)
Heat Capacity (pC)) % = (1= ®5)((1 = ®1)(pCp)s + <I>1(’;C—pp)pf1)
(PCp)p
+ 0208,
.. King  Kpyt(n—1)Kyp—(n—1) s (Kyp—Kpy)
Thermal conductivity (K) [?bff — +(n_1)b;{bf 3, (k;f_ ;}fm) P2’
ﬁ o Kpl+(n—1)Kf—(n—1)¢1(Kf—Kp1)
Kf - Kp1+(’nf].)Kf+‘I)1(Kfpr1)
. .. Ohnf __ O (1+2(D2)+20'bf(17‘1>2)
Electrical conductivity (o) o = giz (=2 o0, (25 ®3)

obr _ opy (142P2)+20, (1—P1)

of Opy (17@1)+O'f(2+q>1)




Novel thermal aspects of hybrid nanofluid 25

For convenience, the following notations have been introduced which will be later
used in the conversion of the dimensional model (3.2)-(3.7) to its dimensionless

form.

Pa = (1 — @1)2'5<1 — @2)2'5,

A =P, {(1 — B,) {(1 —®) +<1>1@} +q>2@} ,

P Pr
o Khnf
AQ - Kf )
(Pcp)m } (pcp)pz]
Ag=|(1—0 1—®) +P—— 5 + Pyp— 5|,
’ {< 2) {( 2 ' (pcp)f ? (pcp)f

A4 - 27

Pf
Ag) - _O'hnf.

of

TABLE 3.2: Different dimensionless parameters of the governing model.

Symbols  Name Appearance
So Suction parameter So = \/ZTf
P, Porosity parameter Py = ’i’f
*c
Dy Darcy Forchheimer parameter Dy = % T
k*
Pr Prandtl number Pr— 5
1y (Cp)y
S. Schmidt number S, = 5@
- Chemical reaction rate constant K2
o="7
(&
Activation energy .
Eo Eo = s
Peclet number
Micro-organisms parameter
Q 0= D
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3.3.3 Conversion of Partial Derivatives to the Ordinary

Derivatives

The following derivatives are required to non-dimensionalize the dimensional model:

o 0 c
o)

0.
o _ 9 e
dy Oy ny

(3.9)

vy
oy
dy

(3.10)

- 5 (vreer©)

(3.11)
e g(cwf’(f))
= cf'(§). (3.12)

= —/TEf (©). (3.13)

= —cf'(€). (3.14)
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= —1"(9). (38.15)

u_ o (o

Ay \ /vy

APx o,

= — (1"(€))
Vi 9y

2

= ST e, (3.16)

Ve
T -T.
7Tw_Too

G)

0(¢)

= T =0Ty — Too) + Tee.

= e D - Ta0e)
- ‘%" (T, — Tw)ag—(j) =0. (3.17)
g% _ %(Tw + (T = To)0(E))
90(¢)
= (Tw — Too)a—y
— (T — Ta) V_Cfe'@). (3.18)
277; _ y((Tw ~T.) V%ﬂ(é))
= (T, — Tho) (\/V:f) 0" (¢)
_ (Tw . Too)yifeﬁ(f) (319)
C—Cs
o(§) = Cp — Co
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= O D ((Ou - Ca)ole) + Ox)
= (C, — coo)a(gf> =0. (3:20)
e = 5 ((Cu=C0(e) + )
- (- )8
— (Cu ooo)( Vif) ¢ (©) (3.21)
RSN G)
_ (. — Coo)\/;iagf)
- - %>2¢"<5>
= (Cu = ) -0"(0) (3.22)
GO =
& N = N+ (N — Nao)G(E).
O = D (Voo (N = Na)E(O))
= (N, Nm)%a(g) =0 (3.23)
%_Jyv = 2 (Neot (N~ N)O(E))
_ (N, Nm>ag—f>
= (N — Noo) |26/ (€) (3.24)

— (N, — Noo)\/;cfa%’f)
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= (v = ) i)ZG"@)

vy

= (N, — Noo)yifG”(g). (3.25)

From (3.21), we have

oC c ,
a_y = (Cw - Coo) I/_f(b (5)

+ NOE (Nt M- Nae) (G [ 06))
= %(Naa—j) _ %—j((Noo+(Nw—Noo)G(§)) ((Cw—Coo) Vifd(f))).
= % (N%) = (N + (N, — NOO)G(f))a% <(Cw — Cx) V%é’(&))

+ ((Co = Cx) V—Cfd(g) aﬁ (Noo + (N — Noo)G(é))-

(Cu = CRIGO(©) + (Cu = Co) Vo - Nm>¢'<s>a'<s>).

= —(Cu — Cc)(Nw — Nuo) (29(€) + G(€)9"(€) + ¢ (§)G'(6)).-

C

= —(Cu—Cio) (Nu=Nuo) (8" (A+G(€))+¢' ()G (€)).
(3.26)
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3.3.4 Identical Satisfaction of Continuity Equation

By using equations (3.12) and (3.14) in (3.2), we get

ef(€) = cf (€) = 0.

Thus, equation (3.2) is identically satisfied.

3.3.5 Dimensionless Form of Momentum Equation

The dimensionless form of the momentum equation (3.3) can be obtained by using

equations (3.11)-(3.13), (3.15) and (3.16) as follows:

32y
(czf() (cf'(©)) — (Vs f(©)) ( NG f”(f))

_ fmg (g—xf"w) ) - (@ (9).

Phng \ Vf Phnk*

= uf?(€) — xf(§)f(¢)

_ Hing CQ_I m __Hhng , _ Ch 5 9 o
e, ( vy d (5)) Phngk* (fo (@) _(C z” f (f))-

2 ”2 1" 2 Kanf o Hhnf / Cb 2
= cz(f—ff :caz( = = xf).
( ) PhafVf Prnfk*c”  ppsVE*

(le_ff//) _ Mhnf m_ Hhnf ’ C’b T
PhnfVy Prngk*c”  ppopVk*

Khnf o 2 " Hhnf / Cy 2
= ——f"=(f"=ff")+ I+ xf.
PhnfVy PrnfK ™ gV

PhnfVy 2 " Ehnf o Ch 2
= f”’z—(f—ff + '+ zf )
[ ( ) Phngk* e ppn vV k"

nfV v v
- f,,, _ Phnf f(f/Q—ffH)—i—kaf/‘l’_fof/Q-

f/2-
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Using v = % and Table 3.1,

Prng _ py (1= Po)((1 = Pips + Pipyp,) + Popyp,)
Vth - (1 ) )—2.5(1 —d )_2,5
nf P 1273 1 2

- Pa((l — By)(1— D) + @1@)> @, — A
Py Py

As a result, the above equation gets the following form:

1! /' 1! ! v /
= A2 = f ) + Rof + thfofz-

Now
v _ Ky

( : )=f=a
fing  pp \ (L — @1)725(1 — By) =25 Py +

Therefore, the dimensionless form of the momentum equation gets the form:

f/// — Al(flz o ff//) + Pof, + A4fo/2. (327)

3.3.6 Dimensionless Form of Energy Equation

The dimensionless form of (3.4) can be achieved by substituting equations (3.11),

(3.13) and (3.17) - (3.19) as follows:

w0 + (= /@7 f)(To — Too)\/V:Cf@’ - (Kﬂ ((Tw - Tm)ie“)

PCp)hny vy
/ ](hnf C
= —cf(Ty—Tw)l = ——— ((Tw —T,)—0 >
(PCp)hng Vg
o gy = s Lo
(PCp)hny vy
(3.28)

Since

Khnf Ve — Khnf
(pcp)hnf

(54) (1= 0a)((1 = B(6Cy)s + B1(6Cy)) + DaloCy)y
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_ Kpny

(L (1 2a)((1 = 9(C); + 10C) + 2aloC)
_ Khnf

(42)(pCy )z <(1 — By)((1— @) + @ L2 @z‘{’cf');@)
_ Ky

ﬂf(cpf)A?)

therefore equation (3.28) becomes:

/ Khnf "
10 0"
1r(Cp) A3
/ Khnf Kf "
= —A3f0
’ Ky pp(Cy)y
Ay
. 22
= = Dgf0 = 520

Finally, the dimensionless form of the energy equation (3.4), is as follows:

1
—AQGH + A3f9’ == O (329)
Pr

3.3.7 Dimensionless Form of Concentration Equation

The concentration equation (3.5) can be reduced into the dimensionless form by

using equations (3.11), (3.13) (3.20) - (3.22) as follows:

w0 + (/e )(Ca cm>\/§f¢’

= Do(5)(C = ) (©) ~ KHC - Cu) () en(75).

S elCu— O = 2Oy~ C)o”
Vy

¢.

—Kf(Cw—Coo)(%)mlexp(K*(T (T — T )9)
®.

N EEEER —
5 T\ ) P\KT. K (T, — T)d



Novel thermal aspects of hybrid nanofluid 33

mi —E*
= g =g (L) e )e

Se ¢ \Tw 1—|—T”TOOT°°9
.1, K2/ T\™ —FE,
= Ie=ge _T<ﬂ) “p(1+5e>¢~

/ 1 1 mi —E,
= —f¢' = §c¢ —0(1+59) exp(1+§ )gb.

Therefore, the dimensionless concentration equation (3.5), is as follows:

0
1+40

Sigbﬂ + f¢/ . 0_(1 + 59)mlexp( >¢ — 0. (330)

3.3.8 Dimensionless Form of Motile Equation

The dimensionless form of equation (3.6) can be obtained by using equations

(3.11), (3.13) and (3.23) - (3.26), as follows:

1 c

(V)N = Noo) [ 6€) + G (Cu = Co) (N = Vo)

(6@ + G(€) + §G'(€) )W, = Da(No = No) -G,

= — (N — N fG'(6) + V—j(Nw — N ()2 + G) + ¢ G (€)) bW,
= D, (N, — Nm)%G"(g).
1

= G, (OGO OF (€)W, = f—;@'(a.

= () = L (OO (ORICEOIHOC O,

1

= G'(¢) = —l’;—ifG'<f>+D—n(¢"(§>(9+G<£>>+¢’<§>G’<£>)bWC.

= G"(§) = —ScfG'(&)+Pe(¢"(§)(A+G(€)+¢'(§)G'(€)).

Therefore, the dimensionless form of the concentration equation (3.6) gets the

form:

G" = Pe(¢"(Q+ G) + ¢'G') — S.fG. (3.31)
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3.3.9 Dimensionless Form of Boundary Condition

The related BCs are converted into the dimensionless form by the following cal-

culation:

o v(x,0) = —vy, at y=20
5w = — ) at y=0
= f(0) = NCT

° u(z,0) = cx, at y=20
= cx = cxf'(§), at £€=0
= flO==, at €=0

cr
= f(0)=1

° T(z,0) =T, at y=20
= Ty =T+ (Tw—Tx)0(8), at y=0

T — T
= 0(&) =1, at £€=0
= 0(0)=1

) C(x,0) = Cy, at y=0
= (C(2,0) = Cu+(Cp—Cx)d(§), at £=0
:aﬁ(é):%, at £=0
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= $(0) =1

o  N(2,0) = N, at y=0
= N(2,0) = Noot(Ny—Noo)G(E), at €=0.
= G(f)—xz_%:, at € =0.
~ Gle) =1, at £=0
= G(0)=1

1

as Yy — Q.

= f'(§) —0, as &£ — o0.
° T — Ty, as Yy — 00.

= 0(¢) — 0, as & — oo.
o (C—(C,, as Yy — Q.

= ¢(§) =0, as &£ — o0.
e N — N, as Yy — 00.

= G(&) — 0, as & — o0
Finally,

f=S, f=1 6=1 G=1, ¢=1 as &—0.
(3.32)
ff—0, 0—-0, G—=0, ¢—=0, as &— oo.

3.4 Physical Quantities of Interest

This section provides an introduction to the dimensional physical quantities and

their conversion to the dimensionless form.



Nowvel thermal aspects of hybrid nanofluid

36

Skin Friction:

Tw
Cr, = U2
where
ou
v =ml(5),
Therefore

nfC’'"T .
AR (using (3.15))
_ KhnfVy H(O)
ppNery/vy
— ,uhnf ﬁl‘ //(0)
Mg ¢
]' "
= 1 f7(0)
RG% (1 — @1)2'5(1 — (132)2'5
i 1 1
@ = 0).
= Re CfT (1 _ @1)2.5<1 _ @2)2_5f ( )
Here ReY/ denotes the Reynolds number.
Nusselt Number:
Tdm
Nu, = ————"——
YT TR (T — Toe)
where
oT
hnf ay -
I’K}mf(Tw - Too) %9’(0)
Therefore Nu, = — KTy —Too) (using (3.18))
Khpng |
Nu, = ——2 ix@’(O)
Ky vy
_1 K
=  Re, *Nu, = ——2L¢'(0).

Ky
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Sherwood Number:

Tdm
Sh, = —
DB(Cw - C’oo)
where
oC
gm = —Dp <a—) .
Y/ 4o
Therefore

xDg(Cy — Cx) /=9 (0)

ve

DB(Cw - C100)

C /
Sh, = —\/y:fw (0)

— Re;2Sh, = —4/(0).

Sh, = —

Density of Motile Micro-organism:

Tdm
Nn, = —
where
N
9 /o
Therefore

(using (3.21))

(using (3.24))
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3.5 Solution Methodology

The ordinary differential equation (3.27) has been solved numerically by using
the shooting technique. The following notations have been taken into considera-

tion:
f=G1, [ =G =Gy, =G =Gy =Gs

The momentum equation is then transformed into the system of first-order ODEs

shown below:

Gll = GQ, Gl(O) = SO?
Gy = G, G(0) = 1, (3.33)
Gg - Al (G% - Gng) + P0G2 + A4DfG§, Gg(O) =P.

The above IVP will be numerically solved by the Runge-Kutta method of oder
4. The domain of the problem is considered to be bounded i.e. [0, {], where
¢ 18 a positive real number, for which the variation in the solution is ignorable

after £ = .. The missing condition p is to be chosen such that.

G2(§o,p) = 0.

Newton’s method will be used to find p. This method has the following iterative

scheme.

GQ(fooapn)
%G2<5007p))

Pn+1 = Pn — (
DP=Pn

We, further introduce the following notations:

0 o G, G
ap_ 4, ap_ 55 ap_ 6-

As aresult of these new notations, the Newton’s iterative scheme gets the form:
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GQ(fompn)

Pt = Pn = G5(€ooapn) ‘

Now, differentiating the system of first order ODEs (??7) with respect to p, we get

another system of ODEs as follows:

G, = G5, G4(0) =0,
4

GL = G, G5(0) =0,
o ’ (3.34)
G% = Al (2G2G5 — G1G6 — G3G4) + POG5

+ 20, D ;GG Go(0) = 1.

The stopping criteria for the Newton’s technique is set as:

’ G2(5007p) ‘< €,

where € > 0 is a sufficiently small number. From now onward, ¢ has been con-
sidered as 1071,

The ordinary differential equation (3.29) will be approximated by using the shoot-
ing technique and assuming f as a known function. For this, we utilize the fol-

lowing notions:
QIHl, 6/:H12H2

The energy equation (3.29) is then transformed into the system of first-order ODEs

shown below.

H! = H,, Hi(0) =1,
A, (3.35)

The above IVP will be numerically solved by Runge-Kutta method of oder 4.

The missing condition ¢ is to be chosen such that.

H1<§OO,Q) < €.
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The above equation can be solved by using Newton’s method with the follow-

ing iterative formula:

o N Hl(gooa%z)
n+1 = dn
<%H1 (5007 CD)

We, further introduce the following notations:

q=dqn

As aresult of these new notations, the Newton’s iterative scheme gets the form:

Qi1 = q Hl(gooa%’b)
n+l — UYn = T o -
H3(§OO:Q7Z)

Now, differentiating the (3.35) w.r.t ¢, we get another system of ODEs, as follows:

H; = Hy, H3(0) =0,

/ A, (3.36)
H4 = —PTA—G1H4, H4(O> =1.
2

The stopping criteria for the Newton’s method is set as:

| Hl(§007Q) |: 0.

Now, the ordinary differential equations (3.30) and (3.31) has been solved nu-
merically by using the shooting technique, f and 6 will be taken as the known

functions. The following notation have been taken:

¢ =1, ¢ =T, =T, G =T, G =Ty ="1,.

The equations (3.30) and (3.31) are then transformed into the system of first-
order ODEs shown below:
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Tll — T27 T1<O) - 1
TézSc(o(l—l—éﬁ)mleasp(l__i_ ge)Tl_G1T2>’ T5(0) = d.
T =Ty, T5(0) =1. p (3.37)
Ty = Pe (Sc(a(l + 59)m163}p(1_+ (?0)11 - Gng) (Q+T3) + T2T4)

— SCGng, T4(O) = 8.}

The above IVP will be numerically solved by the Runge-Kutta method of order
4. The domain of the problem is considered to be bounded i.e. [0, &), where
¢ 18 a positive real number, for which the variation in the solution is ignorable

after £ = .. The missing conditions d and s are to be chosen such that:

T1 (€, d) = 0, T3(£nc,s) = 0.

Newton’s method will be used to find d and s. This method has the following

iterative scheme:

-1

d G Ty
013 o013
S S g s T:
(n+1) (n) o 95 1y L7? 1w

Furthermore, the following notations will be useful for computing the entries of

the Jacobian matrix.

o1, oT, OT; T,
- =2 T =3 = -
od 55 od 65 od 7y od 8
8T1 8T2 8T3 8T4

Newton’s iterative scheme will change its form, after utilizing the above mentioned

notations, as follows:
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Now differentiating (3.37) w.r.t d and s, we get another system of ODEs as follows:

Té — T6, T5(0) — O
! mi —E,
T6:Sc(a(1+50) exp(1+§9>T5—G1T6), T6(0) =1
T! = Ty, T(0) = 0
Ty = Pe <Sc(a(1 + 59)mlexp<1;E§9)T1 — G1T2> 17
mi _EO
+ T2T8 -+ T6T4)) — SCG1T7, Tg(O) =0
Té = Tho, T9(0) =0
! m1 —E
Tm:SC(U(l—F(SG) 6.%’p<1+§9)T9—G1T10), Tl(](O) =0
T}, = Tis, T14(0) = 0
T}, = Pe (Sc(a(l + 59)mlexp(1_+—E;;)0>T1 — G@) Th
mi _EO
+ T2T12 —+ T10T4>> — SCGlTn, Tlg(O) =1.

The stopping criteria for the Newton’s method is set as:

maz {| Ty(€oo, d) |, | (6o, 8) [} <€

3.6 Results Interpretation

(3.38)

The main focus of this section is to investigate the influence of various factors,

including the porosity parameter (), Darcy inertial parameter (Dy), Prandtl

number (Pr), Schmidt number (S.), chemical reaction rate constant (o), acti-

vation energy parameter (Ey), Peclet number (Pe), suction parameter (Sp) and
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bioconvection parameter (£2) on the variable profiles of the problem. These fac-
tors play a crucial role in interpreting the fields of velocity f’(§), temperature
0(§), concentration ¢(&), and motile profile G(§). Moreover, through the ad-
justment of dimensionless parameter values, the impact of these parameters on
physical quantities, such as skin friction Nusselt number, Sherwood number and

density of motile microorganism is investigated and presented in tabular format.

The velocity, temperature, concentration and motile profiles plots offer clear in-
dications about how the system behaves as the physical parameters fluctuate.
Through observing the trends in these profiles, a more comprehensive understand-
ing of the system’s physical characteristics can be observed. The graphical repre-
sentations help to understand how variations in various physical parameters effect

different profiles.

3.6.1 Discussion of Computational results

In Table 3.3, T}, and T}, are the intervals for the choice of missing condition p
while computing the of skin friction coefficient for nanofluid and hybrid nanofluid
respectively. It is observed that for the computation of Nusselt number, there is
great flexibility in the choice of the missing initial condition. Table 3.4 presents
the results of the skin friction coefficient for the NiZnFe;O4/H,0O nanofluid and
NiZnFeyO4 — MnZnFey0,/Hy0 hybrid nanofluid, under various inputs of P,
Dy, Sy, @1 and ®,. From the computations, it is evident that the positive variation
in Py, Dy, Sp and ®; leads to higher absolute values of skin friction coefficients,
showing a decrease in the velocity of fluid. Table 3.5 gives the details of Nus-
selt number as it relates to the porosity parameter Fy, Darcian parameter Dy,
suction parameter Sy, volume fraction ®; and Prandtl number Pr. The findings
reveal that the Nusselt number Re, 2 Nuy, falls for the positive variation in porosity
parameter Py and Darcian parameter Dy while inverse trend is observed for the
increasing values of suction parameter Sy, volume concentration ®; and Prandtl

number for both nanofluid and hybrid nanofluid flow cases.
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Table 3.6 illustrates the impacts of suction parameter Sy, chemical reaction rate
constant o and Schmidt number Sc¢ on the concentration boundary layer. An
opposite influence is shown by porosity parameter F, and Darcian parameter Dy.
Moreover, Table 3.7 provides the results of the density of motile micro-organism
Re, %N n,. For the enhancing values of porosity parameter I, Darcian parameter
Dy and chemical reaction rate o density of motile micro-organism falls whereas a
rise in the suction parameter Sy, Peclet number Pe, bioconvection parameter €2
and Schmidt number S, cause an increase in density of motile micro-organisms.

1

TABLE 3.3: Missing conditions of Re2 Cy,

Py Dy S, o, D, T, s,
01 25 0 003  0.05 1.1, -0.1] 1.1, -0.1]
0.3 1.1, -0.3] 1.2, -0.2]
0.5 1.3, -0.5] 1.2, -0.5]
0.8 1.3, -0.8] 1.3, -0.9]
45 1.1, -0.2] 1.1, -0.2]
65 1.1, -0.2] 1.1, -0.2]
85 1.1, -0.3] 1.1, -0.3]
0.6 1.5, 0.0] 1.5, 0.6]
1.2 2.0 , 1.5] -2 .0, 1.5]
1.8 2.7, 2.8] 2.7, 2.8]
0.06 1.1, -0.1] 1.1, -0.1]
0.09 1.1, -0.1] 1.1, 0.0]
0.12 1.1, -0.1] 1.1, -0.1]
0.07 R 1.1, -0.1]
0.09 R 1.1, -0.1]
0.11 - [1.1,-0.1]
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1
TABLE 3.4: Results of Rez Cy,

1 1
P() Df So q)l @2 Ref wa Re% Ofx
(NF) (HNF)
0.1 25 0 0.03 0.05 -1.1545 -1.3269
0.3 -1.2514 -1.4358
0.5 -1.3412 -1.5371
0.8 -1.4657 -1.6776
45 -1.1605 -1.3327
65 -1.1664 -1.3386
85 -1.1723 -1.3445
0.6 -1.5345 -1.7711
1.2 -1.9993 -2.3151
1.8 -2.5269 -2.9329
0.06 -1.2579 -1.4346
0.09 -1.3672 -1.5493
0.12 -1.4837 -1.6720
0.07 ---- -1.4004
0.09 ---- -1.4771
0.11 ---- -1.5571
TABLE 3.5: Results of Re;%Nux
_1 _1
By Dy So P, P, Pr Re; 2 Nu, Re; ? Nuy,
(NF) (HNF)
0.1 25 0 0.03 0.05 1 0.5783 0.5917
0.3 0.5599 0.5722
0.5 0.5434 0.5548
0.8 0.5216 0.5319
45 0.5777 0.5911
65 0.5770 0.5905
85 0.5764 0.5899
0.6 1.0081 1.0137
1.2 1.5050 1.5028
1.8 2.0410 2.0313
0.06 0.5858 0.6007
0.09 0.5944 0.6107
0.12 0.6042 0.6218
0.07 ---- 0.5976
0.09 ---- 0.6040
0.11 -- - 0.6107
5! 1.5885 1.6514
7 1.9253 2.0056
10 2.3506 2.4527
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_1
TABLE 3.6: Results of Re, 2Sh,

P, D; Sy ® ® Pr o By Pe Q Sc Res®Sh, Res®Sh,
(NF) (HNF)

01 25 0 003 005 1 01 0 1 05602  0.5668
0.3 05514 05402
0.5 0.5354  0.5334
0.8 05141  0.5124
45 0.5686  0.5663

65 0.5680 05657

85 0.5674 05652
0.6 0.9975  0.9948

1.2 14926 1.4901

1.8 20264  2.0241

0.06 0.5676  0.5669

0.09 0.5671 05677

0.12 0.5675 05693

0.07 L. 05666

0.09 L. 05668

0.1 .. 05685

5 0.5692  0.5668

7 0.5692  0.5668

10 05692  0.5668

0.8490  0.8478

12178 12172

14944 1.4940

05692 0.5668

056902 0.5668

056902 0.5668

0.2 056902  0.5668

0.3 056902  0.5668

0.4 05602  0.5668

0.4 056902  0.5668

0.8 0.5692  0.5668

1.2 05692 0.5668

15 0.7470  0.7444

2 08983  0.8057

25 1.0319  1.0293
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_1
TABLE 3.7: Results of Re; 2 Nng

Py Dy Sy & @ Pr o E, Pe Q Sc Res?Nn, Res’Nn,
(NF) (HNF)
00 25 0 003 005 1 0 01 0 1 0634 06108
0.3 0.5046  0.5923
0.5 0.5778  0.5757
0.7 0.5625  0.5606
45 0.6127  0.6103
65 0.6121  0.6097
85 0.6114  0.6091
0.6 1.0866  1.0838
1.2 1.6335  1.6308
1.8 22223 22108
0.06 0.6117  0.6109
0.09 0.6111  0.6118
0.12 0.6105  0.6135
0.07 .- 0.6106
0.09 .- 0.6108
0.11 o= 06115
5 0.6134  0.6108
7 0.6134  0.6108
10 0.6132  0.6108
0.6377  0.6352
0.6556  0.6532
0.6706  0.6682
0.6134  0.6108
0.6134  0.6108
0.6134  0.6108
0.2 0.6580  0.6553
0.3 0.7020  0.7001
0.4 0.7483  0.7454
0.4 0.6291  0.6266
0.8 0.6449  0.6423
1.2 0.6606  0.6580
15 0.8035  0.8008
2 09652 0.9625
25 11082  1.1054
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3.6.2 Velocity Profile

Figure 3.2 illustrates the influence of local porosity parameter Py on f'(€). It
is evident that both the nanofluids NiZnFe;O4/Hs0O and the hybrid nanofluid
MnZnFesOy— NiZnFey0O,/Hy0, experience a significant decrease in the velocity
of flow as the values of P, increase. The porosity parameter F, is inversely propor-
tional to the Darcian drag force. As the porosity increases and the Darcian drag
force decreases, fluid flow becomes more permeable through the porous medium.

However, this happens at the expense of a reduction in the fluid velocity.

1 \ T T T T T T T
7N|ZnFeZO4/H20 .......... NiZnFeZO4-MnZnFe204/HZO
0.8 D,=25, S,=0, ®,=0.03, ,=0.05 o1]
PO=O.3
P _=0.5
0.6 o_ B
PO—O.S
_— F’OZO.l
= 0.4 — — —Py=03| |
P,=0.1,0.3,0.5,0.8 P,=0-5
P0:0.8
0.2 .
Or —
_02 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8

FIGURE 3.2: Impact of Py on f/(§)

Figure 3.3 discloses the result for the velocity profile against the Darcian parameter
Dy. The observed decrease in the velocity profile f’(§) with increasing Dy is
explained by inertial effects. These effects introduce a force that drags the fluid
backward, acting as a resistance and causing a reduction in the fluid’s speed.
Another important factor influencing the fluid flow characteristics is the suction
parameter Sy. From Figure 3.4, it is evident that the velocity profile is enhanced
for the rising values of suction parameter Sy. Mass transfer processes that take

place at the wall’s suction region are considered to be a cause of this impact. The
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system’s overall velocity decreases as a result of suction-generated flow motion

that opposes the main flow.

F'(€)

T T T

T

T

_NiZnFe204/H20 ........... Man|Fe204—NiZnFe204/H20

P,=0.1, S,=0, ®,=0.03, $,=0.05

D=25
—— D.=45
0.6 0.26 S -
Df=85
— — —Dg=25
0.4 r - o Df=45
11 115 1.2 1.25
D=65
D,=25, 45, 65, 85 — — D785
0.2 - of
0oFr TTTre—
_0.2 1 1 1 1 1 1 1
) 1 2 3 4 5 6 7 8
13
FIGURE 3.3: Impact of Dy on f/(£)
T T T T T T T
_’_NiZnFeZO‘l/HZO .......... NiZnFe204-MnZnFe204/H20
P,=0.1, D,=25, $,=0.03,%,=0.05
S,=0
0.5 \ S,=06
s =12
0.45 0
s =18
0.4 0
— — —8,=0
0.35 __ _s.=0s
0.3 0.4 05 0.6 0.7 So-12
S,=0,0.6,1.2,1.8 - SoTL8
0.2 r \\ 4
O Y e — e —
_02 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7
3

FIGURE 3.4: Impact of Sy on f/(€)
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3.6.3 Temperature Profile

Figures 3.5 to 3.9 present the characteristics of the temperature profile 6(§) with
respect to various parameters, including the porosity parameter F,, Darcian pa-
rameter Dy, suction parameter Sy, volume fraction @, and Prandtl number Pr.
Figure 3.5 illustrates the influence of the porosity parameter P, on temperature
profile 0(§). The rising values of Py enhance the temperature profile. From Figure
3.6, it is evident that the temperature profile (&) is enlarged for a positive varia-

tion in the Darcian parameter Dy.

From Figure 3.7, it is clear that the temperature profile (&) increases for the higher
values of suction parameter Sy. The rising values of suction parameter Sy > 0 low-
ers the temperature and decreases the thickness of the thermal boundary layer.
Fluid temperature decreases when Sy is increased because more nanofluid is drawn

out.

1 y T T T T T T T
NiZnFe204/HZO .......... NiZnFeZO4-MnZnFe204/HZO
0.8 D,=25, S,=0, ®,=0.03, ,=0.05, Pr=1 7
P _=0.1
0
PO:0.3
0.6 P,=05| -
P0=0'8
= _— P0=0.1
= 0.4 _ ,p0:0.3 n
PO:O.S
P0=0'8
0.2 - 4
or - —
_02 | | | | | | |
0 1 2 3 4 5 6 7 8

FIGURE 3.5: Impact of Py on (&)
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The outcomes in Figure 3.8 show that the volume fraction ®; of MnZnFe;Oy
in the hybrid nanofluid and temperature have a positive correlation. This means
that the enhancing values of ®; causes an increase in the temperature profile 6().
This relationship can be explained by the higher volume fraction’s elevated ther-

mal conductivity.

Thus, the temperature within the nanofluid rises as a result of the enhanced ther-
mal conductivity. The temperature variations of the fluid (for both nanofluid and
hybrid nanofluids) with various values of Pr, are shown in Figure 3.9. The fluid
temperature is observed to decline as Pr increases, which is consistent with a de-

crease in the thermal diffusivity as Pr grows.
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FIGURE 3.8: Impact of ®; on 6(§)
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FIGURE 3.9: Impact of Pr on 6(§)

3.6.4 Concentration Profile

The concentration of nanoparticles in a fluid significantly influences the fluid’s
properties and applications. Figure 3.10 discloses the effect of the local porosity
parameter Py on ¢(£). As the porosity parameter Py increases, the fluid’s flow rate
decreases, resulting in the accumulation of nanoparticles and, consequently, an el-
evated concentration of nanoparticles. An illustration of increase in the concentra-
tion profile ¢(§) is depicted in Figure 3.11. By increasing the Darcian parameter
Dy, the concentration profile ¢(§) increases. From Figure 3.12, it is evident that
¢(§) is dimmed as the suction parameter Sy is enhanced. Figure 3.13 expose that
¢(€) falls for a positive variation in ®;. Figure3.14 illustrates the physical impacts
of 0. A decrease in the concentration is associated with a decline in the rate of
a chemical reaction, indicating a diminishing level of reaction activity. So, as the

chemical rate o is increased, the concentration profile ¢(§) is decreased. Figure
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3.15 displays the effect of the Schmidt number S. on ¢(§) and the associated thin-
ning of the concentration layer thickness is also observed. It is relevant to mention
that S. characterizes the ratio of momentum diffusivity (kinematic viscosity) to
the mass diffusivity in a fluid. When S, increases, it implies that the mass diffu-
sivity is relatively lower as compared to the momentum diffusivity. As the mass
diffusivity decreases with higher S, values, the diffusion of the substance becomes

less efficient. Consequently, the concentration profiles ¢(€) exhibits a decrease.

1 T : : - - - -
NiZnFeZO4/HZO ........... MnZnFeZO4—NiZnFeZO4/HZO
os D;=25, S,=0, ¢,=0.03, ®,=0.05, Pr=1, =0, E;=1, Pe=0.1,Q2=0, S_ =1 A
04 KT P,=0.1
0.6 - P,=0.3| |
P, =0.5
%\/’ 0.4 PO=O.8 _
1.4 1.5 1.6 — — — Py=01
F’O=O.1, 0.3, 0.5, 0.8 — — P,=0.3
0.2 + P,=0.5| 7
P,=0.8
ok S
_0.2 L L L L L L L
o 1 2 3 4 5 6 7 8
£
FIGURE 3.10: Impact of Py on ¢(§)
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FIGURE 3.11: Impact of Dy on ¢(§)
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FIGURE 3.12: Impact of Sy on ¢(§)
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FIGURE 3.14: Impact of o on ¢(§)
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3.6.5 Motile Profile

Figure 3.16 is sketched with the observation that the density of micro-organisms
G (&) is enhanced with a positive variation in P,. Figure 3.17 makes it evident that
the motile profile G(§) increases significantly with a positive change in the Darcian
parameter Dy. A decreasing trend of density of the motile micro-organism G(¢)

with the larger values of the suction parameter Sy is disclosed in Figure 3.18.

The relationship between o and G(§) is illustrated in Figure 3.19. Elevated val-
ues of o trigger a detrimental chemical reaction that diminishes the concentration
gradient, consequently reducing the density of motile G(§). This occurs because
liquid species are able to dissolve more effectively under these conditions. The

impact of the Peclet number Pe on G(§) is clearly illustrated in Figure 3.20.

The Peclet number Pe holds great significance in the study of microorganism
swimming in a fluid. It elucidates the movement of substances within the fluid.
An increase in Peclet Pe number enhances the speed of fluid particles, but concur-
rently, the diffusivity of microbes decreases with rising Peclet levels. Consequently,
there is a reduction in the distribution of micro-rotations. Hence, the behavior
of G(§) exhibits a noticeable decline. From Figure 3.21, it is evident that higher
values of 2 correspond to a decreasing trend in G(£). The surface concentration
diminishes with an increase in €2. Consequently, particle strength weakens, leading

to a reduction in mass and contributing to the degradation of motile profile G(€).

Figure 3.22 illustrates the impact of the bioconvection Schmidt number S, on
the density of motile microorganisms. The figure distinctly shows that the density
of motile microorganisms G(&) follows a decreasing trend with the bioconvection
Schmidt number S.. Increasing values of S, generally indicate a decrease in the
microorganism diffusion, leading to a reduction in both the density of motile mi-

croorganisms and the thickness of the thermal boundary layer.
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FIGURE 3.16: Impact of Py on G(§)
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FIGURE 3.20: Impact of Pe on G(§)
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Chapter 4

Flow Analysis of Hybrid Casson
Nanofluid Containing Motile
Micro-Organisms Subjected to

Cattaneo-Christov Double

Diffusion

4.1 Introduction

The model analyzed in Chapter 3, has been given a new direction by introduc-
ing the engine oil based hybrid nanofluid (77O, + Ag) and by incorporating the
impacts of Casson and magnetic field, in the momentum equation. In addition,
magnetic field, thermal radiation and Cattaneo-Christov heat flux, in the energy
equation has been incorporated. Furthermore, the Cattaneo-Christov mass flux,
has been incorporated in the concentration equation. These various effects en-
ables us to investigate how their combined influence affects the flow of fluid over a

stretching sheet. By conducting numerical simulations and analysis, we delve into

62
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the intricate interplay of these effects, scrutinizing their collective impact on the

overall behavior of the flow.

4.2 Mathematical Modeling

A two dimensional (2D) flow of a hybrid nanoliquid (79O, + Ag)/EO along a
sheet with stretching velocity U, = cz, (¢ > 0) through a porous medium has
been taken into account. Motile microbes are engaged in the flow, and their mo-
tion is caused by the bioconvection phenomenon. The fluid flow is subjected to a
perpendicularly applied magnetic field of uniform strength. In addition, radiative
flux, chemical processes and heat source/sink are considered.

The mathematical form of the flow model, based on the relevant conservation

o Gyrotactic Microorgamsims

Fﬁmns Medium

N= Nuy L= Cw, = Tw, P

T

FIGURE 4.1: Geometry of the problem.

principles, has been presented in the form of the following partial differential equa-

tions [46, 47):
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Mass conservation equation:

Oou Ov
—+—=0. 4.1
ox + dy (4.1)
Momentum equation:
0 0 n 1\ 0 n C n
u—u—i—v—u:’uhf(ﬁ—i_ ) QZL— ’uhf*u— b u20th§u. (4.2)
or Yy pwms\ B )OOV prask Prng\/ (k%) Phng

Energy equation:

ua—T—l—va—T _ Sty (0T - A u%a—T U@@_T+u@8_T+U@8_T
ox oy (pCp)hns \ OY? Ox Ox dy Oy ox Jy Oy Ox
0*T o*T 0*T oy, 1 dq
+uP == +vP—— + 2w ) - ©_ B —— (—T)
Ox? dy? Oxdy (Cp)hnfPung 0 (PCp)hns \ Oy

(4.3)

Concentration equation:

2 T mi _FE*
u@+v%:D3Q—Kf(C—C@o)<—) e:rp( )—a( OuoC

ox dy 0y? T kxT Yor or
+ v@@ uﬁg + v@@ + uQaQ—C + v282—c + 2uv A
dydy  O0rdy Oy Ox O dy? drdy
(4.4)
Motile equation:
ON N 1 AN 92N
- - bW, = D,,—. 4.
U or o dy + (Co—Cx) Oy We " Oy2 (45)

Boundary Conditions:
The following boundary conditions (BCs) have been assumed to physically analyze

and numerically compute the solution of the above equations [46]:

y=0: u(z,0)=U, + <%)W1,uhnf<3)g_zy v(z,0) = —vp,
or _ _E(Tw —T), C(2,0) = Cy, N(z,0) = N,. (4.6)

dy

y—oo: u—0,T—>Ty, C—Cyx, N— Ng.
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Here uw and v are horizontal and vertical velocities respectively. Also fu,f is vis-

cosity.

4.2.1 Thermo-physical Properties

The valueable thermo-physical properties of NF and HNF are shown in Table 4.1

TABLE 4.1: Thermo-physical properties of nano-sized particles and base fluid.

Properties TiO, Ag Engine Oil
Density, p(2%) 4250 10500 884
Specific heat, C,,(,WLK) 686.2 235 1910
Thermal conductivity, k(2%) 8.9838 429 0.144
Electric conductivity, o (£) 2.4 x10° 6.3 x 107 1x 1077

The formulation of different thermo-physical properties for both nanofluid and

hybrid nanofluid are tabulated in Table 3.1.

4.2.2 Similarity Transformations

Consider the following similarity transformation to reduce the governing system

to ordinary differential equations (ODEs):

€)= \[ v, vl = IEQ). 00 = 7
w T doo (4.7)
N — Ny C—-Cx
Gl =—n 26 = o

The symbol £ represents the similarity variable. The velocity components in
the = and y directions are denoted by u and v, respectively, while f’'(£), 0(¢),
(&) and G(&) stand for the dimensionless momentum,temperature, concentra-
tion and motile profiles. Different parameters used in the upcoming ODEs and

their BCs, have been listed in Table 4.2.
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TABLE 4.2: Different dimensionless parameters of the governing model.

Symbols Name Appearance
M Magnetic parameter M = iﬁ B?
Nr Radiation parameter Nr = %
“v(pCp) s
E Eckert number B — 2a?
¢ € (Cp)f(Tw—Tx)

0 Time relaxation parameter N = Apc = Aoc
A Velocity slip parameter A= W, \/Eﬂf

Biot number W [z
Bi Bi = ;(ff \/ jf (Ty — T)

Continuity equation (4.1) is satisfied identically, whereas (4.2)-(4.6) are trans-

formed into the dimensionless form presented below.

4.2.3 Dimensionless Form of Momentum Equation

In this section, the governing momentum equation (4.2) to get the non-dimensional

form: For this, we use the equations (3.11)-(3.13), (3.15) and (3.16) into the

equation (4.2), we get the following form:

(s ©)er'©) - (Varn(©) ©
__Hhng
Phnfk*

= zf?(&) -

— f/2_ff// _ :uhnf(B) (6 + 1>f///_ Hhnf

phn f \/_ ( Phn f

- CQQZ(f,Q—ff”):CQ.CE(Mhnf( )5"’1]5///

32y

Vi

©)

/ Cy 22 7 B
(e (©) - S (rre)
C2$ " :,Uhnf<B) 6‘*’1
FOf(6) = el ( -

2 f7(€)) — 7 Biea

1(€)-

Hhnf I

_ Mhnf(B) (6 + 1) Cj_ff///(é)

Phnf &
Ohnf 2 /
—Bgex f'(§).

hnf

)f—ff’"(f)— Bhnd_(cx f(€))

phnfk*

PhnfVs B

Phngk*c”  Phng

1 folQ Uhnf B2 f ) )
Phnf c

PhnfVf B Phnsk*e

1 fo/2 Uhnf BZ f

Phnf Phnf ¢’
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ni(B +1 n 1 Ohn !
122 f( ) (ﬂ )f/// _ flz—ff//+ 222 f* f/+ fo/2+ h fBgi
PhnfVy B Phnfk*C” " Phng Phnf  C

ﬁ‘i_l " n / " 4 / 4 / Ohn '
(T f :Vf%(fQ_ff)‘kacf—i- / fo2+Uf thSL.

Phng(B) Phnf  C

(E) 1 — A1(flz_ff”)—l-Pof/+A4fo/2+&0hnfBgL'
7 P ¢

Finally, the dimensionless form of the momemtum equation gets the form:

(ﬁ;1>f,//:Al(f/2_ff//)+P0f/+A4fo/2+A5Pa/Mf/.

N fw:(_ﬁ )(A1(f’2—ff”)+Pof’+A4fo’2+A5PaMf/)'

= ["= (L) (As(f*=F ")+ 24D 2+ (Po+AsPaM) f').

=
_|_
—_

(4.8)

4.2.4 Dimensionless Form of Energy Equation

In this section, the non-dimensionalization process for the energy equation (4.3)

has been discussed. For this, the following derivatives are also required:

2
o°T _0
0x0y

(using(3.18)) (4.9)

The radiation heat flux ¢, can be expressed as:
G = ————. (4.10)

The Stefan-Boltzman constant is denoted by ¢* , and the absorption coefficient is
represented by £*. The Taylor series expansion can be taken in account to express

T* about T, as follows:

T =To +AT2 (T — To) + 6T (T — Too)?* + ...
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By neglecting the higher terms, we get

T =TL +4T3 (T — Ty).
= T' =4T3T - 3T%.

oT* oT
— = 4T3 .
y 0y

So, equation (4.10) becomes:

4 ox oT
o= =T
e Bk*( °°)8y
Oq, _ 160% 5 0°T
oy 3 kx 0y’
0q; 16 0%, 4 c
= T3 (T, —T) [ — 10" 4.11
=y T - ) () (.11)

The dimensionless form of (4.3) can be obtained by using equations (3.11)- (3.19),
(4.9) and (4.11) as follows:

cxf'(0) — \Javrf (T — Too) \/V:Cfe' - (“%(Tw ~To) (V—C) 0" — A(C% £2(0)

pCp)hnf
+ T (T = To) ()8 (T — Toa)y |6 + (0)(Toy — Toc) |~
vy vy vy
— Pz ff"(0) + A2 f2(0) + cvy f2(To — Tm)(yﬁ)e" — 203/2\/;fxff')
f
Ohnf 22 2.9 1 (aqT)
+ ———— B f— ——— | — |
(CohngPhng f (PCp)rng \ Oy
= — (T —Too) fO = — (T, — T <i) 0" — (S ['(Toy — To)8 + A2 f2.
(PCp)hns vy
= (T,—Tx)0") + __Thnf Bicx? f? — o (%> .
(CodnngPrng ° (PCp)hns \ Oy

. i /:% B £ " 2 / _ /
c(Ty — Too) f0 <pCp)}mf(Tw Tm)(yf)e MEff(Ty —T)0

+ 62f2 (Tw _ Too)e//)

1 16 0%, 4 B €\
T Cos (?K(T“’)(T“’ 1), )
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/ A2 1 C 2 1/ 211
Ty = T) [ = 35 (T = To) 0" = XL = T) (79 + 10)
Ohnf 2.2 92 02 1 160% 5 c //)
+ ———Bjcx“f —|——<——T Tw—To)—0" ).
(Cp)hngPhns " (PCp)hng \ 3 o ()l >Vf
AQ Ohnf
= . 9/ //_ e /9/+ 29// + BQCLEQ 12
/ A Pr (ff / ) (Tw - TOO)(Cp)hnfphnf oS
1 16 o 1
oL (160 9)
(PCp)hns ( 3 kx
AQ Ohnf
= o 9/ 6,/ /0/+ 28// 4 B2C.T2 12
d (ff d ) (Tw — Tw)(cp)hnfphnf ot S
16 ox 1
. __T;(_)m).
( 3 k2 \wp(pCy)rAs
/ A2 1 " In! 211 Ohnf 2 .2 r12 Nr 1"
= —f0 = —0" — 0+ f0") + Bicx +—0".
f 3 Pr (ff f ) (Tw - Too)(cp)hnfphnf 0 f A3
Ag 1 Ohnf O'f Nr
. 9/ _ __9//_ /9/ 20// BZ 2. .2 p12 0 )
= S0 =5 p IO ) e e A P T A
g =2 (e et Bor L s Ty
Ay Pr o (Tw—Too)(Cp)y pre Az™ Az
A ME, on Nr .
= 0 = —2—9” N(FF0+F20") + S As f2+ 0
Az Az
N ME
= _f@l 9// nfflel_nf20“+_re//+—cA5f/2-
As As
r_ A2 1 2 Nr " 1n/ MEC 2
= _fe_(AgPr nf +A3)9 nffe+ A, As [
AQ 1 2 1" / / E 2
=2 - _ = AL
o R A T e
1 ME
= 0= <(nff Y /2)
(225 —nf*+3%) As
Therefore, the dimensionless form of the equation (4.3) gets the form:
1 ME
- (turr = o 7).
(A3 Pr f2 ) A
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4.2.5 Dimensionless Form of Concentration Equation

Now, for the conversion of equation (4.4) the following derivatives are required:

02C
0x0dy

2uv = 0. (using (3.21)) (4.13)

Now, the dimensionless form of the concentration equation (4.4) can be obtained

by using equations (3.11)-(3.15), (3.20)-(3.22) and (4.13) as shown below:

~0(Cu = C) 6! = - (Cu = O} = 0e(Ca = Co)1+ 00 eon( a5 )

Se
—_ CY(Cz(Ow . Ooo)ff/(bl + CZ(Cw _ Ooo)fQ(b//)-

= —c(Cu — Coo) ¢ = Sic(Cw — Coo)¢" — 0¢(C = Co)(1 4+ 59)mlexp(1f§9>¢

- O‘( + 02(Cw —Co)ff'd + CQ(C’LU - COO)f2¢N)-

= —c(Cp — C)fd = (C’ — Cx)d" —oc(Cypy — Cx) (1 + 59)mlexp( —Eo >q§

—ac®(Cy — C) (f /¢ + f79").

> —f¢ = Sic¢”—a<1+69>mlexp(l‘f§9)¢—n(ff’¢’+f2¢").

= —gb"—a(l—HSQ)mlexp(

- i )o-n(i £ 2.

1+40

_E,
= ¢” nf*"+(f-nff)e 0(1+59)m16:vp( 59)¢

_ 2
= (%)W—l—(]ﬂ nff)¢ 0(1—1-59)’”163:}9( E59>¢

N dl:(%f;nf?)( (1+59)mlexp( E59)¢ (f=nff)o )

Therefore, the dimensionless form of the concentration equation (4.5) as follows:

o' = (1=t ) (ot oormen( o Jo - (r-nir)8). (@1
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4.2.6 Dimensionless Form of Motile Equation

The identical satisfaction of equation (4.5) is already discussed in Chapter 3.
G"+ 8. fG = Pe(¢"(Q+G) +¢'G). (4.15)
The final dimensionless form of the governing equations is

7= () (A2 = 15+ ADy 2 4 (Pt BaPa) ). (410)

= ! ff — o — Lo ). (4.17)
( )(” >

D1 g2 N As
A, pr 1 As

G" = Pe(¢"(Q+ G) +¢'G") — S.fG. (4.19)

4.2.7 Dimensionless Form of Boundary Conditions

The related BCs are converted into the dimensionless form by the following cal-

culation.
* U(:L‘, O) — o, at y = 0
> v =~/ f(8), .
__Y B
= f(f)—m, at £—0.
— Yo
= f(0)= ey
= f(0) = Sp.
0
¢ u(z,0) = Uw"’(%)WWhnf(B) <8_Z)7 at y=0.
= cxf'(§) =cx+ (E) Wo(pep(1—¢1)72°(1 = ¢9)7>?) (_03/2f”(f))
g Nz
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S cnfi(€) = ot (%) <\/V:Cfufwo) (1= 61)723(1 = 62)2) e f"(€),

=  cxf'(§) =cr+ crf"(€),

(ﬁ+1> A

B ) (1= 1)*5(1 — $2)?9)
A

g ) (1= ¢1)25(1 — ¢2)
A

B ) ((1—¢1)%5(1 — ¢2)

/IO7
2,5)f()

//0.
2,5)f()

o«  C(x,0)=C,, at y=0.
= (C(2,0) = Cu+(Cpy—Cx) (&), at £ =0.
= 00 = i =0
= 9§ =1, at £€=0
= ¢(0) =1

e  N(z,0)=N,, at y=0
= N(2,0) = Noo+(Ny—Noo)G(€), at £€=0
= G(f)—%:%z, at €=0.
= GO =1, at =0
= G(0)=1

° u — 0, as Yy — 00.
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= [(§) —0, as & — o0.

° T — Ty, as Yy — o0.

= 6 —0, as & — o0.

o (' — Cy, as Yy — o0.

= o) —0, as & — 0.

° N — N, as Yy — o0.

= G(§ —0, as & — o0.
Finally,

/ /8 + 1) A 14 )
-9 —1 0
f 0, [ + ( 3 ((1 — $,)25(1 — @2)2.5) F7(0),
(4.20)

¢ =—-Bi(1-60(0), G=1, ¢=1 as &—0,

ff—=0, 0—0 G—=0, ¢—0as &— oo

The skin friction ReZC},, Nusselt number Re, *> Nu,, Sherwood number Re, 2 Sh,

_1
and density of motile micro-organism Re, * Nn, in dimensionless form are similar

as discussed in Chapter 3.

4.3 Solution Methodology

The numerical solutions are determined through the application of the shooting

method, employing the fourth-order Runge-Kutta technique for computation. To

tackle the solution of the ODE (4.16), the following notations have been adopted

as an initial step:

[=G, ['=G =0y, "=Gl =Gy =Gs.
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The momentum equation is then transformed into the system of first-order ODEs

shown below:

G,l — GQ, Gl(O) — S(),
1
QL = Gy, Ga(0) = 1 + (%)
A

(= a1 = ayyay 20 p (421

/ +1
Gl = ﬁT(Al(Gg — G1G3)) + A4D;G;
+ (P0+PQA5M)G2, G3(O) =Pp.

The above IVP will be numerically solved by the Runge-Kutta method of order
4.

The domain of the problem is considered to be bounded i.e. [0, &], where &
is a positive real number, for which the variation in the solution is ignorable after

¢ = &». The missing condition p is to be chosen such that:

G2(£oo>p) = 0

Newton’s method will be used to find p. This method has the following iterative

scheme.

G2(€ooapn)
(35G2(Eccs P))p=pn

Pn+1 = Pn —

We, further introduce the following notations:

06 0G0,
ap— 4, ap_ 5 — Y6-

As aresult of these new notations, the Newton’s iterative scheme gets the form:

G2(£oov pn)

Pt = Pn G5(£ooapn> ‘



Analysis of Hybrid Casson Nanofluid 75

Now, differentiating the system of three first order ODEs (4.21) with respect to

p, we get another system of ODEs, as follows:

G, = Gs, G4(0) =0,

Gy =G, 6a(0) = (75
A

((1 _ @1)2.5(1 _ ¢2>2.5) !

G - (%) (A1(2G2Gs — G1 G — GaGy))

+ 204DGG5 + (P 4+ PAs M) Gs, Gs(0) = 1.

~~~\a

4.22)

The stopping criteria for the Newton’s technique is set as:

| Ga(€eorp) |< €

where € > 0 is a sufficiently small number, which from now onward has been taken
has been considered as 10710,

The ordinary differential equation (4.17) will be approximated by using the shoot-
ing technique and assuming f as a known function. The notations below have

been used for the implementation of the shooting method:

0=H, ¢ =H =H,.

The energy equation (4.17) can be represented in the form of the following first-
order ODEs:

H| = Hy, Hi(0) =1, )
1
H, = . ((UG1G2 - Gl)HQ
2 (g—gpir -G+ §F) (4.23)
ME
- CA5G§), Hy(0) = —Bi(1 — 6(0)).
AW )
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The above IVP will be numerically solved by Runge-Kutta method of oder 4.

The missing condition ¢q is to be chosen such that,

Hl(&ooa‘]) = O

The above equation can be solved by using Newton’s method with the follow-

ing iterative formula.

Hl(gooa%z) )
(C%Hl (€o0r 9))g=gn

Gn+1 = 4n —

To proceed further the following new notations, have been introduced:

OH, O H,
B g

As aresult of these new notations, the Newton’s iterative scheme gets the form:

Gl = q Hl(gooaQn)
n+l — UYn — T -~ V¢
HS(gooaQn)

Now, differentiating the above system of two first order ODEs with respect to ¢,

we get another system of ODEs, as follows:

H} = H,, H;(0) = 0,
1 (4.24)

H/ = 2 r (nGlGQ — Gl)H4 s H4(0) = —Ba.
TR D |

The stopping criteria for the Newton’s method is set as:

| Hl({ooaQ) |< €.

Now, to solve equations (4.18) and (4.19) numerically by using the shooting tech-
nique, assume f, f', f” and 6 as known functions. The following notation have

been taken:

¢ =11, o' =T =T, G =15, G=Ty=1T,
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The equations (4.18) and (4.19) are then transformed into the system of first-
order coupled ODEs:

\

T =T T)(0) = 1

!/ SC mi _EO
Ty = e (a(1+59) exp<1+59>T1

— (Gl — 77G1G2)T2>, TQ(O) =d

> (4.25)

T3/ = T47 T3(0) =1

! SC mi _EO
T4—Pe(1_san% <0(1—|—59) exp(1+59>T1

— (Gl — nGng)Tg) (Q + Tg) + T2T4> — SCfT4, T4<O) = S.

To apply the fourth-order Runge-Kutta method for the numerical solution of the
mentioned initial value problem, it is crucial to judiciously select the conditions d
and s within the system of equations. The absent conditions d and s in the given

system of equations must be chosen in a manner that ensures:

Tl(gomd) = O, Tg(goo, 8) =0.

Newton’s method will be used to find d and s. This method has the following

iterative scheme.

T} OT}
d |4l % B |h
T3 013
S s s A T:
(n+1) (n) 9 95 ) L3 1w

Furthermore, the following notations will be useful for computing the entries of

the Jacobian matrix.

aTl 8T2 aT3 8T4

I g SB_p g

0d 59 (9(1 6 3(1 T ad 89
T:

M _q, L_qp o g g

0s 0s
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Newton’s iterative scheme will change the form after utilizing the above mentioned

notations as follows:

-1

d d Ts Ty T

S S T T T:
(n+1) (n) [t S S

Now, differentiating (4.25) the system of four first order ODEs with respect to d

and s, we get another system of ODEs as follows:

T: = Ts, T5(0) =0,
S, —Ey
=—2_(o(1+o)m™ T
5 1_5077(;%( (14 00) exp( 56)
- (G1 - T)G1G2)T6>, T6(O) =1,
T; = T, T7(0) = 0,

S, - —E,
Té = PQ(TCHG%( (]_ + 59) 1€Ip< (50)TI - (G1 - T]GlGQ)T2>T7

S. . —E,

— (G1 = nG1Go) T + ToTy + TQTS) — ScfT; T5(0) =0,
T4 = Tho, To(0) = 0,
Ty, = %ZUG% (0(1 + 50)mlexp(1_+E§9>Tg
—(Gy - nGlcg)Tm), T10(0) = 0,
1), = Tha, T11(0) = 0,

! SC m1 E
T12 = P@(TC??G%( (1 + 56) el'p( 59)T1 - (Gl - 77G1G2)T2) T

S. n —E
c 1

— (G1 — T]GlGQ)Tlo + T10T4 + T2T12> — SCleg, Tlg(O) =1.
)
(4.26)

The stopping criteria for the Newton’s method is set as:

maz {| Ty(6oo, d) |, | T5(€oo, 8) [} < €.
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VP

Choose
missing
initial
conditions

Solve the
VP

alculate
residuals of
all BCs

Modify initial guess
by root finding

opping
criteria is not
met

Stopping
criteria is met

Ficure 4.2: Flow diagram of the shooting technique.

4.4 Results Interpretation

After transforming the governing PDEs describing the fluid flow into a system of
ODEs, several crucial parameters emerge. The influence of these dimensionless pa-
rameters on dimensionless velocity, temperature, concentration and motile micro-
organism profiles is thoroughly investigated through the graphical representation.
Moreover, the dynamic behaviour of the computed skin friction, Sherwood and

Nusselt number will also be assessed.

4.4.1 Skin Friction (C}), Nusselt (Nu) and Sherwood Num-
bers (Sh) and Density of Motile Micro-organisms
(Nn)

Here, different physical quantities of interest will be analyzed through their com-
1

puted values. Table 3 displays how RezC, behaves when subjected to various

physical quantities. The skin friction is shown to decrease as the values of 3, Dy,

Py, M, Sy, &1, and ®, are enhanced.
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In Table 4.3, T%, and T, are the intervals for the choice of missing condition p while
computing the skin friction coefficient for nanofluid and hybrid nanofluid respec-
tively. It is observed that for the computation of Nusselt number and Sherwood
number, there is a great flexibility in the choice of the missing initial condition.
The Nusselt number Re, %N u, falls for the rising values of 3, Py, and M but an
augmentation for the rising values of Sy, ®1, and Pr is noticed, as shown in Table
4.4. Additionally, the Nusselt number exhibits a tendency of dimming for positive
variations in n, Nr, and E..

The trend of the Sherwood number Re, %S h, and density distribution of motile
micro-organisms Re; %N n, are revealed in Tables 4.6, 4.7, 4.8. The tables clearly
shows that the Sherwood number is increased for rising values of Dy, Sy, ®4, S,
and o whereas the an opposite behavior is shown for increasing values of 5, P,
M, ®,, Pr, Ey and 1. The value of density distribution of motile micro-organism
Re;'*N n, falls for the rising values of 5, Py, M and ®, but an enhancement for

the rising values of Dy, Sy, ®1, n, S., Pe, o and (2 is noticed.

1
TABLE 4.3: Missing conditions of Rez Cf,

B3 Dy B M S ® O Ty, Ty,
1 25 01 06 0 009 009 [0.6,0.5] 0.7, 0.3]
5 0.9, -0.3] 0.9, -0.4]
7 1.0, -0.4] 0.9, -0.4]
9 1.0, -0.4] 1.0, -0.5]
45 0.7 ,0.4] 0.7, 0.2]

65 0.7, 0.3] 0.7, 0.2]

85 0.7, 0.2] 0.7, 0.1]

0.3 0.7 , 0.3] 0.7, 0.1]

0.5 0.8, 0.2] 0.7, 0.0]

0.8 0.8, 0.0] [-0.8, -0.1]

1.2 0.8, -0.1] 0.7, -0.1]

1.6 0.8, -0.3] 0.8, -0.2]

2 0.9, -0.5] 0.8, -0.3]

0.6 0.8, 1.0] 0.8, 0.7]

1.2 1.0, 1.6] 1.0, 1.2]

1.8 1.2, 2.2] 1.2, 1.8]

0.12 0.7, 0.7] 0.6 , 0.3]

0.15 0.7, 0.5] 0.6 , 0.4]

0.18 0.6, 0.6] [-0.6 , 0.5]

0.12 - 0.7, 0.2]

0.15 S 0.6 , 0.2]

0.18 S 0.6, 0.2]
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1
TABLE 4.4: Results of RezCy, for nanofluid TiOz/FEO and hybrid nanofluid
(TiO2 + Ag)/EO for A = 1.

8 Dy P M S @  ®  ReIC;  ReiC;
(NF)  (HNF)

1 25 01 06 0 0.09  0.09 -0.8887 -1.1010

5 -1.2075 -1.5171
7 -1.2427 -1.5633
9 -1.2635 -1.5906
45 -0.8910 -1.1028

65 -0.8932 -1.1046

85 -0.8954 -1.1064

0.3 -0.9344 -1.1503

0.5 -0.9767 -1.1961

0.8 -1.0351 -1.2593

1.2 -0.9917 -1.1802

1.6 -1.0515 -1.2281

2 -1.1060 -1.2728

0.6 -1.0253 -1.3072

1.2 -1.1740 -1.5305

1.8 -1.3294 -1.7565

0.12 -0.9378 -1.1500

0.15 -0.9890 -1.2011

0.18 -1.0425 -1.2548

0.12 ---- -1.1718

0.15 ---- -1.2433

0.18 ---- -1.3159
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1
TABLE 4.5: Rey 2 Nu, for nanofluid Ti02/EO and hybrid nanofluid (7702 +

Ag)/EO for A = 1.

8 P, M S, ® ® Pr n Nr E, Res’Nu, Res®Nu,
(NF)  (HNF)

1 01 06 0 009 009 62 01 03 0.1 01863  0.2398
5 0.1854  0.2382
7 0.1853  0.2379
9 0.1852  0.2378
0.3 0.1859  0.2391
0.5 0.1855  0.2383
0.8 0.1849  0.2372
16 01736 0.2264

2 0.1693  0.2217

2.6 01632  0.2150

0.6 02127  0.2748

12 02252 0.2913

15 0.3563  0.3016

0.12 01974  0.2539

0.15 0.2092  0.2689

0.18 0.2218  0.2848

0.12 . 02598

0.15 oo 02810

0.18 ... 03036

7.2 0.1873  0.2416

8.2 0.1881  0.2429

9.2 0.1888  0.2440

0.2 0.1869  0.2406

0.3 0.1876  0.2414

0.4 0.1882  0.2421

0.5 0.1792  0.2305

0.7 01720 0.2223

0.9 0.1673  0.2150

0.2 01785  0.2322

0.3 01707  0.2245

04 01629  0.2168
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_1 _1
TABLE 4.6: Rey?Sh, and Re;*Nn, for nanofluid T@iO2/EO and hybrid
nanofluid (7902 + Ag)/EO for ®3 = 0.09, Pr = 6.2, n = 0.1, Nr = 0.3,
E.=01,5=1,0=0,FEy=4, Pe=0.1,2=0, Bi =0.2 and for A = 1.

8 Dy Py M Sy @ Res?Sh, ResSh, Rer’Nn, Res®Nn,
(NF)  (HNF)  (NF)  (HNF)

1 25 01 0.6 0 009 05468 05216 05817  0.5557
3 05164 04921 05511  0.5260
5 05073 04832 05418  0.5170
7 05020 04790 05374 05127
15 05463 05212 05811  0.5553
65 0.5457  0.5208  0.5805  0.5549
85 05452 05204 05800  0.5545
0.3 05312 05063 05657  0.5401

0.5 05167 04922 05500  0.5257

0.8 04968 04728 05306  0.5058

0.8 0.5344 05131 05690  0.5470

1 05226  0.5040 05570  0.5387

1.2 05116 04971 05457  0.5307

0.4 08514 08185  0.8952  0.8626

0.8 12408 12016 12504  1.2142

1.2 17609 L7154 16410  1.6031

012 05456 05221 05804  0.5562

0.5 05447 05227 05793 0.5567

018 05430 05232 05784 05571
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TABLE 4.7: Rey?Sh, and Re;*Nn, for nanofluid TiO2/EO and hybrid
nanofluid (702 + Ag)/EO for B =1, Dy = 25, Py = 0.1, M = 0.6, Sp = 0,
®; =0.09,0=0, Ey =4, Pe=0.1, 2 =0, Bi = 0.2 and for A = 1.

@2 Pr U Nr Ec SC R6;§ Shw R6;§ Shz R€;§ Nn:c RG;E an

(NF) (HNF) (NF) (HNF)

0.09 62 01 03 01 1 0.5468 0.5261 0.5817 0.5557

0.12 ---- 0.5156 ---- 0.5495
0.15 ---- 0.5105 ---- 0.5442
0.18 ---- 0.5062 ---- 0.5396
7.2 0.5468 0.5216 0.5817 0.5557

8.2 0.5468 0.5216 0.5817 0.5557

9.2 0.5468 0.5216 0.5817 0.5557

0.2 0.5540 0.5277 0.5822 0.5561

0.3 0.5614 0.5342 0.5827 0.5566

0.4 0.5691 0.5408 0.5832 0.5571

0.5 0.5468 0.5216 0.5817 0.5557

0.7 0.5468 0.5216 0.5817 0.5557

0.9 0.5468 0.5216 0.5817 0.5557

0.2 0.5468 0.5216 0.5817 0.5557

0.3 0.5468 0.5216 0.5817 0.5557

0.4 0.5468 0.5216 0.5817 0.5557

3 1.0879 1.0473 1.1496 1.1079

) 1.4623 1.4113 1.5424 1.4904

7 1.7670 1.7077 1.8621 1.8016
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TABLE 4.8: Rey?Sh, and Re;*Nn, for nanofluid TiO2/EO and hybrid
nanofluid (703 + Ag)/EO for =1, Dy = 25, Py = 0.1, M = 0.6, Sp = 0,
®; =0.09, &5 = 0.09, Pr =6.2,n =0.1, Nr =03, E. = 0.1, S. = 1 and for
A=1.

o Ey Pe Q Bi  Res®Sh, Re.®Sh, Res*Nn, Res?Nn,

(NF) (HNF) (NF) (HNF')

0 4 01 0 02 0.5468 0.5216 0.5817 0.55557
1 0.5644 0.5402 0.5831 0.5573
3 0.5978 0.5755 0.5860 0.5603
5 0.6293 0.6085 0.5887 0.5631
8 0.5468 0.5216 0.5817 0.5557

12 0.5468 0.5216 0.5817 0.5557

16 -.5468 0.5216 0.5817 0.5557

0.2 0.5468 0.5216 0.6238 0.5961

0.3 0.5468 0.5216 0.6663 0.6370

0.4 0.5468 0.5216 0.7093 0.6782

0.4 0.5468 0.5216 0.5962 0.5698

0.8 0.5468 0.5216 0.6108 0.5838

1.2 0.5468 0.5216 0.6254 0.5979

0.4 0.5468 0.5216 0.5817 0.5557

0.6 0.5468 0.5216 0.5817 0.5557

0.8 0.5468 0.5216 0.5817 0.5557

4.4.2 Velocity Field

In Figure 4.3, we observe the effect of 8 on f'(n). As [ escalates, the velocity
profile, represented by f’(£), decreases. Essentially, for the higher values of Casson
parameter 3, the yield stress of the fluid decreases. Consequently, the fluid behaves
more like a Newtonian fluid, characterized by a constant viscosity, and the velocity
profile becomes flatter. This behavior is a result of the rheological properties
associated with Casson fluid models. In Figure 4.4, the velocity profile behavior
is depicted, illustrating a notable trend. As the Darcian drag force parameter Dj
tends to larger values, the velocity experiences a decreasing impact. This signifies

that higher values of Dy lead to a more pronounced damping effect on the velocity
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profile within the system. The Darcian drag force parameter has a significant
influence on fluid flow through porous media, and its increase tends to impede
the flow, resulting in a diminishing velocity profile. From Figure 4.5, it is evident
that f/(£) decreases as P, increases. This phenomenon can be attributed to the
physical relationship between the local porosity parameter P, and the Darcian
drag force. Physically, the local porosity parameter Py is inversely proportional to
the Darcian drag force D;. In other words, as I increases, the Darcian drag force
tends to decrease. When the Darcian drag force is reduced due to a higher P, the
Darcy number is affected. The dimensionless Darcy parameter signifies the ratio
of viscous forces to inertial forces, and it plays a role in determining the impact of
the Darcian drag force on the fluid flow. An increase in the Darcy number implies
a slower growth of the Darcian drag force, which in turn, enhances the fluid flow
flexibility within the porous medium. Consequently, this increased flexibility and
reduced resistance result in a decline in the fluid velocity, as shown in Figure 4.5.
In Figure 4.6, the impact of the magnetic parameter M on the velocity profile is
illustrated. As the applied transverse magnetic field increases, the fluid velocity
decreases. This behavior is attributed to the presence of the Lorentz force, which
acts as a resistive force within electrically conducting nanofluids interacting with
the applied magnetic field. The Lorentz force is a crucial factor that influences
the fluid dynamics in this scenario. As the magnetic field intensity, represented by
M increases, the Lorentz force also intensifies. This heightened Lorentz force acts
against the fluid flow, resulting in a decline in the fluid velocity. This decreasing
trend in the fluid velocity due to the Lorentz force is evident for both conventional
and hybrid nanofluids. Regardless of the type of nanofluid, the Lorentz force’s
influence increases with higher magnetic field, leading to a notable reduction in
the fluid velocity. In Figure 4.7, it is apparent that an increase in the suction
parameter S leads to a decrease in the fluid velocity. When suction is applied, it
creates a negative pressure gradient, effectively drawing fluid into the boundary
or reducing the pressure within the system. This negative pressure gradient can
hinder the movement and flow of the fluid, resulting in a decrease in fluid velocity.

From Figure 4.8, it is clear that as ®; rises, there is an observed elevation in
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the velocity profile. This phenomenon could be attributed to the introduction of
nanoparticles, which contribute to the increased energy and acceleration of fluid

flow.
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4.4.3 Temperature Field

In Figure 4.9, the temperature profile behavior is depicted as a function of the
Casson parameter 3. The observed increasing pattern in the temperature profile
indicates a decrease in the heat transfer rate and an increase in the thickness of
thermal boundary layer as [ increases. The Casson parameter 3 plays a signifi-
cant role in determining the rheological behavior of non-Newtonian fluids. As (8
increases, the flow becomes more shear-thinning, meaning the fluid’s viscosity de-
creases with increasing shear rate. This change in the rheological behavior impacts
the velocity and temperature profiles within the fluid. As mentioned, a growth in
the temperature profile and an increase in the thermal boundary layer thickness
occur because the increase in § leads to a reduction in the velocity boundary layer.
This is due to a reduced convective heat transfer, causing a decrease in the heat

transfer rate through the fluid.

In Figure 4.10, the depicted trend illustrates that increasing the value of the local
porosity parameter Py leads to a subsequent increase in temperature within the
system. The local porosity parameter F, is a measure of the porous nature of the
medium through which the fluid is flowing. An increase in P, suggests a higher
degree of porous structure or permeability within the medium. This increase in
porosity allows for better fluid flow and enhances heat exchange between the fluid
and the surrounding medium. As F, increases, the porous medium offers less re-
sistance to the flow of the fluid, enabling more efficient convective heat transfer.
Consequently, the temperature within the system rises because the fluid can more
effectively absorb or dissipate heat, depending on the specific context and condi-

tions of the system.

From Figure 4.11, it is evident that the temperature of the nanofluid rises as
the magnetic parameter M increases. Additionally, thickness of thermal bound-
ary layer rises for the enhancing values of M. As M has an inverse relationship
with the density of the nanofluid. When M increases, the density of the nanofluid

decreases. A decrease in density due to an increase in M implies a reduced mass
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of fluid per unit volume. In turn, this decrease in density allows the nanofluid
to absorb more heat, causing a temperature increase. The findings from Figure
4.12, indicate a decrease in 6(¢) within the flow regime, primarily influenced by
the dominant effect of suction parameter Sy. The suction parameter Sy represents

the suction effect at the boundary of the system.

Figure 4.13, illustrates that 6(¢) is enhanced with increasing values of ®;. When
nanoparticles are added to a fluid, they can enhance heat transfer due to their
increased surface area and thermal conductivity compared to the base fluid. This
enhanced heat transfer is a result of various mechanisms, including improved ther-
mal conduction and convection. As ®; increases, there are more nanoparticles
available to participate in heat transfer processes, leading to higher temperatures
within the fluid. The graph in Figure 4.14, illustrates how the temperature field
changes with variations in Pr. The Prandtl number is defined as the ratio of mo-
mentum diffusivity to thermal diffusivity Pr = £, where v and « are kinematic
viscosity and thermal diffusivity respectively. In physical terms, an increase in Pr
signifies a reduction in thermal diffusivity, subsequently resulting in a decrease in
thermal boundary layer thickness. This reduction in the boundary layer thickness
leads to the lower temperature within the boundary layer and consequently a de-
cline in 6(§). As Pr increases, the heat transfer rate within the system enhanced,
leading to a reduction in #(§). The higher Pr signifies that the fluid can more

effectively conduct heat.

In Figure 4.15, highlights that 6(¢) diminishes as the relaxation time parameter 7
increases, a relationship commonly observed in viscoelastic fluids. In Figure 4.16,
it is illustrated that the temperature within the boundary layer, as represented
by 0(£), increases in correlation with the fluctuation in Nr. The dimensionless
parameter Nr represents the effect of thermal radiation on heat transfer. When
Nr values increase, it signifies a higher intensity. Thermal radiation is a process
by which heat is transferred in the form of electromagnetic waves, and higher Nr

values indicate more effective radiation-induced heat transfer. Consequently, 6(&)
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exhibits an increase, showcasing the impact of thermal radiation on temperature

distribution.

In Figure 4.17, it is demonstrated that the Eckert number E. governs the effect of
heat dissipation on temperature, and this effect intensifies as F. is increased. The
Eckert number E,. characterizes the ratio of kinetic energy to enthalpy. It quan-
tifies the influence of kinetic energy changes on the thermal behavior of a fluid
during a process. In fluid dynamics, it is often associated with heat dissipation
effects. As F, increases, it signifies that the kinetic energy variations have a more
substantial influence on the thermal behavior of the fluid. In the context of heat
dissipation, a higher E,. implies that more kinetic energy of the fluid is converted

into thermal energy. This effect results in a rise in temperature.
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4.4.4 Concentration Field

Figure 4.18 shows the concentration profile’s reduction as the Casson parameter
increases. A higher Casson parameter may lead to the increased yield stress or
more significant shear-thinning behavior, making it more difficult for the fluid to
disperse and mix, resulting in the reduced concentration profiles. An illustration
of increase in the concentration profile ¢(§) is depicted in Figure 4.19 for the pos-

itive variation in Darcian parameter Dy.

Figure 4.20 discloses the effect of the local porosity parameter Py on ¢(&). It ap-
pears that increasing Py results in a less intense concentration profile. A higher
Py can lead to a reduction in ¢(&). This could be due to increased dispersion and
mixing of the concentration within the system as the void spaces allow for greater
fluid movement and distribution, resulting in a more spread out and less intense
concentration profile. The impact of the magnetic parameter M on the concentra-
tion profile is disclosed in Figure 4.21 which reflect that as M rises, ¢(§) enhanced.
From Figure 4.22, it is evident that ¢(&) is dimmed as the suction parameter S
enhanced. Figure 4.23 exposed that ¢(§) falls for positive variation in ®;. From
Figure 4.24, it is clear that ¢(£) declines for the rising values of relaxation param-

eter 7).

Figure 4.25 displays the effect of the Schmidt number S, on ¢(§) and the associ-
ated thinning of the concentration layer thickness is also observed. It is relevant
to mention that S. characterizes the ratio of momentum diffusivity (kinematic vis-
cosity) to mass diffusivity in a fluid. A rise in S, suggests that the mass diffusivity
is comparatively smaller than the momentum diffusivity. As mass diffusivity de-
creases with higher S, values, the diffusion of the substance becomes less efficient.

Consequently, the concentration profiles ¢(£) exhibits a decrease.

Figure 4.26 illustrates the physical impacts of o. By facilitating more efficient
liquid species dissolution, positive variation of ¢ results in a detrimental chemical
reaction that reduces the concentration gradient. So, as the chemical rate constant

o is increased, the concentration profile ¢(€) is decreased.
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4.4.5 Motile Field

Figure 4.27 portrays the behavior of the motile profile concerning the Casson pa-
rameter 3. As [ rises, the flow tends to exhibit more shear-thinning behavior i.e
increasing shear rate cause decrease in viscosity of fluid. As mentioned earlier, the
growth in the motile profile and expansion of the thermal boundary layer occur
because higher values of [ results in a reduction of the velocity boundary layer.
Figure 4.28 makes it evident that the motile profile G(§) increases significantly with
a positive change in the Darcian parameter Dy. Figures (4.29, 4.30) are sketched
with the observation that the density of micro-organisms G(§) is enhanced with
the positive variation in M and F,. The decreasing trend of density of motile
micro-organism G(§) with the larger values of suction parameter Sy is disclosed in
Figure 4.31. From Figure 4.32, it is evident that with the enhancing values of ®,
density distribution of motile micro-organisms shows a dimming behavior. Figure

4.33 discloses the relation between relaxation parameter n and G(§).
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Figure 4.34 illustrates the impact of the bioconvection Schmidt number S. on the
density of motile microorganisms G(§). The figure distinctly shows that G(§)
decreases as S. increases. Elevated S. values typically indicate a reduced mi-
croorganism diffusion, leading to a decrease in G(£) and the thermal boundary
layer thickness. The relationship between o and G(§) is illustrated in Figure 4.35.
Elevated values of o trigger a detrimental chemical reaction that diminishes the
concentration gradient, consequently reducing the density of motile microorgan-
isms G(£). This occurs as liquid species are able to dissolve more effectively under
these conditions. The impact of the Peclet number Pe on G(§) is clearly illus-
trated in Figure 4.36. The Peclet number Pe holds great significance in the study
of microorganism swimming in a fluid. It can be defined as the ratio of microbe dif-
fusion to the product of the chemotaxis constant and the maximum cell swimming
speed. An increase in Pe enhances the speed of fluid particles, simultaneously
leading to a reduction in the diffusivity of microbes. Consequently, higher Peclet
levels result in a decreased distribution of micro-rotations. Thus density of motile
microorganisms G(§) is reduced. The data presented in Figure 4.37 clearly shows
that as the values of €2 increase, the behavior of G(§) exhibits a noticeable decline.
The surface concentration diminishes with the increasing value of G(§). Conse-
quently, both particle strength and mass decrease, leading to a degradation in the

density profiles.
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Chapter 5

Conclusion

The main goal of the current research was to analyze the boundary layer flow of
a specific hybrid nanofluid over a stretched sheet incorporating various complex
phenomena like bioconvection, magnetic fields, thermal radiation, heat source/sink
effects, chemical reactions, and Cattaneo-Christov double diffusion effect. This
study involved a computational analysis to understand the interactions and effects
of these multiple factors on the flow and associated phenomenaon. The following

are some of the crucial outcomes:

e An increment in the Casson parameter 3, Darcian parameter Dy, porosity
parameter Iy, magnetic parameter M, and suction parameter Sy, leads to a
decay in the velocity profile f/(£) but opposite trend observed for the rising

values of volume fraction ®;.

e The positive variation in the Casson parameter (3, porosity parameter P,
magnetic parameter M, volume concentration of nanofluid ®;, radiation

parameter Nr and Eckert number E,. enhanced the temperature profile.

e The temperature profile falls with the greater vales of suction parameter Sy,

Prandtl number Pr and relaxation parameter 7.

e For the enhancing values of Casson parameter 3, Darcian parameter Dy,

porosity parameter P, and magnetic parameter M, concentration profile
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falls while revers regime observed for increasing values of suction parameter
So, volume concentration of nanofluid ¢, relaxation parameter 7, Schmidt

number S,, and chemical reaction rate constant o.

e For the positive variation in Casson parameter 3, Darcian parameter Dy
and porosity parameter Py and magnetic parameter M, motile profile rises
whereas a declining trend is disclosed for the rising values of suction pa-
rameter Sy, volume concentration of nanofluid ®,, relaxation parameter 7,
Schmidt number S., chemical reaction rate constant o, Peclet number Pe

and bioconvection parameter €2.
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