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Abstract

This research provides a comprehensive analysis of Maxwell nanofluid flow by

examining various physical parameters in a two-dimensional, unsteady boundary

layer flow over a stretching sheet. The study models and analyzes the governing

equations while incorporating the Non-Fourier double diffusion effect, magnetic

field influence, and porosity parameter. The coupled system of ordinary differ-

ential equations, derived through similarity transformations, is effectively solved

using numerical technique, the shooting method. The research highlights the sig-

nificant impact of Cattaneo-Christov heat flux and magnetic field on enhancing

heat transfer efficiency, thereby improving thermal diffusion within the system.

It also demonstrates how the inclusion of diffusion significantly affects velocity,

temperature, and concentration profiles, as well as their rates of change. This

transient behavior is crucial for understanding the dynamics of nanofluid flow and

its practical implications in engineering applications.
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Chapter 1

Overview

1.1 Background

In recent years, there has been a growing focus on investigating heat and mass

transfer processes. This focus has generated significant enthusiasm among re-

searchers and engineers, due to the broad applications of these phenomena in

manufacturing processes, engineering and various trades. For a more empathetic

understanding of heat transfer, Classical Fourier’s law [1] is still widely used to

model heat transfer across different scenarios. Nonetheless, it has a notable limita-

tions it produces a parabolic PDEs for the temperature distribution. This implies

that the entire medium reacts instantaneously to initial disturbances, which con-

tradicts the well-established principle of causality. By adding the idea of thermal

relaxation time, Cattaneo [2] suggested a significant adjustment to Fourier’s model

in order to address this problem. This adjustment results in a hyperbolic energy

equation, which facilitates heat transfer through the propagation of thermal waves

with a finite speed. Moreover, this approach has practical implications in fields

such as nanofluid flow and skin injury management.

In order to preserve the material-invariant formulation, Christov [3] substituted the

Oldroyd upper-convected derivative for the time derivative in the Maxwell–Cattaneo

model. We refer to this adaptation as the Cattaneo–Christov heat flow model.

1
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Ciarletta and Straughan examined the uniqueness and physical stability of the

solutions to the Cattaneo-Christov equations [4]. Han et al. [5] investigated slip

flow and heat transfer in Maxwell fluids, taking into account the effects described

by the Cattaneo–Christov model.

They employed HAM to solve the governing equations and validate their solutions

by comparing them with numerical results obtained using the finite difference

method. Hayat et al. [6] explored the impact of both heterogeneous and homoge-

neous reactions on Oldroyd-B fluids using the Cattaneo–Christov heat flux model.

Their findings indicated that an increase in thermal relaxation time leads to a re-

duction in temperature distribution. Waqas et al. [7] examined the characteristics

of the Cattaneo–Christov heat flux model applied to generalized Burgers fluid flow

with varying thermal conductivity.

Khan et al. [8] studied the effects of the Cattaneo–Christov heat flux model on

three-dimensional Burgers fluid flow over a bidirectional stretching surface. They

found that changes in the thermal relaxation time have a significant impact on the

temperature distribution. Recently, Khan et al. [9] performed a numerical study

on generalized Fourier’s and Fick’s laws applied to Sisko fluid flow. They found

that the concentration distribution is significantly influenced by the power-law in-

dex in both shear-thinning and shear-thickening scenarios. Subsequently, Khan et

al. [10] explored the influence of Cattaneo–Christov double diffusion and chemical

processes on three-dimensional Burgers fluid. Additional recent research related

to the Cattaneo–Christov heat flux model can be found in [11–21].

Thermophoresis is a transport mechanism influenced by a temperature gradient. In

the presence of such a gradient within a liquid medium, particles are subjected to a

thermophoretic force that drives them from hotter areas to cooler ones. This phe-

nomenon, where particles suspended in a liquid are deposited onto a solid surface

due to thermophoresis, is referred to as thermophoretic deposition (TPD). TPD

plays a critical role in various applications, such as aerosol research, nanoparticle



Overview 3

deposition, and surface coating. In the field of nanotechnology, thermophoresis

is especially useful for depositing nanoparticles onto targeted surfaces, aiding in

the development of functional coatings and controlled drug delivery systems. The

importance of TPD in the context of nanofluid flows, such as those induced by

a moving disk, has been thoroughly discussed by Gowda et al. [22]. Their re-

search indicated that as the thermophoretic parameter increases, mass transport

decreases. Shehzad et al. [23] investigated how thermophoretic deposition affects

the flow of a Maxwell fluid over a rotating disk. Their study revealed that increas-

ing the thermophoretic parameter results in a reduction in fluid concentration.

Kumar et al. [24] explored the behavior of a Maxwell fluid flowing over a stretch-

able surface under the influence of thermophoretic deposition (TPD) and found

that increasing the thermophoretic parameter led to a decrease in fluid concentra-

tion. Similarly, Bashir et al. [25] investigated fluid flow on a stretchable surface

affected by TPD and noted a significant reduction in mass transport with higher

values of the thermophoretic parameter. Additionally, Kumar et al. [26] analyzed

the flow of a Casson fluid around a moving needle influenced by TPD and observed

that lower values of the thermophoretic parameter improved concentration profiles.

Research on fluid flow involving graphene nanoparticle suspensions aims to under-

stand how these particles interact with the fluid and respond to various flow condi-

tions or external influences. This knowledge is essential for optimizing the perfor-

mance of graphene-based nanofluids in diverse applications. Graphene nanoparti-

cles can significantly impact the fluid’s viscosity, thermal conductivity, and overall

flow behavior. Their outstanding thermal conductivity can improve the heat trans-

fer efficiency of the fluid, making these nanofluids valuable for applications in heat

exchangers, cooling systems, and thermal management. The potential of graphene

nanoparticle suspensions in fluid flow research opens up new avenues for advanced

technological applications. By harnessing the exceptional properties of graphene,

researchers and engineers are developing enhanced nanofluids with the potential to

transform multiple industries. Ahmad et al. [27] studied the flow of Maxwell fluids

with graphene nanoparticle suspensions over a stationary surface and found that

increasing the volume fraction of graphene nanoparticles decreased the fluid flow.
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In contrast, Chandrasekaran et al. [28] investigated the flow of Maxwell fluids

with graphene nanoparticles over an expandable surface, revealing that graphene

nanoparticles improved the fluid flow velocity. Bhattacharyya et al. [29] analyzed

the flow of Maxwell fluid with graphene nanoparticle suspensions over a stretch-

ing surface, focusing on an electrically conducting hybrid nanofluid and its flow

properties under velocity slip conditions.

Hussain et al. [30] examined the flow of graphene Maxwell nanofluid over a stretch-

ing surface, studying the effects of radiative Maxwell fluid containing graphene

nanoparticles under thermal slip conditions. Algehyne et al. [31] explored the

flow of Maxwell nanofluid over a stretchable surface with Joule heating, conclud-

ing that increasing the solid volume fraction of graphene nanoparticles raised the

fluid’s temperature.

Sodium alginate is a highly adaptable and useful substance known for its gelling,

thickening, and biocompatible properties. This sodium salt of alginic acid is val-

ued in many applications due to its remarkable qualities and is used in various

commercial products and processes. Jamshed et al. [32] studied the flow charac-

teristics of nanofluids based on sodium alginate over a flat surface, finding that

increasing the solid volume fraction reduced the fluid’s velocity profile.

Similarly, Tassaddiq et al. [33] investigated the heat transport in nanofluids

with sodium alginate as the base fluid over a vertical surface, using the Atan-

gana–Baleanu fractional derivative to analyze free convection in non-Newtonian

fluids. Shaukat et al. [34] explored the flow of sodium-alginate-based nanofluid

through a porous medium and showed that a higher volume fraction improves fluid

flow velocity. Raza et al. [35] examined the flow of a hybrid nanofluid over an

inclined plate, revealing that the solid volume fraction enhances the nanofluid’s

thermal profile. Dawar et al. [36] looked at sodium-alginate-based nanofluid flow

over a curved surface and found that a higher solid volume fraction increases the

Nusselt number. Turkyilmazoglu [37] assessed the effects of magnetic field slip flow
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on an electrically conducting nonlinear liquid over a shrinking surface, concluding

that the magnetic field notably affects both velocity and temperature profiles.

Building on these studies, this work aims to explore the unsteady Cattaneo-

Christov heat and mass flux models applied to Maxwell nanofluid flow with ther-

mophoretic particle deposition over a stretching surface. The study will present

and discuss the effects of various emerging parameters through detailed graphical

representations.

1.2 Thesis Structure

Chapter 2 serves as an introduction to the thesis and provides essential definitions

and terminologies crucial for understanding the concepts discussed in subsequent

chapters. Its purpose is to establish a foundational understanding of the key terms

and concepts that will be utilized throughout the thesis.

Chapter 3 presents a comprehensive numerical study of the flow characteristics of

Maxwell nanofluids with varying nanoparticle diameters, incorporating the effects

of thermophoretic particle deposition. The proposed numerical model examines

heat and mass transfer processes occurring across a stretched sheet. To derive

the computational findings for the fundamental flow equations, the shooting tech-

nique is employed. This chapter examines the flow dynamics and heat transfer

performance of Maxwell nanofluids under different operating conditions.

Building upon the model presented in Chapter 3, Chapter 4 advances the analysis

to encompass Maxwell nanofluid flow. In this chapter, we integrate the effect of

the magnetic field and porosity parameter into the momentum equation, while

also incorporating additional complexities such as the non-Fourier double diffusion

concept into the energy and concentration equations of the proposed model.

Chapter 5 presents the concluding remarks and highlights the significant find-

ings obtained from the research presented in this thesis Its aim is to provide a

comprehensive summary of the main outcomes and contributions of the study.



Chapter 2

Preliminaries

In this chapter, we will elucidate fundamental definitions, essential laws, terminolo-

gies, and key concepts necessary for the analysis of nonlinear partial differential

equations. These foundational elements are crucial for comprehending the subse-

quent chapters of this study and will offer a solid structure for the development of

a comprehensive understanding.

2.1 Foundational Concepts

2.1.1 Fluid

“A substance in the liquid or gas phase is referred to as a fluid. Distinction

between a solid and a fluid is made on the basis of the substances ability to resist

an applied shear (or tangential) stress that to change its shape. A solid can resist

an applied shear stress by deforming, whereas a fluid deforms continuously under

the influence of shear stress no matter how small. In solids, stress is proportional

to strain, but in uids, stress is proportional to strain rate.” [38]

2.1.2 Fluid Mechanics

“Fluid mechanics is that branch of science which deals with the behavior of the

fluids (liquids or gases) at rest as well as in motion.” [39]

6
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2.1.3 Fluid Dynamics

“Fluid dynamics is the study of the motion of liquids, gases and plasma from one

place to another.”[39]

2.1.4 Viscosity

“ Viscosity is defined as the property of a fluid which offers resistance to the

movement of one layers of fluid over another adjacent layer of the fluid. When

two layers of a fluid, a distance ‘dy’ apart, move one over the other at different

velocities, say u and u+du as shown in the viscosity together with relative velocity

causes a shear stress acting between the fluid layers.” [39]

2.1.5 Kinematic Viscosity

“Kinematic viscosity is defined as the ratio between the dynamic viscosity and

density of fluid. It is denoted by the Greek symbol ν, thus mathematically,

ν =
Viscosity

Density
=
µ

ρ

where the unit of kinematic viscosity is m2/sec .” [39]

2.1.10 Magnetohydrodynamics

“Magnetohydrodynamics (MHD) is concerned with the flow of electrically conduct-

ing fluids in the presence of magnetic fields, either externally applied or generated

within the fluid by inductive action.” [39]

2.2 Classification of Fluid

2.2.1 Ideal Fluid

“A fluid which is incompressible and is having no viscosity, is known as an ideal

fluid. Ideal fluid is only an imaginary fluid as all the fluids, which exist, have some

viscosity.” [39]

2.2.2 Real Fluid

“A fluid, which possesses viscosity, is known as a real fluid. All the fluids, in actual

practice, are real fluids.” [39]
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2.2.3 Newtonian Fluid

“A real fluid, in which shear stress is directly, proportional to the rate of shear

strain (or velocity gradient), is known as a Newtonian fluid.” [39]

2.2.4 Non-Newtonian Fluid

“A real fluid, in which the shear stress is not proportional to the rate of shear

strain (or velocity gradient), is known as a Non-Newtonian fluid.” [39]

2.2.4 Ideal Plastic Fluid

“A fluid, in which shear stress is more than the yield value and shear stress is

proportional to the rate of shear strain (or velocity gradient), is known as ideal

plastic fluid, e.g. water suspension of clay and fly ash.” [39]

2.3 Modes of Heat Transfer

2.3.1 Conduction

“The mechanism of heat transfer due to a temperature gradient in a stationary

medium is called conduction. The medium may be solid or a fluid. A very popu-

lar example of conduction heat transfer is that when one end of metallic spoon is

dipped into a cup of hot tea, the other end becomes gradually hot. In solids, the

conduction of heat is attributed to two effects:

(i) the flow of free electrons and

(ii) the lattice vibrational waves caused by the vibrational motions of the

molecules at relatively fixed positions called a lattice.” [40]

2.3.2 Convection

“The mode by which heat is transferred between a solid surface and the adjacent

fluid in motion when there is a temperature difference between the two is known

as convection heat transfer. The temperature of the fluid stream refers either to

its bulk or free stream temperature.”[40]

2.3.3 Forced Convection

“In forced convection, the fluid is forced to flow over a solid surface by external

means such as fan, pump or atmospheric wind.” [40]
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2.3.4 Free Convection

“When the fluid motion is caused by the buoyancy forces that are induced by

density differences due to the variation in temperature or species concentration

(in case of multicomponent systems) in the fluid, the convection is called natural

(or free) convection.” [40]

2.3.5 Radiation

“Any substance at a finite temperature emits energy in the form of electromagnetic

waves in all directions and at all wavelengths (from a very low one to a very high

one). The energy emitted within a specific band of wavelength (0.1–100 µm)

is termed thermal radiation. The exchange of such radiant energy between two

bodies at different temperatures is defined as heat transfer between the bodies by

radiation. We have seen earlier that the heat transfer by conduction or convection

requires the presence of a medium. But the radiation heat transfer does not

necessarily require a medium, rather it occurs most efficiently in a vacuum.” [40]

2.4 Different Flow Classifications

2.4.1 Steady and Unsteady Flows

“Steady flow is defined as that type of flow in which the fluid characteristics like

velocity, pressure, density, etc., at a point do not change with time. Thus for

steady flow, mathematically, we have

(
∂u

∂t

)
(x0,y0,z0)

= 0,

(
∂p

∂t

)
(x0,y0,z0)

= 0,

(
∂ρ

∂t

)
(x0,y0,z0)

= 0

where (x0, y0, z0) is fixed point in fluid field.

Unsteady flow is that type of flow, in which the velocity, pressure or density at a

point changes with respect to time. thus, mathematically, for unsteady flow

(
∂u

∂t

)
(x0,y0,z0)

6= 0,

(
∂p

∂t

)
(x0,y0,z0)

6= 0 etc.” [39]
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2.4.2 Uniform and Non-uniform Flow

“Uniform flow is defined as the type of flow in which the velocity at any given

time does not change with respect to space (i.e., length of direction of the flow).

Mathematically, for uniform flow

(
∂u

∂s

)
r=constant

= 0

where ∂u= Change of velocity

∂s= Length of flow in the direction S.

Non-uniform flow is the type of flow in which the velocity at any given time changes

with respect to space. Thus, mathematically, for non-uniform flow

(
∂u

∂s

)
r=constant

6= 0.” [39]

2.4.3 Laminar and Turbulent Flows

“Laminar flow is defined as that type of flow in which the fluid particles move

along well-defined paths or stream lines and all the stream-lines are straight and

parallel. Thus the particles move in lamines or layers gliding smoothly over the

adjacent layer. This type of flow is also called stream-line flow or viscus flow.

Turbulent flow is that type of flow in which the fluid particles move in a zig-zag

way. due to the movement of fluid particles in a zig-zag way, the eddies formula-

tion takes place which are responsible for high energy loss.” [39]

2.4.4 Compressible and Incompressible Flows

“Compressible flow is that type of flow in which the density for the fluid changes

from point to point or in other words the density (ρ) is not constant for the fluid.

Thus, mathematically, for compressible flow

ρ 6= constant.
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Incompressible flow is that type of flow in which the density is constant for the fluid

flow. Liquids are generally incompressible while gases are compressible. Mathe-

matically, for incompressible flow

ρ = constant.” [39]

2.4.5 Rotational and Irrotational Flows

“Rotational flow is that type of flow in which the fluid particles while flowing

along stream-lines, also rotate about their own axis. And if the fluid particles

while flowing along stream-lines, do not rotate about their own axis then that

type of flow is called irrotational flow.” [39]

2.4.6 Inviscous Flow

“A flow in which viscosity of the fluid is equal to zero is known as inviscous

(inviscid) flow.”

2.5 Porous Material

2.5.1 Porous Material

“A solid containing holes or voids, either connected or non-connected, dispersed

within it in either a regular or random manner known as porous material provided

that holes occur relatively frequently within the solid.

Pores are either interconnected or non-interconnected. A fluid can flow through a

porous material only if at least some of the pores are interconnected”[41]. Some

natural porous materials are beach sand, limestone, sandstone, wood, loaf of bread

and human lung etc.

2.5.2 Porosity

“The porosity of a porous material is the fraction of the bulk volume of the material

occupied by voids. The symbol usually employed for this parameter is φ. Thus

φ =
VP
VB

=
Volume of pores

Bulk volume
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Bulk volume , which is a dimensionless quantity. Since that portion of the bulk

volume not occupied by pores is occupied by the solid grains or matrix of the

material, it follows that

1− φ =
VS
VB

=
Volume of solids

Bulk volume
.”[41]

2.5.3 Permeability

“Permeability is the property of a porous material which characterizes the ease

with which a fluid may be made through the material by an applied pressure gra-

dient. Permeability is the fluid conductivity of the porous material. If horizontal

linear of an incompressible fluid is established through a sample of porous material

of length L in the direction of flow, and cross sectional area A, then the perme-

ability K of the material is defined as

K =
qµ

A
(
δP
L

) .
Here q is the fluid flow rate in volume per unit time, µ is the viscosity of the fluid

and δP is the applied pressure difference across the length of the specimen”[41].

2.6 Conservation Laws

2.6.1 Law of Conservation of Mass

“The principle of conservation of mass can be stated as the time rate of change of

mass in a

fixed volume is equal to the net rate of ow of mass across the surface. The mathe-

matical statement of the principle results in the following equation, known as the

continuity (of mass) equation

∂ρ

∂t
+ δ. (ρV ) = 0”[42]. (2.1)
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2.6.2 Equation of Momentum

“The principle of conservation of linear momentum (or Newton’s Second Law of

motion) states that the time rate of change of linear momentum of a given set of

particles is equal to the vector sum of all the external forces acting on the parti-

cles of the set, provided Newton’s Third Law of action and reaction governs the

internal forces. Newton’s Second Law can be written as

∂

∂t
(ρV ) + δ. (ρV ⊗ V ) = δ.σ + ρf.”[42]. (2.2)

2.6.3 Law of Conservation of Energy

“The law of conservation of energy (or the First Law of Thermodynamics) states

that the time rate of change of the total energy is equal to the sum of the rate of

work done by applied forces and the change of heat content per unit time. In the

general case, the First Law of Thermodynamics can be expressed in conservation

form as

∂ρet

∂t
+ δ.ρvet = −δ.q + δ. (σ.v) +Q+ ρf.v, (2.3)

where et = e + 1/2v.v is the total energy (J/m3), e is the internal energy, q is he

heat flux vector (W/m2) and Q is the internal heat generation (W/m3)” [42].

2.4.4 Newton’s Law of Viscosity

“It states that the shear stress (τ ) on a fluid element layer is proportional to the

rate of shear strain. The constant of proportionally is called coefficient of viscosity.

Mathematically, it is expressed as

τ = µ
∂u

∂y
.”
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2.7 Dimensionless Parameters

2.7.1 Nusselt Number (Nu)

“It is the relationship between the convective to the conductive heat transfer

through the boundary of the surface. Mathematically, it is defined as

Nu =
hL

k
,

where h stands for convective heat transfer, L stands for characteristic length and

k stands for thermal conductivity.” [43]

2.7.2 Prandtl Number (Pr)

“The ratio of kinematic diffusivity to heat the diffusivity is said to be Prandtl

number. It is denoted by Pr. Mathematically, it can be written as

Pr =
ν

α

⇒ =
µcp
ρk

where µ represent the dynamic viscosity, Cp denotes the specific heat and k stands

for thermal conductivity.” [43]

2.7.3 Skin Friction Coefficient (Cfx )

“The skin friction coefficient is typically defined as

Cf =
2τw
ρU2

w

where τw is the local wall shear stress, ρ is the fluid density and Uw is the free

stream velocity (usually taken outside the boundary layer or at the inlet).” [43]

2.7.4 Sherwood Number (Shx)

“It is a non-dimensional quantity which describes the ratio of the mass transport

by convection to the transfer of mass by diffusion. Mathematically,
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Sh =
kL

D
,

where L is characteristics length, D is the mass diffusivity and k is the mass

transfer coefficient.” [43]

2.7.5 Thermophoresis Parameter

“In a temperature gradient, small particles are pushed towards the lower temper-

ature because of the asymmetry of molecular impacts.” [43]

2.7.6 Eckert Number

“It is a dimensionless number used in continuum mechanics. It describes the

relation between flows and the boundary layer enthalpy difference and it is used

for characterized heat dissipation. Mathematically,

Ec =
u2

cpδT
.”[43]

2.8 Shooting Method

To elaborate the shooting method, take into account the subsequent nonlinear

boundary value problem.

h′′(ζ)− h(ζ) + h2(ζ) = 0

h′(0) = 0, h(b) = 0.

 (2.4)

To reduce the order of the above BVP, introduce the following notations:

h(ζ) = l1, h′(ζ) = l′1 = l2. (2.5)

The system of first-order ordinary differential equations obtained from the conver-

sion of (2.4) is given by:

l′1 = l2, l1(0) = 0. (2.6)
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l′2 = l21 − l1, l2(0) = k, (2.7)

where k is the initial condition which will be guessed. The RK − 4 method will

be used to numerically solve the above IVP. Choose missing condition k in such a

way that

l1 (b, k) = 0. (2.8)

The equation above can be solved using Newton’s method with the iterative scheme

provided:

k(m+1) = k(m) − l1 (b, k)(m)(
∂ l1(b,k)

∂k

)(m)
(2.9)

To find

(
∂ l1(b,k)

∂k

)(m)

, introduce the following notations:

∂l1
∂k

= l3,
∂l2
∂k

= l4. (2.10)

With these new notations, Newton’s iterative scheme will take the following form:

k(m+1) = k(m) − l1 (b, k)(m)

l3 (b, k)(m)
. (2.11)

Now, differentiating the system of two first order ODEs (2.6) and (2.7) regarding

k, we obtain a different system of ODEs, as follows:

l′3 = l4, l3(0) = 0. (2.12)

l′4 = 2l1l3 − l3, l4(0) = 1. (2.13)

Writing all the four ODEs (2.6), (2.7), (2.12) and (2.13) together, following IVP

is obtained:

l′1 = l2, l1(0) = 0.

l′2 = l21 − l1, l2(0) = k.

l′3 = l4, l3(0) = 0.

l′4 = 2l1l3 − l3, l4(0) = 1.
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The above system together will be solved numericaly br RK4 method. The ter-

mination conditions for the Newton’s technique is composed of:

|l1(b, k)| < ε,

where ε > 0 is an arbitrary small positive number.



Chapter 3

Impact of Nanoparticle Diameter

on Maxwell Nanofluid Flow with

Thermophoretic Particle

Deposition

3.1 Introduction

This chapter presents a thorough numerical study of a Maxwell nanofluid’s flow

characteristics, with graphene serving as the suspended nanoparticles and sodium

alginate serving as the base fluid. In order to make this analysis easier, first use

the relevant transformations to convert the controlling nonlinear partial differen-

tial equations into a set of dimensionless ordinary differential equations.

The shooting method implemented in MATLAB is then used to solve these dimen-

sionless problems. In particular, the velocity profile f ′(ζ), temperature profile θ(ζ),

and concentration profile χ(ζ) are studied numerically for different parameters.

18
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An extensive analysis of the work previously presented by Srilatha et al. [44] is

provided in this chapter.

3.2 Physical Model

The behavior of a nanofluid flowing over a stretching sheet, specifically regard-

ing two-dimensional, unsteady boundary layer flow, has been examined. In this

setup, the coordinate axis along the stretched sheet is denoted as x̃, while that

perpendicular to the sheet is ỹ. Importantly, the wall is assumed to be incom-

pressible, with the condition ũw(x) = ũ as shown in Figure 3.1. The unsteady

flow of nanofluid is governed by the following equations (3.1) - (3.4) along with

the boundary conditions (3.5).

Figure 3.1: Problem schematic diagram[45]

Mass conservation equation:

∂ũ

∂x̃
+
∂ṽ

∂ỹ
= 0. (3.1)
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Momentum equation:

∂ũ

∂t̃
+ ũ

∂ũ

∂x̃
+ ṽ

∂ũ

∂ỹ
= ν̃nf

∂2ũ

∂ỹ2
− λ0

(
1− αt̃

)(
ũ2∂

2ũ

∂x̃2
+ ṽ2∂

2ũ

∂ỹ2
+ 2ũṽ

∂2ũ

∂x̃∂ỹ

)
. (3.2)

Energy equation:

∂T̃

∂t̃
+ ũ

∂T̃

∂x̃
+ ṽ

∂T̃

∂ỹ
=

k̃nf(
ρ̃C̃p

)
nf

∂

∂ỹ

(
∂T̃

∂ỹ

)
+

1(
ρ̃C̃p

)
nf

q̃′′′. (3.3)

Concentration equation:

∂C̃

∂t̃
+ ũ

∂C̃

∂x̃
+ ṽ

∂C̃

∂ỹ
= D

(
∂2C̃

∂x̃2
+
∂2C̃

∂ỹ2

)
− ∂

∂ỹ

(
ṼT C̃

)
. (3.4)

Boundary conditions:

ũ = Ũw
(
x̃, t̃
)

=
ãx̃(

1− αt̃
) , ṽ = Ṽw = −

√
ν̃f Ũw
x̃

f̃0,

T̃ = T̃w, C̃ = C̃w = 0, at ỹ = 0,

ũ −→ 0, T̃ −→ T̃∞, C̃ −→ C̃∞, as ỹ −→∞.


(3.5)

3.3 Non-dimensionalization

In this section, we outline the process of non-dimensionalizing the mathematical

model for our Maxwell nanofluid flow. This procedure involves introducing dimen-

sionless variables and parameters to simplify the original equations. By converting

to dimensionless quantities, we gain deeper insights into the physical phenomena

and enhance the manageability of the analysis. To accomplish this, the mathe-

matical model will be transformed into a system of ordinary differential equations

using the following similarity transformation:

ζ =

√
ã

ν̃f
(
1− αt̃

) ỹ, ũ =
ãx̃(

1− αt̃
)f ′(ζ), ṽ = −

√
ãν̃f(

1− αt̃
)f(ζ),

θ(ζ) =
T̃ − T̃∞
T̃w − T̃∞

, χ(ζ) =
C̃ − C̃∞
C̃w − C̃∞

.

 (3.6)
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To satisfy the mass conservation equation (3.1), the following derivatives are re-

quired:

• ∂ũ

∂x̃
=

∂

∂x̃

[
ãx̃

1− αt̃
f ′(ζ)

]
=

ã

1− αt̃
f ′(ζ). (3.7)

• ∂ṽ

∂ỹ
=

∂

∂ỹ

[
−

√
ãν̃f

1− αt̃
f(ζ)

]

= −

√
ãν̃f

1− αt̃
f ′(ζ).

∂ζ

∂ỹ

= −

√
ãν̃f

1− αt̃
f ′(ζ).

√
ã

ν̃f
(
1− αt̃

) (using(3.6)
)

= − ã

1− αt̃
f ′(ζ). (3.8)

Finally, using equations (3.7) and (3.8) in (3.1), we obtain

ã

1− αt̃
f ′(ζ)− ã

1− αt̃
f ′(ζ) = 0.

Thus, equation (3.1) is identically satisfied.

The formulas for viscosity, density, heat capacity, thermal conductivity and elec-

trical conductivity, along with the values for the fundamental thermo-physical

properties of sodium alginate and graphene, have been summarized in Tables 3.1

and 3.2, [30, 44, 46].

Table 3.1: Formulas of Thermo-physical properties.

Properties Nanofluid

Viscosity µ̃nf =
µ̃f

(1−Φ)2.5

Density ρ̃nf = ρ̃f (1− Φ) + Φ( ρ̃sρ̃f )

Heat Capacity (ρ̃c̃p)nf = (ρ̃c̃p)f (1− Φ) + Φ
(ρ̃c̃p)s
(ρ̃c̃p)f

Thermal Conductivity K̃nf
K̃f

=
K̃s+(sf−1)K̃f−(sf−1)Φ(K̃f−Ks)

K̃s+(sf−1)K̃f+Φ(K̃f−K̃s)

Electrical Conductivity σ̃nf
σ̃f

=

(
1 +

3
(
σs
σf
−1
)
φ(

σs
σf

+2
)
−
(
σs
σf
−1
)
φ

)
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Table 3.2: Thermo-physical characteristics of sodium alginate and graphene.

Physical Properties NaAlg Graphene

ρ̃
(
kg.m−3

)
989 2250

c̃p
(
J(kg.ok)

)
4175 4179

k̃
(
W (m.ok)

)
0.6376 2500

σ̃
(
Ω.m

)
2.6× 104 1× 107

Some expressions involving the above thermo-physical properties, denoted by P̃i

(i = 1, 2, 3, 4, 5, 6) have been defined below. These notations will simplify the di-

mensionless model to be achieved in the upcoming sections.

P̃1 =
µ̃nf
µ̃f

, P̃2 =
ρ̃nf
ρ̃f

, P̃3 =
P̃1

P̃2

, P̃4 =
(ρ̃c̃p)nf
(ρ̃c̃p)f

, P̃5 =
k̃nf

k̃f
, P̃6 =

σ̃nf
σ̃f

.

3.3.1 Non-dimensionalization of Momentum Equation

For non-dimensionalization of the momentum equation (3.2), the following deriva-

tives are needed:

• ∂ũ

∂t̃
= ãx̃

(
α

1− αt̃
f ′(ζ) +

1

1− αt̃
f ′′(ζ)

ỹ
√
ã√
νf

(
−1

2

)(
1− αt̃

)− 3
2 (−α)

)
= ãx̃

(
α

(1− αt̃)2
f ′(ζ) +

α

2(1− αt̃) 5
2

ỹ
√
ã√
νf
f ′′(ζ)

)
= ãx̃

(
α

(1− αt̃)2
f ′(ζ) +

α

2(1− αt̃)2

√
ã

ν̃f
(
1− αt̃

) ỹf ′′(ζ)

)
=

ãx̃α

(1− αt̃)2

(
f ′(ζ) +

(ζ)

2
f ′′(ζ)

)
. (3.9)
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• ∂ũ

∂x̃
=

ã

1− αt̃
f ′(ζ). (3.10)

• ∂2ũ

∂x̃2
= 0. (3.11)

• ∂ũ

∂ỹ
=

∂

∂ỹ

(
ã

1− αt̃
x̃f ′(ζ)

)

=
ã

1− αt̃

(
x̃f ′′(ζ)

∂

∂ỹ
(ζ)

)

=
ã

1− αt̃

(
x̃f ′′(ζ)

√
ã

ν̃f
(
1− αt̃

))

=
ã
√
ã

(1− αt̃)
√
ν̃f (1− αt̃)

x̃f ′′(ζ). (3.12)

(3.13)

• ∂2ũ

∂ỹ2
=

∂

∂ỹ

(
∂ũ

∂ỹ

)

=
∂

∂ỹ

 ã
√
ã

(1− αt̃)
√
ν̃f (1− αt̃)

x̃f ′′(ζ)


=

ã
√
ã

(1− αt̃)
√
ν̃f (1− αt̃)

(
x̃f ′′(ζ)

√
ã

ν̃f
(
1− αt̃

))

=
ã2(

1− αt̃
)2
ν̃f

(x̃f ′′(ζ)) . (3.14)

(3.15)

• ∂2ũ

∂x̃∂ỹ
=

∂

∂x̃

(
∂ũ

∂ỹ

)

=
∂

∂x̃

 ã
√
ã

(1− αt̃)
√
ν̃f (1− αt̃)

x̃f ′′(ζ)


=

ã
√
ã

(1− αt̃)
√
ν̃f (1− αt̃)

(
f ′′(ζ) + xf ′′(ζ)

∂

∂x̃
(ζ)

)

=
ã
√
ã

(1− αt̃)
√
ν̃f (1− αt̃)

f ′′(ζ). (3.16)
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Now, we substitute all the partial derivatives (3.9) - (3.16), and velocity compo-

nents (3.6), into equation (3.2), to get the following:

ãx̃α

(1− αt̃)2

(
f ′ +

ζ

2
f ′′
)

+

(
ãx̃

1− αt̃
f ′
)(

ã

1− αt̃
f ′
)
−

(√
ãν̃f

1− αt̃
f

)
 ã

√
ã

(1− αt̃)
√
ν̃f (1− αt̃)

x̃f ′′

 = (ν̃f )

(
ã2(

1− αt̃
)2
ν̃f
x̃f ′′

)

− λ0

(
1− αt̃

) [
0 +

(
ãν̃f

1− αt̃
f2

)(
ã2(

1− αt̃
)2
ν̃f
x̃f ′′

)

− 2

(
ãx̃

1− αt̃
f ′
)(√

ãν̃f

1− αt̃
f

) ã
√
ã

(1− αt̃)
√
ν̃f (1− αt̃)

f ′′

].

⇒ α

ã

(
f ′ +

ζ

2
f ′′
)

+ (f ′)
2 − ff ′′ = ν̃nf

ν̃f
f ′′′ − λ0ã

(
f 2f ′′′ − 2ff ′f ′′

)
.

⇒ γ

(
f ′ +

ζ

2
f ′′
)

+ (f ′)
2 − ff ′′ = ν̃nf

ν̃f
f ′′′ − β

(
f 2f ′′′ − 2ff ′f ′′

)
.

⇒ ν̃nf

ν̃f
f ′′′ − β

(
f 2f ′′′ − 2ff ′f ′′

)
− γ

(
f ′ +

ζ

2
f ′′
)
− (f ′)

2
+ ff ′′ = 0.

⇒ P̃1

P̃2

f ′′′ − β
(
f 2f ′′′ − 2ff ′f ′′

)
− γ

(
f ′ +

ζ

2
f ′′
)
− (f ′)

2
+ ff ′′ = 0.

⇒ P̃3f
′′′ − β

(
f 2f ′′′ − 2ff ′f ′′

)
− γ

(
f ′ +

ζ

2
f ′′
)
− (f ′)

2
+ ff ′′ = 0. (3.17)

3.3.2 Non-dimensionalization of Energy Equation

For non-dimensionalization of the energy equation (3.3), the following derivatives

are required:

ζ =

√
ã

ν̃f
(
1− αt̃

) ỹ
=
ỹ
√
ã√
ν̃f

(
1− αt̃

)− 1
2 .
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• ∂ζ

∂t̃
=
ỹ
√
ã√
ν̃f

(
−1

2

)(
1− αt̃

)− 3
2 (−α)

=
αỹ
√
ã

2
√
ν̃f

1√(
1− αt̃

) 1

1− αt̃

=
α

2
(
1− αt̃

)√ ã

ν̃f
(
1− αt̃

) ỹ

=
αζ

2
(
1− αt̃

) .

θ(ζ) =
T̃ − T̃∞
T̃w − T̃∞

T̃ = T̃∞ + (T̃w − T̃∞)θ(ζ)

• ∂T̃

∂t̃
=

∂

∂t̃
(θ(T̃ − T̃∞))

= (T̃w − T̃∞)θ′
∂ζ

∂t̃

= (T̃w − T̃∞)θ′(ζ)
αζ

2
(
1− αt̃

) . (3.18)

• ∂T̃

∂x̃
= 0. (3.19)

• ∂T̃

∂ỹ
=

∂

∂ỹ
(T̃∞ + (T̃w − T̃∞)θ(ζ))

=
∂

∂ỹ
(T̃∞) +

∂

∂ỹ
(T̃w − T̃∞)θ(ζ)

= 0 + (T̃w − T̃∞)θ′(ζ)

√
ã

ν̃f
(
1− αt̃

)
= (T̃w − T̃∞)θ′

√
ã

ν̃f
(
1− αt̃

) . (3.20)
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• ∂2T̃

∂ỹ2
=

∂

∂ỹ
(
∂T̃

∂ỹ
)

=
∂

∂ỹ

(
(T̃w − T̃∞)θ′

√
ã

ν̃f
(
1− αt̃

))

= (T̃w − T̃∞)

√
ã

ν̃f
(
1− αt̃

) (θ′′(ζ)
∂

∂ỹ
(ζ)

)

= (T̃w − T̃∞)

√
ã

ν̃f
(
1− αt̃

) (θ′′√ ã

ν̃f
(
1− αt̃

))

= (T̃w − T̃∞)
ã

ν̃f
(
1− αt̃

)θ′′. (3.21)

Now we substitute all the partial derivatives (3.18) - (3.21), and velocity compo-

nents from (3.6), into eqution (3.3), to get the following:

(T̃w − T̃∞)θ′(ζ)
αζ

2
(
1− αt̃

) + 0−

(√
ãν̃f

1− αt̃
f

)(
(T̃w − T̃∞)θ′

√
ã

ν̃f
(
1− αt̃

))

=
k̃nf

(ρ̃c̃p)nf
(T̃w − T̃∞)

ã

ν̃f
(
1− αt̃

)θ′′
+

1

(ρ̃c̃p)nf

k̃f Ũw
(
x̃, t̃
)

x̃ν̃f
(T̃w − T̃∞)

[
Ã∗f ′ +

T̃ − T̃∞
T̃w − T̃∞

B̃∗
]
.

⇒ (T̃w − T̃∞)θ′(ζ)
αζ

2
(
1− αt̃

) − ãfθ′

1− αt̃
=

k̃nf
(ρ̃c̃p)nf

(T̃w − T̃∞)
ã

ν̃f
(
1− αt̃

)θ′′
+

1

(ρ̃c̃p)nf
k̃f

ãx̃
1−αt̃

x̃ν̃f
(T̃w − T̃∞)(Ã∗f ′ + B̃∗θ).

⇒ α

ã

θ′ζ

2
− fθ′ = k̃nf

(ρ̃c̃p)nf

θ′′

ν̃f
+

k̃f
(ρ̃c̃p)nf ν̃f

(Ã∗f ′ + B̃∗θ).

⇒ γ
ζ

2
θ′ − fθ′ = k̃nf

(ρ̃c̃p)nf

θ′′

Prαf
+

k̃f
(ρ̃c̃p)nf Prαf

(Ã∗f ′ + B̃∗θ).

⇒ γPr(
ζ

2
θ′)− Pr (fθ′) =

k̃nf
(ρ̃c̃p)nf

θ′′

αf
+

k̃f
(ρ̃c̃p)nf αf

(Ã∗f ′ + B̃∗θ).

⇒ γPr(
ζ

2
θ′)− Pr (fθ′) =

k̃nf
(ρ̃c̃p)nf

θ′′

k̃f
(ρ̃c̃p)

+
k̃f

(ρ̃c̃p)nf
k̃f

(ρ̃c̃p)

(Ã∗f ′ + B̃∗θ).

⇒ γPr(
ζ

2
θ′)− Pr (fθ′) =

k̃nf
(ρ̃c̃p)nf

(ρ̃c̃p)f θ
′′

k̃f
+

k̃f (ρ̃c̃p)f

(ρ̃c̃p)nf k̃f
(Ã∗f ′ + B̃∗θ).
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⇒ γPr(
ζ

2
θ′)− Pr (fθ′) =

(ρ̃c̃p)f
(ρ̃c̃p)nf

k̃nf

k̃f
θ′′ +

(ρ̃c̃p)f
(ρ̃c̃p)nf

(Ã∗f ′ + B̃∗θ).

⇒
(ρ̃c̃p)f
(ρ̃c̃p)nf

k̃nf

k̃f
θ′′ − γPr

(
ζ

2
θ′
)
− Pr (fθ′) +

(ρ̃c̃p)f
(ρ̃c̃p)nf

(Ã∗f ′ + B̃∗θ) = 0. (3.22)

3.3.3 Non-dimensionalization of Concentration Equation

For non-dimensionalization of the concentration equation (3.4), the following deriva-

tives are required:

ζ =

√
ã

ν̃f
(
1− αt̃

) ỹ
=
ỹ
√
ã√
ν̃f

(
1− αt̃

)− 1
2 .

• ∂ζ

∂t̃
=
ỹ
√
ã√
ν̃f

(
−1

2

)(
1− αt̃

)− 3
2 (−α)

=
αỹ
√
ã

2
√
ν̃f

1√(
1− αt̃

) 1

1− αt̃

=
α

2
(
1− αt̃

)√ ã

ν̃f
(
1− αt̃

) ỹ
=

αζ

2
(
1− αt̃

)
• χ(ζ) =

C̃ − C̃∞
C̃w − T̃∞

C̃ = C̃∞ + (C̃w − C̃∞)χ(ζ).

• ∂C̃

∂t̃
=

∂

∂t̃
(χ(C̃w − C̃∞))

= (C̃w − C̃∞)χ′
∂ζ

∂t̃

= (C̃w − C̃∞)χ′(ζ)
αζ

2
(
1− αt̃

) . (3.23)

• ∂C̃

∂x̃
= 0. (3.24)

• ∂2C̃

∂2x̃
= 0. (3.25)
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• ∂C̃

∂ỹ
=

∂

∂ỹ
(C̃∞ + (C̃w − C̃∞)χ(ζ))

=
∂

∂ỹ
(C̃∞) +

∂

∂ỹ
(C̃w − C̃∞)χ(ζ)

= 0 + (C̃w − C̃∞)χ′(ζ)

√
ã

ν̃f
(
1− αt̃

)
= (C̃w − C̃∞)χ′

√
ã

ν̃f
(
1− αt̃

) . (3.26)

• ∂2C̃

∂ỹ2
=

∂

∂ỹ

(
∂C̃

∂ỹ

)

=
∂

∂ỹ

(
(C̃w − C̃∞)χ′

√
ã

ν̃f
(
1− αt̃

))

= (C̃w − C̃∞)

√
ã

ν̃f
(
1− αt̃

) (χ′′(ζ)
∂

∂ỹ
(ζ)

)

= (C̃w − C̃∞)

√
ã

ν̃f
(
1− αt̃

) (χ′′√ ã

ν̃f
(
1− αt̃

))

= (C̃w − C̃∞)
ã

ν̃f
(
1− αt̃

)χ′′. (3.27)

• ∂

∂ỹ
(ṼT C̃) =

∂

∂ỹ

(
−k̃∗ ν̃f

T̃r

∂T̃

∂ỹ
C̃

)

= −k̃∗ ν̃f
T̃r

∂

∂ỹ

(
∂T̃

∂ỹ
C̃

)

= −k̃∗ ν̃f
T̃r

(
∂2T̃

∂ỹ2
C̃ +

∂T̃

∂ỹ

∂C̃

∂ỹ

)

= −k̃∗ ν̃f
T̃r

[
(T̃w − T̃∞)

ã

ν̃f
(
1− αt̃

)θ′′(C̃∞ + (C̃w − C̃∞)χ(ζ))

+ (T̃w − T̃∞)θ′
√

ã

ν̃f
(
1− αt̃

)(C̃w − C̃∞)χ′
√

ã

ν̃f
(
1− αt̃

)]

= −k̃∗ ν̃f
T̃r

(T̃w − T̃∞)

(
ã

ν̃f
(
1− αt̃

)(C̃w − C̃∞) (θ′′χ+ θ′χ′)

)

= τ
ã

1− αt̃
(C̃w − C̃∞) (θ′′χ+ θ′χ′) . (3.28)
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Now, we substitute all the partial derivatives (3.23) - (3.28), and velocity compo-

nents from (3.6), into equation (3.4), to get the following:

(
C̃w − C̃∞

)
χ′

αζ

2
(
1− αt̃

) −(√ ãν̃f

1− αt̃
f

)(
(C̃w − C̃∞)χ′

√
ã

ν̃f
(
1− αt̃

))

=
ν̃f

S̃c
(C̃w − C̃∞)

ã

ν̃f
(
1− αt̃

)χ′′ − τ ã

1− αt̃
(C̃w − C̃∞) (θ′′χ+ θ′χ′)

⇒ α

ã

ζ

2
χ′ − fχ′ = 1

S̃c
χ′′ − τ (θ′′χ+ θ′χ′) .

⇒ γ
ζ

2
χ′ − fχ′ = 1

S̃c
χ′′ − τ (θ′′χ+ θ′χ′) .

⇒ 1

S̃c
χ′′ − γ ζ

2
χ′ + fχ′ − τ (θ′′χ+ θ′χ′) = 0. (3.29)

3.3.4 Non-dimensionalization of Boundary Conditions

The boundary conditions are reformulated in to their non-dimensional form ac-

cording to the following procedure:

• ũ = Ũw
(
x̃, t̃
)

at ỹ = 0.

⇒ ãx̃(
1− αt̃

)f ′(ζ) =
ãx̃(

1− αt̃
) at ζ = 0.

⇒ f ′(ζ) = 1 at ζ = 0.

⇒ f ′(0) = 1 at ζ = 0.

• ṽ = ṽw = −

√
ν̃f Ũw
x̃

f̃0 at y = 0.

⇒ −
√

ãν̃f(
1− αt̃

)f(ζ) = −

√
ν̃f

ãx̃

(1−αt̃)

x̃
f̃0 at ζ = 0.

⇒ f(ζ) = f̃0 at ζ = 0.

⇒ f(0) = f̃0 at ζ = 0.
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• T̃ = T̃w

⇒ T̃∞ +
(
T̃w − T̃∞

)
θ(ζ) = T̃w at ζ = 0.

⇒
(
T̃w − T̃∞

)
θ(ζ) = T̃w − T̃∞ at ζ = 0.

⇒ θ(ζ) = 1 at ζ = 0.

⇒ θ(0) = 1 at ζ = 0.

• C̃ = C̃w

⇒ C̃∞ +
(
C̃w − C̃∞

)
χ(ζ) = C̃w at ζ = 0.

⇒
(
C̃w − C̃∞

)
χ(ζ) = C̃w − C̃∞ at ζ = 0.

⇒ χ(ζ) = 0 at ζ = 0.

⇒ χ(0) = 0 at ζ = 0.

• ũ −→ 0 asỹ −→∞.

⇒ ãx̃(
1− αt̃

)f ′(ζ) −→ 0 asζ −→∞.

⇒ f ′(ζ) −→ 0 asζ −→∞.

⇒ f ′(∞) −→ 0

• T̃ −→ T̃∞ asỹ −→∞.

⇒ T̃∞ +
(
T̃w − T̃∞

)
θ(ζ) −→ T̃∞ asζ −→∞.

⇒
(
T̃w − T̃∞

)
θ(ζ) −→ 0 asζ −→∞.

⇒ θ(ζ) −→ 0 asζ −→∞.

⇒ θ(∞) −→ 0

• C̃ −→ C̃∞ asỹ −→∞.

⇒ C̃∞ +
(
C̃w − C̃∞

)
χ(ζ) −→ C̃∞ asζ −→∞.
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⇒
(
C̃w − C̃∞

)
χ(ζ) −→ 0 asζ −→∞.

⇒ χ(ζ) −→ 0 asζ −→∞.

⇒ χ(∞) −→ 0

3.3.5 Physical Quantities of interest

The physical quantities of interest are the skin friction coefficient Cf , the Nusselt

number Nu, and the Sherwood number Sh. The formulas for these quantities are

as follows:

Skin friction:

Cf =
τ̃w

ρ̃nf Ũ2
w (x, t)

.

Nusselt number:

Nu =
x̃q̃w

k̃nf

(
T̃w − T̃∞

) .
Sherwood number:

Sh =
x̃q̃m

D
(
C̃w − C̃∞

) .

3.4 Solution Framework

To solve the ODE (3.16), the shooting method has been applied. The notations

utilized in this work are as follows:

f(ζ) = Ỹ1, f ′(ζ) = Ỹ ′1 = Ỹ2, f ′′(ζ) = Ỹ ′2 = Ỹ3.
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The momentum equation is then, represented by the following system of first-order

ODEs:

Ỹ ′1 = Ỹ2, Ỹ1(0) = f0,

Ỹ ′2 = Ỹ3, Ỹ2(0) = 1,

Ỹ ′3 = −
2βỸ1Ỹ2Ỹ3 − γ

(
Ỹ2 + ζ

2
Ỹ3

)
− Ỹ 2

2 + Ỹ1Ỹ3

P̃3 − βỸ 2
1

, Ỹ3(0) = l.

To apply the RK4 method for numerically IVP described above, it is essential

to carefully select the missing condition l within the system of equations. This

condition l should be chosen to ensure that:

Ỹ2

(
ζ∞, l

)
= 0.

Newton’s method will be used to find l. This method has the following iterative

scheme:

l(n+1) = l(n) −
Ỹ2

(
ζ∞, l

(n)
)(

∂
∂s̃
Ỹ2

(
ζ∞, l

))(n)
.

We further introduce the following notations:

∂Ỹ1

∂l
= Ỹ4,

∂Ỹ2

∂l
= Ỹ5,

∂Ỹ3

∂l
= Ỹ6.

These additional notations give Newton’s iterative scheme the following form:

l(n+1) = l(n) −
Ỹ2

(
ζ∞, l

(n)
)

Ỹ5

(
ζ∞, l(n)

) .
Now, differentiating the most recently presented system of three first order ODEs

with respect to l, yields an additional system of ODEs, as detailed below:
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Ỹ ′4 = Ỹ5, Ỹ4(0) = 0,

Ỹ ′5 = Ỹ6, Ỹ5(0) = 0,

Ỹ ′6 = −
[(

1

P̃3 − βỸ1

2

)2 (
P̃3 − βỸ1

2
)(

2β
(
Ỹ1Ỹ2Ỹ6 + Ỹ1Ỹ5Ỹ3 + Ỹ4Ỹ2Ỹ3

))
− γ

(
Ỹ5 +

ζ

2
Ỹ6

)
− 2Ỹ2Ỹ5 + Ỹ1Ỹ6 + Ỹ4Ỹ3 − 2βỸ1Ỹ2Ỹ3 − γ

(
Ỹ2 +

ζ

2
Ỹ3

)
− Ỹ 2

2 + Ỹ1Ỹ3

(
−2βỸ1Ỹ4

)]
, Ỹ6(0) = 1.

The termination criteria for the Newton’s techniques is set as:

∣∣∣Ỹ2

(
ζ∞, l

)∣∣∣ < ε,

where ε > 0 represents an arbitrarily small positive number. For the purposes of

this analysis, ε has been set to 10−6.

To numerically solve the energy equation using the shooting method, we will treat

f and f ′′ as known functions. The following notations will be used to implement

the shooting method:

θ = Z̃1, θ′ = Z̃ ′1 = Z̃ ′2.

The energy equation can be expressed as the following system of coupled first-order

ODEs:

Z̃ ′1 = Z̃2, Z̃1(0) = 1,

Z̃ ′2 =
p̃4

P̃5

(
γPr

(
ζ

2
Z̃2

)
+ Pr

(
d̃1Z̃2

)
+
A∗d̃2 +B∗Z̃1

P̃4

)
, Z̃2(0) = m.

To apply the RK4 method for the numerical solution of the initial value problem

described above, it is crucial to carefully select the condition m within the system

of equations. This condition m must be chosen to ensure that:

Z̃1

(
ζ∞,m

)
= 0.
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Newton’s method will be employed to determine m using the following iterative

scheme:

m(n+1) = m(n) −
Z̃1

(
ζ∞,m

(n)
)(

∂
∂m̃
Z̃1

(
ζ∞,m

))(n)
.

We further introduce the following notations:

∂Z̃1

∂m
= Z̃3,

∂Z̃2

∂m
= Z̃4.

These additional notations give Newton’s iterative scheme the following form:

m(n+1) = m(n) −
Z̃1

(
ζ∞,m

(n)
)

Z̃3

(
ζ∞,m(n)

) .
Now, differentiating the system of two first order ODEs with respect to m, we get

another system of ODEs, as follows:

Z̃ ′3 = Z̃4, Z̃3(0) = 1,

Z̃ ′4 =
p̃4

P̃5

(
γPr

(
ζ

2
Z̃4

)
+ Pr

(
d̃1Z̃4

)
+
B∗Z̃3

P̃4

)
, Z̃4(0) = 0.

The stopping criteria for the Newton’s technique is set as:

∣∣∣Z̃1

(
ζ∞,m

)∣∣∣ < ε.

To numerically solve the concentration equation using the shooting method, we will

treat f as a known function. The following notations will be used for implementing

the shooting method:

χ = Q̃1, χ′ = Q̃′1 = Q̃′2.
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The energy equation can be formulated as the following system of first-order cou-

pled ODEs:

Q̃′1 = Q̃2, Q̃1(0) = 0,

Q̃′2 = S̃c

[
γ
ζ

2
Q̃2 − d̃1Q̃2 + τ

(
p̃4

P̃5

(
γPr

(
ζ

2
Z̃2

)
+ Pr

(
d̃1Z̃2

)
+
A∗d̃2 +B∗Z̃1

P̃4

)
Q̃1 + Z̃2Q̃2

)]
, Q̃2(0) = r.

To apply the RK4 method for the numerical solution of the initial value problem

outlined above, it is essential to carefully select the condition r within the system

of equations. This condition r should be chosen to ensure that:

Q̃1

(
ζ∞, r

)
= 0.

Newton’s method will be used to find r with the following iterative scheme:

r(n+1) = r(n) −
Q̃1

(
ζ∞, r

(n)
)(

∂
∂s̃
Q̃1

(
ζ∞, r

))(n)
.

We further introduce the following notations:

∂Q̃1

∂r
= Q̃3,

∂Q̃2

∂r
= Q̃4.

These additional notations give Newton’s iterative scheme the following form:

r(n+1) = r(n) −
Q̃1

(
ζ∞, r

(n)
)

Q̃3

(
ζ∞, r(n)

) .
Now, differentiating the system of two first order ODEs with respect to r, we get

another system of ODEs, as follows:
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Q̃′3 = Q̃4, Q̃3(0) = 0,

Q̃′4 = S̃c

[
γ
ζ

2
Q̃4 − d̃1Q̃4 + τ

(
p̃4

P̃5

(
γPr

(
ζ

2
Z̃2

)
+ Pr

(
d̃1Z̃2

)
+
A∗d̃2 +B∗Z̃1

P̃4

)
Q̃3 + Z̃2Q̃4

)]
, Q̃4(0) = 1.

The termination conditions for the Newton’s technique is composed of:

∣∣∣Q̃1

(
ζ∞, r

)∣∣∣ < ε.

3.5 Results Interpretation

This section focuses on analyzing the physical characteristics of velocity, energy

and concentration profiles in relation to variations in several key physical parame-

ters, including Deborah number (β), unsteadiness parameter (γ), space dependent

heat source or sink (A∗), temperature dependent heat source or sink (B∗), Schmidt

number (Sc), thermophoretic parameters (τ).

The analysis is performed using graphical representations of velocity, temperature

and concentration profiles. Additionally, the effects of changing dimensionless

parameters on physical quantities such as skin friction, Nusselt number and the

sherwood number are investigated and summarized in the tabular form.

The graphical representations of velocity, temperature and concentration profiles

offer valuable visual insights into the system’s behavior as the physical parameters

change. By examining these profiles, one can gain a clear understanding of the

dynamics of various physical characteristics of the system. These visualizations

facilitate the analysis of how variations in the parameters β, γ, A∗, B∗, Sc and τ

leave an impact on the velocity, temperature and concentration profiles.
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3.5.1 Analysis of Computational Results

Table 3.3 represents the results of skin fiction, for different inputs of β, γ, f0 and φ.

These results reveal that an increase in the value of β, γ and f0 leads to augment

the value of skin friction coefficient. In contrast, a higher value of φ results in a

decrease in the skin friction coefficient.

Tables 3.4 and 3.5 show that an increases in the value of A∗, B∗ < 0 and A∗, B∗ > 0

decreases the value of Nusselt number, whereas Tables 3.6 and 3.7 reflect a decre-

ment in the Sherwood number due to rise in the values of Sc ands τ .

Table 3.3: The skin friction coefficient

β γ f0 φ -f ′′(0)

0.1 0.1 0 0.01 1.052963

0.2 1.077357

0.3 1.101387

0.4 1.125052

0.5 1.148352

0.2 1.085540

0.3 1.117821

0.4 1.149719

0.5 1.181158

-0.3 0.893694

-0.2 0.942978

-0.1 0.995965

0.1 1.114317

0.2 1.180406

0.3 1.251654

0 1.059527

0.05 1.024993

0.1 0.986405

0.2 0.898546
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Table 3.4: The Nusselt number for A∗, B∗ < 0

β γ f0 φ A∗ B∗ Nu

0.1 0.1 0 0.01 -0.5 -0.5 2.924132

0.2 2.913703

0.3 2.903535

0.4 2.893618

0.5 2.885834

0.2 2.835834

0.3 2.746123

0.4 2.665735

0.5 2.593081

-0.3 0.925723

-0.2 1.447538

-0.1 2.120091

0.1 3.834959

0.2 4.828873

0.3 5.886044

0 2.881918

0.05 3.098460

0.1 3.330697

0.2 3.858513

-0.4 2.881443

-0.3 2.838754

-0.2 2.796065

-0.1 2.753375

-0.4 2.908096

-0.3 2.892004

-0.2 2.875854

-0.1 2.859647
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Table 3.5: The Nusselt number for A∗, B∗ > 0

β γ f0 φ A∗ B∗ Nu

0.1 0.1 0 0.01 0.1 0.1 2.556853

0.2 2.550144

0.3 2.543465

0.4 2.536822

0.5 2.530219

0.2 2.452885

0.3 2.340645

0.4 2.185534

0.5 2.178722

-0.3 0.624655

-0.2 1.116794

-0.1 1.767405

0.1 3.459463

0.2 4.450486

0.3 5.509134

0 2.519002

0.05 2.713142

0.1 2.921296

0.2 3.394291

0.2 2.511818

0.3 2.466784

0.4 2.421749

0.5 2.376714

0.2 2.537941

0.3 2.518912

0.4 2.499765

0.5 2.480496
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Table 3.6: The Sherwood number for A∗, B∗ < 0

β γ f0 φ A∗ B∗ S̃c τ Sh

0.1 0.1 0 0.01 -0.5 -0.5 1 0.1 -0.563530

0.2 -0.553747

0.3 -0.544378

0.4 -0.535388

0.5 -0.526768

0.2 -0.510093

0.3 -0.446969

0.4 -0.371070

0.5 -0.284326

-0.3 -0.394718

-0.2 -0.447476

-0.1 -0.503810

0.1 -0.626279

0.2 -0.691869

0.3 -0.760016

0 -0.562567

0.05 - 0.567866

0.1 -0.574597

0.2 -0.591728

-0.4 -0.558467

-0.3 -0.553493

-0.2 -0.548579

-0.1 -0.543725

-0.4 -0.563316

-0.3 -0.563131

-0.2 -0.562946

-0.1 -0.562763

1.2 -0.644076

1.4 -0.721404

1.6 -0.795459

1.8 -0.866470

0.3 -0.628805

0.5 -0.699627

0.7 -0.776436

0.9 -0.859797
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Table 3.7: The Sherwood number for A∗, B∗ > 0

β γ f0 φ A∗ B∗ S̃c τ Sh

0.1 0.1 0 0.01 0.1 0.1 1 0.1 -0.531178

0.2 -0.523207

0.3 -0.515473

0.4 -0.507985

0.5 -0.500742

0.2 -0.478497

0.3 -0.417226

0.4 -0.346437

0.5 -0.268987

-0.3 -0.362713

-0.2 -0.415294

-0.1 -0.471508

0.1 -0.594094

0.2 -0.660020

0.3 -0.728713

0 -0.529613

0.05 -0.537824

0.1 -0.546987

0.2 -0.526207

0.2 -0.521299

0.3 -0.516454

0.4 -0.511669

0.5 -0.530657

0.2 -0.530129

0.3 -0.529596

0.4 -0.529056

0.5 -0.602559

1.2 -0.796545

1.4 -0.527936

1.6 -0.795459

1.8 -0.866470

0.3 -0.527936

0.5 -0.524683

0.7 -0.521415

0.9 -0.518128
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3.5.2 Velocity Profile

Insights into the velocity profile, denoted as f ′(ζ), with respect to various physical

parameters have deen presented. Specifically, Figures 3.2 - 3.5 illustrate the impact

of β, γ, f0 and φ on the dimensionless velocity f ′(ζ). Figure 3.2 displays the effect

of Deborah number on the velocity profile. It reflects a significant reduction in

velocity profile as the value of β increases. The Deborah number indicates a

measure of fluid’s viscoelasticity. When working with viscoelastic liquids, which

are elastic and viscous, this value is crucial. Higher Deborah number values inhibit

fluid’s mobility and reduce the velocity profile. The effect of γ on the velocity

profile is displayed in Figure 3.3. There is a noticeable decline in the velocity

profile as γ values rise, which suggests that the momentum boundary layer close

to the wall is getting smaller. The influence of f0 on velocity distribution is shown

in 3.4. In the boundary layer, suction f0 > 0 results in a decreased fluid velocity.

The velocity significantly drops as the suction parameter increases. The fluid’s

velocity increases as a result of injection f0 < 0. As the injection parameter is

increased, the velocity profile exhibits a rising trend. Suction reduces the boundary

layer velocity, while injection enhances it.

Figure 3.5 illustrates the effects of φ on the dimensionless velocity f ′(ζ). It is

observed that there is a significant gain in the flow velocity as the values of this

parameter increase. When nanoparticles are added to the base fluid, the average

heat absorption capacity is reduced overall. As a result, this change in the heat

absorption properties causes the fluid’s velocity profile to rise.

Figure 3.2: Impact of β on velocity profile f ′(ζ)
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Figure 3.3: Impact of γ on velocity profile f ′(ζ)

Figure 3.4: Impact of f0 on velocity profile f ′(ζ)

Figure 3.5: Impact of φ on velocity profile f ′(ζ)
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3.5.3 Temperature Profile

Figures 3.6 - 3.7 illustrate the impact of heat source and heat sink on the tem-

perature profile. By adding more heat to the system, a heat source scenario

(A∗, B∗ > 0) improves the thermal conductivity and raises the temperature profile.

The temperature of the nanofluid rises when a heat source is present. Removing

heat from the system, namely the heat sink (A∗, B∗ < 0) lowers the temperature

profile. When the heat sink parameter is increased, the temperature profile be-

comes less pronounced. A heat sink lowers the temperature by taking heat out

of the system, whereas a heat source raises the temperature profile by adding

more heat to the system. There is a direct correlation between the change in

temperature profile and the magnitude of the heat source/sink parameter.

Figure 3.6: Impact of A∗, B∗ > 0 on temperature profile f ′(ζ)

Figure 3.7: Impact of A∗, B∗ < 0 on temperature profile θ(ζ)
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3.5.4 Concentration Profile

Figures 3.8 - 3.9 illustrate the impact of the Schmidt number on the concentration

profile with respect to heat source and heat sink. It is observed that as the Schmidt

number increases, the concentration gradient also intensifies. Greater molecular

mobility and stronger viscous diffusion are correlated with higher Schmidt num-

bers. In a liquid flow, the dimensionless Schmidt number formally characterizes

the relationship between mass and momentum diffusivities. It’s interesting to note

that the largest concentration of nanoparticles coincides with the lowest Schmidt

number. The figures also display the thickness of the boundary layer for the hydro-

dynamic flow and the species of nanoparticles, indicating a concentration gradient

that is steepening.

Additionally, Figures 3.10 - 3.11 demonstrate the effect of the thermophoretic pa-

rameter with respect to heat source and heat sink on the concentration profile. A

decrease in the thermophoretic parameter results in a higher concentration profile.

This is because of the thermophoretic effect, which causes the particles to behave

in a suction-like manner, cooling the surface and reducing mass transfer as a result.

Figure 3.8: Impact of Sc on concentration profile χ(ζ)
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Figure 3.9: Impact of Sc on concentration profile χ(ζ)

Figure 3.10: Impact of τ on concentration profile χ(ζ)

Figure 3.11: Impact of τ on concentration profile χ(ζ)



Chapter 4

Maxwell Nanofluid Flow with

Thermophoretic Particle

Deposition Using the Non-Fourier

Double Diffusion Concept and

Magnetic Field

4.1 Introduction

This chapter aims to advance the research conducted by Srilatha et al. [44] dis-

cussed in the preceding chapter. Specifically, the extension involves incorporating

the Cattaneo-Christov non-Fourier double diffusion model with activation energy

into the analysis. An appropriate similarity transformation is used to transform

the governing PDEs into ODEs. The shooting method is then employed to de-

rive numerical solutions. MATLAB is employed for numerical computation. The

47
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chapter also includes graphical representations to elucidate the impact of vary-

ing parameters. Additionally, tables are also utilized to present and examine the

numerical results obtained.

4.2 Mathematical Modeling

The equations governing the flow are as follows:

Mass conservation:
∂ũ

∂x̃
+
∂ṽ

∂ỹ
= 0. (4.1)

Momentum Equation:

∂ũ

∂t̃
+ ũ

∂ũ

∂x̃
+ ṽ

∂ũ

∂ỹ
+
σ̃nf
ρ̃nf

B2
o ũ+

µ̃nf
ρ̃nf

ũ

k∗

= ν̃nf
∂2ũ

∂ỹ2
− λ0

(
1− αt̃

)(
ũ2∂

2ũ

∂x̃2
+ ṽ2∂

2ũ

∂ỹ2
+ 2ũṽ

∂2ũ

∂x̃∂ỹ

)
.

(4.2)

Energy Equation:

∂T̃

∂t̃
+ ũ

∂T̃

∂x̃
+ ṽ

∂T̃

∂ỹ
+ λE

(
∂2T̃

∂t̃2
+ ũ

∂ũ

∂x̃

∂T̃

∂x̃
+ ṽ

∂ṽ

∂ỹ

∂T̃

∂ỹ
+ ũ

∂ṽ

∂x̃

∂T̃

∂ỹ
+ ṽ

∂ũ

∂x̃

∂T̃

∂x̃

+ 2ũṽ
∂2T̃

∂x̃∂ỹ
+ ũ2∂

2T̃

∂x̃2
+ ṽ2∂

2T̃

∂ỹ2
+
∂ũ

∂t̃

∂T̃

∂x̃
+ 2ũ

∂2T̃

∂x̃∂t̃
+
∂ṽ

∂t̃

∂T̃

∂ỹ
+ 2ṽ

∂2T̃

∂ỹ∂t̃

)
=

k̃nf

(ρ̃C̃p)nf

∂

∂ỹ

(
∂T̃

∂ỹ

)
+

1

(ρ̃C̃p)nf
q̃′′′ +

σ̃nfB
2
o

(ρ̃C̃p)nf
ũ2.

(4.3)

Concentration Equation:

∂C̃

∂t̃
+ ũ

∂C̃

∂x̃
+ ṽ

∂C̃

∂ỹ
+ λC

(
∂2C̃

∂t̃2
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∂ũ

∂x̃

∂C̃

∂x̃
+ ṽ

∂ṽ

∂ỹ

∂C̃

∂ỹ
+ ũ

∂ṽ

∂x̃

∂C̃

∂ỹ
+ ṽ

∂ũ

∂x̃

∂C̃

∂x̃

+ 2ũṽ
∂2C̃

∂x̃∂ỹ
+ ũ2∂

2C̃

∂x̃2
+ ṽ2∂

2C̃

∂ỹ2
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∂ũ

∂t̃

∂C̃

∂x̃
+ 2ũ

∂2C̃

∂x̃∂t̃
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∂ṽ

∂t̃

∂C̃

∂ỹ
+ 2ṽ

∂2C̃

∂ỹ∂t̃

)
= D

(
∂2C̃

∂x̃2
+
∂2C̃

∂ỹ2

)
− ∂

∂ỹ
(ṼT C̃).

(4.4)
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Boundary Conditions:

The corresponding boundary conditions have been specified as follows.

ũ = Ũw
(
x̃, t̃
)

=
ãx̃(

1− αt̃
) , ṽ = ṽw = −

√
ν̃f Ũw
x̃

f̃0,

T̃ = T̃w, C̃ = C̃w = 0, at ỹ = 0,

ũ −→ 0, T̃ −→ T̃∞, C̃ −→ C̃∞, as ỹ −→∞.


(4.5)

4.3 Non-dimensionalization

The following similarity transformation has been applied to convert equations (4.1)

- (4.4) into a system of ODEs:

ζ =

√
ã

ν̃f
(
1− αt̃

) ỹ, ũ =
ãx̃

1− αt̃
f ′(ζ), ṽ = −

√
ãν̃f

1− αt̃
f(ζ),

θ(ζ) =
T̃ − T̃∞
T̃w − T̃∞

, χ(ζ) =
C̃ − C̃∞
C̃w − C̃∞

.

 (4.6)

ũ and ṽ represent the velocity components in the x and y directions, respectively,

while θ(ζ) and χ(ζ) indicate the dimensionless temperature and concentration

profiles. TABLE 4.1 lists the parameters used in the future ODEs along with

their BCs.

Table 4.1: Multiple dimensionless parameters used in the governing ODEs

Symbols Name Appearance

M Magnetic field M =
σ̃f B̃

2
o

ρ̃f ã

Kp Porosity medium Kp =
ν̃f(1−αt̃)

ãk∗

Pr Prandtl number Pr =
ν̃f

(
ρ̃c̃p

)
f

K̃f

Ec Eckert number Ec = ã2x̃2(
c̃p

)
f

(
T̃w−T̃∞

)
βe,c Time Relaxation βe,c = ã

(1−αt̃)
λE,C

γ Chemical reaction γ = α
ã
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4.3.1 Non-dimensionalization of Momentum Equation

The governing momentum equation (4.2), is transformed into the non-dimensional

form in this subsection. In order to do this, we enter each partial derivative in

the range of (3.6) to (3.16) into equation (4.2). The outcome of this process is as

follows:

ãx̃α

(1− αt̃)2

(
f ′ +

(ζ)

2
f ′′
)

+

(
ãx̃

1− αt̃
f ′
)(

ã

1− αt̃
f ′
)
−

(√
ãν̃f
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f

)
ã
√
ã

(1− αt̃)
√
ν̃f (1− αt̃)

x̃f ′′ +
σ̃nf
ρ̃nf

B2
o

(
ãx̃
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f ′
)

+
µ̃nf
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ãx̃
1−αt̃f

′

k∗

= ν̃f

(
ã2(

1− αt̃
)2
ν̃f
x̃f ′′

)
− λ0

(
1− αt̃

)(
0 +

(
ãν̃f

1− αt̃
f 2

)
(

ã2(
1− αt̃

)2
ν̃f
x̃f ′′
)

− 2

(
ãx̃

1− αt̃
f ′
)(√

ãν̃f

1− αt̃
f

)(
ã
√
ã

(1− αt̃)
√
ν̃f (1− αt̃)

f ′′
))

.

⇒ ãx̃α(
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)2

(
f ′ +

ζ

2
f ′′
)

+
ã2x̃(
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)2 (f ′)

2 − ã2x̃(
1− αt̃

)2ff
′′

+

σ̃nf

σ̃f

ρ̃nf

ρ̃f

(
σ̃f
ρ̃f
B̃2

0

)(
ãx̃
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f ′
)

+
µ̃nf
ρ̃nf

ν̃f
ν̃f

(
ãx̃(
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f ′

)
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)2f
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(
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− 2
ã3(
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.
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ã

(
f ′ +

ζ

2
f ′′
)

+ (f ′)
2 − ff ′′ +

σ̃nf
σ̃f

ρ̃nf
ρ̃f

Mf ′ +

µ̃nf
µ̃f

ρ̃nf
ρ̃f

Kpf
′ =

ν̃nf
ν̃f

f ′′′ − β
(
f2f ′′′ − 2ff ′f ′′

)
.

⇒ ν̃nf
ν̃f

f ′′′ − γ
(
f ′ +

ζ

2
f ′′
)
− f ′2 + ff ′′ −

σ̃nf
σ̃f

ρ̃nf
ρ̃f
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µ̃nf
µ̃f
ρnf
ρ̃f

Kpf
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(
f2f ′′′ − 2ff ′f ′′

)
= 0.

⇒ P̃3f
′′′ − γ

(
f ′ +

ζ

2
f ′′
)
− f ′2 + ff ′′ − P̃6

P̃1

Mf ′ − P̃3Kpf
′ − β

(
f2f ′′′ − 2ff ′f ′′

)
= 0. (4.7)
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4.3.2 Non-dimensionalization of Energy Equation

Here are the following derivatives which are going to be use in equation (4.3):

• ∂T̃

∂t̃
= (T̃w − T̃∞)θ′(ζ)

αζ

2
(
1− αt̃

)
= (T̃w − T̃∞)

α

2

√
ã

ν̃f

ỹ(
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) 3
2

θ′.

• ∂2T̃

∂t̃2
= (T̃w − T̃∞)

α

2

√
ã

ν̃f
ỹ
∂
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)− 3
2 θ′
)

= (T̃w − T̃∞)
α

2

√
ã

ν̃f
ỹ

(
−3

2

(
1− αt̃

)− 5
2 (−α)θ′ +

(
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2 θ′′

∂ζ

∂t̃
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α

2

√
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(
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) 5
2

θ′′


= (T̃w − T̃∞)

α2

4
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) 5
2

√
ã
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α2ζ

4
(
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• ṽ
∂ṽ

∂ỹ

∂T̃

∂ỹ
=

(
−

√
ãνf
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f

)(
−ã
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f ′
)(
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ã
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(
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• ũ
∂ũ

∂x̃

∂T̃

∂x̃
= 0.

(4.10)

• ũ
∂ṽ

∂x̃

∂T̃

∂ỹ
= 0. (4.11)

• ṽ
∂ũ

∂x̃

∂T̃

∂x̃
= 0. (4.12)

•2ũṽ ∂
2T̃

∂x̃∂ỹ
= 0. (4.13)

• ũ2∂
2T̃

∂x̃2
= 0. (4.14)
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• ṽ2∂
2T̃
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2(1− αt̃)2

(fθ′ + ζf ′θ′) . (4.18)

• ∂T̃

∂ỹ
= (T̃w − T̃∞)θ′

√
ã

ν̃f
(
1− αt̃

) .
• ∂2T̃

∂ỹ∂t̃
=

√
ã

ν̃f
(T̃w − T̃∞)

∂

∂t̃

(
θ′(

1− αt̃
) 1

2

)

=

√
ã

ν̃f
(T̃w − T̃∞)

((
1− αt̃

) 1
2 θ′′ ∂ζ

∂t̃
− 1

2

(
1− αt̃

)− 1
2 (−α) θ′((

1− αt̃
) 1

2

)2

)
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=

√
ã

ν̃f
(T̃w − T̃∞)

((1− αt̃) 1
2 θ′′ αζ

2(1−αt̃)
+ α

2

(
1− αt̃

)− 1
2 θ′(

1− αt̃
) )

=

√
ã

ν̃f
(T̃w − T̃∞)

(
θ′′ αζ

2
+ α

2
θ′(

1− αt̃
) 3

2

)

=

√
ã

ν̃f
(
1− αt̃

) (T̃w − T̃∞)

2
(
1− αt̃

) α
2

(ζθ′′ + θ′) .

• 2ṽ
∂2T̃

∂ỹ∂t̃
= 2

(
−

√
ãν̃f

1− αt̃
f

)√
ã

ν̃f
(
1− αt̃

) (T̃w − T̃∞)

2
(
1− αt̃

) α
2

(ζθ′′ + θ′)

= − ãα(
1− αt̃

)2 (T̃w − T̃∞) (ζfθ′′ + fθ′) . (4.19)

By substituting all the partial derivatives mentioned (3.18) - (3.21), (4.6) - (4.19),

and velocity component (3.6), into equation (4.3), we get the following:

(
T̃w − T̃∞

)
θ′(ζ)

αζ

2
(
1− αt̃

) −(√ ãν̃f

1− αt̃
f

)(
(T̃w − T̃∞)θ′

√
ã

ν̃f
(
1− αt̃

))

+ λE

(
(T̃w − T̃∞)

α2ζ

4
(
1− αt̃

)2(3θ′ + ζθ′′
)

+
ã2(

1− αt̃
)2 ff ′θ′ (T̃w − T̃∞)

+

(
ã2(

1− αt̃
)2
)

(T̃w − T̃∞)f2θ′′ −
ãα
(
T̃w − T̃∞

)
2
(
1− αt̃

)2 (fθ′ + ζf ′θ′)

− ãα(
1− αt̃

)2 (T̃w − T̃∞) (ζfθ′′ + fθ′)

)
=

k̃nf(
ρ̃C̃p

)
nf

(
T̃w − T̃∞

) ã

ν̃f
(
1− αt̃

)θ′′

+
1(

ρ̃C̃p

)
nf

k̃f
ãx̃

(1−αt̃)

x̃ν̃f
(T̃w − T̃∞)

(
Ã∗f ′ + B̃∗θ

)
+

σnf(
ρ̃C̃p

)
nf

B̃2
0

ã2x̃2(
1− αt̃

)2 f ′2.

⇒ α

ã

ζ

2
θ′ − fθ′ + λE

(
α2

4ã
(
1− αt̃

) (3ζθ′ + ζ2θ′′
)

+
ã(

1− αt̃
)ff ′θ′ + ã(

1− αt̃
)f 2θ′′

− α

2
(
1− αt̃

) (fθ′ + ζf ′θ′)− α(
1− αt̃

) (ζfθ′′ + fθ′)

)
=

k̃nf(
ρ̃C̃p

)
nf

θ′′

ν̃f

+
k̃f(

ρ̃C̃p

)
nf

(Ã∗f ′ + B̃∗θ) +
σ̃nf(
ρ̃C̃p

)
nf

B̃2
0

(
1− αt̃

)
ã
(
T̃w − T̃∞

) ( ã2x̃2(
1− αt̃

)2

)
f ′2.
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⇒ α

ã

ζ

2
θ′ − fθ′ + λE

(
α2ã

4ã2
(
1− αt̃

) (3ζθ′ + ζ2θ′′
)

+
ã(

1− αt̃
)ff ′θ′ + ã(

1− αt̃
)f2θ′′

− ãα

2ã
(
1− αt̃

) (fθ′ + ζf ′θ′
)
− ãα

ã
(
1− αt̃

) (ζfθ′′ + fθ′
))

=
k̃nf(
ρ̃C̃p

)
nf

θ′′

ν̃f
+

k̃f(
ρ̃C̃p

)
nf
ν̃f

(Ã∗f ′ + B̃∗θ)

+
σ̃nf(
ρ̃C̃p

)
nf

σ̃f
σ̃f

(
ρ̃C̃p

)
f(

ρ̃C̃p

)
f

B̃2
0

(
1− αt̃

)
ã
(
T̃w − T̃∞

)( ã2x̃2(
1− αt̃

)2)f ′2.

⇒ α

ã

ζ

2
θ′ − fθ′ + ã(

1− αt̃
)λE( α2

4ã2

(
3ζθ′ + ζ2θ′′

)
+ ff ′θ′ + f2θ′′ − α

2ã

(
fθ′ + ζf ′θ′

)
− α

ã

(
ζfθ′′ + fθ′

))
=

k̃nf(
ρ̃C̃p

)
nf

θ′′

Prαf
+

k̃f(
ρ̃C̃p

)
nf
Prαf(

Ã∗f ′ + B̃∗θ

) σ̃nf

σ̃f

(ρ̃C̃p)nf

(ρ̃C̃p)f

σ̃f B̃
2
0

(
1− αt̃

)
ρ̃f ã

ã2x̃2(
C̃p

)
f

(
T̃w − T̃∞

) (
1− αt̃

)2 .

⇒ Prγ
ζ

2
θ′ − Prfθ′ + βePr

(
γ2

4

(
3ζθ′ + ζ2θ′′

)
+ ff ′θ′ + f2θ′′

− γ

2

(
fθ′ + ζf ′θ′

)
− γ

(
ζfθ′′ + fθ′

))
=

k̃nf(
ρ̃C̃p

)
nf

θ′′

αf

+
k̃f(

ρ̃C̃p

)
nf
αf

(
Ã∗f ′ + B̃∗θ

)
+ Pr

σ̃nf

σ̃f

(ρ̃C̃p)nf

(ρ̃C̃p)f

MEcf
′2.

⇒ Prγ
ζ

2
θ′ − Prfθ′ + βePr

(
γ2

4

(
3ζθ′ + ζ2θ′′

)
+
(
ff ′θ′ + f2θ′′ − γζfθ′′

)
− γ

2

(
ζf ′θ′ + 3fθ′

))
=

k̃nf(
ρ̃C̃p

)
nf

θ′′

k̃f

(ρ̃C̃p)f

+
k̃f(

ρ̃C̃p

)
nf

k̃f

(ρ̃C̃p)f

(
Ã∗f ′ + B̃∗θ

)
+ Pr

σ̃nf

σ̃f

(ρ̃c̃p)nf

(ρ̃c̃p)f

MEcf
′2.
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⇒ Prγ
ζ

2
θ′ − Prfθ′ + βePr

(
γ2

4

(
3ζθ′ + ζ2θ′′

)
+
(
ff ′θ′ + f2θ′′ − γζfθ′′

)
− γ

2

(
ζf ′θ′ + 3fθ′

))
=

 k̃nf(
ρ̃C̃p

)
nf

(
ρ̃C̃p

)
f

k̃f

 θ′′

+
k̃f(

ρ̃C̃p

)
nf

(
ρ̃C̃p

)
f

k̃f

(
A∗f ′ +B∗θ

)

+ Pr

σ̃nf

σ̃f

(ρ̃C̃p)nf

(ρ̃C̃p)f

MEcf
′2.

⇒ Prγ
ζ

2
θ′ − Prfθ′ + βePr

(
γ2

4

(
3ζθ′ + ζ2θ′′

)
+
(
ff ′θ′ + f2θ′′ − γζfθ′′

)
− γ

2

(
ζf ′θ′ + 3fθ′

))
=


(
ρ̃C̃p

)
f(

ρ̃C̃p

)
nf

k̃nf

k̃f

 θ′′

+

(
ρ̃C̃p

)
f(

ρ̃C̃p

)
nf

(
A∗f ′ +B∗θ

)
+ Pr

σ̃nf

σ̃f

(ρ̃C̃p)nf

(ρ̃C̃p)f

MEcf
′2.

⇒
[

(
ρ̃C̃p

)
f(

ρ̃C̃p

)
nf

k̃nf

k̃f

− βePr (γ2

4
ζ2 + f2 − γζf

)]
θ′′

= Prγ
ζ

2
θ′ − Prfθ′ + βePr

(
γ2

4
3ζθ′ + ff ′θ′ − ζ

2

(
ζf ′θ′ + 3fθ′

))

−

(
ρ̃C̃p

)
f(

ρ̃C̃p

)
nf

(
A∗f ′ +B∗θ

)
− Pr

σ̃nf

σ̃f

(ρ̃C̃p)nf

(ρ̃C̃p)f

MEcf
′2.

⇒
[(

P̃5

P̃4

)
− βePr

(
γ2

4
ζ2 + f2 − γζf

)]
θ′′

= Prγ
ζ

2
θ′ − Prfθ′ + βePr

(
γ2

4
3ζθ′ + ff ′θ′ − ζ

2

(
ζf ′θ′ + 3fθ′

))

− (A∗f ′ +B∗θ)

P̃4

− Pr
P̃6

P̃4

MEcf
′2.

(4.20)

4.3.3 Non-dimensionalization of Concentration Equation

Here are the following derivatives that will be use in equation (4.4):
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• ∂C̃

∂t̃
= (C̃w − C̃∞)χ′(ζ)

αζ

2
(
1− αt̃

)
= (C̃w − C̃∞)

α

2

√
ã

ν̃f

ỹ(
1− αt̃

) 3
2

χ′.

• ∂2C̃

∂t̃2
= (C̃w − C̃∞)

α

2

√
ã

ν̃f
ỹ
∂

∂t̃

((
1− αt̃

)− 3
2 χ′
)

= (C̃w−C̃∞)
α

2

√
ã

ν̃f
ỹ

(
−3

2

(
1− αt̃

)− 5
2 (−α)χ′+

(
1− αt̃

)− 3
2 χ′′

∂ζ

∂t̃

)

= (C̃w − C̃∞)
α

2

√
ã

ν̃f
ỹ

(
3α

2
(
1− αt̃

) 5
2

+
αζ

2
(
1− αt̃

) 5
2

χ′′
)

= (C̃w − C̃∞)
α2

4
(
1− αt̃

) 5
2

√
ã

νf
ỹ
(
3θ′ + ζχ′′

)

= (C̃w − C̃∞)
α2ζ

4
(
1− αt̃

)2 (3χ′ + ζχ′′
)
. (4.21)

• ṽ
∂ṽ

∂ỹ

∂C̃

∂ỹ
=

(
−

√
ãνf

1− αt̃
f

)(
−ã

1− αt̃
f ′
)(

(C̃w − C̃∞)χ′

√
ã

ν̃f
(
1− αt̃

))

=
ã2(

1− αt̃
)2 ff ′χ′(T̃w − T̃∞). (4.22)

• ũ
∂ũ

∂x̃

∂C̃

∂x̃
= 0. (4.23)

• ũ
∂ṽ

∂x̃

∂C̃

∂ỹ
= 0. (4.24)

• ṽ
∂ũ

∂x̃

∂C̃

∂x̃
= 0. (4.25)

• 2ũṽ
∂2C̃

∂x̃∂ỹ
= 0. (4.26)

• ũ2∂
2C̃

∂x̃2
= 0. (4.27)

• ṽ2∂
2C̃

∂ỹ2
=

(
ãν̃f

1− αt̃
f2

)(
(C̃w − C̃∞)

ã

ν̃f
(
1− αt̃

))

=

(
ã2(

1− αt̃
)2
)

(C̃w − C̃∞)f2χ′′. (4.28)
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• ∂ũ

∂t̃

∂C̃

∂x̃
= 0. (4.29)

• 2ũ
∂2C̃

∂x̃∂t̃
= 0. (4.30)

• ∂ṽ

∂t̃
= −

√
ãν̃f

∂

∂t̃

((
1− αt̃

)− 1
2 f(ζ)

)
= −

√
ãν̃f

(
−1

2

(
1− αt̃

)− 3
2 (−α) f +

(
1− αt̃

)− 1
2 f ′

∂ζ

∂t̃

)

= −
√
ãν̃f

 αf

2
(
1− αt̃

) 3
2

+
(
1− αt̃

)− 1
2 f ′

αζ

2
(
1− αt̃

)


= −
√
ãν̃f

 αf

2
(
1− αt̃

) 3
2

+
αζf ′

2
(
1− αt̃

) (
1− αt̃

) 1
2


= −

√
ãν̃f

 αf

2
(
1− αt̃

) 3
2

+
αζf ′

2
(
1− αt̃

) 3
2


= −

√
ãν̃f

α

2
(
1− αt̃

) 3
2

(
f + ζf ′

)
.

• ∂ṽ

∂t̃

∂C̃

∂ỹ
=

−√ãν̃f α

2
(
1− αt̃

) 3
2

(f + ζ) f ′

((C̃w − C̃∞)χ′

√
ã

ν̃f
(
1− αt̃

))

= − ãα(C̃w − C̃∞)

2
(
1− αt̃

)2 (
fχ′ + ζf ′χ′

)
. (4.31)

• ∂C̃

∂ỹ
= (C̃w − C̃∞)χ′

√
ã

ν̃f
(
1− αt̃

) .
• ∂2C̃

∂ỹ∂t̃
=

√
ã

ν̃f
(C̃w − C̃∞)

∂

∂t̃

(
χ′(

1− αt̃
) 1

2

)

=

√
ã

ν̃f
(C̃w − C̃∞)

((
1− αt̃

) 1
2 χ′′ ∂ζ

∂t̃
− 1

2

(
1− αt̃

)− 1
2 (−α) θ′((

1− αt̃
) 1

2

)2

)

=

√
ã

ν̃f
(C̃w − C̃∞)

((1− αt̃) 1
2 χ′′ αζ

2(1−αt̃)
+ α

2

(
1− αt̃

)−1
2 χ′(

1− αt̃
) )

=

√
ã

ν̃f
(C̃w − C̃∞)

(
χ′′ αζ2 + α

2χ
′(

1− αt̃
) 3

2

)

=

√
ã

ν̃f
(
1− αt̃

) (C̃w − C̃∞)

2
(
1− αt̃

) α
2

(
ζχ′′ + χ′

)
• 2ṽ

∂2C̃

∂ỹ∂t̃
= 2

(
−
√

ãν̃f(
1− αt̃

)f)√ ã

ν̃f
(
1− αt̃

) (C̃w − C̃∞)

2
(
1− αt̃

) α
2

(
ζχ′′ + χ′

)
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= − ãα(
1− αt̃

)2 (C̃w − C̃∞)
(
ζfχ′′ + fχ′

)
. (4.32)

By substituting (3.23) - (3.28), (4.21) - (4.32), and velocity component (3.6), into (4.4),

we get the following:

(C̃w − C̃∞)χ′
αζ

2
(
1− αt̃

) −(√ ãν̃f

1− αt̃
f

)(
(C̃w − C̃∞)χ′

√
ã

ν̃f
(
1− αt̃

))

+ λC

(
(C̃w − C̃∞)

α2ζ

4
(
1− αt̃

)2(3χ′ + ζχ′′
)

+
ã2(

1− αt̃
)2 ff ′χ′(C̃w − C̃∞) +

(
ã2(

1− αt̃
)2
)

(C̃w − C̃∞)f2χ′′

− ãα(C̃w − C̃∞)

2
(
1− αt̃

)2 (
fχ′ + ζf ′χ′

)
− ãα(

1− αt̃
)2 (C̃w − C̃∞)

(
ζfχ′′ + fχ′

))
=
ν̃f

S̃c
(C̃w − C̃∞)

ã

ν̃f
(
1− αt̃

)χ′′ − τ ã

1− αt̃

(
C̃w − C̃∞

) (
θ′′χ+ θ′χ′

)
⇒ α

ã

ζ

2
χ′ − fχ′ + λC

(
α2

4ã
(
1− αt̃

) (3ζχ′ + ζ2χ′′
)

+
ã

1− αt̃
ff ′χ′ +

ã

1− αt̃
f2χ′′

− α

2
(
1− αt̃

) (fχ′ + ζf ′χ′
)
− α

1− αt̃
(
ζfχ′′ + fχ′

))
=

1

S̃c
χ′′

− τ
(
θ′′χ+ θ′χ′

)
.

⇒ α

ã

ζ

2
χ′ − fχ′ + λC

(
α2

4ã
(
1− αt̃

) (3ζχ′ + ζ2χ′′
)

+
ã

1− αt̃
ff ′χ′ +

ã

1− αt̃
f2χ′′

− α

2
(
1− αt̃

) (fχ′ + ζf ′χ′
)
− α

1− αt̃
(
ζfχ′′ + fχ′

))
=

1

S̃c
χ′′

− τ
(
θ′′χ+ θ′χ′

)
.

⇒ γ
ζ

2
χ′ − fχ′ + βc

(
γ2

4

(
3ζχ′ + ζ2χ′′

)
+ ff ′χ′ + f2χ′′ − γ

2

(
fχ′ + ζf ′χ′

)
− γ

(
ζfχ′′ + fχ′

))
=

1

S̃c
χ′′ − τ

(
θ′′χ+ θ′χ′

)
.

⇒ γ
ζ

2
χ′ − fχ′ + βc

(
γ2

4

(
3ζχ′ + ζ2χ′′

)
+
(
ff ′χ′ + f2χ′′ − γζfχ′′

)
− γ

2

(
ζf ′χ′ + 3fχ′

))
=

1

S̃c
χ′′ − τ

(
θ′′χ+ θ′χ′

)
.

⇒ 1

S̃c
χ′′ − τ

(
θ′′χ+ θ′χ′

)
− γ ζ

2
χ′ + fχ′ − βc

(
γ2

4

(
3ζχ′ + ζ2χ′′

)
+
(
ff ′χ′ + f2χ′′ − γζfχ′′

)
− γ

2

(
ζf ′χ′ + 3fχ′

))
= 0.
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⇒
[

1

S̃c
−βc

(
ζ2γ

2

4
+ f2 − γζf

)]
χ′′ = −fχ′ + γ

ζ

2
χ′ + βc

3ζγ2χ′

4

+ βcff
′χ′ − βc

γ

2

(
ζf ′χ′ + 3fχ′

)
+ τ

(
θ′′χ+ θ′χ′

)
.

(4.33)

4.4 Solution Framework

To solve the ODE (4.7), the following notations have been introduced as an initial step:

f(ζ) = Ỹ1, f ′(ζ) = Ỹ ′1 = Ỹ2, f ′′(ζ) = Ỹ ′2 = Ỹ3.

The following system of ODEs has been derived to replace the momentum equation:

Ỹ ′1 = Ỹ2, Ỹ1(0) = f̃0,

Ỹ ′2 = Ỹ3, Ỹ2(0) = 1,

Ỹ ′3 = −
2βỸ1Ỹ2Ỹ3 − γ

(
Ỹ2 + ζ

2 Ỹ3

)
− Ỹ 2

2 + Ỹ1Ỹ3 − P̃6

P̃1
MỸ2 − P̃3K̃pỸ2

P̃3 − βỸ 2
1

, Ỹ3(0) = s1.

To apply the RK4 method for the numerical solution of the specified IVP described

above, the parameter s1 within the system of equations must be carefully selected. The

value of s1 should be chosen such that:

Ỹ2

(
ζ∞, s1

)
= 0.

Newton’s method will be employed to further refine the selection of s1. This method

has the following iterative scheme :

s1
(m+1) = s

(m)
1 −

Ỹ2

(
ζ∞, s

(m)
1

)(
∂
∂s1
Ỹ2

(
ζ∞, s1

))(m)
.

We further introduce the following notations:

∂Ỹ1

∂s1
= Ỹ4,

∂Ỹ2

∂s1
= Ỹ5,

∂Ỹ3

∂s1
= Ỹ6.
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As a result of the introduction of these new notations, Newton’s iterative scheme assumes

the following form:

s1
(m+1) = s

(m)
1 −

Ỹ2

(
ζ∞, s

(m)
1

)
Ỹ5

(
ζ∞, s1

) .

Differentiating the aforementioned system of three first-order ODEs with respect to s1

results in an additional system of ODEs, which can be expressed as follows:

Ỹ ′4 = Ỹ5, Ỹ4(0) = 0,

Ỹ ′5 = Ỹ6, Ỹ5(0) = 0,

Ỹ ′6 = −
[(

1

P̃3 − βỸ1
2

)2 (
P̃3 − βỸ1

2
)(

2β
(
Ỹ1Ỹ2Ỹ6 + Ỹ1Ỹ5Ỹ3 + Ỹ4Ỹ2Ỹ3

))
− γ

(
Ỹ5 +

ζ

2
Ỹ6

)
− 2Ỹ2Ỹ5 + Ỹ1Ỹ6 + Ỹ4Ỹ3 − 2βỸ1Ỹ2Ỹ3 − γ

(
Ỹ2 +

ζ

2
Ỹ3

)
− Ỹ 2

2 + Ỹ1Ỹ3 −
P̃6

P̃1

MỸ2 − P̃3K̃pỸ2

(
−2βỸ1Ỹ4

)]
, Ỹ6(0) = 1.

The stopping criteria for Newton’s method are established as follows:

∣∣∣Ỹ2 (ζ∞, s1)
∣∣∣ < ε.

To numerically solve the energy equation using the shooting method, we will treat f and

f ′′as known functions. The following notations will be used to implement the shooting

method:

θ = Z̃1, θ′ = Z̃ ′1 = Z̃ ′2.

The energy equation can be expressed as the following system of coupled first-order

ODEs:

Z̃ ′1 = Z̃2, Z̃1(0) = 1,

Z̃ ′2 =
1

P̃5

P̃4
− βePr

(
γ2

4 ζ
2 + d2

1 − γζd1

)(Prγ ζ
2
Z̃2 − Prd1Z̃2

+ βePr

(
γ2

4
3ζZ̃2 + d1d2Z̃2 −

γ

2

(
ζd2Z̃2 + 3d1Z̃2

))
− A∗d2 +B∗Z̃1

P̃4

− Pr

(
P̃6

P̃4

)
MEcd

2
2

)
, Z̃2(0) = m.
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To apply the RK4 method for the numerical solution of the initial value problem de-

scribed above, it is crucial to carefully select the condition m within the system of

equations. This condition m must be chosen to ensure that:

Z̃1

(
ζ∞,m

)
= 0.

Newton’s method will be employed to determine m using the following iterative scheme:

m(n+1) = m(n) −
Z̃1

(
ζ∞,m

(n)
)(

∂
∂m̃ Z̃1

(
ζ∞,m

))(n)
.

We further introduce the following notations:

∂Z̃1

∂m
= Z̃3,

∂Z̃2

∂m
= Z̃4.

As a result of introducing these new notations, Newton’s iterative scheme adopts the

following form:

m(n+1) = m(n) −
Z̃1

(
ζ∞,m

(n)
)

Z̃3

(
ζ∞,m(n)

) .
Differentiating the aforementioned system of three first-order ordinary differential equa-

tions (ODEs) with respect to m yields an additional system of ODEs, which is expressed

as follows:

Z̃ ′3 = Z̃4, Z̃3(0) = 1,

Z̃ ′4 =
1

P̃5

P̃4
− βePr

(
γ2

4 ζ
2
)(Prγ ζ

2
Z̃4 + βePr

(
γ2

4
3ζZ̃4+

)
− B∗Z̃3

P̃4

)
, Z̃2(0) = m.

The stopping criteria for Newton’s method are defined as follows:

∣∣∣Z̃1

(
ζ∞,m

)∣∣∣ < ε.

To numerically solve the concentration equation using the shooting method, we will treat

f and f ′′as a known function. The following notations will be used for implementing
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the shooting method:

χ = Q̃1, χ′ = Q̃′1 = Q̃′2.

The energy equation can be formulated as the following system of first-order coupled

ODEs:

Q̃′1 = Q̃2, Q̃1(0) = 0,

Q̃′2 =
1

− 1

S̃c
+ βc

(
γ2

4 ζ
2 + d2

1 − γζd1

)(d1Q̃1 −
γ

2
ζ − βc3γ

2ζQ̃1

4
− βcd1d2Q̃1

+ βc
γ

2

(
ζd2Q̃1 + 3d1Q̃1

)
− τ
(

1

P̃5

P̃4
− βe pr

(
γ2

4 ζ
2 + d2

1 − γζd1

)(Prγ ζ
2
Z̃2

− Prd1Z̃2 + βePr

(
γ2

4
3ζZ̃2 + d1d2Z̃2 −

γ

2

(
ζd2Z̃2 + 3d1Z̃2

))
− A∗d2 +B∗Z̃1

P̃4

− Pr
P̃6

P̃4

MEcd
2
2

)
Q̃1 + Z̃2Q̃2

))
, Q̃2(0) = r.

To apply the RK4 method for the numerical solution of the initial value problem outlined

above, it is essential to carefully select the condition r within the system of equations.

This condition r should be chosen to ensure that:

Q̃1

(
ζ∞, r

)
= 0.

Newton’s method will be used to find r with the following iterative scheme:

r(n+1) = r(n) −
Q̃1

(
ζ∞, r

(n)
)(

∂
∂s̃Q̃1

(
ζ∞, r

))(n)
.

We further introduce the following notations:

∂Q̃1

∂r
= Q̃3,

∂Q̃2

∂r
= Q̃4.

As a result of these new notations, the Newton’s iterative scheme gets the form:

r(n+1) = r(n) −
Q̃1

(
ζ∞, r

(n)
)

Q̃3

(
ζ∞, r(n)

) .
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Now, differentiating the system of two first order ODEs with respect to r, we get another

system of ODEs, as follows:

Q̃′3 = Q̃4, Q̃3(0) = 0,

Q̃′4 =
1

− 1

S̃c
+ βc

(
γ2

4 ζ
2
)(− γ

2
ζ − βc3γ

2ζQ̃3

4

− τ
(

1

P̃5

P̃4
− βePr

(
γ2

4 ζ
2 + d2

1 − γζd1

)(Prγ ζ
2
Z̃2 − Prd1Z̃2

+ βePr

(
γ2

4
3ζZ̃2 + d1d2Z̃2 −

γ

2

(
ζd2Z̃2 + 3d1Z̃2

))
− A∗d2 +B∗Z̃1

P̃4

− Pr
P̃6

P̃4

MEcd
2
2

)
Q̃3 + Z̃2Q̃4

))
, Q̃4(0) = 1.

The stopping criteria for Newton’s method are defined as follows:

∣∣∣Q̃1

(
ζ∞, r

)∣∣∣ < ε.

4.5 Results Interpretation

Upon converting the governing PDEs that describe the fluid flow into an ODE sys-

tem, a number of important factors become apparent. Through the use of graphical

representations, the effects of these physical factors on the nanoparticle φ(ζ) distribu-

tions’ velocity f ′(ζ), temperature θ(ζ) and concentration are thoroughly examined. The

study’s findings are provided in a thorough manner, along with a detailed discussion of

the significance and interpretations of each parameter’s impact.

4.5.1 Analysis of Computational Results

This study looks closely at how different physical characteristics affect the Sherwood

number, the Nusselt number, and the coefficient of skin friction. The coefficient of skin

friction increases with increases in β, γ, f0, M , and Kp, as Table 4.2 demonstrates.

On the other hand, a rise in φ causes the skin friction coefficient to decrease. Nusselt

number values drop as A∗, B∗ < 0, A∗, B∗ > 0, M , and Ec increase, as Tables 4.3 –

4.4 demonstrate. In the same way, Tables 4.3 and 4.4 show that the Sherwood number

decreases as Sc and τ rise.
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Table 4.2: The skin friction coefficient

β γ f0 φ M Kp -f ′′(0)

0.1 0.1 0 0.01 0.1 0.1 1.143796

0.2 1.166145

0.3 1.188218

0.4 1.210015

0.5 1.231535

0.2 1.174240

0.3 1.204360

0.4 1.234111

0.5 1.263453

-0.3 0.983605

-0.2 1.033357

-0.1 1.086653

0.1 1.205123

0.2 1.271011

0.3 1.341886

0 1.150195

0.05 1.116268

0.1 1.077817

0.2 0.989354

0 1.099494

0.2 1.186443

0.3 1.227604

0.4 1.267422

0 1.099133

0.3 1.228250

0.5 1.307235

0.7 1.381689
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Table 4.3: The Sherwood number and Nusselt number for A∗, B∗ < 0

β γ f0 φ M Kp A∗ B∗ βe Ec βc Sc τ Nu Sh

0.1 0.1 0 0.01 0.1 0.1 -0.5 -0.5 0.1 0.4 0.1 1 0.1 2.822722 -0.525243

0.2 2.815182 -0.517570

0.3 2.807733 -0.510141

0.4 2.800369 -0.502955

0.5 2.793095 -0.496010

0.2 2.738675 -0.471247

0.3 2.652305 -0.407442

0.4 2.575000 -0.332405

0.5 2.494946 -0.248088

-0.3 0.811467 -0.349459

-0.2 1.332927 -0.403540

-0.1 2.001454 -0.462124

0.1 3.824225 -0.592947

0.2 5.067246 -0.665321

0.3 6.633929 -0.721111

0 2.785673 -0.523808

0.05 2.974481 -0.532803

0.1 3.173517 -0.540290

0.2 3.612374 -0.561197

0 2.974792 -0.535203

0.2 2.677258 -0.515848

0.3 2.537637 -0.506975

0.4 2.403000 -0.498581

0 2.834112 -0.535368

0.3 2.801099 -0.506712

0.5 2.780826 -0.490170

0.7 2.761700 -0.475306

-0.4 2.781380 -0.525267

-0.3 2.740039 -0.525292

-0.2 2.698697 -0.525316

-0.1 2.657355 -0.525341

-0.4 2.806436 -0.525248

-0.3 2.790089 -0.525254

-0.2 2.773683 -0.525260

-0.1 2.757217 -0.525265

0.01 2.764544 -0.525259

0.03 2.777368 -0.525256

0.05 2.790253 -0.525253

0.07 2.803198 -0.525250

0.2 2.891486 -0.525205

0.3 2.857104 -0.525224

0.5 2.788340 -0.525261

0.6 2.753959 -0.525280

0.01 2.822722 -0.517537

0.03 2.822722 -0.519219

0.05 2.822722 -0.520919

0.07 2.822722 -0.522635

1.2 2.822722 -0.598972

1.4 2.822722 -0.669690

1.6 2.822722 -0.737236

1.8 2.822722 -0.801753

0.3 2.822722 -0.531700

0.5 2.822722 -0.537638

0.7 2.822722 -0.543101

0.9 2.822722 -0.548131
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Table 4.4: The Sherwood number and Nusselt number for A∗, B∗ > 0

β γ f0 φ M Kp A∗ B∗ βe Ec βc Sc τ Nu Sh

0.1 0.1 0 0.01 0.1 0.1 0.1 0.1 0.1 0.4 0.1 1 0.1 2.458815 -0.517745

0.2 2.454473 -0.510304

0.3 2.450043 -0.503107

0.4 2.445536 -0.496153

0.5 2.364151 -0.471385

0.2 2.254077 -0.407602

0.3 2.230822 -0.331637

0.4 2.112974 -0.247676

0.5 0.497754 -0.349700

-0.3 0.997616 -0.403763

-0.2 1.652190 -0.462327

-0.1 3.454170 -0.593130

0.1 4.683474 -0.665531

0.2 3.812359 -0.722101

0.3 2.430305 -0.523999

0 2.596992 -0.531640

0.05 2.772149 -0.540456

0.1 3.156303 -0.561345

0.2 2.615166 -0.535406

0 2.317513 -0.516023

0.2 2.177765 -0.507138

0.3 2.043168 -0.498735

0.4 2.470369 -0.535573

0 2.448624 -0.506872

0.3 2.434484 -0.490310

0.5 2.420645 -0.475430

0.7 2.419545 -0.525456

0.2 2.376037 -0.525481

0.3 2.332528 -0.525507

0.4 2.289020 -0.525532

0.5 2.444074 -0.525437

0.2 2.424982 -0.525444

0.3 2.405776 -0.525451

0.4 2.386455 -0.525459

0.5 2.401574 -0.525424

0.01 2.415147 -0.525424

0.03 2.428772 -0.525425

0.05 2.442448 -0.525426

0.07 2.533782 -0.525392

0.2 2.498418 -0.525411

0.3 2.427689 -0.525449

0.5 2.392325 -0.525468

0.6 2.376890 -0.525472

0.01 2.463054 -0.517733

0.03 2.463054 -0.519414

0.05 2.463054 -0.521112

0.07 2.463054 -0.522826

1.2 2.463054 -0.599199

1.4 2.463054 -0.669962

1.6 2.463054 -0.737555

1.8 2.463054 -0.802121

0.3 2.463054 -0.532270

0.5 2.463054 -0.538599

0.7 2.463054 -0.544459

0.9 2.463054 -0.549888
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4.5.2 Velocity Profile

The present subsection includes, detailed insights into the velocity profile, denoted as

f ′(ζ), with respect to various physical parameters. Specifically, Figures 4.1 - 4.6 illus-

trate the impact of β, γ, f0, φ, M and Kp on the dimensionless velocity f ′(ζ). The effect

of the Deborah number on the velocity profile is seen in Figure 4.1. A higher Deborah

number corresponds to a lower velocity profile. The Deborah number is a physical rep-

resentation of the sum of observational and relaxation time. A larger Deborah number

causes the fluid motion to be more successfully resisted, which lowers the velocity profile

as the relaxation time increases.

Figure 4.1: Impact of β on f ′(ζ)

Figure 4.2 illustrates the effect of the unsteadiness parameter on the velocity profile.

As the value of the unsteadiness parameter increases, the velocity profile decreases. It

can be observed that the velocity along the sheet initially declines with rising values



Multi effect modeling of Maxwell nanofluid model 68

of the unsteadiness parameter, indicating a corresponding reduction in the momentum

boundary layer thickness near the wall.

Figure 4.2: Impact of γ on f ′(ζ)

Figure 4.3 demonstrates the effect of surface injection f0 < 0 and suction f0 > 0 on

the velocity distribution. As the injection and suction parameter increases, the velocity

profile tends to exhibit a decreasing trend, and the viscous boundary layer becomes

thinner due to the rise in the injection and suction parameter value. The graphical

results align well with physical observations. Injection refers to the process of drawing

liquid from a region of lower pressure to a region of higher pressure and suction refers

to the process of drawing liquid from a region of higher pressure to a region of lower

pressure, resulting in a decrease in fluid velocity.

Figure 4.3: Impact of f0 on f ′(ζ)
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Figure 4.4 illustrates a key finding concerning the relationship between the volume frac-

tion φ and fluid velocity. The results reveal a substantial increase in fluid velocity with

an increase in the volume fraction φ of nanoparticles. The addition of nanoparticles to

the base fluid diminishes the overall average heat absorption capacity. Consequently,

this alteration in heat absorption characteristics leads to an increase in the fluid’s ve-

locity profile.

Figure 4.4: Impact of φ on f ′(ζ)

Figure 4.5 illustrates the effect of M on the velocity profile f ′(ζ). The results indicate a

negative impact on the fluid, revealing a connection where the velocity distribution and

magnetic field strength are inverse. As the magnetic parameter values increase, the fluid

velocity decreases. This phenomenon occurs as a result of the Lorentz force, which acts

perpendicular to the vectors of the magnetic field and velocity, exerted by the magnetic



Multi effect modeling of Maxwell nanofluid model 70

field on the moving fluid particles. By adding resistance to the fluid flow, this Lorentz

force lowers the fluid’s velocity.

Figure 4.5: Impact of M on f ′(ζ)

Figure 4.6 is used to analyze how the porosity parameter Kp affects the velocity distri-

bution. As the porosity parameter rises, the results shown in Figure 4.6 clearly show

a decrease in the velocity distribution. This is explained by the properties of a porous

media, which have a network of tiny holes or pores that prevent fluid passage. The

fluid’s permeability through the porous medium is directly correlated with the poros-

ity parameter. The porous medium’s resistance to fluid movement gets stronger as Kp

rises. Consequently, with higher values of the porosity parameter, the fluid encounters

an increased resistance from both the porous medium and its own viscosity, leading to

a significant reduction in the fluid’s velocity within the medium.

Figure 4.6: Impact of Kp on f ′(ζ)
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4.5.3 Temperature Profile

Figures 4.7 and 4.8 show how non-uniform heat source and sink characteristics affect

the temperature profile. Examination of these figures reveals that A∗, B∗ > 0 adds more

energy to the thermal boundary layer, thereby increasing the fluid’s temperature. On

the other hand, when A∗, B∗ < 0, heat energy is extracted from the thermal boundary

layer, the fluid’s temperature drops.

Figure 4.7: Impact of A∗, B∗ > 0 on temperature profile θ(ζ)

Figure 4.8: Impact of A∗, B∗ < 0 on temperature profile θ(ζ)

In Figures 4.9 - 4.10, the effect of M on fluid temperature for heat sink and heat source is

examined. The temperature of the fluid rises when M increases. The enhanced magnetic

forces inhibit fluid movement, thereby increasing internal friction and heat generation,

which in turn elevates the temperature.
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Figure 4.9: Impact of M for heat sink on temperature profile θ(ζ)

Figure 4.10: Impact of M for heat source on temperature profile θ(ζ)

Figures 4.11 and 4.12 illustrate that the temperature distribution increases as the Ec

values rise. As Ec increases, dissipation also increases, leading to a rise in the internal

energy of the fluid. Consequently, this increase in internal energy enhances the fluid’s

temperature distribution.
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Figure 4.11: Impact of Ec for heat sink on temperature profile θ(ζ)

Figure 4.12: Impact of Ec for heat source on temperature profile θ(ζ)
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4.5.4 Concentration Profile

Figures 4.13 and 4.14 illustrate the effect of the Schmidt number on the concentration

profile in relation to the heat source and heat sink. It is found that the concentration

gradient gets more noticeable as the Schmidt number rises. Higher Schmidt number

corresponds to the stronger viscous diffusion and enhances the molecular movement.

The link between mass and momentum diffusivities in a liquid flow is formally charac-

terized by the dimensionless Schmidt number. Interestingly, the lowest Schmidt number

corresponds to the maximum concentration of nanoparticles. Additionally, the figures

show the thickness of the boundary layer for both the species of nanoparticles and the

hydrodynamic flow, which indicates a steepening concentration gradient.

Additionally, Figures 4.15 - 4.16 demonstrate the effect of the thermophoretic parameter

with respect to heat source and heat sink on the concentration profile. A decrease in the

thermophoretic parameter results in a higher concentration profile. This is due to the

thermophoretic effect, which creates a suction-like behavior among the particles, leading

to a cooler surface and a consequent reduction in mass transfer.

Figure 4.13: Impact of Sc on concentration profile θ(ζ)



Multi effect modeling of Maxwell nanofluid model 75

Figure 4.14: Impact of Sc on concentration profile θ(ζ)

Figure 4.15: Impact of τ on concentration profile θ(ζ)

Figure 4.16: Influence of τ on θ(ζ) concentration profile
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4.5.5 Graphically Behavior of Physical Quantities

Figures 4.17 and 4.18 illustrate the variation in the skin friction coefficient with respect

to the magnetic field and porosity parameter. Evidently, the coefficient of skin friction

increases with higher values of Kp and M . Figures 4.19 - 4.20 show the variation in the

Nusselt number concerning (A∗, B∗) and Eckert number Ec. We can see that if values

of (A∗, B∗) and Ec increase, the Nusslet number decreases. Figures 4.21 - 4.22 show the

variation in the Sherwood number concerning Sc and τ . We can see that if values of Sc

and τ increase, the Sherwood number decreases.

Figure 4.17: Skin fraction Cf versus M for different Kp values

Figure 4.18: Skin fraction Cf vs Kp for various values of M



Multi effect modeling of Maxwell nanofluid model 77

Figure 4.19: Nusselt number Nu vs (A∗B∗) for various values of Ec

Figure 4.20: Nusselt number Nu vs Ec for various values of (A∗B∗)

Figure 4.21: Sherwood number Sh versus Sc for different τ values
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Figure 4.22: Sherwood number Sh against τ for different Sc values



Chapter 5

Conclusions

The present thesis incorporates the Cattaneo-Christov non-Fourier double-diffusion model,

porosity parameter and the effects of a magnetic field thereby expanding and improving

the work of Srilatha et al. [44]. The following are the main conclusions of the current

study:

• The velocity profile decreases with an increase in the Deborah number.

• As the unsteadiness parameter increases, the velocity profile decreases.

• The velocity profile decreases as surface injection and surface suction rise.

• The velocity profile increases when the volume percentage of nanoparticles rise.

• The velocity profile decreases with an increase in the magnetic field.

• The velocity profile diminishes as the value of the porosity parameter increases.

• The fluid’s temperature drops as a result of the heat sink absorbing more energy

from the thermal boundary layer. The fluid’s temperature rises as a result of the

heat source adding more energy from the thermal boundary layer.

• The fluid’s temperature rises with an increase in the Eckert number.

• The temperature of the fluid rises with an increase in M .

• A rise in the value of Sc results in an increase in the concentration profile.

• The concentration profile becomes lower as τ increases.

79
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• The coefficient of the skin-friction increases with higher value of Kp.

• An increase in the value of M increases the skin-friction coefficient.

• An increase in the values of A∗, B∗ and Ec decreases the Nusslet number.

• An increase in the values of Sc and τ leads to a reduction in the Sherwood number.
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