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Abstract

This research study aims to propose some significant fixed-point results within the frame-
work of two intricate extensions of metric spaces: b-metric spaces and b-like metric spaces.
By integrating the concept of admissibility into F-contractions and leveraging the prop-
erties of the (-function, we develop a novel and more generalized rational contraction
termed the (o, 5)-F(- contraction. This research delves into the thorough construction
of this new contraction, demonstrating its validity and applicability through illustrative
examples. Moreover, the fixed-point results obtained in this study significantly expand
and generalize many established results from the existing literature. This work opens
up multiple possibilities for further analysis, providing a fertile ground for researchers
interested in exploring the dynamic interplay between admissibility, F'-contractions, and

the (-function in the metric fixed point theory context.
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Chapter 1

Introduction

Mathematics, widely recognized as the most powerful tool in the history of science and
technology, has played a crucial role in solving everyday problems, establishing itself as
the cornerstone of all scientific fields. Mathematical concepts offer indispensable instru-
ments for finding solutions to complex problems. Notably, functional analysis, a pivotal
branch of mathematics that emerged in the early 19th century, has proven essential in
this endeavour. Functional analysis is a crucial branch of mathematics that not only
underpins numerous mathematical disciplines but also has significant applications in the
applied sciences, driving innovation and progress. Functional analysis, a highly abstract
and specialized field of mathematics, evolved from the foundations of classical analysis.
The driving force behind its development was the need to address a wide range of applied
problems, including those related to ordinary and partial differential equations, numerical
analysis, the calculus of variations, approximation theory, and integral equations, among
others. Functional analysis was first used in behaviour analysis by B. F. Skinner [1] in

1948. Functional analysis relies on several fundamental concepts, including:

i. The Hahn-Banach theorem
ii. The uniform boundedness principle

iii. The open mapping principle
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These three principles form the foundation of functional analysis, providing crucial tools
for establishing many of the fields core results and applications. Metric spaces play a cru-
cial role in mathematics as they provide a framework for studying spatial relationships,
distances, and limits. Metric spaces extend the concept of Euclidean space, allowing for
the study of more general and abstract spaces. The concept of a metric space was first
introduced by Maurice Frechet in 1906 [2]. However, the term metric space was later
coined by Felix Hausdorff. In Functional Analysis [3], metric fixed point theory, a crucial
branch of the field, seamlessly integrates topology, geometry, and analysis. This strong
framework plays a vital role in establishing the existence and uniqueness of solutions to
differential and integral equations, thereby providing a foundational for various branches
of mathematics and applications in diverse fields. Poincaré initiated this theory in 1866
[4], introducing his first fixed point theorem without a proof, thereby establishing himself
as a pioneer in the field. In his 1912 paper [5], Brouwer introduced a fixed point theorem
for the unit sphere, offering critical evidence of fixed point existence and making a sub-
stantial contribution to the field. This early work laid the foundation for Kakutani [6]
subsequent generalizations on set-valued mappings. The fixed point theory, employed as

a successive approximation technique, offers three significant benefits:

i. Existence guarantee: Ensures the presence of solutions for nonlinear problems.
ii. Uniqueness establishment: Confirms the sole existence of a solution.

iii. Iterative approximation: Facilitates the approximation of solutions through succes-

sive iterations.

The fixed-point theory, which originated in the late 19th century, was utilized for iter-
ative approximation to explore the existence and uniqueness of solutions to differential

equations, paving the way for significant advancements in mathematical analysis.

This approach is deeply rooted in the works of prominent mathematicians such as
Fredholm, Volterra, Liouville, Cauchy, and notably Picard, who made significant
contributions to the search for unique solutions to differential equations. Banach fixed
point theorem, also known as the contraction mapping theorem (BCP) [7], stands as a
landmark achievement in the history of mathematics, providing a crucial milestone
for researchers exploring metric fixed point theory and significantly impacting the

development of the field.
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Banach Contraction Principle (BCP) ensures the existence and uniqueness of fixed points
in metric spaces, providing an effective method for finding them. Stefan Banach, a promi-
nent mathematician (1892-1945), introduced the Banach Fixed Point Theorem in 1922,
a milestone in mathematical history. The Banach Contraction Principle (BCP) states

If a complete metric space (£, ) is mapped to itself by a contraction mapping 7 : $ —
$, then 7 has a unique fixed point. A contraction mapping is a function that satisfies

the condition

@ (T§1, ng) S 77@ (51,52) for all 51, 52 & 5,

where 7 is a constant in the range (0, 1). The Banach Contraction Principle has signifi-
cant applications in ensuring the existence and uniqueness of solutions to specific ordinary
differential equations. The Banach Contraction Principle (BCP) [7], which pairs a com-
plete space with an appropriate integral operator, ensures the existence and uniqueness of
solutions to integral equations. The Banach Contraction Principle has undergone sig-
nificant generalizations and extensions since its inception. Edelstein [8] gave the first
generalization of the Banach contraction condition in 1962 by taking constant n = 1 and
using distinct points from a compact space ). In the same year, Rakotch [9] established a
contractive condition by replacing the constant 7 of the contraction with a monotonic
decreasing function 7 : [0, c0) —— [0, 1]. Presic [10], Kannan [11], Keeler et al. [12] worked
on BCP by altering the contraction condition. Fomin [13] and Gupta [14] introduced a
rational expression and generalized the Banach Contraction Principle (BCP).
The concepts of b-metric space were introduced by Bakhtin [15] and Bourbaki [16]. Fur-
thermore, Czerwik [17] introduced the concept of a b-metric space, which was designed to
generalize the Banach contraction theorem. This axiom relaxes the traditional triangular
inequality, providing a weaker condition that still enables the extension of the contraction

theorem.

In the triangle inequality, he added a constant s. In the scenario where s = 1, b-metric
space is a metric space. In general, this idea is not as strong as metric spaces.
Czerwik was eager to investigate these spaces topological features in further detail.
Matthews [18](1992) introduced partial metric spaces as a generalization of metric spaces,
allowing for non-zero self-distances. Later, in 2012, A.A. Harandi [19] further extended
this concept by introducing metric-like spaces, where the self-distance of a point can
exceed the distance to any other point, providing a more relaxed notion of distance.

Subsequently, in 2014, S. Shukla [20] proposed the notion of partial b-metrics offers a
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further refinement of both partial metrics and b -metrics. Meanwhile, Alghamdi [21] et al.
(2013) introduced b-metric-like spaces, which integrate the concepts of partial b-metric
spaces and metric-like spaces, thereby creating a more comprehensive framework. It is
important to note that b-metric-like spaces include all the abstract spaces discussed in

this research.

In 2012, Wardowski [22] presented another well-known contraction, F-contraction. Sagroi
et al.[23] proved fixed point results on F-contraction in 2013 with some applications on
integral equations. Alot of work is done in this area; see for examples,[24-31].

The concept of F'-contraction has been extensively generalized in multiple directions. One
notable generalization is the («, F')-contractive mapping, which was first introduced by
Kamran [32] et al. in 2016 . The F'-contraction generalization was made for single-valued
mappings in b-metric spaces. The research in this thesis is in continuation of this studies.
This thesis generalizes the results of Jain et al. [33] by introducing generalized («, 3)-F (-

contractions in b-metric space.

The organization of the thesis is given below:

Chapter 2 includes every basic idea in functional analysis that is required for the dis-
cussion that follows. Examples are provided to clarify the key ideas surrounding metric
spaces. A foundation for the main results is provided by a few significant fixed-point

results that are presented.

Chapter 3 gives a comprehensive review of the article (-Contractive mappings on the
platform of b-metric spaces and b-metric-like spaces by Jain et al. [33]. The theorems are

well elaborated, along with examples.

In Chapter 4, the findings of Jain et al. are further expanded by utilizing a new contrac-
tion condition, the generalized («, 5)-F (-Contraction Mapping, to explore fixed points. It
should be noted that the findings of Jain et al. serve as an exception to the gener-alization
of the results presented in this study. The established theorems are supported by one non-
trivial example. Many of the current results are the exception to the general findings
presented in Chapter 4. Some corollaries authenticate this fact.

Chapter 5 summarizes all the extensions of our work and offers additional recommenda-

tions for future research.



Chapter 2

Literature Review

This chapter offers a thorough and accessible introduction to the fundamental principles
of functional analysis, starting with the basics of metric, b-metric spaces and b-metric-
like spaces, including definitions, explanations, and illustrative examples to ensure a solid
grasp of the concepts. The chapter goes on to examine different types of mapping,
providing clear examples to illustrate each concept. The chapter concludes by laying a

strong groundwork for the main theorem, introducing key fixed point results.

2.1 Metric Space

The idea of metric spaces, which Maurice Rene Frechet [2] presented in 1906, expanded
the definition of distance to a broader context. Later on these spaces acted as bridge
between Topological spaces and Real analysis, and provided an establishment to Metric
Fixed point theory. Metric spaces helped to solve several problems in several branches of

mathematics by offering a framework for dealing with numerous mathematical problems.

Definition 2.1.1. Metric Space
“A metric space is a pair (£),D), where §) is a set and © is a metric on

(or distance function on ), that is, a function defined on $) x § such that for all

£1,&, &3 €  we have:

(M1) D(&1,6) > 0.
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(M2) D(£1,62) =0 = & =&
(M3) D(&,&) =D(&, &) (Symmetry).

(M4) D(&1,&) <D(&,8) +D(&3, &) (Triangle inequality).

The symbol x denotes the Cartesian product of sets. 2 x B is the set of all ordered pairs
(a,b), where a € 2 and b € B. Hence $) x § is the set of all ordered pairs of elements of
.7 [34]

Example 2.1.2.
A function ® : R — R defined by

D(61,62) = V& — &

for all &1, & € R is a metric, known as usual metric on R. [34]

Example 2.1.3. Although trivial and somewhat pointless, it’s worth noting that the
only metric on the empty set is the empty function, which has no domain and, therefore,

no effect.
Similarly, the only metric on a singleton set, though not much more interesting, is simply
the zero function.

Example 2.1.4.

Let $) be the set of all real valued functions (&1, &, .....) which are functions of an indepen-

dent real variable ¢ and are defined and continuous on a given closed interval T = [a, /] .
Define® : $ x § —— R by

kY (51,52) = rggﬂx ’51(?9) - 52(79)’7

where max denotes the maximum.
£ is a metric space denoted by €, ] the function space.

Clearly (M1),(M2) and (M3) are satisfied.
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(M4), For &,&s,&3 € $ consider

D (&1,&) =max[&(V) — &(0)]
=max [§ (V) — & (V) + & (V) — &(0)]
< max {[& () — &(9)] + &) = &W)[}
= max [ (V) — & (V)] + max [& (V) — &(0)]

vel

=D (£1,&) +D (&, 8)

for all &1,& and &3 in $.

Example 2.1.5. Discrete Metric Space

Let © be the metric is defined on a non-empty set § as follows

0 if gl = 527

Loif & # &.

D (&1,&) =

This space (9,9) is called a discrete metric space.

Definition 2.1. Open ball and Closed ball

“Let $ be a non-empty set for a given point & € $ and a real number r > 0, we define

three types of sets:

(i) B(&1,r) ={& € 9|D(&1,&) <} (Open ball)

(it) B(&1,7) = {& € HD (&1, &) < 7} (Closed ball)

(iii) S(&,7r) ={& € 9|D(&1,&) =} (Sphere).” [34]

Definition 2.2.

“A subset M of a metric space $ is said to be an open set if it contains a ball about each

of its points.” [34]

Definition 2.3.

“A subset M of §) is said to be closed if its complement (in $)) is open, that is, M. =
$ — M is open.” [34]
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Definition 2.4. Topology Induced by a Metric
“The metric topology in a metric space (£,9). For & € $ and r > 0 let

B(&1,1) ={& € HID(&1,6) <r}.

B(&1,r) is called the open ball centered at &; of radius r. The metric topology on a metric
space $) is the topology obtained by taking as open sets the collection of all sets P in £
which have the property S € P provided each point & € S is the center of some open
ball B(&;,r), which also lies in S.” [35]

Definition 2.5. Convergence of a Sequence, Limit
“A sequence {§1m2} in a metric space = (9, D) is said to converge or to be convergent

if there is an & € $) such that

lim ©(€1m27§1) = 07

mo—r0o0

§1 is called the limit of (£,,,,) and we write

lim flmQ =&,

mo—r00
simply,

Eime — &1-

We say that (£1,,,) converges to & or has the limit &,”. [7]

Definition 2.6. Cauchy Sequence
“ A sequence {§1m2} in a metric space $ = ($,9) is said to Cauchy or fundamental if
for every € > 0 there is an N = N(¢) such that

©(§1m1151m2) <€

for every my, mg > N.” [7]

Example 2.1.6.
The sequence {&,} = {7 : 1 € N} is a Cauchy sequence in metric space [0, 1] with usual

metric.
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Definition 2.7. Complete Metric Space
“A metric space ($,9) is said to be complete if every Cauchy sequence in $) converges

to an element in $).”[36]

Example 2.1.7.
Suppose [ be the space of all bounded sequence of complex numbers, with the metric

defined by

D (&4,&) = sup €1, — o, ],

where & = {1, } and & = {&, }, then (I°,D) is a complete metric space.

Example 2.1.8.
Let $ = R, define a metric ® on $ by

D(&1, &) = [tan™' (&) — tan™" (&),

then, ® is not a complete metric on $).

2.2 Some Generalizations of Metric Space

Stefan Czerwik [17] and Bakhtin [15] developed b-metric spaces as an extension of metric

spaces, modifying the triangle inequality.

Definition 2.8. b-Metric Space

“Let $ be a non-empty set and let s > 1 be a given real number.

A function

Dy H*H —— [0, 00), is said to be b-metric if for all &, &, &5 € $ the following conditions

are satisfied;

(B1) Dp(&1,62) =0 & = &;

(B2) Dp(&1,&) = Du(&e, &);

(B3) D4(&1,&3) < 5[Dp(&1,&2) + Du(&e, &3)]-

The triple (£, Dy, 5) is called a b-metric space.” [37]
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Definition 2.9.
“Let ($,Dy,5) be a b-metric space, {{1,,,} be a sequence in §) and &; € $. Then,

(i) the sequence {&y,,, } is said to be Cauchy sequence, if for any € > 0 there exists

N € N such that: for all ms > N and for all p € N, we have

Db(E1my s Sy i) < €

(ii) the sequence {&i,, } is said to be convergent to &, if for any € > 0 there exists

N € N such that: for all ms > N, we have

Du(&1,n,:61) < €

In this case, we write:
lim §1m2 = fl

mo—00

(iii) the space (), Dy, s) is called a complete b-metric space if every Cauchy sequence is

convergent in it.”

Example 2.2.1. Let $) := [,[0, 1] be the space of all real function & (1), ¥ € [0, 1] such
thatfo 1£1(9)]P < oo with 0 < p < 1.

Define ©p, : H x $H — RT as :

b (61,60) = ( / e, §2m2|p> ,

Then ® is a b-metric space with coefficients s = %%

Example 2.2.2.
Let $ =1, (R) with 0 < p < 1, where I, (R) := {{&,,,} CR: > % _|&,, [ < oo}
Define Dy, : H x H — RTas :

|=

b(61,62) = <Z|§1m2 52m2|p> a

mo=1
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where §; = {&1,,,} and & = {&,,,}. Then ® is a b-metric space with coefficients
5 =27
Definition 2.10. Partial Metric Space

“Let $ be a non-empty set. Then, a mapping D, : $ X $ — [0, +00) is called a partial
metric if for all &1, & € 9,

P1 : Qp(fl,fg) =0 << Qp(flafl) = @p(§17£2) = QP(S%SQ);
P2 1 D,(&,&1) < D,(61,6);
P3 : D,(&1,&) = Dp(&2, &1);

P4 : Qp(glvf?)) S Dp(€17€2) + @p(£27§3) - :Dp(€27§2)7

The pair (£,9,) is called a partial metric space.” [38]

Example 2.2.3. Let (£),9,) be a partial metric space. Then

i: &, is a Cauchy sequence in ($),D,) if and only if it is a Cauchy sequence in the

metric space (£, ;).

ii: A partial metric space ($),D,) is complete if and only if the metric space ($),D;)

is complete.

Furthermore,

lim p5(€1m27£1) =0
mo——>00

if and only if

p(&1,61) = mghﬁwps(élmz’gl) = lim  p°(&,.,,61m,)-

mi,Mm2—r0o0

Example 2.2.4.
A mapping D, :  x H — RT; for all (§1,&) € RT, defined by

®P<€1> §2) = max {1, &},

is partial metric space (£,9,).
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Example 2.2.5.

Let T be the collection of non-empty closed bounded intervals in R
I={[a,b] : a <b}. For [a,b],[c,d] € [

define ®,, ([a, b], [c,d]) = max (b,d) — min (a,c).

Then, it can be shown that ®,, is a partial metric over I.

Definition 2.11. Hausdorff Metric Space
“Let (9,9) be a metric space and C'B($)) denotes the collection of all non-empty closed
and bounded subsets of . For 2,8 € §, define

H(2A,B) = max {sup@ (a,B),supD (b,Ql)} ,

ac beB

where © (§1,2) = inf {D(&,a) : a € A} is the distance of point & to the set . It is
known that H is a metric on C'B($)), called the Hausdorff metric induced by the metric
9.7, 7]

Example 2.2.6.
Let P ={0,1,2,3,...,10} we select two non-empty set 2 = {1,5} and B = {6,9} . Now
H(2A,) can be calculated as follows

H(2A, %) = max {Sup’D (a,%),sup D (b, m)}

=max {{5,1},{1,4}}
=max {5,4}

=5.

2.3 Results on b-Metric-Like Spaces

A b-metric-like space is a mathematical construct that generalizes the notion of a metric
space, where the distance between points is measured using a metric function. In the
literature, b-metric-like spaces have been studied extensively in the context of functional

analysis and topology.

They are defined as spaces where the metric function satisfies a relaxed version of the
triangle inequality, known as the relaxed triangle inequality or b-metric inequality.

This relaxation allows for a wider range of distance functions, enabling
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the study of more general spaces. Research on b-metric-like spaces has led to important
results in areas such as fixed point theory, operator theory, and geometric analysis, and
has applications in fields like computer science, physics, and engineering. The study
of b-metric-like spaces continues to be an active area of research, with new results and

applications emerging regularly.

Definition 2.12. Metric-Like Space
“Let $) be a non-empty set. Then, a mapping D, : $ x H — [0,400) is called a
metric-like space if for all &1, &, &3 € 9,

(mll) Dmi(61,&2) =0 =& = &
(ml2) D&, &) = Dmi(&, &);

(ml3) Dmi(&1,&3) < Dm(r, &) + Dmi(&e, &3).

The pair (£, D) is called a metric-like space.” [39]

Definition 2.13. b-Metric-Like Space
“Let $) be a non-empty set. Then, a mapping Dy : H X H — [0, +00) is called a

b-metric-like if there exists a number s > 1 such that for all &, &, &3 € 9,
(bmll) Dyi(&1,8) = 0= & = &;
(bml2) Dyi(&1,&2) = Dui(&e, &)
(bml3) Dpi(&1,&3) <5 (D&, &2) + Dni(éa, &3))

Then, the triplet (£, Dy, 5) is called a b-metric-like space.” [21]

Definition 2.14.
“Let (£, Dyp1,5 > 1) be a b-metric-like space and let {§1m2} be a sequence of points of ).
A point & € § is said to be the limit of sequence {flmQ} is

ngrfoo D&, €1,y) = D&, &),

and we say that the sequence {ﬁlmz} is convergent to & and denote it by &1, — &

as n — 400.” [21]
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Definition 2.15. Cauchy Sequence, Completeness
“Let (9, Dy1,6 > 1) be a b-metric-like space.

(i) A sequence {§1m2} in § is called Cauchy sequence if  lim Dy (&, &1, ) exists

mi,ma—+00

and is finite.

(ii) (£, D18 > 1) is said to be complete if every Cauchy sequence {&, } in §) converges
to & € H so that

im Dy, €, ) = D&, 61) = mzh_{zlroo D11y s €1)-7[21]

mi,mo—=+00

Proposition 2.3.1.
“Let (£, Dp1,5 > 1) be a b-metric-like space and {§1m2} be a sequence in $) such that for
some & € ), lim D&, ,&) = 0. Then,

mo—-+00 2

(i) & is unique.

(il) 1Du(&, &) < mQILH}FOO Du1(€1,ny5€1) < 5D11(61,62) for all &;,& € $.7[21]

Lemma 2.3.2.
“Let ($),Dp1,6 > 1) be a b-metric-like space and {flmz} be a sequence in $) such that

D1(E1my s Elmyar) < 5D01(E1y 15 E1y)

for some s € [0,1) and for each my € N. Then, {51m2} is a Cauchy sequence
lim @bl(£1m2 > glml) =0."

m1,mg—-+00

Remark 2.16.
The class of b-metric-like spaces is a generalization of both metric-like spaces and b-metric

spaces.

While every b-metric space is a b-metric-like space with the same parameter, and every
b-metric-like space with parameter 1 is a metric-like space, not every metric-like space

is a b-metric-like space, and not every b-metric-like space is a b-metric space.
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b-metric-like space
Partial b-metric s

b-metric space

metric space

FIGURE 2.1: Relation between different metric spaces

Example 2.3.3.

Let Cy($) = {f:ﬁ — R:sup|f(&)] < —i—oo}. The function Dy : H x H — Ry,
§1€9H

defined by

Do (f,9) = i/?g (1 (&) |+ g (&) )

for all f, g € Cy($), is a b-metric-like with constant s = /4, and so, the triplet (53, D1, \3/41)

forms a b-metric-like space.

Example 2.3.4.
Let $ = {0,1,2}, and let

2, if & =& =0,
D1 (&1, &) = Hase

% , otherwise.

Then ($,Dy) is a b-metric-like space with the constant s = 2.
Example 2.3.5.
Let $ = [0,00). Define the function Dy, : $2 — [0, 00) by

D (€1, &) = (G +&)°.

Then, ($,Dy,) is a b-metric-like space with constant s = 2. Clearly, (£, Dy;) is not a
b-metric space. Indeed, for all &1,&5,&3 € 9,

SE+HE+H6+8L)" =(E+E)+H(G+HEL)*+24+86) (& + &)
< 2[(& + &)+ (&G + 52)2}
2 (D1 (1,€3) + D11 (€3,62))

D (z,y) = (G +&)°



Fundamental Material 16

and so (Dp11) holds. Clearly, (D1,2) and (Dy,3) hold.

Example 2.3.6.
Let $ = [0, 00). Define the function Dy, : $? — [0, 00) by

D (&1, &) = (max{& + &)
Then, ($),®y,) is a b-metric-like space with constant s = 2.

Clearly, ($,9y,) is not a b-metric space.

2.4 Mappings on Metric Spaces

This section explores various types of mappings defined on metric spaces, providing a

comprehensive overview of their properties and behavior.

Definition 2.17. Lipschitzian Mapping

“Consider a metric space (£, D). A self mapping 7: $ —— § is called Lipschitzian map, if

for small number € > 0 the mapping 7T satisfies the following,

D (T(&l), T(gz)) < € @(51, fz) for all §1, 52 €9 [40]

Definition 2.18. Contraction Mapping

“Let (9, @) is a metric space and T: $ —— § is called contraction mapping. Thus, there

exists a constant € < 1 such that

D(T(6), T(&2) < €D(&, &) for all &8 € $.7[40]

Example 2.4.1.
Let $ = [0, 1] is equipped with the usual metric, we define a map T : ) — $ as

1
2+&

T(&) =
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F1cUre 2.2: Contraction Mapping

is a contraction mapping with e = 0.25 € (0, 1).

Definition 2.19. Contractive Mapping

“Let (9,9) is a metric space and T : ) — § is called contractive mapping, if

D(T&1,TE2) < D(&1,62) for all &,&% € with & # &.7[40]

Note that Contraction = Contractive = Lipschitzian.

Definition 2.20. Non-expansion Mapping

“Let (£,9) is a metric space and a function p : 91 — 91 is non-expansion, if

(061, 062) <D (&1, 6) for all  &,& €N [40]

Definition 2.21. Continuous Mapping

“Let $1 = (91, 1) and H= (H2, D) be metric spaces. A mapping T: $; —— $Hais said to

be Continuous mapping at a point &, € $; if for every € > 0 there is a u > 0, such that

Do(TE, TE,) <€ for all Dq(&1,&,) < p” [34]
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X /?\ Y

L IX

FiGURE 2.3: Continuous Mapping

Theorem 2.4.2.
“Let 1= (91, D7) and H2 = (2, D2) be two metric spaces and 7 $; —— Habe a

mapping.

Then Tis continuous at a point ¢ € £, if and only if, for all sequences {a,,, } in $; which

converge to a point c, the sequence 7T (a;,, ) converges to T (c).” [34]

2.4.1 Fixed Point and Some Classical Results

In 1880 Henri Poincare [41] showed that solution to certain important analytical problems
could be studied by defining a set K and a function 7 : M — M in such a way that
solution corresponds to the fixed point of the function 7, with this achievement fixed
points become more important for getting the solution of problems arising in various
areas of Mathematical analysis such as existence of solution of system of linear equations,

eigen value problems, integral equations and differential equations.

Definition 2.22. Fixed Point
“let (9,9) be a metric space, and let 7 : $§ — $ be a mapping. A point & in ) is
called a fixed point of T if 7(&) = &.”
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A fixed point is defined geometrically as the intersection of the line & = &; and a real val-
ued function & = T (&;). There could be a fixed point or not for a function. Additionally,

in the event that it has, the fixed point could not be unique. [34]

Example 2.4.3.

T (&) = tan&; : This function has an infinite number of fixed points, one in each interval

(%, W) along the positive z-axis and one in each interval (_(m22+2)”, ”g”) along

the negative z-axis.

FIGURE 2.4: Fixed Points of Tangent Function

Example 2.4.4.
Define a mapping 7 on R, as:

T(&) =& —3&+4,

where & = 2 is a fixed point of mapping.

—74 —72 —70 —8 —6 —4 — z “ 6 8 10 712 14

—a
—70
—72
—74
—76
—78
—zo
—2z
—24
—z6

—z8

FIGURE 2.5: One Fixed Point
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Example 2.4.5.

Define translation mapping 7 : Rt — R as

T&)=&+1

then, the mapping 7 has no fixed point.

FiGURE 2.6: No Fixed Point

Example 2.4.6.
Define a mapping 7 on R, as:

T(&) =& —4& +3,

the mapping have two fixed points.

FIGURE 2.7: Two Fixed Points
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Example 2.4.7.
Define a mapping 7 : R — R, as:

T(él) - 6% - 27

where £ = —1, 2 are fixed points of mapping.

— —z / 2 “

FIGURE 2.8: Two Fixed Points

Next we will present some crucial fixed point theorems that form the foundation of fixed
point theory and its applications.

In 1910, famous Brouwer Theorem was given, although this theorem didn’t give any in-
formation about location of fixed points but it gave a direction towards existence of fixed

point.

Theorem 2.4.8. Brouwer’s Theorem
“Every continuous mapping from a closed ball of Euclidean space into itself has a fixed

point.” [42]

In 1930 an improved version of above result was presented by Schauder, with addition of

compactness condition.

Theorem 2.4.9. Schauder Theorem
“Every continuous function from a convex compact subset of Euclidean space to itself

has a fixed point.” [43]
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In 1922 Stefan Banach presented a theorem which is known as Banach Contraction Prin-
ciple(BCP)/(Contraction mapping theorem), It ensures the existence and uniqueness of

a fixed point.

Theorem 2.4.10. Banach Contraction Principle
“Let (9,9) be a complete metric space and let 7 : $§ — $) be a contraction mapping.

Then 7T has a unique fixed point &;,, and for each & € 9,

lim 77 (&) = &y,

mo —>00

Moreover,

O (T (6 61) € TP (6.7 (6)) 711

The first generalization of Banach theorem was proposed by Edelstein in which he replaced

the complete space by compact space.

Theorem 2.4.11. Edelstein Theorem

“Let (9,9) be a compact metric space and let 7 be a mapping on ©. Assume

D(T6, TE) <D(&1,62)

for all &1,& € $ with & # &. Then, T has a unique fixed point.” [44]

Czerwik extended the renowned Banach Contraction Principle (BCP) by substituting tra-
ditional metric spaces with more general b-metric spaces, thereby proposing a significant

generalization of the classic theorem.

Theorem 2.4.12. Banach Fixed Point Theorem in b-metric space

“Let ($,®) be a complete b-metric space with constant § > 1 and define the sequence
{51’”2}2:1 C 9. Let T : $H — $ be a contraction with the restrictions n € [0.1) and
ns < 1. Then, there exists £ € § such that &, — & is unique fixed point of 7.7 [45]



Chapter 3

(-Contractive Mappings on the
Platform of b-metric Spaces and

b-metric-like Spaces

This chapter reviews Jain and Kaur et al.[33] fixed point theorems for (-contractive map-
pings in bms and bmls. Having already discussed b-metric spaces, we will go ahead and
discuss the concept of (-contractive mappings. The concept of b-metric spaces was first
proposed by Bakhtin in 1989 and later formally defined by Czerwik in 1993, with the aim

of extending the Banach Contraction Principle (BCP).

3.1 Preliminaries

The definitions and results which follow below are necessary for the main results presented

in [33].

Theorem 3.1.1.
Let ($,9),) be a Cbms with constant s > 1. Suppose T : ) — $) obeys the inequality:

Db (T&1, TE) <A Dp(&1,62) + APy (&, T&)
FADL(§2, TE2) + AL (Dn(&1, Tée) +Du(Té1,&2))

23
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where all \f are non-negative reals. Also A} + A5 + A5 + 2} < 1 for s € [1,2] and

% < AT 4+ A5+ A5+ 20 < 1 for s > 2 the mapping 7 has a unique fp. [46]

Lemma 3.1.2.
Let (9,9y,s > 1) be a b-metric space with convergent sequences &1, — &1 and

§2,,, — &2 € H. Then,

1 .. .
5—2@10 (€1,6) < };glﬂi O (&1, &2,y ) < limsup Dy, (€4,,,,,62,,,) < 57Dy (§1,&2) -

mao—-+00
In particular, if & = &, then liminf ®y, (flm ,Ea, ) = 0.
mo—>—+00 2 2

Furthermore, for each &5 € ), there exists

20, (6,6) < Tminf D, (61,,.6) < msupDy (€1,,.65) < oDy (61,6) 47

mo—+00

Lemma 3.1.3.

Each sequence (§1m2) N of elements from a bms (£, ®y,) of constant s, the inequality

ma2

n—1

D (5107 5177) < ZstQb (51“ €1i+1)

i=0
is true V mq € N and every n € {1,2,...,2m2} . [4§]
Lemma 3.1.4.

A sequence {£1m2} in a b-metric space (9, Dy, > 1), is Cauchy, if it satisfies: for some

A € [0,1) such that Dy, (€1,,,,&1,.,.,) < Ay (61, 1,&1,,) and all my € N,

Proof.
First note that

Db (§1m2+1’ §1m2) < )‘*m2©b (51; 510) ) (31)

for every mo € N. For all my,n € N with the notation p = log, , we have

Qb (£1m1+1’£1m1+n) S 5©b (€1m1+1 ) €1m1+2) + 5@]0 (§1m1+2’ flmﬁ-n)



(-Contractive Mappings 25

< 5D, (Giny1r € ) T 500 (G 61, ) +
52©b <§1m1+22 ) 51m1+,7)

< s9y, (§1m1+1,§1m1+2) + 52Dy, (§1m1+27§1m1+22> +
53@b <§1m1+22 ) §1m1+23)

+ 53©b <€1m1+23 ) £1m1+n>

»
+1
< Z s Dy <€1m1+2m2—1’€1m1+2m2) +57T 0y (€1m1+2p’£1m1+n) '

mo=1

Using Lemma 3.1.3 and equation (3.1), we obtain

p my+2m2 -1
Dy (§1m1+1?§1m1+7i) < Z § ( Z Db <§12m21+¢’§12m21+i+1>) +

mo=1 i=m1

mi1+k—2P—1
(p+1)
5 (p Z CDb (512p+l>€12p+1+1)

i=my

p+1 mi+2m2—1_1
2mo
< Z S Z gb (5127"2—14-1" 612m2_1+i+1>

meo=1 i=m1

p+1 oma—1_1
m m1 2" T
() S ( T )
1=0

mo=1

p+1

(5107 61) A*ml 2m2 *2

2—1

mo=1

p+1

o )\*ml @b 510,61 A))<2m210g>\* s+2M2— 1
11— Z

mo=1

Since lim 2mglogy. s +2™2"" —my = oo, for a fixed M > 0, there exists m,, € N such
mo—>00

that 2mylogy. 5 + 2™271 — my > M, that is 2mylog,. s + 2™~ —my < M2 for all

2mg logy 5+2m2_1 .
my € N,my > my,, ensuring the convergence of the series )~ | \* A with

sum S which leads to the conclusion that

*mlg 0> S
b (€1m1+1,€1m1+k) <A bigl_ )il) )
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for all m;,n € N. As \*"* — 0 as my — 00, we conclude that the sequence (flm2)m2€N

is Cauchy.[48] O

3.2 (-Contractive Mapping of Type-I

In this section, a new contractive mapping is defined in the context of b-metric space as

detailed below, after first defining a new class of functions.

Definition 3.1.

All of the functions combined  : [0, +00)"" —— [0, 400) for any m; € N is defined as &,,, in

a way that

(1) C(ﬁl,’t%,’t%,, ...,I9m1) < maXﬁl,’ﬁz,ﬁg, ...,ﬁml lf (191,7.92,193, ...,ﬁml) 7é (0,0,0, ...,O),

(ii))  Consider m; sequences {195’”2)} , in [0, +00), where 1 < i < my. Suppose
mo €N

that each sequence converges in the sense that:

lim sup 9\ = 9; < 400 for all i = 1 to my.

%il_eifothe following inequality holds:

timinf ¢ (972,05 00", 0 o)) < C (01, 02,03, U,

mo—+00

Definition 3.2.

Let ($),®y,s > 1) be a b-metric space. The mapping T : $ — ) is called a (-contractive

mapping of type-I if there exists ( € ¢4 such that

D,(61, TE) + ’Db(Tfth)}

Du(TE, TE) < ~¢{Du(6s, &), Du(61, T61), Du(62, TE), =

(3.2)

for all &,& € 9.

Theorem 3.2.1.

Given a complete b-metric space ($),Dy,5 > 1) and a type-I (-contraction mapping

T :H — 9, there exists a unique fixed point for 7.
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Proof.
Suppose &, € . Define a sequence {§1m2} in $ recursively by

Sty = T€10ny o

YV mo > 1. Assuming that
£1m2 # £1m2+1

for my € N otherwise, T has a fp, we aim to show that the sequence {§1m2} is Cauchy.

In order to prove this, let my € N and consider

gb(flmrl ) §1m2+1) }

1
Db(glmz ) £1m2+1) < g({gb@lmz,l ) €1m2 ), Db(é-l'mzfl ) 517”2 )7 gb(€177L2 ) €1m2+1 )’ 2

(3.3)

gb(glnm—l ’ £1m2+1) }

1
< ;C{gb(flmz,l ’ §1m2 )7 9b(£1m271 ’ glmz )a gb(€1m2 ’ €1m2+1 )7 25

1 gb(Ely,”z,pglmQJd)
e, o |

25
1 @ E "'L2*1’§ 2 + @ € 7"27€ mo+1
S ;max {Qb(flmgfuglmz), b( ! 1 ) 5 b( 1 Tonog 4 )}7
which implies that
1
@b(£1m27£lm2+1> < g@b(flmg—uflmz) for all my > 1. (3.4)

Case-I:
According to Lemma 3.1.3 and equation (3.4), the sequence {SlmQ} is Cauchy, whenever

s> 1.

Case-11I:

When s = 1, equation (3.4) implies that the sequence {Dy (&1, ,£1,,,,,)} decreases mono-

tonically and remains bounded below. As a result, the distance Dy,(¢y,,,,&1,,,,.,) converges

to a non-negative value 7. Assuming 7 is positive, and taking the lim i+nf in equation (3.2),
mo—r—+00

we get

n<¢(m,m,n.1),

where

L Dbty 15 Elmgsr) . D(E1my—15Emy) T D0 (€1 Sy ar)
7 = limsup < limsup =7

mo—+00 2 mo——+00 2
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At this point,

n < ¢(m,m,n,n') <max(n,n,nmn)=n

which leads to a contradictory; thus,

im  Dy(&1,,5E1my) = 0 (3.5)

meo—+00

Assume that the sequence {£1m2} is not Cauchy, then 3 a positive real numbere such that

for every natural number r, there exists integers m;, and my, satisfying my, > mo, > 1r

(&, > €1y ) Z € (3.6)

Moreover, suppose that my, > ms, is the least natural number such that equation (3.6)
is satisfied.

Then,

€ <Ob(E1my, + &1y, )
<Dp(&1, §1m1r_1 )+ Qb(glmlr_l 1Ly, )

<Db(E1m,, 181, )T E

<®b(£17‘7 511"—1) + €,

thus, using (3.5) and taking lim +inf , we get
n—-+0oo

lim ®b<€1mlr s §1m2T> = €. (37)

r—>+00

Now, consider

D (&, ;flmml) <¢ <@b(§1mlr751m2T),Qb(&mlr,§1m1T+1)7©b(51m2T7§1m2T+1),

<®b(flmh_ ; flm%+1 )+ C‘Db(flmlr+1 +8limy, )) )
2

Therefore, we have

gb(glmlr ) £1m2T> < ©b<§1mlr ) £1m17‘+1 ) + Db(€1m1T+1 ) §1m2T+1 ) + @b(€1m2T+1 ’ £1m2T)
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< Dby, 5 flmlrﬂ) + C‘Db(flrnQH1 &Ly ) T Qb(flmlrﬂ ,flmQTH)
< D4 €y, )+ PolEy g ) € (P0G, €1y,

Qb(élmlr ) 51m1r+1 )7 ©b<£17n2r ) €1m2r+1 )7

<©b(§1mlr iy, ) T D0(Erny 5 &y ) ))
5 :

Therefore, applying liminf to both sides, and combining equations (3.5) and (3.7), we
mo—

+oo

obtain: € <0+ 0+ ((¢0,0,€), where

, N (ST STD R U (ST ST
¢ =limsup ot i

r——+00 2

YN (STINPT ST o U (SPIPY ST

)+ C‘Db(flmlr+1 21y, )+ P&y 5y, )
2

1

<lim sup

r—+00

e+ 0+0+e€
N 2

= €.

Consequently, € < £(¢,0,0,€) < max(e, 0,0, €') = €, which is contradictory. Hence, {€1m2}
is a Cauchy sequence in the metric space (9,9),), whenever s > 1.
Given that ($), Dy, s > 1) is a complete b-metric space, we can conclude that the sequence

§1,.,converges to a point & € $. That is, &, —— &1

Now, consider

O(T6u T6) < € (D0l 60, D61 Thx,). D6, TS,

Db (E1pny» TE1) +Di (&1, T51m2)>
25 ’

which implies that

O €1y TE) < <€ (D0l 6 D61y 1) D61, TED,
Db (1, TE1) + Du(1, §1m2+1))

2s

Using Lemma 3.1.3 and taking liminf on both sides, we get

mo—+00

%(gb(flaTgl) = %C (07 O>©b(§17T§1)?l)’
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:Db(gl)’]-gl) S C(O707©b(€177-£1)7 l) )

. Db (E1pny> TE1) + Du(815 €1y in)
[ =lim sup
n—>-4oo 25

< lim sOp(&, T&) +0

T mo—+00 2s

_®b<§17 7-51)

29}3(517 Tgl) SC(()? 07 ’*Db(é.l? Tgl)’ l)
< max{(), 0, @b(fl, T&), l} = @b(fl, 751),

which is contradictory. Therefore T& = &. Let T& = & for some & € $ and suppose
that & # &; then, consider

Dp(61,&2) = Du(T&1, TE2)

S é( (gb(gb 62)7 Qb(gla 7—51)7 ©b<§27 T§2>, Db

< EC (gb(gl, 52)7 O’ 07 M)

S % max (@b(gl, 52)’ 07 07 M)

5
D61, 62)

5

(€1, TE2) + Dy(&2, Té1,61) )
25

J

which is contradictory. Therefore, & = &. O

Remark 3.3.

Db (61, TE)+Du(TE1,62)
2s

Theorem 3.2.1 remains valid if we replace the term in (3.2) is replaced

D T E2)+0,(TEq,
by b (&1 EQ)W b(T€1,62)

, where p is defined as a R such that

.

2, ifs=1,

ps =143, ifl<s<2,

1, ifs> 2
\

where £/ is any R in the interval (2,1 + 1) .
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Corollary 3.2.2.
Let ($,9),) be a complete b-metric space with parameter s > 1, and let 7 : ) — $) be

a mapping that satisfies the following property: 3 a constant ¢ € [0, %) so that

Dp (61, TE) +Di(TE1,62) }

Dp(T¢1, Tée) < gmax {gb(fh £2), Dp(&1, T1), Du(&2, TE2), 95

(3.8)
for all &1,& € $. Thus, 7 has a unique fixed point.

Proof.
Consider a function ¢ € ¢4 defined as: ((91, 99, 03,9,) = gs max {1}, ¥2, ¥3,94}. Accord-
ing to Theorem 3.2.1, which implies that 7 has a unique fixed point. O]

Example 3.2.3.
Consider the set $ = {\/%T2 Smg € N} U{0}. Define a function Dy, :  x $ — [0,00) as
follows: Dy (&1,&) = |& — &]? for all £,& € $. This defines a b-metric D}, on § with

parameter § = 2.

Define a mapping 7 : $ — 9 as follows: for each n € N, set T ( F) and

1Ly 1
M2’ f2(mat1)]
define 7(0) = 0. Then, define

max {01,92,93,94} Y
— o A 1 > O,
<(1517l527lf37l'(4) o

% max {ts, ¥3,%,}, otherwise.,

Then, considering all &, & € $, (3.2) holds, thereby the conditions of theorem 3.2.1 are
fulfilled.

Moreover, we notice that if equation (3.8) holds for all elements 3, &, € ), then we observe

Du(T&,TE2) < gN(&,6),

V1,82 € 5, where
N (&1, &) = max <@b(517 §2), Db (&1, T1), Du(&, TE2), gb(&’nQ)Qt,@b(T&’&)) .

Consequently, we observe that

Y my,me € N,my # me.

@b< 1 1 ><qN< 1 1 )
V2(me+1) /2(mi +1) ) Vima) /(i)



-Contractive Mappings 32
¢ pping

that is
2
1 _ 1
V(ma+1)  /(mi+1)
< 2¢q for all mqy,mo € N, mq # ms.
N 1 1
<\/ (m2)” +/ (ml))
Taking  lim | leads to a contradiction, namely 2¢q > 1.

mi,mo—400

Remark 3.4.

(£1,T€2)+Dp(T&1,82) is
25

Considering remark 3.3, Corollary 3.2.2 is also valid, if the term =

D, (€1, T62)+Du(T€1,62
s

replaced by ), where p is defined as in remark 3.3.

Corollary 3.2.4.

Suppose (9, Dy, s > 1) is a Cbms, and T $ —— § is a mapping that satisfies the following

condition:

Dp(TE&1, TE2) < A1Db(61,62) + X501 (&1, Té) + A3Du(&2, TE2) + AL (Db (€1, TE2) + Du(TE1,&2)), (3.9)
for all &,& € 9, in which ] 4+ X5 4+ A5 + pusAj <+

and \f > 0V; ¢ ={1,2,3,4}. Then, the mapping 7 has a unique fixed point.

Proof.
Let ¢ € g4 be defined as (¥4, U2, U3, 04) = s(N U1+ NV A 034 A 0y).

Then, by Theorem 3.2.1 and remark 3.4, 7 has exactly one fixed point.

3.2.1 (-Contractive Mapping of Type-11

Next, we introduce a contractive mapping in the b-metric space.

Definition 3.5.
Consider a b-metric space (9, Dy,6 > 1). A mapping 7 : $ — $ is called (-contractive

if 4 a constant ( € 5 so that

(&1, T&)
25

04(T6, T&) < {Du(Er,6). D(61, T61). D6 T2), 2

W | =

Du(T6. &)},
(3.10)

for all &1,& € H.
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Theorem 3.2.5.
Consider a complete b-metric space ($),Dy,s > 1). If a mapping 7 : H — $ is (-
contractive of type-II, then 7 has a single fixed point.

Remark 3.6.
In addition, Theorem 3.2.5 holds true if %f&) in (3.10) is changed to W, where

remark 3.3 defines pu.

Corollary 3.2.6.
Let (9,Dp,5>1) be a Cbms and 7 : ) — $ act as a mapping that satisfies the

subsequently property: 4 a constant ¢ € [O, %) so that

Dp(TE&1, TE2) < gmax {gb(fla £),Dv (&1, T&1), D&, TE2), , D (T, 52)}7

(3.11)

gb(éb T£2)
s

for all £1,& € $. Consequently, T possesses a unique fixed point.

Proof.
Define ¢ € &5 as follows: ((V1,9s,73,04,05) = gs max(vq, Ja, I3, 04, 95). Consequently,

the mapping T possesses a unique fixed point. ]

Corollary 3.2.7.

Let T: $) —— $ be a mapping such that (£), ®y,, § > 1) is a complete b-metric space.
Db(T €1, TE) < ATDb(81,82) + A5D0(&1, TE1) + A3Db(€2, TE2) + AMiDu (€1, TE2) + A5Du(T 1, €2), (3.12)

V& €9, as well as AT+ A5+ Ay + pusAi+ A5 < fand Af > 0Vi={1,23,4,5}. If
T satisfies (3.12) then 7 has a single fp.

Proof.
Let C € €5 be defined as C(ﬁl,ﬁg,’&g,’lh,’l%) = 5(/\T’l91 + )\3’[92 + )\3’(93 + [L5>\2194 + /\E’l?g,)
Then, 7 has a single fixed point, as per Theorem 3.2.5. O]

3.3 Existence Results in b-metric-like Spaces

Theorem 3.3.1.

Consider a complete b-metric-like space (£, Dy,6 > 1). Let {51m2} be a sequence of
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mappings, subject to the condition that there exists a constant ¢ € g4 such that

Du(T61, 760 < (5 ¢{Dul61,6) Du. T6) Du(a. T6a),
Dui(§1, 7€) + Dui(T€r, §2) — Duil€2, &) })

o (3.13)

V&1, & € 9 with D41(&r, TE2) + DT, &2) — Dni(€e, &2). As such, there is only one fixed
point in the mapping 7.

Proof.

Suppose &, € H. Define a sequence {§1m2} in $ recursively by

§1m2 = T§1m2 -1

YV mgy > 1. Assuming that
61777,2 7é €1m2+1

for my € N otherwise, 7 has a fp, we aim to show that the sequence {£1m2} is Cauchy.

In order to prove this, let my € N and take into

Dol(E1my 15 TEmy) T Di(T €1y 15 E10my) = D01(E1my 15 Elmger) T D01(§10ny5 €1y )

2 le <§1m2 ? flmg )7

therefore, using (3.13), we have

1
KR TCSTY ST . EC{QM (Emy 1€y )s P01(E11y 158100, ) Db1(E1y s E1pnp 1)

Do1(E1my 15 E1myr1) T D011, 5 810,) — P11, 5 1,,)
2s }

(3.14)

Oo1(E1my 15 E1myt1) }

1
< EC{QM (E1pmy 19 €10y )s D01(E 11,15 €10y )s P01(E11, 5§10y 1) 5

Do1(E1my 15 E1myi1)

2s }
Ob1(€1my 15 E1my) + D01(E1,0y 5§11y 41) }
2 b)

1
= < max {le(ﬁlmrl NSTOR

1
< - max {%(61,”2,1 s €1y )

which implies that

1
Du1(E1pny s Elmyir) < g©b1(§1m2,1,§1m2) for all mgy > 1. (3.15)
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Case-I:
According to lemma 3.1.3 and equation (3.15), the sequence {¢;, } is Cauchy, whenever

s> 1.

Case-11:

When s = 1, equation (3.15) implies that the sequence {Dy,(&1,,,, &1 } decreases mono-

m2+1)

tonically and remains bounded below. As a result, the distance D, (§ Ly s Elimy ., ) converges

to a non-negative value 7. Assuming 7 is positive, and taking the lim iilf in equation
mo—r—+00

(3.14), we get

= limsup D11y 15 Elimgin < limsup Db1(E1my 151y ) + D01(E1my 5 E11nyin) _

mo—+00 2 mo—+00 2

At this point,

n<¢m,n,n,n) <max(n,n,nn)=mn,

which leads to a contradiction; thus,

lim ©b1(§1m2 ) £1m2+1) =0. (316)

meo——+00

Moreover,

le(glmz ) 517”2) S ©b1<€1m2 ; €1m2+1) + @bl (§1m2+1 ) glm2 )7

Using equation (3.16) and considering lim sup, we get
mo——+00

lim  Dy(&1,,,81.,) =0, (3.17)

mo——400

Assume that the sequence {§1m2} is not Cauchy, then 3 a positive real numbere such
that for every natural number r, there exists there exist integers m;, and ms, satisfying

my, > Mo, =T

©b1<€1mlT ; §1M2T) > €. (3.18)
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Moreover, suppose that my, > my_ is the least natural number such that equation (3.18)

is satisfied. Then,

€ <Oui(&1y + &1y )
Sgbl (glmlT ’ glmlr—l ) + le (glmlr_l ’ glm%ﬂ)
<Ou1(E1my, 61, ) HE

<Du(&,,&,_,) +e

thus, using (3.16) and taking liminf, we get

mo——+400

Lm Du(&r,,, &, ) = € (3.19)

Let us now assume that there are an infinite number of r such that
@bl <§1m17~ ) T€1m2r ) + le(Tglmlr ) §1m27« ) < ©b1(£1m2r Y €1m2r ) *

Using equation (3.17), and considering lim sup, we obtain
mo—+00

lim sup Dui(&1,,, 5 Ty, ) + Hmsup Du(T &, &1, ) < limsup Dui(&,,, &1, )

r—r+00 r—r+00 r—r+00

lim sup{@bl(ﬁlmr ) T&m%) + gbl(TflmlT ST )} =0,

r—>+00

im {Dui(&in, €1, )F = 1 {Du(&

my )
r—+00 r—+00 r+1

iy )} = 0.

e= lim Dy(&,,, &, ) < limsup{Dn (&, ;8. )+
r—+00 T r r r+1

r——+00

le (glm2r+l bl glm%, )} = O

Which is contradictory.

Consequently, there exists a natural number 7y such that for all integers r greater than

or equal to rg,
Oui(€1my, s Ty, ) + DT, 5 €1y, ) = Dty 5 €1y, ), Thus, for all > 1o, using
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(3.13),

@bl(ﬁlmlrJrl &1,

M2 41

) < C{gbl(glmlrvflmzr )79131(51,”1,‘7517"1#1 ), Dbl(&1,,, Sy )s
CUST(STIES s, )+ 59191(517,117.+1 €1y ) = D01(€1,, 5 €1, ) }

2

Now,

CUB(CSTRRIPYS T I ST (S TS ST o o le(flmlrJrl Sy )+ @bl(&mwl ST

+1

< Dui(ér,, flmlTﬂ) + 91[>1(§1,n27erl €1, )G {(le(fl,HT €1y )

COST(ST ISP ), Do1(€1,, SE )s
Oot(Ery, €ty )+ D011y €y ) = Doty 580, ) }

2

Consequently, applying lim inf to both sides and using equations (3.16) and (3.19), we
n—-+0oo
have: € < 0+ 0+ max(e, 0,0, €)

D01y, 1€ty )+ D010, &1y ) = D&, €1y )

¢ =limsup

r—>—400 2
CUBI(STRNIPYS PN I s U S (S TRPY SERRND o o U1 (S PP S TND I sk U S [CSTPY S PO Rllt
< limsup ot ot
7—>+4+00 2
e+ 04+0+e€ -
=—

Therefore, the following inequalities hold: € < ((¢,0,0,€) < max(e, 0,0, ¢ )=¢ leading to
a contradiction. As a result, the sequence {51,,% } is Cauchy in the space (9, Dy,s > 1)
with

im Dy, &1, ) =0

mi,ma—-+00

Since, (9, Dp1, s > 1) is a Cbmls, it follows that 3 an element &; € § such that 10y — &1,

Dui(61,&1) = i Oui(&i,, 1) = lim  Dy(&y,,, &, ) =0

mi,Mma—+00

Moreover, according to proposition 2.3.1, & is unique.
Assuming that T&; # i, let us consider

Ou(Té,,,,T&) < %C (D011, 1), D01(én,y T, ) Dui (61, T,

D11,y TE1) +D01(€1, TE1,,,, ) — Dui(én, 51))
25 ’
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Ob1(€1yi1:TE) <

W =

C(Du1(E1my561)s Du1(E1pny 1 E11my 0 ) D1 (€1, TE1),

DOo1(&1,y s TE1) + Du1(€1, 1,0, 44 )>
25 ’

Applying lim iJPf to both sides and utilizing Proposition 2.3.1, we obtain
mo——+00

%(le(&ﬂ'&) < %C (0,0, Dui(&1, T&1), 1) ,

that is

DOp1(&1, T€1) < ¢(0,0,Du1(81, TE1), 1),

where

. Db1(€1,, > TE1) + Du1(€1,E1,0,41)
[ = limsup
mo —>—400 25
D T Y ;
< limsup b1(£1,,, - T€1) © Timsup b1(615 &1,y 1)
n—s-+4oo 25 Mo —+00 25

< lim sOp1(1,T61) +0

T meo—>+o00 25

:le(&anl)
2 b

Thus,

le(éh T£1> §<(07 07 gbl(éb 7—£1>, l)
<max{0,0, Dy (&1, T61), I} = D&, T61),

which is a contradictory.
Therefore, T& = &;. Let T& = & for some & € §), then, by (3.13), Dy,1(&2, &2) = 0.

Now, suppose that & # &;; and consider

Dui(61,&2) = Dni(T61, TE2)
C (@bl(517 62), @b1<§1’ 7_£1>7 @bl(g% 7,52)’ gbl(gl, sz) + @bl(f;, Tgl) - gbl(gl, gl)) ’

Dpi(&1, TE) + Dni(€e, TE) )
25 ’

<

1
_ §< (le(&,&z),@m(&,T&),@m(gz,m),
1 D&, 52))

5

< ;C (le(fl,fz)aoa(),
< %max (©b1(§17§2)a0707 M) )

S
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_ @bl<€17 52)

5 )
which is a contradiction. Therefore, & = &. ]

Example 3.3.2.
Let $ = [0,400) . Define Dy, :  x H — [0, +00) by

D (&1, 6) = (&1 + &)’

for all &, & € 9. Consequently, Dy, defines a b-metric-like structure on $ with param-
eter s = 2, , but it does not constitute a b-metric on ).

Let us define a mapping 7 : § — $ by setting T (&) = %

Furthermore, we define
1
C (1917 1927 7937 194) - 5 max {/1917 1927 1937 194} .
For all elements &;,& € H, we have

le(glu T§2) + le(T§17§2) > ®b1(§2,§2>,

equation (3.13) in Theorem 3.3.1 holds true and the fixed point of 7 is unique and
equals 0.

Theorem 3.3.3.

Consider the following system of linear equations
2A¢ = b, (3.20)

in which the matrix 2l is a column vector of constants, denoted by 2 = [b;] and the

IxXmo

column matrix &; is composed of n unknown variables, denoted by & = [&1, ], -

For every &1 = [€1, ], a0d §o = [§2,];,.,, and for values of i from 1 to my,

n

[+ 1) (€, — &)+ Y a2y (6, —&,)| (1 + f{éﬁ\fln - §2n|) <6 — &l (3.21)

j=1,j#1

Therefore, a unique solution exists for the system.
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Proof.
Let $ = {[&,]1xm, | &1, 18 real for all values of i = from 1 to mg, with ms fixed} and

Dy 2 H X H — [0,400) is defined to be

Dy, (51; 62) = II;]Z?%IX |£12 - 521‘

for every & = [€1,]1um, > §2 = [€2:)1xm, € - S0, obviously (£, Dy,) is a Cbms with constant

s = 1. Let’s build a square matrix € of size my X my now, with € = [c;;], through

aij—i—l, ifi:j,al-j,

if i £ j.

Cij =

Consequently, equation (3.20) simplifies to

& =¢& —0b. (3.22)
Equation (3.21) simplifies to
m2
| Z cjj (&, — &) | (1 + nTaflx €1, — §2n|) < |&,—&,| for all values of ¢ from 1 to ma.
=
j=1

(3.23)

Next, define a mapping 7 from §) into itself, given by

TE& =€ — b, where & € 9.

Consider two matrices &1 = [£1,]1,,m, » §2 = [§2:]1xm, - AsSume that applying the mapping
Tto & yields T =u = [u;],,,,,,and applying Tto & yields T = h = [hj]

Ixm Ixmao"
Consequently,
m2
W = E cijé1; — b; for all values of 7 from 1 to ma.
Jj=1
Moreover,
ma

h; = Z Cijlo; — i for all values of ¢ from 1 to ms.
j=1
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Introduce
max {91,92,93,94} 9
——rbeams il 1> 0,
<,-<191a19271937194) - e
% max {ts,J3,94}, otherwise.,

Next, utilizing (3.23),
Dy (T€1,TE) = rflieflx lu; — Ryl
= midx| ;Czj (&, — &) |

< HT&2X |€11 _ 521|

= 1+I§§1X|51n — &,

<¢ (zvb(sl,fz),@b(fl,Tm,@b(@,fr&), Dol T8) & i’b(m’f”) |

2s

Thus, the mapping 7 has a unique fixed point, implying that system (3.20) has a unique

solution. ]



Chapter 4

(ar, B)-F(-Contraction Mapping and
Fixed Points

Jain and Kaur [33] developed a new class of functions, thereby defining a new contractive
mapping in the framework of b-metric space. In this chapter we extended their ideas by
involving («, )-admissible mapping and using the idea of F-contraction introduced by

Wardowski [49]. For this purpose the following section provides some basic definition.

4.1 Basic Definitions

Definition 4.1. a-admissible mapping
Let T :9 — $Hand a:H xH — R,, wesay that T is an a-admissible mapping if
a(&,8&) > 1 implies «(T&,TE) > 1 for &,& € H.[50]

Example 4.1.1. a-admissible mapping

Let § =R. Define 7 :H — Hand a: H x H — [0,00) by

| , if 0
7_(51): n|£1] if & #

3, otherwise

42
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3, if& >
a1, 6) = if & > &

0, otherwise

One can easily verify that T is a-admissible .

Definition 4.2. («, 5)-admissible mapping

Let (£, ®p, s > 1) be a b-metric space and («, ) :  x $ —— (0, 00), be two functions
then 7 $) x $ is called («, §)-admissible if

(&1, §2) > 1== a(T&, TS) > 1and B(&y, &) > 1 == B(T&1, Té) > 1

for all &, & € $.[51]

Definition 4.3. F-mappings
Let M denote the family of all function F': R™ — R satisfying the following properties
(Fy) It is strictly increasing.

(F») For each sequence {y,,, } of positive numbers, we have,

lim 51
mo—r00

=0« lim F(§,,,) = —00.[49]
mo—r00

mo

Example 4.1.2.

The following mappings from R™ — R are the examples of F- mapping:

(i) : F(&) = —%; where & > 0.
(i) : F(&) =1n(&)  where & > 0.
(i) : F(&) =In(& + &)  where & > 0.

Definition 4.4. F-Contraction Mapping
Let F' € F and let T be a mapping from a metric space (), D) in to itself. If there is a
positive number 7 such that V &1, & € $ for which

D(T&,TE) >0,= 7+ F(D(T&,TE)) < FD(61,8), (4.1)

holds, then the mapping 7 is called an F-contraction. [49]
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Remark 4.5.
Obviously, by choosing F(&;) = In(&;) and 7 = ln(%), n € [0, 1] the conditions of (4.1)

becomes the Banach contraction.

Example 4.1.3.

mo 1
Let $ = {1, : ma € N} where &, = Zn = §m2(m2 +1) equipped with usual metric,
n=1

D(&1,8) =& — & VE&,& € H. Then ($,9) is complete metric space.
Let 7 : 9 — 9 be defined as

Elmy for mo =1,
Té,, =

&,,._, for otherwise.
2

Obviously T is F-contraction for 7 = 1 and F(§) = & + In& but it is not Banach

contraction.

Definition 4.6. («, 3)-F(-Contraction
Let (9,9y,s > 1) be a b-metric space. An («, )-admissible mapping 7 is called («a, f)-
F(-contraction, if Dy, (T&1,T&) >0

4 Flal6n @56, 0PTE.Ta) < F (5¢{Du(6 ). D0(6, T, Du(ee, )

@b(gl,’r&);@b(&ff&) }) (42

for all 51,52 €9N.

Theorem 4.1.4.
Let (£, ®y, s > 1) be a b-metric space.

Suppose that 7: $ — $ is called («, §)-F (-contraction mapping with the following

property

(i) 3 &, € 9 so that a(&y,, TE,) > 1 and (&, Té,) > 1

(ii) If there exist a sequence {¢,,, } € 9 such that &;,, — & then « (§1m2 , §1) > 1 and
B (&1,,,61) > 1.

Therefore, the mapping 7 admits a fixed point.
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Proof.
Suppose &, € . Define a sequence {§1m2} in $ recursively by

Sty = T€10ny o

V n > 1. Assuming that
£1m2 # £1m2+1

for my € N otherwise, 7 has a fp, we aim to show that the sequence {§1m2} is Cauchy.

In order to prove this, let my € N and take into

T+ F (Du(&1,yrE1pmyin) ST+ F (€1, 160, )BE 10 €1,,,)D0(E0,, > €1y in)
<F (i( (D0(E1my 19 €1y )y D€y 15 €10y )y D€Ly ELpmg 1)

Qb(glm?_l ) £1m2+1)
i)

<F (iC (N (SIS S M (SHIP SR X

5©b(£1m2_1 5 flmz) + Qb(flmg ) 51mg+1)
25

=F <i max (gb(glmQ_uglmz)a @b(§1m2 5 §1m2+1)7

Qb(glnlz—l ) glmz ) + :Db(flmz ) €1m,2+1 ) )>
2

<7 (106,600}

Hence

T+ F(Db(§1m2 ) §1m2+1) <F <§{©b(§1m217€1m2)}>
= F (Ou(61ss610)) < F (D0l 600} ) -7

1
= POy 1)) < F (3 100(610,000600,))
Since, F is increasing function.

1
Db(E1my s E1imyi1) < (g@b(flmg_pflmz)) Vmy > 1.
Now, consider the following two cases,

Case-I:
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According to lemma 3.1.3 and equation (4.4), the sequence {517”2} is Cauchy, whenever
s> 1.
Case-1I:

When s = 1, equation (4.4) implies that the sequence {Dy(,,,, &1 } decreases mono-

m2+1)

tonically and remains bounded below. As a result, the distance Dy (&4, ,§1,,,,,) converges
to a non-negative value 7. Assuming 7 is positive, and taking the lim iilf in equation (4.3),
mo—r—+00

we get
n < <¢m,n,nn),
in which

K3 15 Slmg+1 53 m_1,m+© s &1
n' = limsup b<£1m2_ Sy ) < limsup b( s 2) b(&1 22 Sy 1 ) =1

n—> —+00 2 mo—>+00 2

At this point,

n<<¢m,n,n,n") <max(n,n,nn)=mn,

which leads to a contradiction; thus,

hm ©b<€1m2 s 61m2+1) = O (44)

n—>—+00

Assume that the sequence {§1m2} does not converge to a finite limit, i.e., it is not a
Cauchy sequence, then 3 a positive real number € such that for every natural number r,

there exists integers mq, and ms, satisfying my, > mq. > r

O (Eimy, 1€y ) Z € (4.5)

Moreover, suppose that m;, > msy_ is the least natural number such that equation (4.5)

is satisfied.

Then,

€ <Db(Etmy, + &ty )
<D0 (1, 181y ) T D1, €1y )
Sgb(glmlr 5 §1m1T71 ) +€

<©b(£17»7 glr—l) + €,
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thus, using (4.4) and taking lir+n , we get
n—-—+0oo

rgriloo@b@lm“ i, ) =€ (4.6)
Now, consider

A PO, ) STHF (0l €1y JB(Er, €y
D€y, o€y ))

< F (CO0Ety, &1y, )D€y 5 €y ),
CUN ST ST B o (ST S
@b(ﬁlmzr 5 §1m2T+1 ), r+ 5 r+ ,
) <F (CO0(€1, €1y )D€y 1y, )i D (E1y 60
(Db(flmlr ST )+ gb(&’”lrﬂ ST ))

T+F(©b(§1 361 )a

My ™24 M2

2

PO (€, €y ) S F (CD0(Ey 5 €0y )P0y 61y, ) P06y &1,y

<@b(§1mlr »&lms )+ C‘Db(&mlr+1 ST ) >
2 -n

M1, ™2, n2, g

FDu (€t €ty ) SF (03X D060+ €1y )D€y &ty ) D0Ey €1y )

(Qb(&,HT ; flmzrﬂ ) + gb(fl'"er ST >>
5 :

r1 M2r 41

F is increasing function.

Doy o€y, ) S (08X D061y 1y ) D€y €y )D€y €y g €y )
<@b(€1m17, ST I (S A S P S PR LS R ))
)

2

gt U1 (S PRSI I (SPEE S D B e UM (S PRI S PRI B U (S PRRT SEDE

+1

S (S PR PP B b 2oL (S PR S P B ) (SIS ),

M2r4y

<O, &1, ) D6, &, )+ ((max Dy (&, 5., )
1, Loy 2,4, 2, 1, 2,

Dp (&1, s, )+ Qb(flmlr_H &1, ) ))
5 .

@b(&mlra&mlrﬂ ),Qb(&mzr,&,@#l ) (
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Therefore, Applying lim Jinf to both sides and applying equations (4.4) and (4.6) yields
n—-+0o0
e <0+0+4((60,0,€)

(ST Sy )+ Qb(flmlr+1 &1y )

¢ =limsup

7—>400 2
N (SRS P I i U N (ST S PR I o U (STRNERY ST I o U (ST ST
<lim sup rt s
r—> 400 2
_e+0+0+e€
= =

Thus, we have ¢ < ((¢,0,0,¢') < max(e, 0,0, € )=e which results in a contradictory.
Hence, the sequence {§1m2} is Cauchy in the space (£),Dy,s5 > 1).
Since, ($),Dy,s > 1) is a Cbms, 3 a limit § € § such that the sequence §1,,, CONVerges

to &. Now, let us consider

T+ F (i)b(Té-lmz ) Tgl)) S T+ F (a(flm2 ’ 51)5(617”2 ’ gl)gb(Tglmz ’ Tél))
<F (ic{@b(sw,§1>,®b(£lmz7T €1,0,): Du(€1, TE1),

Db (E1ys TE1) +Du(61, TE1,,)
25 }> ’

F (Dy(T¢,,, TG)) <F (i({@b(fhw751)>®b(§1m27T§1,,L2)a5‘3b(§1,7—51)7
Db (&1,,,, T61) +Du(&1,TE1,,) }) -

2s
F(Du(T¢,,, T&)) < F (iC{Qb(&M,&),@b(flmz,T§1m2)7®b(51,7-§1)7

Du(&1,,,, TE1) +Du(&1,TE1,,,)
2s }> ’

F is increasing function.

Ou(Té1,,,,TE1) < (iC{@b(&M 1€1),D0(&1,,,, T€1,,, ) Du(€1, T61),

Db (&1,,,, T61) +Du(61,TE1,,,)
2s }>

Which implies that

Qb(é.lszA ’ Tfl) < (iC{:Db(glnu ; 51)7 gb(flmz y £1m2+1 )’ :Db(gh Tfl),
9b(€1m2 ) Tgl) + Qb(fl, glr,n2+1) })

25

Using lemma 3.1.2 and applying liminf to both sides, we get

mo—+00

i(@b(gl,T&) < %g{o, o,sb(&,T&),l},
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that is

Du(61, T61) < ¢{0,0.D0(60, T61), 1,

where

: Db(Ey s TE1) +Du(&1,E1,y41)
[ = lim sup

mg——400 25

33b(glm2 ) T§1> . @b(fl, 51m2+1)
——— + limsup ———

mo—>+00 25

< lim sup

mo—>—+00 25

< lim 5©b(§1,Tf1) +0

 mo—r+o0 25

D61, TE)
S E—
Thus,

Du(&1, T61) <C(0,0,D4(81,T61),1)

<max{0,0,Dy(&, T&), I} = Du(&1, Té),
which is contradiction.

Dp(&1,T&) =0.

Therefore T& = &.

Example 4.1.5.

Let $ = {55 € N} U{0}. Define Dy, :  x $§ — R by
Dy (&1, &) = |6 — &f* forall &,6 € 9.

Then, the metric space (9,9),) has a b-metric structure , where the metric ©;, has a
scale parameter s of 2.

Define 7: $ —— $ by
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T (375) = 577t Vme € Nand T(0) =0, F(&) = In(&). Define
(
1 &,6 € {zm :me €N}
a(&1,62) = 2
\O otherwise
1 &,& € {555 1 mg €N}
B&1,6) = i
0 otherwise
Choose
1 1
51 - 2m27€2 - 2m1
then, Consider,
2
1 1 1 1 1 1 1 1] 1 1
" <©b (2m+2m+)> - <2©b (zmzm» =M\t ~ g1 | 3 5w

2

1 1 1 1 1 1
u{o (g ) 0 (5 (030) ) <2
1 1 1 1 1 1
3 +1n (@b (—2m2+1, —2m1+1)) <In <§©b <2m2, 2m1)) .

= 7+ F(a(§1,82)8(61,€2)D0(T 61, TE2)) < F (iC{Qb(§1,€2)7®b(§1,751)7331[)(527752),

Db (€1, T€2) + (&2, T61) })
2 ’

where 7 = 3, F(&) = In(&), &,& € 9H = {5 1 m2 € N} a(&1,&) = 1,861, &) = 1.
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Hence contraction is satisfied.

= T has a fp.

4.2 Results on b-Metric Like Spaces

Definition 4.7.
Let ($,Dp,s > 1) is bmls along with 7 : $ x § — [0,00) be an (o, 5)-admissible
mapping. T is called («, 5)-¢ F-Contraction, if it satisfies the following condition

©b1 (T&, ng) >0

7+ F(a(&, §2)B8(&1, &2)0u(Té, Té)) < F (%Q{le(&a £2), Dni(&1, TE1), Dui(§2, TE2),

Oni(€1, TE2) +Dui(TEé, &) — Dni(ée,&2) })
25 ’

(4.7)

for all &1,& € 9.

Theorem 4.2.1.
Let (£, Dp1,5 > 1) be a Cb-mls and T : $ — $ be («a, §)-F,(-contraction mappings with

the following properties:

(i) 3 &, € $ so that a(&1,, TE1,) > 1 and (&, TEr,) > 1

(ii) if there exist a sequence {1,,} € $ so that &, — & the a (£1m2,§1) > 1 and
ﬁ (€1m27§1) > 1

(ili) Dbl(&, TE) + DT, &) = Duni(&e &2)

Therefore,

The mapping 7 admits a fixed point.

Proof.
Suppose &, € . Define a sequence {£1m2} in $ recursively by

§1m2 = T§1m2 -1
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YV mgy > 1. Assuming that
51777,2 7é 51m2+1

for my € N otherwise, 7 has a fp, we aim to show that the sequence {£1m2} is Cauchy.

In order to prove this, let my € N and take into

Du1(E1my 15 TEmy) T DTy 15 E10my) = D01(E1my 15 Elmyi1) T D11(§11my 5 €1y )

Z le (517n2 Y glmz )7
therefore, using (4.7), we have

T+ PW(:Dbl(glm2 ) £1m2+1 )) ST+ F(a(flngf1 ) 617”2 )6(517,%71 ) §1m2 )le (517”2 ) 51m2+1 ))

<F (iC (D01(€1y 15 €1y ) D01(Ey 15 €10y )y D611y 5§y ia)s

®b1(£1m2_1 ; £1m2+1) + ©b1(€1m2 ; £1m2 ) - ©b1(51m2 ; £1m2 ) ) )
2s

<F (ic (P01, 15 €1, ) P11y E1):

5i>b1(£17,12_1 ) €1m2+1 ) + ®b1(§17n2 ) flmz ) > >
2s ’

<F (ic (D01(E1my 15 €1 )s D01(Eny s Sty ),

D11y 15 E1myr1) T D01(1,,581,,) ))
2 )

T+ F(Du1(81,, 0 E1my10)) S T4 F (€1, 15 €10, )B(Eny 15 €1 ) D018, €1y 10))
( Du1(€1y15€1,,) }>,

T4+ F(O01(&1,, 0 €1myi1) (S{le Loy 19&1m,) }>,

F(®@01(&1,y5E10my11)) < F (i{gbl 11561, }>

( )

1
F®u(1,,,,81,,4,)) < F 5{le a1 &)} | s

F' is increasing function.

1
©b1(§1m27€1m2+1) < g©b1(€1m2717€1m2) for all my > 1.

Case-I:

When s > 1, lemma 3.1.3 and equation (4.9), imply that {§1m2 } is a sequence that Cauchy
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in (9, ®y,5 > 1), having the property that

llm le (€1m2 9 gl'ml ) = 0

mi,ma—-+00
Case-11:

When s = 1 equation (4.9) implies that the sequence {Dyi(£1,,,,1,,,,,)} is monotonically

decreasing. Considering lim iilf in (4.8), we get
mo——+00

n<C(m,m,n.1),

where

@ 17 m 1 @ mo—179 m +@ e ) m 1

mo—>—+00 2 mo—+00 2

At this point,

n < {(n,n,n,n") <max(n,n,mnmn)=n,

this is a contradictory statement.

Consequently,

lim le(glmz s §1m2+1) = 0. (410)

n—>-+oo

Furthermore,

Db1(E1my s E1imy) < O01(E1my s Sty 1) T D011y i15 €y )

considering lim sup, and applying equation (4.10) we get
mo——+00

lim  Dy(&1,,,81.,) =0, (4.11)

mo—>+00

Suppose that

lim @bl(flmQaflml) #0

mi,ma—=400
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then there exists a positive real number e such that for every natural number r, there

exists there exist integers m, and my, satisfying my, > mgo, > 1

@bl@lmlr ) flm%) 2 €. (4.12)

Moreover, suppose that m;, > mo, is the least natural number so that the equation (4.12)

is satisfied.

Then,

€ < Dui(&iy + &y, )
< Doty iy, )+ D0y E1y,)

< Dui(&tm,, - flmlr_l) te

< D&, &, ,) Te

Hence, applying equation (4.10) and taking liIJP , we obtain
r—>+00

lim Du(&,, &, ) =€ (4.13)

r—>+00

Assume that there exists an infinite sequence of r values such that

Oo1(€1my, s Ty, )+ Pol(T &1y &1y, ) < Pbi(E1ny, €1y, )-

Considering lim sup, and using (4.11), we obtain
r—-+00

lim sup Du1(&1,, 5 T, ) +1msup Du(T &, &1, ) < limsup D&y, &, )-

r—r+00 r—>+00 r—+00

lim sup{Dui(&1,n, » Ty )+ D0t(T1, &1y ) =0,

r—>—+00

which means that

riﬁlw{@bl(élmlr ) flm%“ )} = rﬂgrloo{@bl(glmlm 7§1m2r )} =0.
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Now,

e= lm Du(&,, &, ) < Emsup{®u(&,, &, )+ O, | &y )F =0,

r—+00

This is a contradictory statement.
Hence, we can conclude that there exists a natural number rysuch that for all > r,

O01(&iny s Ty ) + DTy 3 &1y ) 2 D0i(€iny €1y ) Thus, for all 7 > 7o, using
@),

THE®@ur,, &, ) ST+, o, )8, &, )D&, G )

<F (g{gbl(glmlr ) glmzr )7 Ebl(glmlr ) §1m1T+1 )’ ©b1(£1m27, ) flm’2r+1 )7
(Dbl(glmlr ST )+ @bl(flm,lrJrl €1y ) = D181,y 561, ) }))

1 ™2,

2

) < F ({001, €y ) P0iEty, €y ) D01 Ey €1y )

NI (STS Slms, )+ 331)1(§1mlr+1 &1y ) = O01(€1y €1y ) })
2 b)

T+ F®Ou(&,., &

M2r 41

F(®u(& &1 ) < F ({C(le(flmlr7§1m27,),@b1(§1mlr7§1mlr+1 )s Db1(Ery €1, )
@bl(glmlr , f1m,2T+1 )+ @bl(glmlr_H ,flmzr) - le(&mzr 181y, ) })
—

2

Mg M2 41

) < PLC(Duil€rn, €y )P0ty €ty ) D01 Ey €1y )
CN(STS s, )+ le(flmlr+1 &1y ) = D01(81,y 810, ) })

F®u(&,, &

1 241

2

F' is increasing function.

) < {max (’Dbl(&mlﬁfl,n% ),@bl(flmlraflmlr+1 ),591)1(517,1%aflmzﬂrl ),
N(STS SE )+ 5’3191(f1mlr+1 €1y )~ D01(61,y €1, ) })

Dpi(&1 &1

Ml 241

2

N I(S PSS P U KL (ST SEND B s U S CSTNE S PP I e 2 S PRT ST 2

< Oui(&ry, &ty ) T D01, 5, ) L0, &, ) P01, €0, )
D01y, &ty )+ D010, &1y ) = D01y €y ) }

NI (STRIS] ’ 5

™24
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Hence, applying lim Jinf to each side and applying equations (4.10) and (4.13), we obtain
rT—>+00
€ <0+ 0+ max(e0,0,€)

KUBICSTRNIPYS FRRD B o ST (S TS ST I U [CSENIPT ST
¢ =limsup s s

r—>+400 2
CUBICSTRNIPYS PN B U ST(S TRY SERRND o o ST (S PR STRND I o U N (ST S PO Eallt
<limsup et it
r— 400 2
_e+0+0+¢€
=

Thus, € < ((¢,0,0,€) < max(e, 0,0, ¢')=e which is conflicting. Thus {flmz} is a Cauchy

sequence in (£, Dy, 5 > 1) with

lim — Dy(&,,, &, ) =0

mi,ma—+00

Now, (£, Dy1,5 > 1) is a Completebmls. Consequently, 3§; € $ so that &, — &,

D11, &) = mzlgrliw Du1(€1,ny5&1) = T}}gﬂogbl(ﬁlmyflml) = 0. (4.14)

mi,

Additionally, based on proposition 2.3.1, &; is unique.

Consider that T&; # &;. At this point, take into consideration

T+ F(®u(T¢,,, T6)) <7+ F (alé,,,&)BE,, , &)Du(TE,,, Té))

S F (ic{gbl(glmz ) €1>7 :Dbl(fl'rrm ’ Tgl’"% )’ @b] (61’ T€1>7

Du1(&1,,,, TE1) +Du1(€1, TE1,,,) — Dui(€1, 1) })
25 ’

F(©b1(€1m2+177—£1)) <F (iC{Dbl(glmQ’51)7Dbl(glm,z’glm,2+1)7©bl(€177-§1)’

®b1(€1m2 ) Tfl) + ©b1(£17 £1m2+1)
25 }> -

F®u(€1,,,.,:T61) < F (iC{f‘Dbl(Elmz,51)7le(fl,m751,,”2“)75‘3131(51,7—51),
D11, > TE1) + Doi1(€1581,0,41) })

25

F is increasing function.

Ou(Té,,,T&)) < (iC{@bl(flm 1 €1), D011, T€1,,, ) Dui(61, T61),

D11,y TE1) + D01(€1,TE1,,,)
25 }) ’
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Which implies that
1
D061, TE) < (3 D061, 61 €0 D661, D60, TE0)
DOb1(§1,y s TE1) + D161, 61,0, 41) }
25 ’
Considering lim iilf on both sides and applying Proposition 2.3.1, we obtain
mo—r—+00
(@6, T6) < 2¢{0.0.0u(6, T6). 1}
5 bI\S1, 1) = 5 y Uy ~/bI\S 1) 1) 9
that is
Dui(&1, T&) < C{O,(),@bl(&ﬂ-fl), 1}7
where
. Du1(€1,0,, T€1) +D01(&1, 61,0, 41)
[ = limsup
mo —>+00 25
. Do1(§1,, 5 TE1) . Dp1(61,81,,40)
< e TG iy S
< lm sD1 (€1, 761) +0
mg—>+o00 25
D&, TE)
==
Thus,
Dui(&1, TE1) <C(0,0,D41(&1, TE1), 1)
< maX{O7 07 ,}Dbl(gh Tgl)a l} = @bl(fh 7—61)7
which is a contradiction. Therefore, T¢& = &;. O



Chapter 5

Conclusion

We summarize our research in the following manners:

(iii)

A brief historical review provides a foundation for a compact exploration of fixed

point theory.

The concept of contractions is illuminated through the detailed analysis of particular

mapping instances.

Particular attention is devoted to F-contraction mappings, accompanied by illus-

trative examples.

A dedicated section explores various crucial concepts pertinent to metric fixed point

theory.

The work of Jain et al. [1] is subjected to a thorough and exhaustive review. For
this task two types of contractive mapping are established. Existence of fixed point

on platform b-metric and b-metric-like spaces are discussed.

For establishing the existence of fixed point following steps are adopted.
Construction of an iterative sequence.

Proof of Cauchyness of this sequence.

Existence of fixed point.

58
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e Through the incorporation of the admissibility notion into F'-contractions and the
utilization of the (-function’s features, we create a new and expanded rational con-

traction known as the (a, §)-F(- contraction.

e This study thoroughly constructs this new contraction and uses illustrative exam-

ples to show its validity and application.

e Several well-established findings from the body of current literature are greatly

expanded and generalized by the fixed-point results acquired in this work.

e A non-trivial illustrative example is offered to demonstrate the validity of the es-

tablished theorem.

e Several corollaries are presented, showing that our main result generalizes a wide

range of existing fixed point results, which can be seen as special cases.

e The theorems presented in this work generalize the results of Jain et al. [33], which

can be viewed as a special case of the more general results presented here.
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