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Abstract

This thesis investigates acoustic scattering in flexible cylindrical membrane shells,
with a particular focus on non-axisymmetric transverse motion. The system con-
sists of two flexible cylindrical shells, with one shell connected to a membrane
disc, and both shells are placed in a surrounding fluid. The aim of this study
is to explore the dynamic interaction between the flexible shells, membrane disc,
and the surrounding fluid, specifically under non-axisymmetric excitation in trans-
verse modes. The governing equations are developed based on the wave equation,
Donnell-Mushtari theory for cylindrical shells, and the membrane equation, con-
sidering both dimensional and non-dimensional formulations. The membrane is
modeled with a spring-like edge condition, representing a restoring force at its
boundary, which plays a key role in the system’s behavior. The research em-
ploys a mode-matching (MM) technique to analyze non-axisymmetric modes in
transverse motion, focusing on both symmetric and anti-symmetric modes. This
method is used to derive solutions for the displacement fields in the flexible shell
and membrane system, accounting for the interaction with the surrounding fluid,
represented by three velocity potential fluids. The edge conditions and boundary
conditions are also considered in this framework. The findings provide important
insights into the acoustic scattering phenomena within flexible shell systems, high-
lighting the role of non-axisymmetric transverse modes in wave propagation and
fluid-structure interaction. The results are particularly valuable for understanding
the dynamic behavior of flexible membranes and shells in applications related to
acoustic scattering, vibration analysis, and fluid-structure interaction in various

engineering domains.
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Chapter 1

Introduction

In modern engineering, minimizing noise pollution is a critical objective due to
its harmful effects on both humans and animals. Noise pollution is particularly
significant in systems such as vehicle exhausts and HVAC (heating, ventilation,
and air conditioning) systems, where unwanted sound and vibrations can cause
discomfort and reduce efficiency.Vehicle exhaust systems are a major source of
outdoor noise, driving research into innovative designs that reduce sound trans-
mission and vibration. One common approach involves the use of silencers, which
contain small perforations that redirect exhaust gases into a chamber. This design
dissipates energy, reduces vibrations, and blocks noise before it exits the system,

significantly lowering the environmental impact of vehicle noise.

Similarly, HVAC systems, which are essential for maintaining indoor air quality
and comfort, also face noise-related challenges. These systems rely on ducts or
waveguides to transport air for heating, cooling, and ventilation. However, noise
generated by fans or external sources can propagate through the ducts, disrupting
the indoor environment. While HVAC ducts are often rectangular, circular or
cylindrical ducts are also widely used in specialized applications. The geometry of
these ducts plays a crucial role in sound and vibration propagation. Changes in the
size, shape, or material of these ducts can alter sound transmission characteristics,
for instance [1-9]. By focusing on cylindrical structures, this research aims to

provide deeper insights into how sound waves interact with such geometries, aiding
1



Introduction 2

in the development of effective noise control measures for practical engineering

applications.

Circular ducts, a fundamental form of waveguide, can be either rigid or flexible. A
rigid circular duct does not absorb sound, and its walls remain fixed under acoustic
excitation. In contrast, a flexible circular duct, often modeled as a flexible shell,
deforms under pressure, leading to more complex acoustic interactions. Flexible
shells are often combined with membrane discs at junctions of ducts or waveguides,
where the flexible, vibrating membrane significantly influences sound propagation

and energy dissipation [10-14].

A flexible shell, typically a thin, curved structure, is widely used in acoustic ap-
plications due to its ability to resonate and interact with sound waves. The dis-
placement of the shell under acoustic loading plays a crucial role in fluid-structure
interactions, affecting the system’s acoustic behavior. Similarly, the membrane
disc is a thin, circular structure that deforms in response to pressure or vibra-
tions. When coupled with a flexible shell, it alters the flow of acoustic energy by
affecting how sound waves are reflected, transmitted, or dissipated at junctions
between different duct or waveguide sections. The interaction between the flexible
shell and membrane disc is therefore a key factor in controlling acoustic scattering

and wave behavior in cylindrical systems.

1.1 Literature Review

This thesis focuses on the interaction between a flexible shell and a membrane
disc at the junction of cylindrical ducts. This system is analyzed using the Mode-
Matching (MM) method, which facilitates the study of acoustic scattering and
wave propagation. The MM method ensures the consistency of normal velocity
and pressure at the junction of the flexible shell and membrane disc, allowing for
accurate predictions of radiated energy. By understanding the acoustic behavior of
such configurations, this research contributes to the broader goal of noise reduction
in engineering systems, including vehicle exhausts and HVAC ducts. Cylindrical

ducts, with their distinct wave propagation characteristics, provide an ideal model
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for studying how structural flexibility and membrane interactions influence sound
transmission. The study of sound propagation in cylindrical ducts has been an
area of interest for many researchers. One of the earliest contributions was made
by Miles [15], who investigated acoustic scattering in an infinite, rigid, cylindrical
duct. His research focused on the propagation of plane waves and examined the
effects of evanescent modes generated by an abrupt change in radius. By solving
the boundary value problem for an analogous electrical system, Miles derived fun-
damental governing equations for acoustic propagation near a discontinuity and
developed a systematic method to determine the reflected and transmitted coef-
ficients. Shenderov [16] advanced the study of wave propagation by solving the
Helmholtz equation for waveguides with impedance walls. His research explored
the impact of eigenfunctions and characteristic roots on wave behavior, offering
deeper insights into sound transmission in ducts with complex boundary condi-

tions.

Further developments were made by Cummings [17], who examined sound propa-
gation in cylindrical ducts with sudden expansions. His research analyzed different
velocity profiles to predict sound reflection and provided insights into wave inter-
actions at expansion junctions. Similarly, Homentcovschi and Miles [18] studied
wave scattering at points where rigid cylindrical ducts changed size, focusing on

the impact of expansion chambers on sound transmission and reflection.

Lawrie and Abrahams [19] studied the effects of size variations and gaps on sound
propagation in cylindrical ducts. Lawrie [20] further examined the influence of
flexible shells bonded to cylindrical structures on their acoustic and structural re-
sponse. They applied MM technique with generalized orthogonality relations to
solve their problem. Their adopted technique has been followed to many authors
to solve structural discontinuitiesinvolving problems [21-30] bifurcated problems
and trifuracted waveguide problems [31-33]. Leissa [34] compared various theo-
retical approaches for modeling vibrations in cylindrical shells and analyzed their
effects on sound propagation. Munjal and Prasad [35] conducted a transfer matrix

analysis to study sound propagation in rigid cylindrical ducts with hot mean flow,



Introduction 4

modeling the effects of temperature variations and flow velocity on wave trans-
mission and reflection. Their findings improved the understanding of acoustic
behavior in high-temperature environments like exhaust systems and aeroengine

ducts.

Munjal [36] analyzed acoustic wave behavior in ducts and cylindrical shells, offer-
ing critical insights into wave propagation and noise reduction in silencers. His
work, which involves flexible cylindrical shells, is relevant for understanding how
membrane discs and flexible shells influence sound attenuation. This research
builds upon Munjal’s foundational contributions to modeling sound transmission

and scattering in flexible waveguides.

Peat [37-39] refined theoretical models for higher-order modes, enhancing the un-

derstanding of acoustic wave behavior in cylindrical ducts and silencers.

In the early 21st century, research increasingly focused on fluid-structure inter-
actions. Pullen [40] advanced modal analysis in cylindrical shells, providing key
insights into acoustic scattering and laying the foundation for the fluid-structure
interaction modeling in this thesis. Shafique et al. [3] conducted a mode-matching
analysis of fluid-structure coupled wave scattering between two flexible waveguides.
Their study provided valuable insights into wave transmission and reflection in
elastic waveguides, contributing to the understanding of acoustic interactions in
flexible structures. Recent studies have continued to refine the understanding of
wave propagation, scattering, and fluid-structure interactions in cylindrical shells
and waveguide structures. Several important contributions in this field provide
insights directly relevant to [41-50] the focus of this thesis, which investigates
the interaction between flexible shells, membrane discs, and surrounding fluids.
Nazarov and Kamenetsky [51] explored acoustic wave scattering by a circular
membrane within a cylindrical shell. Their study provides valuable insights into
wave interactions with thin membranes, which is critical for understanding the
role of membrane discs in this research. By analyzing wave behavior at junctions
between cylindrical shells and waveguides, their work lays a foundation for the

acoustic modeling developed in this thesis.



Introduction 5

Lee [52] developed a comprehensive theory on elastic wave propagation in cylin-
drical shells, focusing on their interaction with surrounding fluids. His study is
essential for understanding fluid-structure interactions in this thesis, particularly
regarding the acoustic behavior of flexible cylindrical shells. The theoretical mod-
els he proposed enhance the accuracy of wave propagation predictions in flexible
shell systems. Raju [53] conducted a detailed analysis of wave scattering in cylin-
drical shells using the MM method, with a focus on wave interactions with thin
membranes. His work is directly applicable to this research, as the MM method
is a key technique for analyzing wave scattering in cylindrical waveguides. By
refining the MM method with more complex boundary conditions, Raju provides
a more precise framework for modeling the interaction between flexible shells and

membrane discs.

Mitchell et al. [54] investigated the acoustic behavior of flexible shells and mem-
branes, developing a theoretical framework to describe their interaction with acous-
tic waves. Their findings provide crucial insights into wave propagation in flexible
structures, which directly relate to the study of flexible shells and membrane discs
in this thesis. The models they introduced contribute to a deeper understanding
of acoustic wave behavior in cylindrical systems. Lawrie and Abrahams [55] estab-
lished an orthogonality relation for problems involving high-order boundary con-
ditions, which has significant applications in sound-structure interactions. Their
work provides a mathematical foundation for analyzing wave behavior in coupled
systems, particularly in cylindrical geometries with complex boundary conditions.
This orthogonality relation is relevant to the mode-matching approach used in
this thesis to study wave scattering in flexible shells. Afzal et al. [56] analyzed the
impact of flexible shells and sound-absorbent linings on acoustic wave behavior in
ducts. Their study provides valuable insights into how flexible structures influence

sound propagation and attenuation in waveguides.

Yaseen and Nawaz [57] investigated acoustic radiation through a flexible shell
in a bifurcated circular waveguide, contributing to the understanding of wave
interactions in complex duct systems. Their findings are relevant to the study of

wave scattering in cylindrical waveguides with membrane interfaces.
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1.2 Thesis Contribution

This thesis contributes to the field of acoustic scattering and wave propagation
in flexible membrane discs and cylindrical shells through several key advance-
ments. First, a novel MM method is introduced to analyze wave propagation at
the interface between flexible cylindrical shells and membrane discs. This method,
grounded in generalized orthogonality relation, simplifies the governing equations
and reduces computational complexity, offering an efficient approach to study
wave interaction with flexible structures. Furthermore, this research presents a
new approach to understanding the interaction of waves or pistons at the interface
between flexible membrane discs and cylindrical shells. The study provides valu-
able insights into the dynamics of this interface and the wave propagation between

the flexible shell and the membrane disc.

The governing equations for both the fluid and the shell-membrane system are de-
rived, leading to the establishment of a dispersion relation that defines the velocity
potential and wavenumbers for each section of the waveguide. This formulation
contributes to a better understanding of wave behavior and dynamics within the
system. Finally, the MM method is applied at the junction between the shell
and membrane to ensure continuity of normal velocity and pressure. This allows
for an accurate analysis of how waves reflect and transmit, further enhancing the

understanding of their interactions in the coupled fluid-structure system.

1.3 Objectives

This thesis aims to investigate the energy emitted by a wave or piston at the
interface of membrane discs and flexible circular cylindrical shells. The interaction
between the flexible shell and the membrane disc results in energy radiation and
wave propagation, where the membrane disc plays a crucial role in understanding
the system’s vibrations and acoustics. Specifically, this study analyzes the energy
release at the interface between the membrane disc and the shell. To achieve

this, a MM method based on generalized orthogonality relations is developed and
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implemented to simplify the governing equations. Furthermore, the fundamental
equations governing fluid motion and waveguide dynamics are derived to establish
the dispersion relation. The MM method is also applied to ensure the continuity
of normal velocity and pressure at the junction. Finally, the radiated energy is

computed using the derived energy expressions under harmonic time dependence.

1.4 Thesis Layout

This thesis is further composed of the following chapter:

eChapter 2 introduces essential definitions and key concepts that form the basis
for the entire thesis. It also discusses the boundary conditions that govern the
system’s behavior, particularly in relation to the flexible cylindrical shells and
membrane discs. This chapter ensures that the reader has a solid understanding
of the foundational terms and conditions that will be used in the mathematical

formulations in later chapters.

Chapter 3 develops the mathematical framework for analyzing flexible shell-membrane
disc interactions. It derives the orthogonality relation, applies the MM method to
enforce velocity and pressure continuity, and uses the Galerkin approach for non-
axisymmetric transverse motion. The theoretical models introduced here form the

foundation for subsequent chapters.

eChapter 4 presents the results of the analysis and the corresponding discussions.
It focuses on the calculation of reflected and transmitted amplitudes using the MM
method. The chapter also explores the symmetric and anti-symmetric modes and
their impact on wave transmission in flexible cylindrical shells and membrane discs.
The results are analyzed, with a detailed discussion on their implications for noise

reduction and wave behavior.

eChapter 5 summarizes the key findings, highlighting the contribution to under-
standing wave propagation and fluid-structure interactions in cylindrical systems.
The study emphasizes the role of flexible shells and membrane discs in controlling

acoustic behavior and their impact on wave scattering and radiation. The use
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of MM techniques and the analysis of non-axisymmetric modes provide valuable

insights into the dynamic behavior of these systems.

The references cited in this chapter are compiled and listed in the bibliography

section.



Chapter 2

Preliminaries

This chapter introduces the fundamental concepts and governing equations nec-
essary for the understanding of the thesis. It provides an overview of acoustics,
the wave equation, boundary conditions, the Galerkin method, orthogonality re-
lations, and other essential concepts relevant to the study of acoustic scattering in

cylindrical membrane shells.

2.1 Acoustic Fundamentals

Acoustics, derived from the Greek word akouein meaning ”to hear,” is the scientific
study of sound. Initially, acoustics was concerned with audible pressure waves, but
it has since enlarge to include both subsonic (infrasound) and ultrasonic waves.
Acoustics is now a branch of physics that explores mechanical vibrations over a

broad range of frequencies, including those outside the hearing range of humans.

In this thesis, the focus is primarily on structural acoustics, particularly the way
flexible structures such as cylindrical shells and membrane discs interact with
sound waves. The behavior of these structures under acoustic excitation is of
primary interest, as they exhibit unique responses due to their flexible nature.
Specifically, this study delves into the phenomenon of acoustic scattering caused
by membrane discs placed within cylindrical shells. Here, the complex interaction

between acoustic waves and the structure is examined, particularly with regard to
9
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how these membranes deform under acoustic pressures, affecting the transmission

and reflection of sound.

The primary objective is to understand the nature of acoustic wave interaction
with flexible membrane discs and cylindrical shells, exploring both the wave prop-
agation and the resulting structural deformations. This interaction is crucial for
applications in areas such as noise control, vibration analysis, and the design of
acoustic chambers or devices where sound-wave interactions with materials play a

pivotal role.

2.2 Acoustic Wave Equation

The propagation of acoustic waves is governed by a differential equation derived
from basic conservation laws, including the conservation of mass, momentum, and
energy. Though the resulting equations are inherently nonlinear, linear approxi-
mations are often employed for simplicity. This section derives the linear acoustic

wave equation.

2.2.1 Conservation of Mass

The conservation of mass for a fluid is expressed as:

0o B
o TV (ev) =0, (2.1)

where ¢ is the fluid density, v is the velocity vector.

For small perturbations induced by acoustic waves, the physical quantities are
approximated as:

/

o=00+0, v=v, o <o,

where gg is the equilibrium (mean) density, ¢’ is the small perturbation in density,

v’ is the perturbation in velocity. Substituting these into the continuity equation
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and neglecting higher-order terms yields:

9o’ )
5 tav-v' =0 (2.2)

2.2.2 Conservation of Momentum

The conservation of momentum for an inviscid fluid is given by Euler’s equation:

ov

0 Tolv-V)v=-Vp, (2.3)

where p is the pressure. For small perturbations, we have:

o=00+0, v=v, p=py+p, p <po,

where pg is the equilibrium pressure, p’ is the small perturbation in pressure.

Substituting these into Euler’s equation and neglecting higher-order terms gives:

ov’

Qo5 = —Vp. (2.4)

2.2.3 Equation of State

For a compressible fluid, the relationship between pressure p and density o is
defined by the equation of state. Under adiabatic conditions and for small pertur-

bations:

p =, (2.5)

where ¢ is the speed of sound in the medium.

2.2.4 Combining the Equations

From the continuity equation (2.2):

od

ot = —Qov v (26)
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Substituting ¢’ = & (from the equation of state):
g c

0 (p/> = o)V V. (2.7)

ot \

Simplifying, we get:

%Zj = —00*V - V. (2.8)

From the momentum equation (2.4):
aa—‘: = —éVp’. (2.9)

Taking the divergence of both sides:
v a(;;’ - —év%’. (2.10)

Using 2(V - v') from equation (2.8):
V2 = %%Zg. (2.11)

2.2.5 Wave Equation

Rearranging the equation gives the wave equation for the pressure perturbation

/

b 82 /
1 0%

L — = 0. 2.12

c? Ot? 0 ( )

2.3 Boundary Conditions

The following boundary conditions are used to model the boundary value problem

(BVP):

1. Soft boundary conditions,

2. Rigid boundary conditions,
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3. Impedance boundary conditions,

4. Clamped edge conditions.

2.3.1 Soft Conditions

Soft boundary conditions are Dirichlet-type, where the pressure or displacement

is assumed to be zero:

Y(z,y) = 0. (2.13)

2.3.2 Rigid Conditions

Rigid boundary conditions are Neumann-type, where the normal velocity is as-

sumed to be zero:

oy
o =0 (2.14)
2.3.3 Impedance Conditions

Impedance boundary conditions are Robin-type, combining both Dirichlet and

Neumann conditions. These are expressed as:

Y(z,y)

0

where 3 and (35 are constants.

2.3.4 Clamped Edge Conditions

For a cylindrical shell with displacements ¢ (axial), ¥ (circumferential), and w

(radial), the clamped edge conditions at z = 0 and z = 2, are:

1. No displacement (fixed edges):
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2. No slope (no rotation):

0
dp_, 99 _ . 00 _

PR R S

These conditions ensure that the edges of the shell are fully constrained with no

motion or rotation.

2.4 Types of Motion

2.4.1 Transverse Motion

Transverse motion refers to the displacement of a structure perpendicular to its
surface, such as the radial displacement of a membrane or shell under acoustic
pressure. This motion plays a crucial role in the scattering of sound waves, as
it directly influences how the structure deforms in response to acoustic pressure.
In cylindrical shells, transverse motion can be axisymmetric or non-axisymmetric,
depending on whether the deformation is uniform along the circumference or varies

with angular position.

2.4.2 Longitudinal Motion

Longitudinal motion involves displacements along the axis of the structure, such as
the axial displacement of a cylindrical shell. While it does not contribute directly
to the acoustic scattering in this study, it is important for the overall structural
dynamics of the system. Longitudinal motion interacts with transverse motion,

particularly in coupled systems where the displacements are interdependent.

2.4.3 Axisymmetric Motion

Axisymmetric motion refers to the type of motion in which the displacement or

deformation of a structure is independent of the angular coordinate around the
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axis of symmetry. In the context of cylindrical shells or membranes, axisymmetric
motion occurs when the physical properties and displacements of the system are
invariant in the angular direction, meaning that they only depend on the radial
distance and axial position. This type of motion is typically observed in systems
where the excitation or disturbance is uniformly distributed around the circum-

ference, leading to a symmetric response across all angles.

2.4.4 Non-Axisymmetric Motion

Non-axisymmetric motion refers to deformations that vary with both radial and
angular positions along the circumference of the structure. In the case of a cylindri-
cal shell or membrane disc, this type of motion introduces additional complexity,
as it involves modes that are not symmetric about the axis of rotation. Non-
axisymmetric modes are crucial for understanding the scattering behavior of the
structure under non-uniform acoustic excitations and are often more complex to

model compared to axisymmetric modes.

2.5 Galerkin Approach

The Galerkin method is a powerful tool for solving differential equations, partic-
ularly in the context of boundary value problems. In this method, the solution
is approximated by a weighted sum of basis functions that satisfy the boundary
conditions. The key idea is to multiply the governing equation by a test function
(often the same as the trial function) and integrate over the domain, leading to a
system of algebraic equations that approximate the solution. For acoustic scatter-
ing in cylindrical membrane shells, the Galerkin method is used to approximate
the displacement of the membrane and the shell. The displacement functions are
chosen to satisfy the boundary conditions and to capture the essential behavior
of the system.The resulting system of equations can then be resolved using the
Galerkin method to provide a way to calculate the amplitudes of transmitted and

reflected waves.
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2.6 Basic Definitions

2.6.1 Waveguides

Waveguides are structures that direct waves, such as sound or electromagnetic
waves, and are characterized by their geometry and material properties. In this
thesis, waveguides refer to the cylindrical shells and membrane discs, which serve

as the primary medium for acoustic wave propagation.

2.6.2 Amplitude

The amplitude of a vibrating body is the maximum displacement from its equilib-

rium position.

2.6.3 Time Period

The time period of a vibrating body is the time taken to complete one full cycle

of motion. It is denoted by 7" and is given by:

T=2=, (2.16)

w

where w is the angular frequency of vibration.

2.7 Mode-Matching Scheme

The Mode-Matching (MM) technique is a widely used analytical approach for
studying wave behavior in waveguides, particularly in systems with structural dis-
continuities and varying impedance distributions. This method is highly effective
in handling complex boundary conditions by dividing the structure into segments
and expressing the field potentials within each segment in terms of unknown am-

plitudes. These amplitudes are then determined by enforcing the continuity of
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pressure and velocity at the interfaces, converting the governing differential equa-
tions into a solvable algebraic system. Due to its accuracy and adaptability, the
MM technique is extensively applied in various engineering fields, including acous-
tics, structural mechanics, and fluid dynamics. In industries such as automotive
engineering and HVAC systems, where controlling vibrational energy and mini-
mizing noise is crucial, MM provides an efficient tool for analyzing and optimizing
wave propagation. The technique allows for a systematic study of wave interac-
tions in duct-like structures, enabling better design strategies for noise reduction.
This thesis employs the MM method to investigate wave propagation through
cylindrical shells with membrane disc interfaces. The method’s ability to handle
discontinuities makes it particularly suitable for analyzing the scattering, trans-
mission, and reflection of waves in the given system. The practical implementation

and effectiveness of this approach are further explored in Chapters 3 and 4.



Chapter 3

Non-Axisymmetric Radiation in
Infinite Waveguide with Bridging

membrane Disc

This chapter examines the propagation of waves in thin, circular, cylindrical, flex-
ible shells undergoing non-axisymmetric motion. By incorporating the DM equa-
tions for the flexible shell with the wave equation, the dispersion relation is derived.
Using this dispersion relation, a generalized orthogonality condition is formulated
for the eigenfunctions associated with the non-axisymmetric motion of the flexible
shell. The wave mode amplitudes for selected prototype problems are obtained
by applying this orthogonality relation through the MM technique. The chapter
introduces a novel generalized orthoganality relation for flexible shells, derived
from the DM equations of motion. The methods and formulations presented here
contribute to a deeper understanding of wave propagation in flexible cylindrical
shells subjected to non-axisymmetric disturbances. This chapter formulates the
problem by presenting the governing equations in both dimensional and nondi-
mensional forms. It details the mode-matching solution, including eigenfunction
expansion, the Galerkin approach for membrane responses, and matching con-
ditions. Numerical results analyze eigenfunctions, mode amplitudes, and their

interpretations for specific cases.
18
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Ficure 3.1: Configuration of the flexible shells and the membrane disc

3.1 Problem Formulation

In this section, we explore a thin, flexible cylindrical shell connected to a membrane
disc. The system consists of two extended cylindrical shells. The left shell lies
within the region 0 < p < r,, Zz <0, where it interacts with a fluid having the
velocity potential y;. Likewise, the right shell extends over the section 0 < p <
7y, 2 > 0, where the fluid is associated with the velocity potential y,. These
fluid velocity potentials, y; and Y2, are defined as a piecewise function, as shown
in Figure 3.1.
x1(p,z), for z <0,

X2(p, z), for z>0.

At Z = 0, a membrane disc spans the radial range 7, < p < 73, influencing the
interaction between the shells and the surrounding fluid. A wave traveling in the
positive z-direction generates the forcing at the shell boundary. This section de-
rives the dimensional and non-dimensional forms of key equations, including the
wave equation, Donnell-Mushtari equations, membrane equation, and edge condi-
tions. The membrane equation characterizes the disc’s radial displacement and its

interaction with the fluid and shells. The flexible shell’s motion is described by
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three displacement parameters: longitudinal (), circumferential (), and angular
(Q), representing shell deformation under external forces and fluid effects. This
chapter establishes the foundation for understanding shell-membrane interactions
and analyzing different motion modes. The wave equation describes acoustic wave
propagation in the cylindrical shell and is given by:

{ ? 10 1 0 o?

— — 4+ k2 x(p,0,%) = 1
em2+pmJ%2am*kﬁ2+k}X@ﬁ”> : (3.1)

where g, 0, Z denote the radial, angular, and axial coordinates, respectively, and y

represents the fluid velocity potential.

The behavior of a thin cylindrical shell, which supports energy propagation, is
governed by the Donnell-Mushtari (DM) equations, assuming small displacements
and a thin structure. For a shell of radius 7,, thickness h, and density ps, the
governing equations at p = r, are:

62¢+ 1—wdp N 1+w 0% +iw 9%
0z 21,2 062 27, 0zZ00 7, 0p0Z

+ B%p = 0, (3.2)

1+w 0%p +1—w821§+i(921§+i 0°x
2r, 0z00 2 022 72002  r,20p0z
op 09 Oy 1 0°% 2 Py 1 9%

+ %9 =0, (3.3)

T S: T 90 T op T mopos T il 0p0sol T mrgt 95000 (3.4)
—7 2 2892 raQﬁQQ C—0
ap Qshk ’
w 12
where [ = e and 7 = (SR

To ensure the physical consistency of the system, the following boundary condi-

tions are applied at the edges, which will be incorporated into the DM equation:

3 8X1 9*x1 _ _
s _ _ - . .
95~ 0503 0, 0<p<r, 2<0 (3.5)
5 Oxe X2 _
=9 = =0, 0 > 0. 3.6
2= 9p opoz 0 DSPsTh 22 (36)

Further at z = 0, there is a membrane disc that extends over the radial region

o < p < 7. This membrane plays a key role in the interaction between the
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flexible cylindrical shells and the surrounding fluid. The membrane’s displacement
is described by the membrane equation, which accounts for the deformation of the
disc due to external forces such as pressure and tension. The membrane equation
is given by:
2 2

T (8‘3’72 + %8% + %%) 0(5.9) — 00?0 = Py — By, (3.7)
In this equation, U(p, ) represents the displacement of the membrane in the z-
direction, which depends on the radial coordinate p and the angular coordinate 6.
P(p, 0) is the pressure applied to the membrane, with P, and P, being the pressures
acting on the membrane. 7T is the tension in the membrane, and p,, represents
the mass density of the membrane. @ is the dimensional angular frequency. The
first two terms on the left-hand side describe the changes in displacement due
to the radial and angular directions, while the last term represents the effect of
the inertial forces (due to membrane mass) and the pressure difference acting on
the membrane. In this study, the membrane equation will be used to model the
behavior of the disc at z = 0, considering the interaction between the fluid and
the flexible shells. This equation is important for understanding how the system
behaves under different forces and fluid conditions. The boundary conditions at
p = 7, describe the behavior of the membrane at its edge. These conditions are
crucial for solving the membrane equation and modeling the system’s response

under different edge constraints.
Boundary Conditions

1. Fixed Edge Condition (Clamped Edge): At a fixed edge, both the dis-
placement and the slope (derivative) of the membrane are constrained to zero.
This implies that the membrane cannot move or rotate at the edge.
_ _ oU _
U(re,0) =0, ——(rg,0)=0.
(7 0) = 0. G (r.0)
2. Free Edge Condition: A free edge means that the membrane is uncon-

strained, and no force acts on the edge. The displacement at the edge is free
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to vary, but the radial derivative (slope) is related to the tension in the mem-
brane. This condition follows from the membrane theory, which assumes that in
the absence of external forces or constraints, the membrane’s natural response is

governed by equilibrium equations in the absence of bending rigidity.

U, - 10U, - o*U, -
— (74, 0) + ———(74,0) =0, —(r,,0) =0.

0p? ( Ta Op ( ) 00? ( )

3. Spring-Like Edge Condition: A spring-like edge models a scenario where
the displacement at the boundary is proportional to the restoring force, similar to
a spring. This condition is used when the membrane is connected to a spring or
elastic material that applies a restoring force at the edge.

ou .,

T— = kU(r,.0).
9 (74, 0) U(7r,0)

These boundary conditions describe different physical constraints on the mem-

brane at p = 7, and will be used to solve the governing equations for the system,

helping to determine the behavior of the membrane under various conditions. As

previously defined, the same edge conditions will also apply to region II, where

0 < p <7y and z > 0. The wave equation in non-dimensional form is expressed as:
{ 0?2 10 1 02 0?

2
a—p2+;8—p+ﬁﬁ+ﬁ+k}>€(pa9az):0' (3'8)

This section presents the DM equations in non-dimensional form, as described by
Junger and Feit [58]. These equations describe a flexible shell, assuming negligi-
ble displacements relative to its thickness. Furthermore, the shell’s thickness is
assumed to be much smaller than its radius. The DM equations for a cylindrical
shell are:

Po 1-wde 1+w 0% iw 0%y

- 2 —
522 T 2 o T ar, 9200 rpopoz 0970 (3:9)

I+ e 1—-wd® 10% i &y

2 = 0 = 1
2r, 0z00 2 92 + r2 962 + 72 9pdz +p 0, (3.10)
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. Op 09 Oy 1 Oy 2 Py 1 0y
—1Wrg - — 15, T 7+ — + +
0z 00 ~ 0p 1 0pdz*  Tridpdz200?  Tiri 0podt
b (3.11)
—T2ﬁ2% . b QX:
“ Op oshk

At the edges, the boundary conditions are as follows:

ox1 a2)(1
= == = =0, 0<p<ry, < 0. 3.12
X2 82X2
=1y = = = =0, 0<p<nr, > 0. 3.13
P2 2 ap 90> SpPpxTy, 2 ( )

In the non-dimensional form, the membrane disc located at z = 0 spans the radial
region r, < p < rp. This membrane facilitates the interaction between the flexible
cylindrical shells and the surrounding fluid. The displacement of the membrane
is governed by the non-dimensional membrane equation, which incorporates the
effects of external forces such as pressure and tension on the deformation of the

disc. The non-dimensional membrane equation is expressed as:

2 10 1 02 9
4+ Iy U(p,0) = 3.14
2 .
wherep? = %, v = Z;ig‘ This non-dimensional form of the equation will be

employed to analyze the dynamic behavior of the disc at z = 0 in relation to the

interaction between the fluid and the flexible shells.

The edge conditions for the membrane disc are as follows: At a clamped edge,

both the displacement and the slope are zero:

U(rq,d) =0, %—(pj(raﬁ) =0.
At a free edge, the net force and moment must vanish, leading to the following
conditions:
02U 10U 02U
a_PQ(T“’H)—i___(Tau‘g) =0, —

A spring-like edge means the boundary displacement is proportional to the restor-

ing force, like a spring. This happens when the membrane is connected to a spring
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or elastic material at the edge.

ou
Ta—p(ra, 0) = kU (r,,0).

The same edge conditions will also apply to region 0 < p < r, and z > 0.

3.2 Mode Matching Solutions

A thin and flexible cylindrical shell is studied using cylindrical polar coordinates
(p, 0, z). Inside the shell, there is a compressible fluid with density o and a speed
of sound ¢, while the outside is assumed to be a vacuum. To simplify the analysis,
a time-dependent factor of e~ is used, where ¢ denotes time and w = ck, with k
representing the wave number. The non-dimensional Helmholtz equation governs
the motion of the internal fluid:

”? 10 1 02 0?

—t-—+===+=—=+1 =0, 3.15

{8p2+p8p 2o o2 }X (3.19)

where y represents the velocity potential of the fluid. We use the separation of

variables method to solve this. The expression for x(p, 0, z) is represented as:
x(p,0,2) = R(p)O(0)Z(z). (3.16)

By substituting this form into equation (3.15) and multiplying through by %,
the equation separates into:

PR p)  pR(p)  ©"(6)  p°Z"(2)

Rp) R Tew Tz 0 (317)

To ensure periodicity in €, the terms involving © require a negative separation

constant, resulting in the equation:

%ﬁ((;)) = —p?, (3.18)
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where p represents the separation constant. The solution to this equation is:

O(0) = ¢ cos(pl) + cosin(ph), (3.19)

with ¢; and ¢, being constants. In a simpler case, the solution simplifies to:

O(6) = cos(ph). (3.20)

Next, by dividing the differential equation (3.17) by p* and introducing a constant

for separation, we arrive at:

R'(p) 1R(p) p° Z"(z) _
TR T A =5 3.21
R(p)  pR(p) p? Z(2) 321
For Z(z), we get
Z"(2)+ s Z(z) = 0. (3.22)
The solution is
Z(2) = c3e™* + e, (3.23)

where c¢3 and ¢4 are arbitrary constants. Multiplying equation (3.21) by R(p), we

obtain:
R"(p) + Fp) + (72 - p_Z) R(p) =0, (3.24)
P p
or equivalently,
Ri(p) + 20 pi (70" = p*) R(p) = 0, (3.25)

where 72 = 1 — §2.

This equation is identified as Bessel’s differential equation of order p, with a solu-

tion of the form:

Ry(p) = c5Jp(Tp) + csNy(Tp), (3.26)

The Bessel functions of the first and second kinds of order p are represented by J,

and N, respectively. As r — 0, N,(7p) becomes singular, thus the solution is:

Ry(p) = Jp(7p). (3.27)
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Since we are considering only non-axisymmetric motion, we have p > 1. Conse-

quently, the velocity potential’s single mode can be expressed as follows:

Xpn (0,0, 2) = Ay J(T0p) cos(ph) e (3.28)

where A, is the amplitude and (7,,)? = 1 — s2. This chapter examines the eigen-
system of flexible shells in non-axisymmetric motion for p > 1. Using the dimen-
sionless motion equations (3.9) and (3.10), the longitudinal and circumferential
displacements in a shell of structural depth h, radial measure a, and material

density p, are:

©(p,0,z) = W, cos(pf)e'»m*, (3.29)

I(p,0,z) = X,, sin(ph)e'srm*, (3.30)

where W,, and X,, are displacement amplitudes of Bessel order p. Substituting

these into equation (3.9) along with (3.28) yields the coupled equation.
p*(1 — @) imp(1l + w) wst;m(ra)

W, |82 — 2 — X, =—2"""7 3.31
b m 2r2 + 21, Ty ( )

A second equation is derived by replacing the displacement forms (3.29)-(3.30)
and the velocity potential form (3.28) in equation (3.10):

— 1 2 1— 2 'LR/m Taq
CL D) 4 X [0 = 2] 2ol 5 )
Ta

2 2
2 rs rs

Wi,

To obtain the displacement amplitudes, these simultaneous equations need to be

solved. Their matrix representation is given as:

2 1-— —1 a’m 1
p( w)—TEﬁQ%—TgS?n iprasm(l + @) W,
2 2
—ipro(1 + @)sy, 27“252 - ris?n(l —w) — 2p? Xom

, —TaSm T
= Rpm (TCL> .
2ip
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It follows that:

ipresm(l + w)

2 202 2.2 1 — -9 2
Wm B 1 Taﬁ Tasm( w) p 2
- 2
m . 1 -
] B B T T A
—TaSmTo
X R, (Ta).
21p

where 7,(s,,) represents the determinant, expressed as:

Mp(Sm) = (1# —r2f® + ra8m>

2252 (14 w)? (3.33)
X (27“252 —r2s2 (1—w) — 2p2) + P Tadm 5
The longitudinal displacement is therefore given by:
{—2r§62wsm + 1383 (w — @?) + 2rop*@ws,, — p*ra(l + w)sm]
Pm =
1p(Sm) (3.34)
X R, (rq) cos(ph)e*mr?.
In a similar manner, the expression for the circumferential displacement is:
g — [—irﬁp(w +w?)s? +ipd(1 — @) — 2iprip? + 22’prgs?n]
" Mp(Sm) (3.35)

xRl (1) sin(pf)e*mr?.

The displacement expressions in (3.34) and (3.35) are inserted into the third gov-

erning equation (3.11) to obtain the fundamental equation:

. 22
Qp(sm) = 71 [@rasm Wy — ipXp] + R, (r4) sho+ % — up — aRyy(r,) = 0.
" (3.36)

12 4 12/3%p

where 7 = TSI pt = (a?B? — 1)1 — 1:(1 and o h3lf3

the waves moving inside the shell are defined by the roots s, of the characteristic

.The wavenumbers of

equation. The largest real root is at the top of the list, followed by roots with

progressively more imaginary components.
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3.2.1 Eigen Value Problem and Properties of Eigen Sys-

tem

The characteristic function (3.36) can be written as:

Qp(sm) = Gp($m) Ry (7a) — tlp(5m) Bym (ra). (3.37)

The expressions G (s,,) and 1,(s,,) are characteristic polynomials.The polynomial

Gp(sm) is given by:

Gp(sm) = GisS + GasS + Gish + Gys2, + G (3.38)

The coefficients in the above expression are given by:
GS = ri(w — 1), (3.39)

G =r? {riﬁz(?) — @) + 4p*(w — 1)} , (3.40)
Gf = 5p'(w—1)+3r2 8?3 —w) +r, {(1 — @)y’ — 7(=° — @*) = 28"}, (3.41)

Gy =1y {raf*(w — 3) — 2" — w + 3} — 20p* B {267 + ror(w — 1)}
4p°(w — 1)

—3p*B%*(w — 3) + -

(3.42)

These coefficients define the eigensystem behavior in non-axisymmetric motion.

G = (27"252 4w — 1)) (p2 (—M4 B 71) n 7"252M4) . (3.43)

and
Mp(Sm) = NSy, + 1550, + 1, (3.44)

with
nj = ra(w - 1), (3.45)

ny =r? {r2ﬁ2(3 — @) + 2p*(w — 1)} , (3.46)
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o = (p* = raB?) {28 + p*(@ — 1)} (3.47)

For each integer p, the equation @, (s,,) = 0 has infinitely many roots, as in (3.28).

For simplicity, s, replaces s, in this section.

Let s, and s, (m,n = 0,1,2,...) be the roots of the characteristic function,

satisfying the relation:

Qp(sm)np(sn)R;n(ra) - Qp(sn)np(sm)R;/om(ra) =0, (3.48)

where G, (sp,) and 1,(s,,) are given in (3.38) and (3.44), respectively. Substituting
the characteristic function Q,(s,,) from (3.37) into (3.48) gives:

|Gosm)(50) = Gplsn)p{5m) | By (70) By ()

+%np(sm)np(sn) [p(an(p)R;m(p) ~ Ryn(0)R,, (P)ﬂ: o (3.49)

The square bracket terms are first differentiated and then rewritten as an integral.

Then, similar terms are grouped together:

L / R R (0) + R (0)} — Ry (0) (R () + pR ()} ] dp

= —{Gp(s8m)mp(8n) — Gp(sn)np(5m>}R;n(ra>R;m(Ta)~
(3.50)

Bessel’s equation shows that

(5= 2 s p(su) [ pRon0) Ry

a

= —{Gp(sm)p(sn) = Gp(sn)11p(5m) } By (ra) Ry () (3.51)

Hence
a [ QP(Sn)np(Sm)R;;m(ra) _ Qp(sm)np(sn)R;n(ra)
ra o PR R O oo (3] (%, — 525 (50)

_ 1Gp(sm)p(5n) = Gpln)1p(5m) } R () R ()
(57 = 52)1p(5m)71p(5n) '

The constant A,,, which is non-zero, is expressed as:
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Ron(ra) (o @ylsn) = Qylm)

A, = 1 3.52
P Np(Sn) S e s2 —s2 (3:52)
The form of the equation above enables the use of 'Hopital’s rule:
/
S1n .
Apy = Qpls10) Fapn(ra) (3.53)
251n77p(51n)
The generalized orthogonality relation is thus
« e Hp(81m7 Sln)Rllpn(Ta)Rllpm( )
- PR1pm (p) Bipn (p)dp = Opn Apn — . (3.54)
Ta Jo ! ! ! Mp(S10)7p(S1m)
where 9,,, is the Kronecker delta and
G m n) G n m
Hy(S1m, $1n) = p(s1 )Up(312) p($1n)p (51 ) (3.55)
Sim — Sln
That can also be written as
Hy(s1m, $10) = HYsY, + Hyst, + H)st, + H, (3.56)
where
HY = Gy (1) (3.57)
H, = Ggnyp(s1m) + Ggtp(s1m), (3.58)
= ng;‘s?m + (Ggng + G6772)51m (Gmg + Gims — G2774>31m+ (3.59)
Gino — Goni,s
= Ging st + Geng st + (G5 — Gind)si,, + Gang — Gons. (3.60)

In a similar manner, for a shell with radius r,, the corresponding generalized

orthogonality relation is:

“ [ Hy (521 520) Ry (1) Ry (1)
. pR?Pn(p)Rme(P)dp = 6mann _ P 2p 2p '

Ta Jo Np(S2m ) p(S2n) (3.61)

a a b b _ 12 :
where G, and 7% are replaced by G}, and n,,, 72 = Wha,7 Son ATC the equivalent

wavenumbers, o, = /(1 — s3,), and
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_ Q;,(S2n) épn(rb)'

B
252n77p(52n)

pn

(3.62)

3.2.2 Eigenfunction Expansion

This section explores the determination of transmitted and reflected energy when
an incident wave encounters a sudden expansion in radius. Two semi-unbounded
shells comprise the system: the shell on the left spans 0 < p < r,, z < 0, and
the right shell spans 0 < p < rp, 2 > 0, where r, < r,. A membrane disc,
positioned at r, < p <1y, z = 0, closes the waveguide. The force is provided by
a wave travelling in the positive z-direction, approaching the sudden expansion in
radius. The flow potential y; represents both the incident and reflected waves at

the junction within the region defined by z < 0 and 0 < p < r,, as expressed by:

X1(p:0,2) = FiuRuy(p) cos(pf)e™»™ + Y~ " CpRipn(p) cos(ph)e 1. (3.63)
p=1 n=0

In this case, ¢ represents the mode chosen for the applied forcing, with the am-

plitude of the incident wave given by Fi,. For the fundamental propagating mode

(¢ = 0) or the first propagating mode in the left-side shell (£ = 1), it is expressed

as

Here, C,,, denotes the nth reflected mode amplitude, and sy, and 71, = /1 — (51,,)?

are the wave numbers.

Using 2 = ix,, the velocity potential (3.63) is incorporated into equations (3.34)
and (3.35) to determine the eigenfunction-based longitudinal, circumferential, and

radial displacements for the left-side shell.

©01(0, 2) = Wiy FieRipe(r,) cos(pf)e*wt* — Z Z WipnCopn Ripn(r4) cos(pf)e 12|

p=1 n=0

910, 2) = XapeFreRupe(ra) sin(p0)e™* + 3 Y X1 Con Rupn (ra) sin (p)e 177,

p=1 n=0
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Q1 (87 Z) - _FIERIPE(Ta) COS pcg et Z Canlpn th) COS(ptg) _lshmz‘ (364>

p:l n=0

In the region z > 0, 0 < p < 1y, the velocity potential consists of the transmitted

waves that propagate through the junction:

2(p, 0, 2) Z Z Dy Ropn(p) cos(pf)e'rm2. (3.65)
p=1 n=0
The amplitude of the nth mode of transmission is denoted by D,,, the roots of
the dispersion function in the right-hand shell are denoted by ss,,, and 7, =
\/@. The expressions for the eigenfunctions corresponding to the longitu-
dinal, circumferential, and radial displacements in the right-hand shell are given
by:

oo o0

(9 Z Z Z WQanan2pn (']“b) COS(p@) lszpnz

p=1 n=0

U9(0, 2) = Z Z Xopn Dpn Ropn (1) sin(pf)e**2n2,

p=1 n=0
‘ (9 Z Z Z Dan2pn<7"b) COS(p@) lszpnz
p=1 n=0
In the region z = 0, 0 < p < r,, the pressure is continuous, which leads to the

expression:

X1<;0797Z> :X2(p7072)' (366>

By inserting the velocity potentials (3.63) and (3.65) into this equation, we get:

F14 Ry cos(ph) +Z Z CpnRipn(p) cos(ph) = Z Z Dy Ropn(p) cos(ph). (3.67)
p=1 n=0 p=1 n=0
Multiplying the above equation with cos(¢f) and integrating over 0 < 6 < 27, we

get:
FioRypedpg + Z anquﬂ(ﬂ) = Z Dyn Rogn (p), (3.68)

n=0
The equation (3.68)is multiplied through by *pRi4n(p) and integrated with re-

spect to p over 0 < p < r,, we obtain:
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Ta o
F1z5pq/0 T—Pqum( Rlpe dﬂ+§ an/ Pqum(P)qun(P) dp =
(3.69)

Zan | oRian(o) R dp,
where:

Pmn = / pR2qn<p)R1qm(p) dIO
0

By applying the generalized orthogonality relation (3.54), After rearranging the
integrals on the left-hand side, the first coupled equation is produced:

F100pg0meAqe Qo w
C m — M . + D npmn+
I Aqm TaAqm ; 7
Rigm(Ta)

[ErH (s1m) + EaHy (s1m) + EsH (s1m) + EaH (s1n)] - (3.70)
Ng($1m) Agm

The constants F4, Fs, E3, and E, are defined as:

Flfs?pﬁRllpE(ra)épq - anslanllqn( )
Nq(10) Nq(S1qn)

1= )

n=0

FlesilpéR/lpf(ra)apq - qnslllan,lqn( )

E2 ==
Mg(s1¢) "0 Mg(S1qn)
L — Flés%pZRllpZ(Ta)épq S anslanllqn( a)
nq(510) =0 Nq(S1qn) ’
B F1oR(ra)dpg anqun( Ta)
R L -
Mg(s1¢) 0 Mg(S1qn)

The constants F, to E, are determined by enforcing the edge conditions at the
left-hand shell-membrane disc connection. Applying the boundary condition on

Region I, the system is expressed in matrix form as:

Si1 Sz Siz Sul| |Er I
So1 Sa Sz S| | B2 _ I 7 (3.71)
Ss1 O3z S3z Ssal| | Es I3

541 542 843 544 E4 [41
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where
(8% g D nW mR m\Ta Pmn
It = Fipdpq WipeRipe(ra) + WigeRige(ra)] — — Z an Wi Fign () ;
Ta n=0 m=0 Aqm

I31 = Fledy, [ /1q€(ra> - Rllpé(ra)} - = Z Z

Y
Agm

o X = D nS1 mR/ m(ra>Pm'n
Iy = Fii0p, [SlpﬁRllpE(Ta) + SlqﬁRllqé(T(I)] o Z Z = Alq ’
qm

S = i quleqm(ra)Riqm(TG)Hz?(Slm)
H nq(slm)Aqm

)

m=0

S i quleqm(Ta)Rllqm(ra)Hj;(Slm)
2 nq(slm)Aqm

Y

m=0

S _ i quleqm(ra)Rllqm(ra)H(?(Slm)
" Nq(81m) Agim

)

m=0

)

G — i quleqm(Ta)Rllqm(ra)H(?(Slm)
’ g (81m) Agm

m=0

S i quleqm(ra)Rllqm(ra)H((1)<81m)
e g (S1m) Agm

Y

m=0

S _ i quleqm(Ta>R/1qm(TG)HS(Slm)
2t Nq(S1m) Agm

I

m=0

G — i quleqm(Ta)Rllqm(ra)H;l(Slm)
2 77q<31m)Aqm

m=0

G — i quleqm<Ta>R/1qm(TCL)H(?(Slm)
# Mg (51m) Agm

Y

m=0

Y

S i quleqm(Ta>R,1qm(ra)Hg(81m)
e nq(slm)Aqm

m=0
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= R (Ta)Rllqm(ra)Hq(S(Slm)

531 _ Z 1gm

m=0 nq(slm)Aqm 7

S o i Rllqm(ra)Rllqm(ra)H;l(Slm)

32 — )
= 1 ($1m) Agm

833 _ i Rllqm(ra)Rllqm(ra)Hqg(slm)

m=0 nq(slm)Aqm 7

., — i R g (1a) R g (ra) Hy ($1m)

34 77(1(51171)A’4qm ’

m=0

S, = i Rllqm(ra)R,lqm<Ta)H§(Slm)Slqm
i nq(slm)Aqm

Y

m=0

542 =

9

f: Rllqm(ra)Rllqm(T&)H;l(Slﬂ’L)Slqm
nq(slm)Aqm

m=0

e — io: Rllqm(ra)Rllqm<Ta)H§(Slm)slqm
s nq(slm)Aqm

Y

m=0

544 =

f: Rllqm(ra)Rllqm<T&>Hg(Slm)slqm '
=0 Mg (S1m) Agm

At the interface, continuity of the normal velocity component is maintained within

the fluid region, while also satisfying the vertical membrane condition.
The membrane’s boundary condition is given by:
Up,0) =0 at p=r,and p=ry,

where U(p, ) represents the displacement function. The governing differential
equation for the non-axisymmetric disc modes is:
((92 10 1 0

8_,02 + ;8_p + ;w + ,U2) U(p,0) = vxa, (3.72)

where Y, is the source function, p? is a membrane wavenumber, and v is a fluid
loading parameter. The displacement function U(p, ) is then expressed as a sum

of modes:

U(ﬂ» 9) = Z Z Imn Xmn (p, 9)7 (373)

n=0 m=0
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where g,,, are the coefficients to be determined, and X,..(p, ) are the eigenfunc-

tions associated with the radial and angular components.

The eigenvalue problem for non-axisymmetric modes is given by:

0? 10 1 0%
(a—p2 —+ ;a_p + F@ + )‘zrm) an(pa 0) = 0. (374>

To solve this equation, we assume a solution in the form of a product of radial and

angular functions:

Xonn (P 0) = R (p)Ormn (0)- (3.75)

Substituting this expression into equation (3.74) leads to:

R (98n(0) + = B (0)Or(0) + 2 R ()€0on(0) + Koo (9O (0) = 0.
(3.76)
Dividing (3.76) through by Ry (p)Omns(6) and multiplying the resulting equation
by p?, we obtain:

R (0) | Rn(p)
Ron(0) " Runn(p)

p Zmnd )2, (3.77)

where m? is a constant.

The angular function ©,,,(#) satisfies a simple harmonic equation, and its solution
is:

Omn(0) = c7 cos(mb) + cg sin(mb), (3.78)

where c; and cg represent constants that can take any value. The radial equation

becomes:

p*R(p) + PR, (p) + (p° Ao — M*) R (p) = 0. (3.79)

This represents a standard Bessel equation of order m, with the general solution

given as:

Ryn(p) = b1Ji(Amnp) + 02V Anp), (3.80)

where J,,, and Y, are the Bessel functions of the first and second kinds, respectively,

and b; and by are constants to be determined. Using the boundary condition
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Rpnn (1) = 0, we derive a relationship between the constants:

b o _b2ym<)\mnra)
L Ta(ara)

Thus, the radial displacement function is:

Jm()\mnp)ym()\mnra)

Bnn(p) = =b> T OvrnTa)

— Yo Ounp) | - (3.81)

Applying the second boundary condition R,,,(r;) = 0, we obtain the dispersion

relation:

Jm()\mnra) o Jm<)\mnrb)
Ym(/\mnra> B Ym(/\mnrb).

The eigenfunction is:

Jm()\mnp)ym<)\mnra)

- — Y (Anp) | cos(mb). (3.82)

Xmn(p) = [

Here \,,, are the roots of dispersion relation. Substituting this into the series

solution for U(r), we get:

> G = A Ixtmn (p) = vx2(p, ). (3.83)
n=0
Further simplifying:
> GmnXomn () Amn =7 Y Y Dyn Rapn (p) cos(ph). (3.84)
n=0 p=1 n=0

where A, = p? — N2, .

Next, we apply the Galerkin method to obtain the coefficients g,,,,,. By multiplying

the governing equation by 7X, (7, 0) and integrating over the domain, we obtain:

i i gmnAmnémm’énn’Nmn =7 i i DpnIm’n’(Sm/p, (385)

m=0 n=0 p=1 n=0
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where

T
Im’nn’ - / pR2pn(p)Rm’n’ (P) dp;
2
/ cos(ph) cos(m'6) df = w0,
0

2w Th
/ / pR2, . cos®>(m'0) dpdf = TNy S O
0 Ta

By solving the above equation for g,,,, we obtain:

f}/ oo
It = e Doin L .
Gt Am/n/Nm/n/§ i Lt (3.86)

This expression provides the relationship between the unknown coefficients g,/

and the system’s parameters. The normal velocity condition is formulated as:

Ox1 .
—(p,0,0) if0<p<r,,
02 ,9,0)— § 02 40 (3.87)
: U(p,0) ifr,<p<m.

After substituting velocity potentials (3.63) and (3.65) and membrane displace-
ment (3.73) into (3.87), multiplying by ng%m(p), and integrated over 0 < p <,
T

the result is

00 a o
Z S2anqn7,_b/0 pqun(p)Rqu(p) dp =
n=0
« (6% > e >
_SlpZFM(;quZm - Z anslqnpnm —1— Z gqnhqmny (388)
Ty Ty n=0 b n=0
where

//mm@mmwmzam/’mw@mm@@=am
0 0

b
/ qun(r)Rqu(p)dp = hqmn'
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By applying the generalized orthogonality relation (3.61), the left-hand integral in

(3.88) is simplified. After some rearrangement, we get:

00 00
D . aslplFMPZmépq « j : an51an'er Z.a gqnhqmn
Ty

m Tb52quqm n—=0 52quqm Tp n—0 quSqu
R, (r
+ 24 ( b> [H5(82m>E5 =+ H;l(SQm)E6 —f- Hg(SQm)E’7 =+ H(?(ng)Eg] s
S9gm Bym™Mq(S2m)

(3.89)

where the terms FE5, Eg, F;, and Eg are explicitly defined in the following ex-
pressions, representing the coefficients that arise from the imposed boundary and

continuity conditions.

00 00
z D(I”s?qnsganIQqn (Tb> Z DQ”SQQHS%anéqn (Tb)
5 y 146

Y

Nq(S2n) Nq(S2n)

&)

00
Z DQnSQQnS%anéqn<Tb) — anSQQ”Réqn (rb)

E7 _ n=0

n
7E8:

Nq(S2n) Nq(S2n)

The values of E5, Eg, Er, and Eg are obtained from the edge conditions governing
the shell-membrane interaction. Applying the boundary conditions, the system is

written in matrix form:

Uy Wy Wiz Wiy | Es Cu1

Wop Wap Woy Wou| | Es _ Ga1 | (3.90)
Wy Wso sy Way| |E7 Ga1

(Var Wap Waz Wau| |Es|  [Ca

v, — i WQQmRQ(lm(Tb)Hg(SQW)RIqu<Tb),‘1112 _ i Wagm Raqm (1) Hy (S2m) Riygy (75)

Nq(S2m) BymS2qm Nq(S2m) BymSagm

Y

m=0 m=0

o Wogim Rogmn (15) Hi (S2m) Ry (T0) o~ Wagm Rogn (1) Hy (S2m) Rgp (76)
Z 7\1114 - Z

lIjls =
77q($2m>qu32qm 77q<32m)qu32qm

Y
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\1121 _ f: X2qu2qm(Tb)H§(52m>R/2qm(rb> 7 \1[22 _ f: X2qu2qm(rb)H;L(SQm)Réqm(rb)

nq(SZm)quS2qm Wq(SZm)qus%m

m=0

\1123 _ i XquRqu(rb)H3(32m>R/qu(rb> 7 \1124 _ i ngmRqu(’l”b)Hg(SQm)Rlzqm(Tb)

nq<52m)qu52qm 77q(52m)qu52qm

m=0

B Z R (16) HS (52) Ry (73) By — Z R (1) H y (S2) R (1)
nq<32m)qu52qm 7 nq(SQTn)quSQ‘Jm

)

\If33 _ Z R/qu( )H(?(S?m)R/qu(rb) 7 \IJ34 _ Z R/qu( )HS(SQW)R/qu(Tb)

m=0 nq(SQM)quSqu m—0 nq(82m>qu52qm )
lI/41 _ Z Rqum( )HS(ng)RIqu( - Z qu 32m)R/2qm(Tb)
o a(52m) Bym o SQm)B m ’

ZRéqm( o) H; (52m) Rogm (10) _ZRéqm( b)Hy ($2m) Ry (1)

\1143 44 —

) )
0 1g(52m) Bgm 0 1g(S2m) Bqm
SIS
Cll ——Flgsl , W2qu2qm(7’b Pgm pq 4 g anWquRqu<Tb)81annm
m—=0 qu52qm Ty n—0 m—0 quSqu
+ Z— 2 : 2 : WquRqu(Tb)gqnhqmn
m=0 n=0 B gmS2qm
0o 00
Go1 = ——F1eS1 Y E X2qu2qm(7’b Pém pa a Z Z anX2qu2qm(7”b)S1annm
- P
m=0 B amS2qm T'b n=0 m=0 B gmS2qm
+ Z— 2 : 2 : X2qu2qm(Tb)gqnhqmn
m=0 n=0 quSqu
C F R2qm(7ﬂb Pém pq anRqu Ty Slannm
31 = ———L'1eS1pe E E E
mSqu =0 m=0 m32qm
SIS
4 Z.g Z Z R2qm(rb)9qnhqmn
)
T m=0 n=0 quSqu
0o 0o
g F 2qm Tb me Pq anRqu Slannm
41 = ——L'1eS1pe E — g E
qu 7"1; n=0 m=0

co 0o /
+ iz Z Z R2qm 7“b gqn qmn
Ty )

m=0 n=0

Y

?
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By truncating and solving equations (3.70) and (3.89), the transmitted and re-

flected amplitudes are determined.

3.3 Numerical Solution

To ensure accurate results and proper amplitude formation, it is essential to verify
the matching conditions. This verification is performed for the case where the
non-dimensional shell radii are @ = 0.2 m and b = 0.28 m, considering first-mode

forcing and clamped edge conditions.

The pressure matching condition, given by equation (3.66), is evaluated for p = 1
against the non-dimensional radius of the shell using 15 modes at a frequency of
1000 Hz. The results are presented in Figure (3.2,3.3). It is observed that while
the real part of the pressure exhibits a good match on both sides of the shell, a dis-
crepancy appears at the shell’s edge. However, the imaginary part does not match
accurately, indicating that using only 15 modes is insufficient for correctly deter-
mining the amplitudes. This suggests that a greater number of modes are required
for an accurate solution. To improve accuracy, the pressure matching condition is
re-evaluated using 30 modes at 1000 Hz, as depicted in Figure (3.4,3.5). With this
increased number of modes, both the real and imaginary components align well,
confirming that a higher mode count provides better accuracy in determining the

amplitudes.

Similarly, the normal velocity matching condition is examined under the same
conditions. Initially, the condition is tested using 15 modes at 1000 Hz, with the
results for the real and imaginary parts illustrated in Figure (3.6,3.7). These results
indicate a poor match, reinforcing that 15 modes are insufficient for capturing the
correct behavior of normal velocity. To enhance the accuracy, the analysis is
repeated using 30 modes at 1000 Hz, as shown in Figure (3.8,3.9). While the
results exhibit an improved match, a discrepancy remains, particularly due to
the presence of a singularity. This mismatch arises because the normal velocity is
continuous within the fluid but becomes zero at the rigid annular disc. The abrupt

transition leads to an inconsistency in the matching condition at the interface.
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Re[x]
Imaginary parts

FIGURE 3.2: Real part of the pressure matching condition with 15 terms (x1:
left shell, dotted line; y2: right shell, blue line).

Im(x]
Imaginary parts

Y]
=]

FIGURE 3.3: Imaginary part of the pressure matching condition with 15 terms
(x1: left shell, dotted line; xo: right shell, blue line).

Note: In the graphs, the variable p represents the radial coordinate r.
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FIGURE 3.4: Real part of the pressure matching condition with 30 terms (x1:
left shell, dotted line; y2: right shell, blue line).
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FIGURE 3.5: Imaginary part of the pressure matching condition with 30 terms
(x1: left shell, dotted line; xo: right shell, blue line).
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FIGURE 3.6: Real part of the matching condition for the normal component of
velocity with 15 terms (x1: left shell, dotted line; yo: right shell, blue line)

Im[x]
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FIGURE 3.7: Imaginary part of the matching condition for the normal compo-
nent of velocity with 15 terms (x1: left shell, dotted line; xo: right shell, blue
line)
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FIGURE 3.8: Real part of the normal velocity matching condition with 30 terms
(x1: left shell, dotted line; xo: right shell, blue line).

Im|[xz]
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FIGURE 3.9: Imaginary part of the normal velocity matching condition with 30
terms (x1: left shell, dotted line; y2: right shell, blue line).



Chapter 4

Scattering of Non-axisymmetric
Shell Radiation with Membrane
Disc

Introduction

In Chapter 3, we analyzed acoustic scattering in a cylindrical membrane shell
system, focusing on both transverse and longitudinal modes. Using MM tech-
niques, the eigenvalue problem was solved, and the coefficients C,,, and D, were
calculated using the Galerkin expansion method under clamped edge conditions.
This chapter builds on that analysis by focusing exclusively on transverse modes
(non-axisymmetric), which are critical for understanding the system’s dynamic
behavior in practical scenarios. The system consists of a finite expansion cham-
ber surrounded by flexible membrane discs and two semi-infinite shells.. These
flexible boundaries significantly influence wave propagation and energy transmis-
sion, making them essential for accurate modeling and analysis. The analysis
separates the transverse modes into symmetric and anti-symmetric subproblems
in order to simplify the issue. Because of this division, the governing equations
are less complicated, making it possible to apply MM techniques more simply.

These subproblems must be resolved in order to calculate the coefficients for the
46
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transmitted and reflected waves, which give a numerical representation of the en-
ergy transmission and scattering across the expansion chamber. Furthermore, this
chapter explores how the clamped edge conditions and the membrane’s flexibil-
ity contribute to the overall acoustic scattering process. The findings from this
analysis are particularly valuable for applications in noise control and vibration
reduction, as they shed light on how symmetry and boundary conditions influence

the acoustic performance of such systems.

4.1 Problem Formulation

The system under consideration consists of two semi-infinite flexible shells con-
nected by a finite expansion chamber with a dimensional length of 2z;. The inlet
shell occupies the region 0 < p < r,, 2z < —zy, while the outlet shell lies in
0 < p<ryz> 2. The expansion chamber spans —zp < 2z < zp and 0 < p < 1y,
bounded by flexible membrane discs at r, < p < 1y, 2 = £25. These membrane
discs introduce dynamic boundary conditions, significantly influencing wave scat-
tering and transmission within the system. In the inlet shell, the velocity potential
X1 represents the incident wave as well as the reflected field at the initial interface.
The scattered waves interact with the flexible shell and membrane discs, leading
to complex wave coupling effects. Additionally, the transmitted field in the outlet
shell is governed by the continuity conditions at the interfaces, ensuring conserva-
tion of acoustic energy.The velocity potential in the inlet shell can be expressed

as follows:

X1(9,0.2) = FreRipa(p) cos(p)ei® 1) 437 3™ Gy i) cos(p)e =42,

p=1 n=0

(4.1)

Here, ¢ stands for the fundamental mode (¢ = 0 or ¢ = 1), Fy, for the incident

wave amplitude, Cp, for the amplitude of the n-th reflected mode, and 7y, for the

formula /1 — s7,,.
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FIGURE 4.1: Physical arrangement of the system of expansion chambers be-
tween two shells.

In the expansion chamber, Yy, characterizes both the waves reflected at the second

junction and the transmitted waves coming from the first junction.

2(p, 0, 2) Z Z “is2pn(2) 4 P eforen(z ) Ropn(p) cos(ph). (4.2)

p=1 n=0

In this case, D,, and P,, represent the respective strengths of the reflected and
transmitted waves. Likewise, the expression for the velocity potential in the outlet

shell, xs, is given by:

x3(p, 0, 2) Z Z Epn Ripn(p) cos(pf)e 1w ==L, (4.3)
p=1 n=0

where E,, is the amplitude of the nth transmitted wave. The analysis is divided
into two subproblems: symmetric and anti-symmetric expansion chambers.For
the symmetric subproblem, a line of symmetry is established at z = 0 (as shown
in Figure 4.2). Two incident waves are considered: one traveling from the left
section (z < —zp) directed toward the first junction, and the right section (z > zp)
directed toward the second junction. In the anti-symmetric subproblem, a phase
shift of 7 is introduced to the wave from the right section, resulting in a negative
amplitude. This creates an anti-symmetry line at z = 0 (as shown in Figure
4.3). These symmetry conditions simplify the equations, reducing the problem to
a radial variation analysis. The reflection and transmission coefficients for both
subproblems are subsequently utilized to determine the overall response of the

expansion chamber system.
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FIGURE 4.2: The symmetric subproblem’s physical setup.
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FIGURE 4.3: The antisymmetric subproblem’s physical setup.

4.1.1 Symmetric Sub-problem

The symmetry of the subproblem allows for a simplification into an equivalent

system that includes a sudden radius increase and a flexible end plate (see Figure

4.4). This subsection aims to calculate the energy radiated by a forcing wave at the

point of the abrupt radius increase. The system consists of two semi-infinite shells:

the left shell spans 0 < p < r,, 2 < —zy, and the right shell spans 0 < p < 1y,

—zg < 2 < 0. The system is enclosed by a flexible membrane disc at r, < p < 1y,

2z = —zp, and a flexible plate at 0 < p <1, 2 = 0. A wave propagating in the left

shell, traveling in the positive z-direction toward the abrupt increase in radius,

acts as the forcing.
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FIGURE 4.4: The simplified symmetric subproblem’s physical setup.

The velocity potential in the left shell consists of both the incoming wave and
the reflected field, expressed as: Due to the discontinuity at z = —zg, part of the
incident energy is transmitted into the right shell, while the remaining energy is
scattered back into the left shell. The interaction between the shell flexibility and
the membrane disc plays a crucial role in defining the reflection and transmission

characteristics.

X5 (p, 0, 2) = FiyRipe(p) cos(ph)elwe(=F20) Z Z ' Ripn(p) cos(ph)e e (zF20)

e (4.4)
where the superscript s refers to the symmetric subsystem. ¢ identifies the selected
fundamental mode for forcing (¢ = 0 or £ = 1), F, represents the amplitude of the

forcing wave. and Cj;,, is the amplitude of the nth reflected wave. The displacement

components are as follows:

050, 2) = UrpeF1o Rupe(ra) cos(pf) e’ v =+20)

(4.5)
- Z Z UrpnCop Ripn(74) cos(pf)e —is1pn(2+20)
p=1 n=0
V1(0, 2) = VipeFreRipe(ra) Sin(p@)eislpe(zﬂo)
(4.6)

* Z Z VipnCpn Ripn (1) sin(pf)e —isipn(z+20)

p=1 n=0
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Qi (9’ Z) = _FléRlpe(Ta) COS(pe)eislpé(z+ZO)

B ZZ W Ripn(r4) cos(ph)e —isipn(z+2z0)

p=1 n=0

(4.7)

The velocity potential 3 for the finite section consists of waves transmitted across

the junction and those reflected from the plate at z = 0, expressed as:

5(p, 0, 2) Z Z Ropn(p ) cos(pf)e =52

p=1 n=0

P> Ropn(p) cos(pf)e>?,  (4.8)

p=1 n=0

The transmitted and reflected wave amplitudes are denoted by P, and D;,,
respectively. Applying the boundary condition x5 = 0 at the rigid duct simplifies
the velocity potential x5 to: Since the duct is rigid, this condition implies that
no normal velocity exists at its surface, restricting the transmitted wave behavior

and influencing the overall wave propagation in the right shell.

aX? _ Z Z P2 ) Sopn c08(pf) Rapn(p) = 0. (4.9)

p=1 n=0

This condition is satisfied only when D,, = P,,, allowing the velocity potential

X5 to be simplified to:

X5 =2 Z Z D3, Ropn(p cos(pQ)M. (4.10)

== sin(sapn20)

The expressions for the axial and radial displacements in the right-hand section

are given by:

N — cos(Sopn2)
5(0,2) =2 E E WopnD; " 0) ——" 4.11
902( ) Z) g 2p an2p (Tb) COS(p )Sin(SganO) ) ( )

5 cos(Sapn?)
956, 2) = 2 § § XopnD g) SO\ 52pn =) 4.12
2( Z g 2pn an2pn(rb) Sln(p )Sln(52pn2’0) ) ( )

s L cos(Sapn2)

05(0,2) = -2 5 g D3, Ropn (75) COS(pQ)_sm(stnzo) (4.13)

p=1 n=0
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At z = —2p, the continuity of pressure across the interface is ensured by equating

the velocity potentials:

X? (Q, _ZO) = X;(Q _ZO)' (414)

The pressure condition defined in terms of the eigenfunction of equation (4.14) is

obtained by applying the velocity potentials x; and x3 to it.

F1Ry,0(p) cos(pf) +ZZ Ripn(p) cos(ph)

p=1 n=0
cos(Sapn2)
_22121 Ropn(p 0)S0%5wn?) g << (415
p=1 n=0 am{p) cos(p )Sm(32pn20) P T (415)

Multiplying equation (4.15) by cos(gf) and integrating over 0 < 6 < 27, followed

by some rearrangements, gives:

> COS(Sopn 2
F1oRipe(p)6pg + Y Co Ragn(p) = 2 Z D, Rogn(p M (4.16)

s Sln(SQPnZO) ’

where

2w
/ cos(pf) cos(qh) = oy,
0

Multiplying both sides of (4.16) by %pqum(p) and integrating over 0 < p < r,

gives:

a [T
Flﬁ(qu_/ PqulepﬁdP“‘ E E _/ pquleqndp
Ta Jo

p=1 n=0

B cos(Sapn?)
QEZDW e (4.17)

n
— sin(sapn20)

Using the orthogonality relation from (3.54), the left-hand integrals simplify to:

H,(S1m, S10) Ry Ry
Flg(qu lémgAqg _ q( 1 le) 1p€ lq :|

Mp(510) 74 (S1m)
- Hy(51m, S1n) Ry gn Rligm .
+ZC§n {&mAqn_ g(S1ms S10) By 0, 1Y ]_Z_ZD c'os SopnZ)
— Nq(510)Mq(51m) LA —r "sin SQPnZO)

(4.18)
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From this, we obtain:

o _F145pq5mgAqg 204 iD cOS 82qn20)+
Agm " sin( (S2gn20)
Ry ()
_gme) [HS(s1m) E5 + Hi (510) B5 + H2(s1) B3 + HY (510) E5 ], (4.19)
Nq(S1m) Agm

where

6 s
By — F140pq53 0 R pe(Ta) N Z Cs8S Ry (7a)
Mp(s1¢) o Mg($1n)

4 / 0 s o4 /
FlgépqslpERlpfr(a) anslanlqn( )

s _ + ,
? 1p(s1¢) nZ:O 1p($1n)

. Fuo 8T peRpe(Ta) Cq 2 StqnFgn (Ta)
s = Pq°1p. p + Z q q ,

Mp(s10) 0 Mg(1n)

i FlléqullpZ(ra) + i CS Rllqn( )

Np(S10) 0 Mg(S1n)
At the interface, the continuity of the normal velocity component in the fluid
region is maintained while fulfilling the vertical membrane condition.

? 10 1 9 2\ s s
(a—/ﬁ+;a—p+;w+ﬂ)U(p79):7X27 for z= -z, r.<p<m,
(4.20)

where U(p, ) represents the radial and angular displacements. The displacement

U*(p,0) is expressed as a Fourier series in both p and 6:

=) Gonomn- (4.21)

n=1 m=0

This satisfies the boundary conditions U*(r,, ) = U*(ry, ) = 0. Substituting this
expansion and the eigenfunction expansion from equation (4.10) into the mem-

brane condition yields:

i i Gom (12 = X)) Xonm = 29 Z Z o Ropn(p COS(pH)M. (4.22)

n=0 m=0 p=1 n=0 Sln(SQImZO)

Both sides of equation (4.22) are multiplied by px,» and integrated across the

range 7, < p <1, and 0 < 6 < 27 to obtain:
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Z Z g;n (MQ - )\%m) 5mm’5nn/Nmn = 27 Z Z D;nfm/nn/(Sm/p COt(SganO),

m=0 n=0 p=1 n=0
(4.23)
After rearranging equation (4.23), we find the expression for g7,
g :2—70060‘5(3 20) D2 L (4.24)
m'n! Am/n/Nm/n/ n=0 2m'n<0)~m/nim/nn’ ’
The normal velocity component is governed by the following condition:
ox3 :
aXS E(paea_ZO)a 1f0§P§Taa
322 (p,0,—z) = (4.25)
Us(p,0), if r, <p<m.

By substituting the values of (4.4), (4.10), and (4.21) into (4.25), the resulting

equation is:

2 Z 52anZnR2qn( ) ZSlpZFM(SqulpZ Z Slanlqn )
n=0
+ > o Ban(p)- (4.26)
n=0

Q@
Multiplying equation (4.26) by —pRa,m(p) and performing the integration over the
T'p
range 0 < p < 1y, along with some rearrangements and the use of the orthogonality

relation (3.61), we obtain:

. o0 . o0
10810 F 1 Pon Opg n o Z Ganlrqmn i« slangnan+

Ds
am 274 S2gm Bym, 2ry, — SoqmBgm 27 — Saqm Bqm
Ry (1) {ff§<8mn)l?§-+-ff§(5mn)1?§-+-f¥§<8mn>l??-+-ff2(8mn)l?§ (4.27)
nq(SQm) S2quqm ’ '
where
Z an82qn82an2qn(rb> Z an82qn82an2qn<rb)
B = B = ,
’ Mg(S20) ‘ Mq(S2n)
Z D;nqunS%anéan’b) Z DZnSQQTLRIan<rb)
E’? — n=0 ,Eg — n=0

Nq(S2n) Nq(S2n)
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The interface conditions determine the constants: Ej to Ej for the left shell edge,

and Ef to E§ for the right shell edge.

By utilizing the displacement equations from (4.5), (4.6), (4.11), and (4.12), the

clamped edge conditions can be expressed as:

ox;  9°xi
8:’[98:—:—:0 0< < as <0. 4.28
1= dp  0Opdz o~ p=Ta 2> (4.28)
oxs x5
S 98 — — =0. 0<p< > 0. 4.29
72 2 0p  0pdz ’ =P=Th 22 ( )

Applying the clamped edge conditions from (4.28) leads to the following system

of equations, which can be written in matrix form as:

S11 Sz Sz Su B ISH
So1 Sy Sez S E3
21 Saz Saz Sas 2| _ & | (4.30)
Sa1 Sz Ssz Ssa E3 §31
_541 Saa Saz 544_ I Ei_ i 541_

where

200 = = D2 W14 R1 g (70) P €0t (Sgn 2
§11 = F1a0pg WipeRipe(ra) + WigeRige(ra)] @ qn’” lgm-tlq (A ) (52g 0)‘
qm

m=0 n=0

200 o= o= D5 X gm Rigm (Ta) P €Ot (52n.20)
621 - Flfépq [quZquf(ra) - lelepZ(Ta)] - . i i A d .
qm

(70) P cot(S24n20)

, 20 o o Dgn Rigm
&31 = Flolpg [Rllqe(ra) - Rlz%(?ﬂ“)} -= Z Z e A ’
qm

2a e © D;nRI (ra)slqumnCOt(SQano)

1gm
Agm
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The remaining clamped edge conditions from (4.29) yield another system of equa-

tions in matrix form as:

i Wi, Wiy Wi | B3 '
U3, Vs, Wiy V9 E§ r
21 *22  ¥23 *24 6f _ [tz (4.31)
U3 W3y a3 g | | B2 I3
TR AR S A P I

where

ws, = i Wagm Raqn () 0t (24m20) Hy ($2m) Rgrn (1)

77q(52m>quS2qm ’

i WquRqu<7’b) COt(SquZO)Hg(SQm)RIqu(Tb)

nq(82m)qu82qm

Y

U, = i Woagm Ragn (75) €0t (Sagm20) Hy (S2m) Rigu (13)

nq(32m>qu32qm ’

W, = i Woagm Ragm (73) €0t (S2qm20) Hy (S2m) R (75)

nq(SQm)quSqu

Y

U = Z XogmB2qm (1) cOt(S2m20) Hg (S2m) Ry (76)

nq($2m>qu32qm ’

m=0

o] X mR " t " H4 m R/
\1,52_2 2gm F2qm (1) COt(S2gm 20) q(sz ) qu( )

a nq(82m>quS2qm

)

m=0

U, — f: X2qu2qm(7"b) COt(SquZO)Hg(32m>R/2qm(7’b>
* 77q(32771)qu'32qm

)

Us — i X2qu2qm(Tb) COt(SquZO)Hg(SQm)R/qu(Tb)
“ nq(52m>quS2qm

Y

= R t(S2qm20) He (Som ) R

nq(SZm)quSqu

I

= R t(S2gmz0) Hy (S2m ) R
\1132: Z 2qm(rb) Co (32(1 ZO) (82 ) qu( )

m=0 7761(52m)qu52qm ’
‘1/?:,3 _ i Rl2qm<rb) COt(SZsz(]) (SQW)RIqu( )’
m=0 nq(SQW)quSqu

\1134 _ i Réqm(rb) COt(SquZO)HfIJ(SQm)RIqu(rb) ‘
nq($2m>qus2qm

m=0
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\Ijil _ Z Réqm( )Hg(SQm)Réqm<rb) \Ifig Z RIqu( )H;]l(SQm)RIqu(Tb)
0 1g(S2m) Bym o0 1g(52m) Bqm

ws, = i Ry (16) Hg (52m) Ry (1) ws, - i Ry (1) Hy (5200) R (1)
m—0 Ng(S2m) Bgm 0 Nq(52m) Bgm

Wogm Ragm Py, cot -
[y =— FM(S qslpzz 2qm Raqm (T6) Pem cot(S2¢m20)

2 qu32qm

> ce WquRqu(rb)Slannm C0t<52qmz0)

27“b Z Z - qu52qm

m=0 n=0

(Tb)gqnhqmn cot(S2qm20)

WquR2qm
27’ b Z Z quSqu

m=0 n=0

) VaumRoam (7)) Prrm Ot (S20m,
Py = 20 gy S Yot B (1) Py cot (a0

27‘1, 0 quSqu

(rb)gqnhqmn cot(S2gm20)

‘/2 mRZ m
27”1, Z Z : : qu52qm

m=0 n=0

(75) S1qn Prm €0t (S2gm 20)

n‘/2 mRQ m
2Tb Z Z } : : quSqu

m=0 n=0

2\ Rl (1) Py cOt(S2gm20)

2qm
s = ——F1z5 g S1pl E
qm52qm
Z Z Ry p) Ganlrqmn cot(S2gm20)
2frb m—0 n—0 qm82qm

)S1gn Prm €Ot (S2gm20)

2 :2 : an2qm Tp
2rb BymSagm

m=0 n=0

Rqu(T’b ) Pem 2qm rb gqn amn
F41 2 Flf(quslpf Z - 2Tb Z Z

m=0 n=0
o0 0 S /
27“b ’
m=0 n=0

To determine the mth amplitude of the reflected field (Cy,,,) and the transmitted
field (Dgym), equations (4.19) and (4.27) are truncated and solved utilizing the
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FIGURE 4.5: The simplified antisymmetric subproblem’s physical setup.

constants £ to Eg.

4.1.2 Antisymmetric Subproblem

This subproblem’s antisymmetric nature allows it to be modeled as a system with
a sharp radius discontinuity, enclosed by a flexible membrane disc and a sound-
reflecting end plate (refer to Figure 4.5). This subsection aims to analyze the
emitted energy at the radius discontinuity due to a forcing wave.The system con-
sists of two unbounded shells, with the left shell extending from 0 < p < r, and
z < —zp, while the right shell extends from 0 < p < r, and —zy < z < 0. For
0 < p <. A sound-absorbing end plate is located at 0 < p < 1, and a membrane
disc stretches across r, < p < r, at 2 = —z9. A wave propagating in the positive
z-direction within the left shell initiates the forcing, moving towards the radius

discontinuity. The left shell’s velocity potential is expressed as:

(0.0, 2) = FuRielp) cos(ph)e™ ) 133 € Ripa(p) cos(phe ),

p=1 n=0

(4.32)
where the superscript a denotes the antisymmetric subsystem, ¢ specifies the fun-
damental mode for forcing (¢ = 0 or £ = 1), the amplitude of the forcing wave is
represented by Fi,, and the Reflection amplitude of the nth wave in the antisym-
metric subsystem is indicated by C},,. For the finite section, the velocity potential

resembles that of the symmetric case but replaces cos(sop,2) with isin(sg,,2):
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sin(sopn2)
—9 D% Ropn g) 2 52pn=) 4.33
= 23 D) ) )

p=1 n=0
ensuring the acoustic compliance condition, x§ = 0, at z = 0.

The displacements for the right-hand section in terms of x§ are given by:

sin(sopn2)

5=2i Y WDl Ropn 0 : 4.34

(2 ? g v 2p an2p (Tb) COS(p )COS(SganO) ( )
— = . sin(sopn2)

95 =2 E g XonD? Ry, Q) ——"7 4.35

2 ? g 2 nR2 (Tb) Sln(p )COS(SganO> ( )

The solution steps mirror those of the symmetric problem. Applying the pressure

condition yields the reflected wave amplitude equation:

_FlfépqamﬂAqﬂ_i_ R/lqm( )

ce HE (1) B + H (510) E
am Aqm nq(slm)Aqm q<81 ) ! * q(Sl ) 2
20—
+ HZ(s1m)E§ + Hg(slm)EZ} - Z Dy, Prn tan(sggnzo).  (4.36)
am =0
where,

FlgépqS?pKRllpﬁ(ra) = Ca Slanllqn( )

B! = +
1 Mg (51¢) ; Mg(S1n)
o = Flfépqs%pZRllpE(ra) N i Cs slan’lqn( Ta)
1g(s1¢) e0 1p(S1n)
B — Flf(quS%pgRllpf(ra) + Z an 1an/1qn( )
3
1g(s1¢) "e0 1g($1n)
E = Fledqullpe(ra) n Z Ca Rllqn( )

1g(s1¢) o 1g(S1n)
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Similarly, applying the velocity condition gives:

. 00 oo
O./Slnglg(quPgm (101 ggnhmn (67 Z Slqncgnpnm

D = - — _——
q 274S2gm Bym 21y — SogmBgm 27 — Sogm Bgm
1) [ o) B+ 00 5+ o) B 4 B
77(1(827”) 32quqm
where
Z DgnSQQHqunR/Qqn<Tb) Z DgnSQQnS%an,Qqn (rb)
Eg, — n=0 ’ Eg — n=0 ’
Nq(82n) Nq(S2n)
20 DZTLS?an%an/Qqn (Tb) 20 DZnSQ(]nR/Qqn (Tb)
E7 = o= , B¢ = o=
nq(32n) 77q(32n)
The function U{(p, 6) is expressed as:
Ul pa Z Z gmnana
m=0 n=0
where
21
ggzn - 27 Z D m 'nn’ tan(SZm nZO)

mn’Nm 'n! T
n=0

The constants EY to Ef arise from the left shell’s edge conditions, while E¢ to Eg

are derived from the right shell’s edge conditions.

Clamped Edges

zﬁ‘fzx‘fpzx‘fpzzo, 0<p<a.

90; ﬁa X2p X%pz = 07 0 S r S b.
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After applying the edge condition in region I, the resulting system of equations is

in matrix form as:

St Sz Siz S| |EY A

So1 Sae Saz S ES A
21 S22 Soz Su 2| _ A= (4.38)

S31 Ssa Ssg Ssa| | EY Agy

Sa1 Saz Ssz S| | EY Ay

where the A;; terms are given by:

All = Flg(qu WlprlpZ(ra) + quEquf(ra>:|

2'&@ Ulqulqm (Ta)Pmn tan(82qn20>

)
Agm

m=0 n=0

A21 = Fléépq %qéquf(Ta) - leéRlpé(Ta)]

2@04 D, X1gm Rigm(ra) Prn tan (82¢n.20)
m=0 n=0 Aqm
Ng1 = Fisdy | Biyy(ra) = Biye(ra)]
N 2iq Z Z D Ry (Ta) Prn 1::5L1r1(32qnzo)7
Ta m=0 n=0 Aqm
Aay = Fudpg | Rygo(ra)s19e + Rip(ra slpe]
2 D Ry (Ta) S 1gm P tan(sagn 20)
Ty Agm '

m=0 n=0

For region II, the edge conditions yield a system of equations in matrix form as:

Wi Wiy Wiy Wi B Iy
ve  Wwe, vi, e EY II
21 22 23 24 6 _ 21 7 (4'39)
vy Wg, W WE | | E7 I3,
UG W, U W B |
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where

Y

o = i Wagm Ragm (1) tan(sagmz0) Hy (S2m) Rog (1)

m=0 Nq(82m) B S2gm

\11(112 — io: W2qu2qm(rb) ta‘n<82qmzo)H3(S2W)R/2qm<rb)

m—0 nq(s2m)qu32qm ’
oo — i Wogm Ragm (7s) tan(sagm20) Hy (S2m ) Rbgpm,
s nq(52m>qu52qm ’

m=0

- f: WquRqu(Tb) tan(SQQmZO)Hg(82m)Rl2qm(Tb>
H nq(SZm)quSqu

Y

m=0

9

- f: X2qu2qm<rb) tan(Squzo)Hg(SQm)RIqu(rb)

77q(32771)qu'32qm

v, = i Xogm Pogm (1) tan(sagm20) Hy (s2m) g (76)

nq(52m>quS2qm ’

m=0

I

\11(213 _ i X2qu2qm(Tb> tan(32quO)H (82m>R/2qm( )

m=0 Nq(S2m) Bym S2qm

i = S K (1) 00 i)
# Nq(S2m) BymS2qm

;
m=0

o0 R/ t m H m R/
‘Ijglzz qu(,rb) an(52q ZO) (82 ) 2qm< )

nq(52m>quS2qm ,

m=0

R; t m20)Hy (Som) R
\Ilgz— Z qu(rb) an(SQQ ZO) q(82 ) 2qm(rb)

Nq(82m) BgmSagm

Y

m=0

\I’gg Z RIqu(rb) tan(SQQ’mZO)H (SQW)RIqu
nQ(82m>qu32qm

’
m=0

gy t m20) HO (82 R
\1/34_ Z 2qm<rb) an(qu ZO) q<82 ) qu(rb)

nq(SQm)quS2qm

Y

m=0

Ul — Z RIqu( )Hg(SQm)RIqu(Tb)
N =0 Ng(S2im) Bym 7
Z Ry (1) Hy (52m) Ry (13)

WUp 7
2 nq(32m)qu

m=0
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\Ija — i lgqm(rb)Hg(82m)R/2qm(rb)
43 nq(SQm)qu ’

m=0

0 / HO " R/
\1124: Z qu(rb> q(52 ) qu(rb)'

=0 Mg(S2m) Bam
WZ mR2 m(rb)PEm tan(52 mZO)
II;; = Fg(s S1pe 1 4 g
11 2 14Ypqg>1p n;) quSqu
i N anW2qu2qm(Tb)51annm tan(SquZO)
2 m=0 n=0 qu52qm
Z Z WquRqu(rb)gqnhqmn tan(SquzO)
27"}) m=0 n=0 B qmS2qm ’
Xogm R ) Ppn tan(Sogm 2
Il = F1e5 pqS1pl Z 2am qu(Bb) tm 121320 0)
m=0 qm$2qm

Z Z X2qu2qm(Tb)gqnhqmn tan(SquZ(J)
27’(,

m=0 n=0 qu52qm

)

Z Z O X2qu2qm(rb>Slannm tan(32qm20)
27“5

m=0 n=0 Bom S2qm

(75) Pom, tan(sagm2o)

2 m
H31 - _2 Fléapqslpi Z 1

B qmS2gm
Z Z Rqu Tb gqn qmn tan(52qm20)
27’1, m=0 n=0 m32qm
i i an 2gm T'b Slannm tan(SquZO)
2Tb m=0 n=0 ququ ’
R (Tb)Pg
H41 2 Flfépqslpf Z %
m=0 qm
R2qm T'p gqn qmn L gn 2qm Slqnpnm
. (4.40
27‘1, Z Z 27~b Z Z ( )

m=0 n=0 m=0 n=0

The amplitude (Cf,) of the (m)th reflected field and the amplitude (Dj,,) of the

mth transmitted field can be obtained by truncating and solving the system once
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the constants F; to Eg from equations (4.38) and (4.39) have been established. By
solving the symmetric and anti-symmetric problems after truncation, the following

amplitudes can be computed:

o CntCh GG
pn 9 s Lpn 9 )
_ Dyt Dy, Dp—Dp

After truncating and determining the amplitudes, the problem can be analyzed

numerically.

4.2 Numerical Solution

Numerical solutions are obtained by truncating the system to N terms, where N
is a fixed number. This is done to simplify the complex mathematical equations
and make them easier to solve. Computations are performed using Mathematica
software, which is a powerful tool for numerical calculations. The following pa-
rameters are used in the computations: a = 0.2 (dimensional radius of duct I),
b = 0.28 (dimensional radius of duct II), o = 1.2 kg/m? (air density), ¢ = 343.5
m/s (sound speed in air), 7' = 350 N (tension), and f = 1000 Hz (frequency).
The results of the computations are plotted in Figs. 4.2-4.21, which show the
pressure matching conditions and normal velocity for symmetric and antisymmet-
ric subproblems. The plots demonstrate that the pressure matching conditions
show good agreement between corresponding modes, indicating accurate pressure
matching, especially when 30 modes are used. In contrast, when 15 modes are
used, the pressure matching is not as accurate. However, the velocity matching
conditions exhibit some discrepancies, suggesting room for improvement in veloc-
ity matching. Notably, the normal component of velocity shows poor matching for
both 15 and 30 modes. Overall, the numerical solution is verified, and the results

provide valuable insights into the acoustic behavior of the system.
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FIGURE 4.6: Real part of pressure matching for symmetric subproblem with 15
terms (x7: left shell, dotted; x3: right shell, blue).

Im|[xs]
Imaginary parts

I
%

r

FIGURE 4.7: Imaginary part of the pressure matching condition for
the symmetric subproblem with 15 terms ( x§ : left shell, dotted line; x3
: right shell, blue line).
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FIGURE 4.8: Real part of pressure matching for symmetric subproblem with 30
terms (x7: left shell, dotted; x3: right shell, blue).
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FIGURE 4.9: Imaginary part of the pressure matching condition for
the symmetric subproblem with 30 terms ( x§ : left shell, dotted line; x§
: right shell, blue line).
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FIGURE 4.10: Real part of the matching condition for normal velocity in sym-

metric subproblem with 15 terms (xj: left shell, dotted line; x3: right shell,
blue line). .
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FIGURE 4.11: Imaginary part of the matching condition for normal velocity in
symmetric subproblem with 15 terms (x3: left shell, dotted line; x35: right shell,
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blue line). .
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FIGURE 4.14: Real part of pressure matching for antisymmetric subproblem
with 15 terms (x{: left shell, dotted; x§: right shell, blue).
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FIGURE 4.15: Imaginary part of the pressure matching condition for the
antisymmetric subproblem with 15 terms ( x§ : left shell, dotted line; x$§
: right shell, blue line).
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FIGURE 4.16: Real part of pressure matching for antisymmetric subproblem
with 30 terms (x§: left shell, dotted; x§: right shell, blue).
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FIGURE 4.17: Imaginary part of the pressure matching condition for the
antisymmetric subproblem with 30 terms ( x§ : left shell, dotted line; x§
: right shell, blue line).
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FIGURE 4.18: Real part of the matching condition for the normal com-
ponent of velocity in the antisymmetric subproblem with 15 terms ( x§
: left shell, dotted line; x§ : right shell, blue line).
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FIGURE 4.19: Imaginary part of the matching condition for the normal
component of velocity in the antisymmetric subproblem with 15 terms ( x§
: left shell, dotted line; x§ : right shell, blue line).



Scattering of non-Axisymmetric Shell Radiation with Membrane Disc

e
W
+ ]
©
Q.
—
® E
< S
I -
(' % II
= ]
— _200 1 1
]
1
\
-250 L
0 1 2 3 4 5
r

FIGURE 4.20: Real part of the matching condition for the normal com-
ponent of velocity in the antisymmetric subproblem with 30 terms ( x§
: left shell, dotted line; x§ : right shell, blue line).
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FIGURE 4.21: Imaginary part of the matching condition for the normal
component of velocity in the antisymmetric subproblem with 30 terms ( x§
: left shell, dotted line; x§ : right shell, blue line).



Chapter 5

Conclusion

This thesis has presented a comprehensive study on acoustic scattering in cylin-
drical membrane shells, focusing on the interaction between flexible shells and
membrane discs. Through detailed mathematical modeling, the wave equation,
Donnell-Mushtari theory, and membrane dynamics were formulated to analyze

the behavior of sound waves in the given structure.

In Chapter3, we examined the case of non-axisymmetric radiation in an infinite
waveguide with a bridging membrane disc. The system was modeled using two
semi-infinite flexible shells, and the effects of longitudinal axisymmetric motion,
transverse axisymmetric motion, and transverse non-axisymmetric motion were
explored. The mode-matching method (MM) and Galerkin approach were applied
to determine the scattered wave amplitudes, proving the orthogonality of mode
shapes and capturing the complex interactions between the membrane disc and

the surrounding fluid.

In Chapter4, the study was extended to acoustic scattering through expansion
chambers with membrane disc interfaces. Unlike Chapter 3, only non-axisymmetric
transverse modes were considered. The expansion chamber, bounded by two flexi-
ble membrane discs, introduced additional complexity due to the presence of three
velocity potential fluids. The clamped edge conditions derived in Chapter 3 were

also applied here, ensuring consistency in boundary constraints.
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The results obtained highlight the critical role of membrane flexibility, wave prop-
agation, and boundary conditions in determining the acoustic response of the
system. The findings provide insights into sound transmission and scattering
in cylindrical structures, which are relevant to engineering applications such as

aerospace, underwater acoustics, and structural health monitoring.
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