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Abstract

This research focuses on the modeling and analysis of Acoustic wave scattering from

a rectangular membrane situated within a three-dimensional waveguide. The first

problem contains a membrane situated within an infinite three-dimensional waveg-

uide. The second problem contains a membrane backed by a rigid cavity, and the

third problem contains a membrane backed by soft wall. The membrane is posi-

tioned inside rectangular waveguide and is connected to the surface through spring-

like boundary conditions. The mathematical framework governing wave propagation

involves a system of differential equations, including the Helmholtz’s equation, the

membrane equation and rigid boundary conditions. To solve the resulting boundary

value problems, the Mode-Matching technique is employed. Eigenfunction expansion

with unknown amplitudes is discovered in duct regions, and matching conditions at

the interfaces helps in converting the differential system into a linear algebraic sys-

tem, which is then truncated and solved. The truncated solution satisfies the matching

conditions.
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x and y at z = 0, where ā = 0.2m, b̄ = 0.3m, L̄ = 0.1m and N = 6
terms (Symmetric Case) . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.8 The physical configuration of waveguide . . . . . . . . . . . . . . . . . 53

4.9 The real components of dimensionless normal velocities ϕa
1z(x, y, z) and

ϕa
2z(x, y, z) against x and y at z = −L, where ā = 0.2m, b̄ = 0.3m,
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Chapter 1

Introduction

When a flexible material is capable of vibration, it can significantly impact the scat-

tering of waves, such as sound waves, light waves, or other types of vibrations. The

flexibility of the material allows it to deform and change shape in response to the

vibration, which can alter the way that waves interact with the material.

One of the key effects of flexible materials on scattering is the creation of a dynamic

scattering pattern. As the material vibrates, its surface can oscillate and create a

time-dependent scattering pattern.

This can lead to a number of interesting effects, including the modification of the

scattering cross-section, the creation of new scattering modes, and the enhancement

of certain scattering phenomena. For example, in the case of sound waves, a flexible

material can create a dynamic scattering pattern that can affect the way that sound

waves are absorbed, transmitted, or reflected by the material.

This can be particularly important in applications such as soundproofing, where the

goal is to minimize the transmission of sound waves through a material. In addition

to the dynamic scattering pattern, the flexibility of the material can also introduce

additional degrees of freedom that can scatter waves in unique and complex ways. For

example, a flexible material can bend or twist in response to a vibration, which can

create new scattering modes that are not present in rigid materials.

1



Introduction 2

The impact of flexible materials on scattering can also be influenced by the properties

of the material itself, such as its density, elasticity, and damping characteristics. For

example, a material with high damping characteristics can absorb more energy from

the vibration, which can reduce the amount of scattering that occurs. In general, the

interaction between flexible materials and vibration can lead to rich and complex scat-

tering behavior, with many potential applications in fields such as materials science,

physics, and engineering. Some of the potential applications of flexible materials in

scattering include soundproofing, vibration isolation, and the design of novel materials

with unique scattering properties.

In terms of specific examples, flexible materials can be used to create novel scattering

systems, such as metamaterials, which can exhibit unique properties such as nega-

tive refractive index or perfect absorption. Flexible materials can also be used to

create tunable scattering systems, where the scattering properties can be adjusted

in real-time by changing the vibration frequency or amplitude. Furthermore, flexible

materials can also be used to create scattering systems that can operate in a wide

range of frequencies, from low-frequency sound waves to high-frequency light waves.

This can be particularly important in applications such as sensing, where the goal is

to detect and analyze waves over a wide range of frequencies.

In conclusion, the impact of flexible materials on scattering is a complex and mul-

tifaceted topic, with many potential applications in fields such as materials science,

physics, and engineering. By understanding the ways in which flexible materials can

interact with vibrations and scatter waves, researchers and engineers can design novel

materials and systems with unique properties and capabilities.

1.1 Literature review

Acoustic membranes are thin, flexible materials that are designed to transmit or ma-

nipulate sound waves. They are commonly used in a variety of applications, including

soundproofing, noise reduction, and acoustic treatment. Some of the key characteris-

tics of acoustic membranes include that acoustic membranes can provide high levels

of sound insulation, with sound transmission losses of up to 30-40 dB. Low-frequency
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response: These membranes can be designed to respond to low frequencies, making

them effective in controlling rumble and bass sounds. Acoustic membranes can be

designed to be highly transparent, allowing minimal visual impact and preserving the

aesthetic appeal of a space. These membranes can be made from a variety of materials,

including metals, plastics, and fabrics, and can be designed to be flexible and conform

to complex shapes. Overall, acoustic membranes play a crucial role in many applica-

tions where sound waves need to be transmitted, manipulated, or controlled. Cao and

Wang [1] presented a study on the optimization of acoustic membrane panels for sound

absorption. Wang et al. [2] introduced the manufacturing of membrane acoustical

metamaterials for low frequency noise reduction and control. Naify et al. [3] discussed

the transmission loss and dynamic response of locally resonant membrane-type acous-

tic materials. Boccaccio et al. [4] used a multifunctional ultrathin acoustic membrane

with self-healing properties for adaptive low-frequency noise control. Maa’s work

[5] introduced the concept of microperforated panels for sound absorption, including

the design and optimization of microperforated panels for acoustic applications. An

acoustic microperforated membrane is a type of membrane that has a large number of

small holes or perforations, typically with diameters in the range of 0.1-1.0 mm. These

perforations are designed to allow sound waves to pass through the membrane while

maintaining a high level of sound insulation. The concept of acoustic microperforated

membranes was first introduced in the 1980s, and since then, they have been widely

used in various applications, including soundproofing, noise reduction, and acoustic

treatment. Gai et al. [6] proposed a hybrid sound-absorbing structure that integrates

a micro-perforated plate with a Helmholtz composite, which enables effective sound

absorption at lower frequencies, a range where traditional sound-absorbing materials

often struggle to perform well.

Li et al. [7] developed a new theoretical model for calculating the acoustic impedance

of micro-perforated membranes, which takes into account the velocity continuity con-

dition at the perforation boundary. Lee et al. [8] presented a theoretical and numerical

study on the sound absorption of a finite flexible micro-perforated panel backed by

an air cavity. Guo and Min [9] presented a study on a novel sound absorber design

that utilizes a compound micro-perforated panel (CMPP) with partitioned cavities of

different depths. Kang and Fuchs [10] presented a theoretical model for predicting the



Introduction 4

sound absorption of open weave textiles and microperforated membranes backed by an

air space. The unique properties of these membranes make them an attractive solution

for controlling sound waves in a wide range of frequencies. The working principle of an

acoustic microperforated membrane is based on the idea that the small perforations

create a high-impedance surface that reflects sound waves, while the membrane itself

provides a low-impedance path for sound waves to pass through. This combination

of high- and low-impedance surfaces creates a resonant cavity that can be tuned to

specific frequencies, allowing for effective sound insulation and noise reduction.

Acoustic microperforated membranes can provide high levels of sound insulation, with

noise transmission losses of up to 30-40 dB. These membranes can be designed to re-

spond to low frequencies, making them effective in controlling rumble and bass sounds.

Acoustic microperforated membranes can be designed to be highly transparent, allow-

ing for minimal visual impact and preserving the aesthetic appeal of a space. These

membranes can be made from a variety of materials, including metals, plastics, and

fabrics, and can be designed to be flexible and conform to complex shapes.

Overall, acoustic microperforated membranes are a powerful tool for controlling sound

waves and improving acoustic performance in a wide range of applications. Their

unique combination of high sound insulation, low frequency response, and high trans-

parency make them an attractive solution for soundproofing, noise reduction, and

acoustic treatment.

The restrain edge on a membrane refers to the boundary or edge of the membrane

that is fixed or restrained in some way, preventing it from moving or vibrating freely.

In other words, the restrain edge is the edge of the membrane that is clamped, fixed,

or attached to a rigid structure, such as a frame or a support, which restricts its

motion. The restraint edge can have a significant impact on the behavior and perfor-

mance of the membrane, particularly in terms of its vibration and sound transmission

characteristics. For example, the limit edge can affect the boundary conditions of the

membrane, which in turn can influence the natural frequencies, modes, and loss of

sound transmission. Liu and Chen’s [11] research investigated the effect of restrain

edge on sound transmission loss of membrane panels, including the impact of edge

restraint on sound wave propagation and transmission. Wang et al. [12] examined
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the influence of restrain edge on acoustic performance of microperforated membrane

panels, including the effects of edge restraint on sound absorption and sound trans-

mission. Liu and Chen [13] presented an experimental investigation on the effect of

edge restraint on the sound radiation of membrane panels made of different materi-

als. The restraint edge can help suppress vibrations and reduce the transmission of

sound waves through the membrane, particularly at high frequencies. The restraint

edge can also create stress concentrations in the membrane, particularly at the points

where the membrane is attached to the rigid structure. This can lead to increased

stress and potential failure of the membrane. The choice of a restrain edge will de-

pend on the specific application and requirements of the membrane, as well as the

desired performance characteristics. For example, in soundproofing applications, a

clamped edge may be used to maximize sound transmission loss, while in vibration

isolation applications, a simply supported or free edge may be used to allow for greater

flexibility and vibration suppression. Earlier studies often idealized plate boundaries

using perfectly clamped conditions. However, such idealization rarely holds in real-

world applications, where boundaries typically exhibit elastic or partially constrained

behavior, as demonstrated in several recent investigations [14–26].

A variety of methodological approaches exist for the analysis and solution of problems

involving acoustic membranes and microperforated membranes. These methods can

be broadly classified into numerical, analytical, and experimental techniques, each of-

fering distinct advantages depending on the complexity of the problem, the geometry

of the system, and the desired level of accuracy. Among numerical approaches, the Fi-

nite Element Method (FEM) is one of the most widely adopted. FEM discretizes the

structure into a mesh of finite elements, allowing the governing equations of motion to

be solved at the element level. This method is particularly advantageous for dealing

with complex geometries, inhomogeneous materials, and varying boundary conditions,

making it ideal for detailed simulations of acoustic behavior in membrane systems.

The Boundary Element Method (BEM) serves as another powerful numerical tool,

distinguished by its focus on boundary conditions rather than the entire domain. By

reducing the dimensionality of the problem, BEM offers computational efficiency, par-

ticularly in scenarios involving unbounded domains—a common occurrence in acoustic

radiation and scattering problems.
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Analytical methods provide a complementary perspective by enabling exact or ap-

proximate solutions to the governing equations through mathematical formulations.

Techniques such as separation of variables, Fourier transforms, and eigenfunction

expansions are frequently employed. Although typically limited to simpler geome-

tries and ideal boundary conditions, analytical approaches offer valuable theoretical

insights and serve as benchmarks for validating numerical simulations. Experimen-

tal techniques are equally essential in advancing the understanding of acoustic and

microperforated membranes. Through physical measurements in controlled environ-

ments, experimental methods allow for the validation of computational models and

provide empirical insights into phenomena that may be challenging to predict analyt-

ically or numerically. These studies often inform the development of practical noise

control solutions and guide the refinement of theoretical models.

The mode matching technique is an analytical method widely used to solve wave

propagation and scattering problems in various domains, including acoustics, electro-

magnetics, and optics. It involves representing the wave field as a superposition of

modes—solutions to the wave equation that satisfy the boundary conditions of the

problem. These modes are typically orthogonal, enabling efficient and accurate rep-

resentation of the wave behavior within complex systems. Despite its computational

intensity, the mode matching technique remains a fundamental and dependable tool

for researchers and engineers. Its versatility and accuracy make it especially valuable

in addressing problems involving complex boundary and interface conditions [27–38].

Mode matching has gained significant traction in acoustic applications, particularly

for the modeling of membrane-based structures aimed at noise reduction. It has

proven highly effective in handling systems with geometric discontinuities, layered

configurations, and flexible boundaries, allowing for precise prediction of wave trans-

mission, reflection, and attenuation. Its utility in these applications is demonstrated

in a growing body of recent research [39–49].

Historically, the mode matching technique was introduced by Mittra [50] to analyze

guided wave phenomena in waveguides and antennas. Building on this foundation,

Kok and Mittra [51] extended the technique to solve broader electromagnetic prob-

lems. Waterman [52] contributed a matrix-based formulation of mode matching to
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address complex scattering problems, laying further groundwork for its application in

various scientific disciplines. In acoustics, Chen and Wang [53] developed a numeri-

cal mode matching approach capable of handling wave propagation in geometrically

intricate domains, emphasizing its practicality for real-world scenarios.

More recently, Deng et al. [54] examined the use of acoustic metamaterials par-

ticularly polymer-based variants for manipulating acoustic radiation. Their review

highlighted various strategies for controlling wave behavior and the design princi-

ples behind such engineered materials, many of which rely on theoretical frameworks

compatible with mode matching methods. Complementary to wave-based modeling

approaches, several foundational studies have explored the mechanics of plate and

membrane structures, which are often components in acoustic systems. Reissner [55]

investigated the influence of transverse shear deformation on the bending behavior of

elastic plates, offering a fundamental understanding critical for advanced structural

modeling. Dow [56] introduced a bonded plate model to describe the vibration of thin

plates, providing insight into the dynamic characteristics of layered structures. Sim-

ilarly, Huang [57] developed a framework for analyzing rectangular plates with free

edges, further enriching the analytical tools available for evaluating the performance

of complex acoustic elements. Together, these developments have solidified the role of

mode matching as a cornerstone in the analysis of wave propagation in both rigid and

flexible media. Its integration with modern theories of plate and membrane mechanics

has expanded its applicability, making it a crucial technique for advancing the design

and analysis of innovative noise control solutions.

1.2 Thesis Structure

This thesis consists of five chapters.

• Chapter 1 serves as an introduction to the research presented in this thesis,

incorporating a detailed review of existing literature to provide essential context.

It lays the groundwork for the study by exploring relevant theoretical frameworks

and empirical findings that have influenced the research direction.
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• Chapter 2 provides some basic definitions, physical laws, and formulation of

membrane equation.

• Chapter 3 contains scattering of acoustic wave from a rectangular membrane

in infinite 3D rectangular duct.

• Chapter 4 contains scattering of acoustic wave from a rectangular membrane

in 3D waveguide.

• Chapter 5 provides the concluding remarks of the present study.

The references used in the thesis are mentioned in Bibliography.



Chapter 2

Preliminaries

This chapter provides foundational definitions and laws that will serve as a useful

reference for the chapters that follow.

2.1 Acoustic

The field of acoustics has experienced significant growth since its beginnings, evolving

from the initial study of audible sound waves to encompass a vast range of frequencies

and applications. Covering areas such as structural, environmental, and bioacoustics,

it integrates knowledge from multiple disciplines, including physics, engineering, and

music.

2.2 Acoustic Wave Equation

The behavior of acoustic waves in a medium like air can be mathematically modeled

using equations based on fundamental physical principles such as mass, momentum,

and energy conservation. However, these equations are often complex and nonlin-

ear, making analysis challenging. To address this, a linear approximation is typically

employed, simplifying the equations and enabling a more straightforward examina-

tion of wave propagation, thereby providing valuable understanding of acoustic wave

behavior in the medium.
9
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2.2.1 Conservation of Mass

The conservation of mass equation expresses the relationship between the rate of

change of mass density within a specified volume and the net mass flow into or out of

that volume, over a unit time period. Mathematically,

∂ρ

∂t
+∇.(ρu) = 0. (2.1)

In this context, u denotes the flow velocity, while ρ represents the instantaneous mass

density.

2.2.2 Conservation of Momentum

The conservation of momentum equation relates the net momentum flow rate to the

forces applied to the system that is

∂ρu

∂t
= −∇.(ρu)u−∇p+ ρg. (2.2)

Here, p represents pressure, g denotes gravitational acceleration, ∇p signifies the

exerted force, and ρg indicates the body force, as evident from equation (2.1),

∂ρu

∂t
+∇.(ρu)u = −∇p+ ρg. (2.3)

This implies that

(
∂ρ

∂t
+∇.(ρu)

)
u = ρ

(
∂

∂t
+ u.∇

)
u = −∇p+ ρg. (2.4)

Applying the continuity condition, we can express

ρ
Du

Dt
= −∇p+ ρg, (2.5)

where D
Dt

= ∂
∂t
+ u · ∇ represents the total time derivative, also known as the Stokes

total derivative, which comprises two components: the first term ∂
∂t

denotes the local

time derivative, while the second term u · ∇ represents the convective derivative.
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2.3 Membrane

In acoustic waveguides, membranes, which can take the form of thin plates or di-

aphragms, respond to sound waves with vibrations, thereby affecting wave propaga-

tion. Membranes fulfill various functions, including:

• Dividing the waveguide into distinct sections

• Introducing obstacles or discontinuities

• Selectively enhancing or suppressing specific frequency ranges

• Creating filters or resonators

Membranes exert significant influence over wave behavior, scattering, and transmis-

sion within the waveguide.

We consider a small rectangular element of a membrane with dimensions ∆x and ∆y,

and thickness h. The displacement of the membrane at a position (x, y) and time t is

denoted by u(x, y, t).

2.3.1 Newton’s Second Law

The net force acting on the membrane element is equal to its mass multiplied by its

acceleration

F = ma. (2.6)

2.3.2 Tension Forces

The tension forces in the membrane, denoted by T (tension per unit length), generate

curvature along the x and y directions. These curvatures are represented by the second

derivatives ∂2u
∂x2 and ∂2u

∂y2
.
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2.3.3 Acceleration of the Element

The acceleration of the membrane element is

a =
∂2u

∂t2
. (2.7)

2.3.4 Mass of the Membrane Element

The mass of the small membrane element is given by

m = ρh(∆x∆y), (2.8)

where ρ is the mass per unit area, and h is the thickness.

2.3.5 Force Balance

The net force due to tension is proportional to the sum of the second spatial derivatives

T (∆x∆y)

(
∂2u

∂x2
+
∂2u

∂y2

)
= ρh(∆x∆y)

∂2u

∂t2
, (2.9)

which on dividing by ∆x∆y in (2.9), leads to

T

(
∂2u

∂x2
+
∂2u

∂y2

)
= ρh

∂2u

∂t2
. (2.10)

2.3.6 Wave Speed

The wave speed c is defined as

c2 =
T

ρh
. (2.11)

By using (2.11) into (2.10), we obtain the membrane wave equation:

∂2u

∂t2
= c2

(
∂2u

∂x2
+
∂2u

∂y2

)
. (2.12)
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This is the fundamental equation governing the behavior of vibrating membranes

under tension.

2.3.7 Micro-Perforated Membrane

A micro-perforated elastic membrane is a thin, flexible sheet featuring tiny holes,

known as micro-perforations, which enable the passage of acoustic energy while main-

taining the membrane’s structural integrity. This innovative design allow the mem-

brane to effectively absorb sound energy, making it a popular choice for various acous-

tic applications, including:

• Sound absorption panels

• Acoustic filters

• Silencers

• Soundproofing materials

The micro-perforations create a large surface area, facilitating enhanced sound energy

dissipation, while the membrane’s elastic properties enable it to withstand mechanical

stress and maintain its shape.

2.4 Impedance Conditions

2.4.1 Soft Conditions

The soft boundary conditions are Drichlet’s type boundary conditions. In these type

of conditions, the pressure or displacement is considered as zero, i.e.

ψ(x, y) = 0.
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2.4.2 Rigid Conditions

Neumann’s type boundary conditions are actually rigid boundary conditions. In rigid

conditions, normal velocity is considered as zero, i.e.

∂ψ

∂x
= 0.

2.4.3 Edge Conditions

Edge conditions in a waveguide are the boundaries or constraints imposed on the

wavefield at the edges, determining how the wave behaves, such as reflection, absorp-

tion, or transmission. Common edge conditions include hard wall, soft wall, periodic,

absorbing, and impedance boundaries.

2.4.4 Spring-like Conditions

Spring-like conditions in a waveguide or acoustic system are boundaries that:

• Allow displacement in response to force (pressure)

• Return to their original position when the force is removed

• Do not dissipate energy (no damping)

2.4.5 Fixed Conditions

In a waveguide, a fixed condition, also known as a “fixed boundary” or “clamped

boundary”, is a boundary where:

• The displacement (movement) is zero

• The wavefield is not allowed to move or vibrate

• The boundary is rigid and immovable
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2.4.6 Free Conditions

In a waveguide, a free condition, also known as a “free boundary” or “unbounded

boundary”, is a boundary where:

• The wavefield is allowed to move or vibrate freely

• There are no constraints on the displacement (movement)

• The boundary is not rigid or fixed

2.5 Basic Definitions

2.5.1 Waveguides

Waveguides are specifically designed structures that guide waves, including electro-

magnetic waves and sound waves, in a way that minimizes energy loss. This is achieved

by confining the wave’s expansion to one or two dimensions. The shape and design of

a waveguide dictate its functionality, with acoustic waveguides functioning similarly

to transmission lines, effectively facilitating the propagation of sound waves within

them.

2.5.2 Amplitude

Amplitude refers to the maximum magnitude or intensity of a wave, oscillation, or

signal. Across various contexts, amplitude describes the following aspects:

• Sound waves: The loudness or intensity of a sound.

• Light waves: The brightness, luminosity, or intensity of light.

• Electrical signals: The magnitude of voltage or current level of an electrical

signal.
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• Vibrations: The magnitude or intensity of oscillations or vibrations.

• Mathematical functions: The maximum value that a function attains.

In essence, amplitude represents the “size” or “strength” of a wave or signal, typically

measured from its equilibrium or zero point to its peak value.

2.5.3 Time Period

The time taken by a vibrating object to complete one cycle of motion is referred to

as the time period. This duration is also known as the period of oscillation and is

commonly denoted by the symbol T , formulated as:

T =
2π

ω
. (2.13)

2.5.4 Frequency

Frequency is the number of oscillations or cycles of a wave, signal, or vibration per

unit time, typically measured in hertz (Hz), where 1 Hz equals one cycle per second.

Frequency is a fundamental property of waves and signals, playing a crucial role in

various fields, including:

• Sound: Pitch and tone

• Light: Color and spectrum

• Electrical engineering: AC circuits and signal processing

• Vibrations: Mechanical resonance and structural analysis

• Physics: Wave behavior and quantum mechanics

Frequency is often represented by the symbol “f” and is related to other wave prop-

erties, such as wavelength and amplitude, through the speed of the wave.
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2.5.5 Tension in Sound Waves

Tension plays a crucial role in sound propagation, particularly in solids and stretched

media like strings, membranes, and rods. Unlike transverse waves in a string, where

tension directly controls wave speed, sound waves are typically longitudinal, meaning

particle motion is parallel to wave direction.

2.5.6 Effect of Tension on Sound Waves

2.5.6.1 Stretched Strings (Musical Instruments)

In stringed instruments such as guitars, violins, and pianos, tension directly influences

the wave speed along the string, which affects the pitch of the sound produced.

• Increasing the tension increases the wave speed, resulting in a higher pitch.

• Decreasing the tension slows down the wave speed, producing a lower pitch.

The fundamental frequency f of a vibrating string is given by the equation

f =
1

2L

√
T

µ
, (2.14)

where:

f = fundamental frequency (Hz),

L = length of the string (m),

T = tension in the string (N),

µ = linear mass density (kg/m).

2.5.6.2 Tension in Membranes and Drumheads

In instruments like drums, the tension of the membrane affects its vibration and the

resulting sound:
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• Higher tension produces higher-pitched sounds due to increased wave speed.

• Lower tension creates deeper sounds by reducing the vibration frequency.

• Tension in solid rods and wires.

For solid materials, such as metal rods or taut wires, tension can influence the speed

of longitudinal waves. The wave speed in a stretched wire is determined by

v =

√
T

ρA
, (2.15)

where:

v = wave speed (m/s),

T = tension force (N),

ρ = material density (kg/m³),

A = cross-sectional area (m²).

2.6 Mode-Matching Scheme

Analytical approaches have been developed to study wave reflection, transmission,

and absorption in waveguides. The choice of approach depends on the material and

geometrical properties of the guiding structures and the underlying physical principles.

Among these methods, the Mode-Matching (MM) technique is widely used for prob-

lems involving structural discontinuities and non-uniform impedance distributions.

The MM technique is a analytical method that solves acoustic problems by dividing

the guiding structure into segments and determining the field potentials within each

segment. The potentials are expanded in terms of unknown amplitudes, which are then

determined by matching pressures and velocities at the interfaces between segments.

This approach converts the differential system into a linear algebraic system, which

is then solved for the unknown amplitudes. The MM technique has a broad range

of applications in solving physical problems, including those in the automobile and

HVAC industries, as well as various engineering structures. Its versatility and accuracy
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make it a valuable tool in these fields. In the HVAC and automobile industries,

duct-like structures play a crucial role in transferring vibrational energy, which can

sometimes manifest as noise. Designing these elements to minimize noise is essential,

often involving geometric modifications and material properties. The MM technique

offers a relatively straightforward approach to finding solutions to these problems,

providing an attractive method for tackling these challenges.



Chapter 3

Scattering of Acoustic Wave from a

Rectangular Membrane in Infinite

3D Rectangular Duct

In this chapter, a rectangular membrane having area “ab” is contained in waveguide

and scattering is discussed. The incident radiation are assumed to be the fundamental

or higher order mode of rigid duct which passes after interaction with the membrane.

This chapter is arranged such that Section 3.1 contains the mathematical formulation

of the boundary value problem (BVP). The Mode-Matching solution is discussed in

Section 3.2. The dynamics of membrane at interface is given in Section 3.3. The

numerical results and discussion are given in Section 3.4.

3.1 Problem Formulation

Consider a rectangular waveguide having membrane at z̄ = 0, as shown in Fig. 3.1.

The inside of waveguide is filled with compressible fluid of density ρ and sound speed

c. The fluid potential in waveguide satisfies the dimensional wave equation

∇̄2Φ̄(x̄, ȳ, z̄, t̄) =
1

c2
∂2Φ̄

∂t̄2
, (3.1)

20
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Figure 3.1: The physical configuration of waveguide

where overbars with variables show the dimensional setting of coordinates. The fluid

potential Φ̄ is related to acoustic pressure P̄ and velocity vector V̄ through the relation

P̄ = −ρ∂Φ̄
∂t̄
, (3.2)

and

V̄ = ∇̄Φ̄, (3.3)

respectively. The boundary wall of waveguide is assumed acoustically rigid. The

boundary conditions for acoustically rigid surface are:

∂Φ̄

∂x̄
= 0, x̄ = 0, x̄ = ā, 0 ≤ ȳ ≤ b̄, (3.4)

∂Φ̄

∂ȳ
= 0, ȳ = 0, ȳ = b̄, 0 ≤ x̄ ≤ ā. (3.5)

At z̄ = 0, there exists a membrane. The membrane displacement Ū(x̄, ȳ, z̄, t̄) satisfies

the equation
∂2Ū

∂x̄2
+
∂2Ū

∂ȳ2
− 1

c2m

∂2Ū

∂t̄2
=

1

T
(P̄+ − P̄−), (3.6)

where cm =
√

T
ρm

denotes for the speed of waves on membrane in which T and ρm are

respectively the membrane tension and mass density. The quantities P̄+ and P̄− on

right hand side of (3.6) represent acoustic pressures in the regions lying at z̄ > 0 and

z̄ < 0, respectively. Further, edge conditions on the membrane edges are imposed.

These conditions define the type of physical connection as well ensure the uniqueness
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of achieved solution. For sake of generality, the spring like conditions can be given as:

T
∂Ū(x̄, ȳ, t̄)

∂x̄
− K̄1Ū(x̄, ȳ, t̄) = 0, x̄ = 0, 0 < ȳ < b̄, (3.7)

T
∂Ū(x̄, ȳ, t̄)

∂x̄
+ K̄2Ū(x̄, ȳ, t̄) = 0, x̄ = ā, 0 < ȳ < b̄, (3.8)

T
∂Ū(x̄, ȳ, t̄)

∂ȳ
− K̄3Ū(x̄, ȳ, t̄) = 0, ȳ = 0̄, 0 < x̄ < ā, (3.9)

T
∂Ū(x̄, ȳ, t̄)

∂ȳ
+ K̄4Ū(x̄, ȳ, t̄) = 0, ȳ = ā, 0 < x̄ < ā. (3.10)

The membrane displacement Ū is related to fluid potential Φ̄ as:

∂Ū

∂t̄
=
∂Φ̄

∂z̄
. (3.11)

Consider harmonic time dependence e−iωt̄, where ω is radiant frequency ω = 2πf ,

then P̄ , V̄ , Ū and Φ̄ are related as:

P̄ (x̄, ȳ, z̄, t̄) = p̄(x̄, ȳ, z̄)e−iωt̄, (3.12)

V̄ (x̄, ȳ, z̄, t̄) = v̄(x̄, ȳ, z̄)e−iωt̄, (3.13)

Φ̄(x̄, ȳ, z̄, t̄) = ϕ̄(x̄, ȳ, z̄)e−iωt̄, (3.14)

and

Ū(x̄, ȳ, t̄) = ū(x̄, ȳ)e−iωt̄, (3.15)

where p̄, v̄, ū and ϕ̄ are time independent variables using (3.12) to (3.15) into (3.1) to

(3.6), we get the following equations in harmonic time independent, variable.

• Helmholtz’s equation:

[
∂2

∂x̄2
+

∂2

∂ȳ2
+

∂2

∂z̄2
+ k2

]
ϕ̄(x̄, ȳ, z̄) = 0. (3.16)

• Relation of pressure, velocity and displacement with fluid potential:

p̄(x̄, ȳ, z̄) = iωρϕ̄(x̄, ȳ, z̄), (3.17)
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v̄(x̄, ȳ, z̄) =
∂ϕ̄

∂x̄
î+

∂ϕ̄

∂ȳ
ĵ +

∂ϕ̄

∂z̄
k̂, (3.18)

ū(x̄, ȳ) =
i

ω

∂ϕ̄

∂z̄
. (3.19)

• Rigid conditions at x̄ = 0, x̄ = ā, and ȳ = 0, ȳ = b̄:

∂ϕ̄

∂x̄
= 0, x̄ = 0, x̄ = ā, 0 < ȳ < b̄, (3.20)

∂ϕ̄

∂ȳ
= 0, ȳ = 0, ȳ = b̄, 0 < x̄ < ā. (3.21)

• Membrane condition at z̄ = 0, 0 ≤ x̄ ≤ ā, 0 ≤ ȳ ≤ b̄:

∂2ū

∂x̄2
+
∂2ū

∂ȳ2
+
ω2

c2m
ū =

1

T
(p̄+ − p̄−). (3.22)

• Edge conditions at the edges of membrane:

T
∂ū(x̄, ȳ)

∂x̄
− K̄1ū(x̄, ȳ) = 0, x̄ = 0, 0 < ȳ < b̄, (3.23)

T
∂ū(x̄, ȳ)

∂x̄
+ K̄2ū(x̄, ȳ) = 0, x̄ = ā, 0 < ȳ < b̄, (3.24)

T
∂ū(x̄, ȳ)

∂ȳ
− K̄3ū(x̄, ȳ) = 0, ȳ = 0̄, 0 < x̄ < ā, (3.25)

T
∂ū(x̄, ȳ)

∂ȳ
+ K̄4ū(x̄, ȳ) = 0, ȳ = ā, 0 < x̄ < ā. (3.26)

Now, we non-dimensionalize the above equations by using length scale k−1, and time

scale ω−1, such that x = kx̄, y = kȳ, z = kz̄, t = ωt̄,

u = kū, ϕ = k2

ω
ϕ̄.

(3.27)

The differential operator in dimensional form are related to non-dimensional form as:

∂

∂x̄
=

∂

∂x

∂x

∂x̄
= k

∂

∂x
, (3.28)

∂2

∂x̄2
=

∂

∂x̄
(k

∂

∂x
) = k2

∂2

∂x2
, (3.29)

∂

∂ȳ
=

∂

∂y

∂y

∂ȳ
= k

∂

∂y
, (3.30)
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∂2

∂ȳ2
=

∂

∂ȳ
(k

∂

∂y
) = k2

∂2

∂y2
, (3.31)

∂

∂z̄
=

∂

∂z

∂z

∂z̄
= k

∂

∂z
, (3.32)

∂2

∂z̄2
=

∂

∂z̄
(k

∂

∂z
) = k2

∂2

∂z2
. (3.33)

Now, we use the defined transformation (3.27) to make the equations dimensionless.

The resulting dimensionless form of the equations of interest has been given below:

• Helmholtz’s equation:

[
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ 1

]
ϕ(x, y, z) = 0. (3.34)

• Relation of pressure, velocity and displacement with fluid potential:

p(x, y, z) =
iω2ρ

k2
ϕ(x, y, z), (3.35)

v(x, y, z) =
ω

k

∂ϕ

∂x
î+

∂ϕ

∂y
ĵ +

∂ϕ

∂z
k̂, (3.36)

u(x, y) =
i

k

∂ϕ

∂z
. (3.37)

• Rigid conditions at x = 0, x = a, and y = 0, y = b:

∂ϕ

∂x
= 0, x = 0, x = a, 0 < y < b, (3.38)

∂ϕ

∂y
= 0, y = 0, y = b, 0 < x < a. (3.39)

• Membrane condition at z = 0, 0 ≤ x ≤ a, 0 ≤ y ≤ b:

[
∂2

∂x2
+

∂2

∂y2
+ µ2

]
∂ϕ

∂z
= α(ϕ+ − ϕ−), (3.40)

where µ = c
cm

and α = c2ρ
T

are dimensionless form of membrane wavenumber and fluid

loading parameters, respectively.

• Edge conditions at the edges of membrane:
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∂u(x, y)

∂x
−K1u(x, y) = 0, x = 0, 0 < y < b, (3.41)

∂u(x, y)

∂x
+K2u(x, y) = 0, x = a, 0 < y < b, (3.42)

∂u(x, y)

∂ȳ
−K3u(x, y) = 0, y = 0, 0 < x < a, (3.43)

∂u(x, y)

∂y
+K4u(x, y) = 0, y = a, 0 < x < a, (3.44)

where k1 =
k̄1
Tk
, k2 =

k̄2
Tk
, k3 =

k̄3
Tk

and k4 =
k̄4
Tk
.

Let an incident wave strikes at membrane, a part is reflected in region-I while rest is

transmitted into the region-II.

In order to analyze the reflection and transmission, we solve the governing boundary

value problem (BVP) by using mode-matching technique. The solution is discussed

in the next section.

3.2 Mode-Matching Solution

In this technique, first we apply the separation of variable method and determine the

eigenfunction expansion of fluid potential in duct region-I and region-II.

For region-I, the Helmholtz’s equation is

[
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
+ 1

]
ϕ1(x, y, z) = 0, (3.45)

subject to the boundary conditions:

∂ϕ

∂x
= 0, x = 0, x = a, (3.46)

∂ϕ

∂y
= 0, y = 0, y = b. (3.47)

To solve (3.45), we assume the solution

ϕ1(x, y, z) = X1(x)Y1(y)Z1(z). (3.48)
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On using (3.48) into (3.45), gives

X1
′′(x)

X1(x)
+
Y1

′′(y)

Y1(y)
+ 1 = −Z1

′′(z)

Z1(z)
= η2. (3.49)

From (3.49), the solution of ordinary differential equation for Z1(z) is

Z1(z) = c1e
iηz + c2e

−iηz, (3.50)

where c1 and c2 are arbitrary constants. For Y1(y), the ordinary differential equation

is

Y1
′′(y) + η2yY1(y) = 0, with ηy =

√
1− η2. (3.51)

The solution of equation (3.51), is

Y1(y) = c3 cos(ηyy) + c4 sin(ηyy), (3.52)

where c3 and c4 are arbitrary constants. By using (3.47) into (3.52), we may get

Y1(y) = cos
(nπy

b

)
, with ηy =

nπ

b
, (3.53)

whereas, for X1(x), the ordinary differential equation is

X1
′′(x) + η2xX1(x) = 0, with ηx =

√
1− η2 − η2y. (3.54)

The solution of (3.54), is

X1(x) = c5 cos(ηxx) + c6 sin(ηxx), (3.55)

where c5 and c6 are arbitrary constants. By using (3.46) into (3.55), we may get

X1(x) = cos
(mπx

a

)
, with ηx =

mπ

a
. (3.56)

From superposition principle, the total field potential in region-I can be written as:

ϕ1(x, y, z) =
∞∑

m=0

∞∑
n=0

(Amne
iηmnz +Bmne

−iηmnz)ψmn(x, y), (3.57)
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where ψmn(x, y) denotes the eigenfunction in region-I and its value is

ψmn(x, y) = cos
(mπx

a

)
cos

(nπy
b

)
. (3.58)

Here, ηmn represents the wave number corresponding to the (mn)th mode, and its

value is given by

ηmn =

√
1−

(mπ
a

)2

−
(nπ
b

)2

. (3.59)

Note that first term of right hand side of (3.57) gives the expression for (mn)th prop-

agating mode towards positive direction and second term on right hand side stands

for the (mn)th mode propagating in negative z-direction.

The coefficients Amn and Bmn are amplitude of (mn)th propagating modes.

Likewise for region-II, we solve

[
∂2

∂x2
+

∂2

∂y2
+
∂2

∂z
+ 1

]
ϕ2(x, y, z) = 0, (3.60)

subject to the boundary conditions:

∂ϕ2

∂x
= 0, x = 0, x = a, (3.61)

∂ϕ2

∂y
= 0, x = 0, y = b. (3.62)

To solve (3.60), consider

ϕ2(x, y, z) = X2(x)Y2(y)Z2(z). (3.63)

On using (3.63) into (3.60), we get

X2
′′(x)

X2(x)
+
Y2

′′(y)

Y2(y)
+ 1 = −Z2

′′(z)

Z2(z)
= η2. (3.64)

From (3.64), the solution of ordinary differential equation for Z2(z) is

Z2(z) = c7e
iηz + c8e

−iηz, (3.65)
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where c7 and c8 are arbitrary constants. For Y2(y), the ordinary differential equation

is

Y2
′′(y) + η2yY2(y) = 0, with ηy =

√
1− η2. (3.66)

The solution of equation (3.66), is

Y2(x) = c9 cos(ηyy) + c10 sin(ηyy). (3.67)

Here, c9 and c10 are arbitrary constants. By using (3.62) into (3.67), we may get

Y2(y) = cos
(nπy

b

)
, with ηy =

nπ

b
, (3.68)

whereas, for X2(x), the ordinary differential equation is

X2
′′(x) + η2xX2(x) = 0, with ηx =

√
1− η2 − η2y. (3.69)

The solution of (3.69), is

X2(x) = c11 cos(ηxx) + c12 sin(ηxx), (3.70)

where c11 and c12 are arbitrary constants. By using (3.61) into (3.70), we may get

X2(x) = cos
(mπx

a

)
, with ηx =

mπ

a
. (3.71)

From superposition principle, the total field potential in region-II can be written as:

ϕ2(x, y, z) =
∞∑

m=0

∞∑
n=0

(Cmne
iηmnz +Dmne

−iηmnz)ψmn(x, y), (3.72)

where ψmn(x, y) denotes the eigenfunction in region-I and its value is

ψmn(x, y) = cos
(mπx

a

)
cos(

nπy

b
). (3.73)
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Here, ηmn represents the wave number corresponding to the (mn)th mode, and its

value is given by

ηmn =

√
1−

(mπ
a

)2

−
(nπ
b

)2

. (3.74)

Note that
{
Amn, Bmn, Cmn,Dmn

}
are unknowns. We take the fundamental duct mode

with unit amplitude from region-II to positive z-direction. Furthermore, we consider

only transmission in region-II by setting Dmn = 0 in (3.72). Therefore, (3.57) and

(3.72), respectively take the form:

ϕ1(x, y, z) =
∞∑

m=0

∞∑
n=0

(Amne
iηmnz +Bmne

−iηmnz)ψmn(x, y), (3.75)

and

ϕ2(x, y, z) =
∞∑

m=0

∞∑
n=0

Cmne
iηmnzψmn(x, y). (3.76)

3.3 Dynamics of Membrane at Interface

The dynamical manner of membrane at interface z = 0, is given in equation of motion

(3.40). We rewrite the membrane equation:

∇2u(x, y) + µ2u(x, y) = α(ϕ2 − ϕ1). (3.77)

In order to find the solution of (3.77), using Galerkin approach which relies on the

assumption of priori solution. Here, consider the solution in generalized Fourier series

form as:

u(x, y) =
∞∑
p=0

∞∑
q=0

Dpqχpq(x, y), (3.78)

where χpq(x, y) satisfies the eigenvalue problem associated with (3.77)

∇2χpq + λ2pqχpq = 0, (3.79)

with subject to boundary conditions:

∂χpq(x, y)

∂x
− k1χpq(x, y) = 0, x = 0, (3.80)
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∂χpq(x, y)

∂x
+ k2χpq(x, y) = 0, x = a, (3.81)

∂χpq(x, y)

∂y
− k3χpq(x, y) = 0, y = 0, (3.82)

∂χpq(x, y)

∂y
+ k4χpq(x, y) = 0, y = b. (3.83)

Note that Dpq is unknown that will be found through (3.77). However, to determine

χpq, we solve eigenvalue problem given by (3.79) to (3.83). For sake of generality we

assume

χpq = XpYq. (3.84)

By using (3.84) into (3.79), we may get

Xp
′′

Xp

= −Yq
′′

Yq
− λ2pq = −γ2p , (3.85)

whereas, for Xp(x), the ordinary differential equation is

Xp
′′(x) + γ2pXp(x) = 0. (3.86)

The solution of (3.86), is

Xp = c13 cos(γpx) + c14 sin(γpx), (3.87)

where c13 and c14 are arbitrary constants. By using (3.80) into (3.87), we may get

Xp = c14

(
γp
k1

cos(γpx) + sin(γpx)

)
. (3.88)

On using (3.81) into (3.88), we obtain

c14

((
1 +

k2
k1

)
γp cos(γpa) +

(
k2 −

γ2p
k1

)
sin(γpa)

)
= 0. (3.89)

For nontrivial solution, c14 ̸= 0, then (3.89) can be rewritten as

((
1 +

k2
k1

)
γp cos(γpa) +

(
k2 −

γ2p
k1

)
sin(γpa)

)
= 0. (3.90)
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Here, the roots of equation (3.90), denoted as γp, will be obtained using numerical

method like Newton - Raphson or Secant method. Hence

Xp =
γp
k1

cos(γpx) + sin(γpx). (3.91)

Here Xp are orthogonal, satisfying orthogonality relation that is

∫ a

0

XpXldx = δplEl, (3.92)

where

El =

∫ a

0

X2
l dx, (3.93)

whereas, for Yq(y), the ordinary differential equation is

Yq
′′ + γ2qYq = 0, with γq =

√
λ2pq − γ2p . (3.94)

The solution of equation (3.94), is

Yq = c15 cos(γqy) + c16 sin(γqy), (3.95)

where c15 and c16 are arbitrary constants. By using (3.82) into (3.95), we obtain

Yq = c16

(
γq
k3

cos(γqy) + sin(γqy)

)
. (3.96)

On using (3.83) into (3.96), we obtain

c16

((
1 +

k4
k3

)
γq cos(γqb) +

(
k4 −

γ2q
k3

)
sin(γqb)

)
= 0. (3.97)

For nontrivial solution, c16 ̸= 0, then (3.97) can be written as:

((
1 +

k4
k3

)
γq cos(γqb) +

(
k4 −

γ2q
k3

)
sin(γqb)

)
= 0. (3.98)

Here, the roots of equation (3.98), denoted as γq, will be obtained using numerical

method like Newton - Raphson or Secant method. Hence
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Yq =
γq
k2

cos(γqy) + sin(γqy). (3.99)

Here, Yq are orthogonal, satisfying orthogonality relation that is

∫ a

0

YqYmdy = δqmFm, (3.100)

where

Fm =

∫ b

0

Y 2
mdy. (3.101)

In order to show orthogonality we reconsider (3.84), which is

χpq = XpYq. (3.102)

On multiplying by χlm and integrating over 0 < x < a and 0 < y < b, we may get

∫ a

0

∫ b

0

χpqχlmdxdy = Γlmδplδqm. (3.103)

By using orthogonality relation (3.103), after simplification yields

Γlm = ElFm. (3.104)

By using (3.75),(3.76) and (3.78) into (3.77), we may get

∞∑
p=0

∞∑
q=0

Dpq(µ
2 − λ2pq)χpq = α

∞∑
m=0

∞∑
n=0

(Amn +Bmn − Cmn)ψmn. (3.105)

On multiplying with χlm and integrating over 0 < x < a and 0 < y < b, we may get

Dlm =
α

(µ2 − λ2lm)Γlm

∞∑
r=0

∞∑
n=0

(Arn +Brn − Crn)∆rnlm. (3.106)

By using orthogonality relation (3.106), and simplifying, we get

∆rnlm =

∫ a

0

∫ b

0

χlmψrndxdy. (3.107)
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Accordingly, for region-I, at z = 0, we have

∂ϕ1

∂z
= u(x, y). (3.108)

By using (3.75) and (3.78) into (3.108), we may get

i

∞∑
m=0

∞∑
n=0

(Amn −Bmn)ηmnψmn(x, y) =
∞∑
p=0

∞∑
q=0

Dpqχpq. (3.109)

Multiplying by ψgj with (3.109) and integrating over 0 < x < a and 0 < y < b, we

may get

Agj −Bgj =
1

iηgj△gj

∑
p

∑
q

Dpq∆gjpq, (3.110)

where

∆gjpq =

∫ a

0

∫ b

0

ψgjχpqdxdy. (3.111)

Similarly, for region-II, at z = 0, we have

∂ϕ2

∂z
= u(x, y). (3.112)

By using (3.76) and (3.78) into (3.112), we may get

i
∞∑

m=0

∞∑
n=0

Cmnηmnψmn(x, y) =
∞∑
p=0

∞∑
q=0

Dpqχpq. (3.113)

By using orthogonality relation, after some mathematical rearrangements, it is found

that

Cgj =
1

iηgj△gj

∑
p

∑
q

Dpq

∧
gjpq

, (3.114)

where ∧
gjpq

=

∫ a

0

∫ b

0

ψgjχpqdxdy. (3.115)
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3.4 Numerical Results

This section presents a numerical solution to the problem examined in the chapter,

where the system is truncated upto N terms. The numerical computations are per-

formed in software MATHEMATICA by fixing the relevant parameters as: membrane

dimensions ā = 0.1m, b̄ = 0.1m, density of air ρ = 1.2kg/m3, sound speed in air

c = 343.5m/s, tension T = 50N, membrane mass density ρm = 0.17kg/m3, frequency

f = 100Hz and spring constants k̄1 = k̄2 = k̄3 = k̄4 = 1.

In Figures 3.2 to 3.7, the dimensionless modes of membrane at ψ00(x, y), ψ01(x, y),

ψ10(x, y), ψ55(x, y) and ψ99(x, y) against x and y at z = 0 are shown and Figures

3.8 to 3.13, the dimensionless modes of membrane of eigenfunction in 3-dimension

at χ00(x, y), χ01(x, y), χ10(x, y), χ11(x, y), χ55(x, y) and χ99(x, y) against x and y at

z = 0 are shown.

In Fig. 3.2, the (00) mode shows that the entire membrane moves up and down

uniformly, without any nodal lines (regions of zero displacement). This means that

at any given time, the displacement is the same across the entire membrane.

In a density plot, colours typically represent amplitude variations. The black colour

suggests that the amplitude does not change. The absence of variation confirms that

this is the (00) mode, where the displacement is constant.

Figure 3.2: The dimensionless fluid mode at ψ00(x, y) against x and y, where
ā = b̄ = 0.1m, and N = 20 terms
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In Fig. 3.3, the (01) mode shows that the membrane vibrates in a way where the

displacement varies smoothly in the vertical direction, but remains constant in the

horizontal direction.

The colour gradient represents displacement values, white and yellow at the bottom

indicates maximum positive displacement while the black at the top indicates the

maximum negative displacement.

Figure 3.3: The dimensionless fluid mode at ψ01(x, y) against x and y, where
ā = b̄ = 0.1m, and N = 20 terms

In Fig. 3.4, the (10) mode describes a standing wave pattern, where the displacement

changes along the hoizantal direction, while uniform along the vertical direction.

White and yellow on the left indicates the maximum positive displacement and black

on the right indicates maximum negative displacement.

In Fig. 3.5, the density plot of membrane (11) mode of a vibrating membrane indi-

cates where the displacement varies in both horizontal and vertical directions. Bright

(yellow and white) regions correspond to maximum displacement called antinodes,

where the membrane moves most. Dark (purple and black) regions represent nodes,

where the displacement is nearly zero. Gradient transitions between colors indicate

areas of intermediate displacement.

In Fig. 3.6, the (55) mode describes a displacement varies in both the x and y

directions with five oscillations. Bright (white and yellow) regions correspond to

areas of maximum displacement (antinodes).
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Figure 3.4: The dimensionless fluid mode at ψ10(x, y) against x and y, where
ā = b̄ = 0.1m, and N = 20 terms

Dark (purple and black) regions correspond to areas of zero displacement (nodes).

The repeating square-like pattern suggests a combination of sinusoidal oscillations.

In Fig. 3.7, the modes of vibration correspond to standing wave patterns, where

certain points on the membrane remain stationary (nodes), while others oscillate be-

tween maximum and minimum displacement values. The black and dark purple colour

represents minimum displacement (negative peaks), where the membrane moves the

farthest in one direction.

The white and yellow colour represents maximum displacement (positive peaks),

where the membrane moves the farthest in the opposite direction.

Orange Shades indicate intermediate values between the peaks and troughs.

In Fig. 3.8, the displacement varies in both the x and y directions with nine oscil-

lations.. Since both n and m are 9, the membrane forms a 9×9 grid of nodal lines.

Alternating bright and dark regions represent antinodes (max displacement) and nodes

(zero displacement). Fine grid-like pattern confirms a high-frequency mode.

In Fig. 3.9, the (00) mode is the simplest and lowest-frequency vibration mode of a

membrane. In this mode, the entire membrane moves up and down in unison, without
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Figure 3.5: The dimensionless fluid mode at ψ11(x, y) against x and y, where
ā = b̄ = 0.1m, and N = 20 terms

Figure 3.6: The dimensionless fluid mode at ψ55(x, y) against x and y, where
ā = b̄ = 0.1m, and N = 20 terms

any internal oscillation patterns. The highest displacement occurs at the center, while

it decreases towards the edges, where the boundary conditions force the displacement

to be zero. The bright yellow and white areas indicate maximum displacement while

the dark purple and black areas represent regions with minimal displacement.

In Fig. 3.10, the plot represents the (01) mode of a vibrating membrane. This

mode exhibits a single oscillation along the y-axis, while remaining uniform along
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Figure 3.7: The dimensionless fluid mode at ψ26(x, y) against x and y, where
ā = b̄ = 0.1m, and N = 20 terms

the x-axis, forming a standing wave in one direction. The bright regions represent

maximum displacement(antinodes) and the dark regions represent zero displacement

(nodes, fixed boundaries).

In Fig. 3.11, the (10) mode represents the simplest one-dimensional oscillation in a 2D

membrane. The 3D plot helps visualize displacement variations, with color gradients

highlighting oscillation intensity. The colours range from black (low values) to yellow

(high values), indicating varying displacements or pressures.

In Fig. 3.12, In this case, it would show the mode (11), which corresponds to one

oscillation along x direction and one along y direction. In this plot bright yellow

and white indicates the maximum positive displacement while orange and purple

indicates intermediate values and black and dark colours indicate maximum negative

displacement.

In Fig. 3.13, the surface exhibits repetitive wave-like patterns in both the x and

y directions, indicating a high frequency oscillation. The highest and lowest points

in the plot correspond to antinodes (regions of maximum oscillation), while flat or

intersecting regions indicate nodal lines where there is no motion. The bright yellow
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Figure 3.8: The dimensionless fluid mode at ψ99(x, y) against x and y, where
ā = b̄ = 0.1m, and N = 20 terms

Figure 3.9: The dimensionless fluid mode of membrane of eigenfunction in 3D
χ00(x, y) against x and y, where ā = b̄ = 0.1m, and N = 20 terms

and white areas represent the highest positive displacements while the dark purple

and black areas represent the lowest negative displacements.

In Fig. 3.14, the mode number increases, the wave pattern becomes more intricate.

The bright yellow and white areas correspond to maximum positive displacement

(peaks) while the dark purple and black areas represent maximum negative displace-

ment (valleys) and the regions where the wave crosses zero displacement (flat parts)

correspond to nodal lines, where no movement occurs.
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Figure 3.10: The dimensionless fluid mode of membrane of eigenfunction in 3D
χ01(x, y) against x and y, where ā = b̄ = 0.1m, and N = 20 terms

Figure 3.11: The dimensionless fluid mode of membrane of eigenfunction in 3D
χ10(x, y) against x and y, where ā = b̄ = 0.1m, and N = 20 terms

Figure 3.12: The dimensionless fluid mode of membrane of eigenfunction in 3D
χ11(x, y) against x and y, where ā = b̄ = 0.1m, and N = 20 terms
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Figure 3.13: The dimensionless fluid mode of membrane of eigenfunction in 3D
χ55(x, y) against x and y, where ā = b̄ = 0.1m, and N = 20 terms

Figure 3.14: The dimensionless fluid mode of membrane of eigenfunction in 3D
χ99(x, y) against x and y, where ā = b̄ = 0.1m, and N = 20 terms



Chapter 4

Scattering of Acoustic Wave from a

Rectangular Membrane in 3D

Waveguide

In this chapter, the Scattering of acoustic wave from a rectangular membrane in 3-

dimensional waveguide is discussed. The chapter is arranged as follows: Section 4.1

contains, the Scattering of acoustic wave from a rectangular membrane backed by rigid

wall. Section 4.2 contains, the Galerkin’s formulation to model the membrane response

velocity condition for symmetric modes. The numerical results and discussion are

given in Section 4.3. In Section 4.4 contains, the scattering of acoustic wave from a

rectangular membrane backed by soft wall. The Galerkin’s formulation to model the

membrane response velocity condition for antisymmetric modes is given in Section

4.5. The numerical results and discussion are given in Section 4.6.

4.1 Scattering of Acoustic Wave from a Rectangu-

lar Membrane Backed by Rigid wall

Consider a duct mode incident on a membrane sheet of area “ab” located at z = −ℓ.

42
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There is a rigid wall located at z = 0, and incident modes is coming from z < −ℓ.

The geometry of waveguide is as shown in Fig. 4.1.

Figure 4.1: The physical configuration of waveguide

The fluid potentials in region-I and region-II can be expressed as:

ϕs(x, y) =

ϕs
1(x, y) z < −ℓ,

ϕs
2(x, y) z > −ℓ,

(4.1)

where superscript “s” represent symmetric regions. These satisfies the Helmholtz’s

equation along with rigid boundary conditions. These governing equations are:

{∇2 + k2}ϕs = 0, (4.2)

∂ϕs
1

∂x
= 0, x = 0, x = a, 0 < y < b, (4.3)

∂ϕs
2

∂y
= 0, x = 0, x = b, 0 < x < a. (4.4)

The fluid potentials can be written in eigenfunction expansion form that is:

ϕs
1(x, y, z) =

∞∑
m=0

∞∑
n=0

(
As

mne
iηmn(z+l) +Bs

mne
−iηmn(z+l)

)
ψmn(x, y), (4.5)

and

ϕs
2(x, y, z) =

∞∑
m=0

∞∑
n=0

(
Cs

mne
iηmnz +Ds

mne
−iηmnz

)
ψmn(x, y). (4.6)
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But as at z = 0, there exist a rigid wall that gives

∂ϕs
2

∂z
= 0, z = 0. (4.7)

By using (4.6) into (4.7), we may get

∞∑
m=0

∞∑
n=0

(Cs
mn −Ds

mn)ηmnψmn(x, y) = 0, (4.8)

simplification leads to

Cs
mn = Ds

mn. (4.9)

By using the value of Dmn, from (4.9) into (4.6), we find

ϕs
2(x, y, z) =

∞∑
m=0

∞∑
n=0

2Cs
mn cos(ηmnz)ψmn(x, y). (4.10)

Here the coefficient Cs
mn and Bs

mn are unknowns once As
mn is provided to the system

for excitation of duct modes. As there lies a membrane at z = −ℓ, we consider its

dynamics using Galerkin method to find the unknown amplitudes.

4.2 Galerkin Formulation for Membrane Dynam-

ics

The dynamical response of membrane at interface z = −ℓ, can be given as:

∇2us(x, y) + µ2us(x, y) = α(ϕs
2 − ϕs

1), (4.11)

subject to the boundary conditions:

∂us(x, y)

∂x
− k1u

s(x, y) = 0, x = 0, (4.12)

∂us(x, y)

∂x
+ k2u

s(x, y) = 0, x = a, (4.13)

∂us(x, y)

∂y
− k3u

s(x, y) = 0, y = 0, (4.14)
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∂us(x, y)

∂y
+ k4u

s(x, y) = 0, y = b. (4.15)

Here, we assume the solution in generalized Fourier series form as:

us(x, y) =
∞∑
p=0

∞∑
q=0

Js
pqχ

s
pq(x, y), (4.16)

where χs
pq(x, y) satisfies the eigenvalue problem associated with (4.11)

∇2χs
pq + λ2pqχ

s
pq = 0, (4.17)

with subject to boundary conditions:

∂χs
pq(x, y)

∂x
− k1χ

s
pq(x, y) = 0, x = 0, (4.18)

∂χs
pq(x, y)

∂x
+ k2χ

s
pq(x, y) = 0, x = a, (4.19)

∂χs
pq(x, y)

∂y
− k3χ

s
pq(x, y) = 0, y = 0, (4.20)

∂χs
pq(x, y)

∂y
+ k4χ

s
pq(x, y) = 0, y = b. (4.21)

Note that Js
pq is unknown that will be found through (4.11).

However, to determine χs
pq, we solve eigenvalue problem given by (4.17) to (4.21). For

sake of generality we assume

χs
pq = XpYq. (4.22)

By using (4.22) into (4.17), we may get

Xp
′′

Xp

= −Yq
′′

Yq
− λ2pq = −γ2p , (4.23)

whereas, for Xp(x), the ordinary differential equation is

Xp
′′(x) + γ2pXp(x) = 0. (4.24)
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The solution of (4.24), is

Xp = c17 cos(γpx) + c18 sin(γpx), (4.25)

where c17 and c18 are arbitrary constants. By using (4.18) into (4.25), we may get

Xp = c18

(
γp
k1

cos(γpx) + sin(γpx)

)
. (4.26)

On using (4.19) into (4.26), we obtain

c18

((
1 +

k2
k1

)
γp cos(γpa) +

(
k2 −

γ2p
k1

)
sin(γpa)

)
= 0. (4.27)

For nontrivial solution, c18 ̸= 0, then (4.27) can be rewritten as

((
1 +

k2
k1

)
γp cos(γpa) +

(
k2 −

γ2p
k1

)
sin(γpa)

)
= 0. (4.28)

Here, the roots of equation (4.28), denoted as γp, will be obtained using numerical

method like Newton - Raphson or Secant method. Hence

Xp =
γp
k1

cos(γpx) + sin(γpx). (4.29)

Here, Xp are orthogonal, satisfying orthogonality relation that is

∫ a

0

XpXldx = δplEl, (4.30)

where

El =

∫ a

0

X2
l dx, (4.31)

whereas, for Yq(y), the ordinary differential equation is

Yq
′′ + γ2qYq = 0, with γq =

√
λ2pq − γ2p . (4.32)

The solution of equation (4.32), is

Yq = c19 cos(γqy) + c20 sin(γqy), (4.33)
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where c19 and c20 are arbitrary constants. By using (4.20), into (4.33) we obtain

Yq = c20

(
γq
k3

cos(γqy) + sin(γqy)

)
. (4.34)

On using (4.21) into (3.34), we obtain

c20

((
1 +

k4
k3

)
γq cos(γqb) +

(
k4 −

γ2q
k3

)
sin(γqb)

)
= 0. (4.35)

For nontrivial solution, c20 ̸= 0, then (4.35) can be written as:

((
1 +

k4
k3

)
γq cos(γqb) +

(
k4 −

γ2q
k3

)
sin(γqb)

)
= 0. (4.36)

Here, the roots of equation (4.36), denoted as γq, will be obtained using numerical

method like Newton - Raphson or Secant method. Hence

Yq =
γq
k2

cos(γqy) + sin(γqy). (4.37)

Here, Yq are orthogonal, satisfying orthogonality relation that is

∫ a

0

YqYmdy = δqmFm, (4.38)

where

Fm =

∫ b

0

Y 2
mdy. (4.39)

In order to show orthogonality we reconsider (4.22), which is

χs
pq = XpYq. (4.40)

On multiplying by χs
lm and integrating over 0 < x < a and 0 < y < b, we may get

∫ a

0

∫ b

0

χs
pqχ

s
lmdxdy = Γlmδplδqm. (4.41)

By using orthogonality relation (4.41), and simplifying, we get

Γlm = ElFm. (4.42)
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The value of χs
pq, is

χs
pq =

(
γp
k1

cos(γpx) + sin(γpx)

)(
γq
k2

cos(γqy) + sin(γqy)

)
. (4.43)

On multiplying we get the following form

χs
pq =

γpγq
k1k2

cos(γpx) cos(γqy) +
γp
k1

cos(γpx) sin(γqy) +
γq
k2

cos(γqy) sin(γpx)

+ sin(γpx) sin(γqy).

(4.44)

By using (4.5),(4.10) and (4.16) into (4.11), leads to

∞∑
p=0

∞∑
q=0

Js
pq(µ

2 − λ2pq)χpq = α
∞∑

m=0

∞∑
n=0

(As
mn +Bs

mn − 2Cs
mn cos(ηmnl))ψmn. (4.45)

On multiplying with χs
lm and integrating over 0 < x < a and 0 < y < b, we may get

Js
lm =

α

(µ2 − λ2lm)Γlm

∞∑
r=0

∞∑
n=0

(As
rn +Bs

rn − 2Cs
rn cos(ηrnl))∆rnlm. (4.46)

By using orthogonality relation (4.46), and simplifying, we get

∆rnlm =

∫ a

0

∫ b

0

χs
lmψrndxdy. (4.47)

Accordingly, for region-I, at z = −ℓ, we have

∂ϕs
1

∂z
= us(x, y). (4.48)

By using (4.5) and (4.16) into (4.48), becomes

i
∞∑

m=0

∞∑
n=0

(As
mn −Bs

mn)ηmnψmn(x, y) =
∞∑
p=0

∞∑
q=0

Js
pqχ

s
pq. (4.49)
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Multiplying by ψgj with (4.49) and integrating over 0 < x < a and 0 < y < b, we may

get

As
gj −Bs

gj =
1

iηgj△gj

∞∑
p=0

∞∑
q=0

Js
pq∆gjpq, (4.50)

where

∆gjpq =

∫ a

0

∫ b

0

ψgjχ
s
pqdxdy. (4.51)

Similarly, for region-II, at z = −ℓ, we have

∂ϕs
2

∂z
= us(x, y). (4.52)

By using (4.10) and (4.16) into (4.52), we may get

∞∑
m=0

∞∑
n=0

2Cs
mnηmn sin(ηmnl)ψmn(x, y) =

∞∑
p=0

∞∑
q=0

Js
pqχ

s
pq. (4.53)

By using orthogonality relation, after some mathematical rearrangements, it is found

that

Cs
gj =

1

2 sin(ηgjl)ηgj△gj

∞∑
p=0

∞∑
q=0

Js
pq

∧
gjpq

, (4.54)

where

∧
gjpq

=

∫ a

0

∫ b

0

ψgjχ
s
pqdxdy. (4.55)

4.3 Numerical Results for Rigid Wall

Here, the problem of a rigid-backed cavity is solved numerically by truncating up to N

terms. The numerical computations are carried out using the software MATHEMAT-

ICA, with the following parameter values: membrane dimensions ā = 0.2m, b̄ = 0.3m;

cavity length L̄ = 0.1m; air density ρ = 1.2 kg/m3; sound speed in air c = 343.5m/s;

tension T = 50N; membrane mass density ρm = 0.17 kg/m2; frequency f = 100Hz;

and spring constants k̄1 = k̄2 = k̄3 = k̄4 = 1.
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Fig. 4.2 shows the real components of the dimensionless normal velocities ϕs
1z(x, y, z)

and ϕs
2z(x, y, z) plotted against x and y at z = −L. It is evident that both compo-

nents exhibit consistent behavior, as expected from the continuity condition of normal

velocities at z = −L.

Similarly, Fig. 4.3 presents the imaginary components of the dimensionless normal

velocities ϕs
1z(x, y, z) and ϕ

s
2z(x, y, z) against x and y at z = −L. Again, both compo-

nents demonstrate matching behavior, in line with the continuity condition of normal

velocities at z = −L.

Figure 4.2: The real components of dimensionless normal velocities ϕs1z(x, y, z)
and ϕs2z(x, y, z) against x and y at z = −L, where ā = 0.2m, b̄ = 0.3m, L̄ = 0.1m

and N = 6 terms ( Symmetric Case)

Figure 4.3: The imaginary components of dimensionless normal velocities
ϕs1z(x, y, z) and ϕs2z(x, y, z) against x and y at z = 0, where ā = 0.2m, b̄ = 0.3m,

L̄ = 0.1m and N = 6 terms ( Symmetric Case)
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To examine the behavior of the wave at the rigid wall, the real part of the symmetric

normal velocity is presented in Fig. 4.4. It is observed that the velocity becomes zero

at the rigid wall, which is consistent with the boundary condition imposed by the

wall. This result aligns with the physical expectation that a rigid boundary should

prevent any normal motion of the wave at the wall.

On the other hand, the symmetric pressure field does not vanish at the wall, as shown

in Fig. 4.5. The pressure field exhibits a clear reflection at the wall, indicating that

the incident wave is reflected back upon encountering the rigid surface.

This reflects that the pressure field exerts a force on the membrane situated at the

interfaces, causing it to vibrate. The interaction between the incident and reflected

pressure fields at the wall plays a crucial role in the overall wave dynamics within

the cavity, influencing both the pressure distribution and the membrane’s vibrational

response.

Figure 4.4: The real component of dimensionless normal velocity ϕs2z(x, y, z)
against x and y at z = −L, where ā = 0.2m, b̄ = 0.3m, L̄ = 0.1m and N = 6

terms (Symmetric Case)
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Figure 4.5: The real component of dimensionless pressure ϕs2(x, y, z) against x
and y at z = 0, where ā = 0.2m, b̄ = 0.3m, L̄ = 0.1m and N = 6 terms (Symmetric

Case)

The imaginary part of the symmetric normal velocity at the rigid wall is shown in

Fig. 4.6. It can be seen that the velocity is zero at the wall, which is consistent with

the boundary condition for a rigid surface. This confirms that the wall effectively

restricts any normal motion of the wave. In contrast, the symmetric pressure field

at the wall is not zero, as illustrated in Fig. 4.7. The reflected pressure field at the

wall is clearly visible, indicating that the incident wave is reflected upon striking the

rigid surface. This reflected pressure creates a force on the membrane positioned at

the interfaces, leading to membrane vibrations. The interaction between the incident

and reflected pressure fields significantly influences the pressure distribution and the

dynamic response of the membrane.

Figure 4.6: The imaginary component of dimensionless normal velocity ϕs2z(x, y, z)
against x and y at z = −L, where ā = 0.2m, b̄ = 0.3m, L̄ = 0.1m and N = 6 terms

(Symmetric Case)
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Figure 4.7: The imaginary component of dimensionless pressure ϕs2(x, y, z) against
x and y at z = 0, where ā = 0.2m, b̄ = 0.3m, L̄ = 0.1m and N = 6 terms (Symmetric

Case)

4.4 Scattering of Acoustic Wave from a Rectangu-

lar Membrane Backed by Soft wall

Consider a duct mode incident on a membrane sheet of area “ab” located at z = −ℓ.

There is a soft wall located at z = 0 and incident mode is coming from z < −ℓ. The

geometry of waveguide is as shown in Fig. 4.8.

Figure 4.8: The physical configuration of waveguide
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The fluid potentials in region-I and region-II can be expressed as:

ϕa(x, y) =

ϕa
1(x, y) z < −ℓ,

ϕa
2(x, y) z > −ℓ,

(4.56)

where superscript “a” represent antisymmetric regions. These satisfies the Helmholtz’s

equation along with rigid boundary conditions. These governing equations are:

{∇2 + k2}ϕa = 0, (4.57)

∂ϕa
1

∂x
= 0, x = 0, x = a, 0 < y < b, (4.58)

∂ϕa
2

∂y
= 0, x = 0, x = b, 0 < x < a. (4.59)

The fluid potentials can be written in eigenfunction expansion form as:

ϕa
1(x, y, z) =

∞∑
m=0

∞∑
n=0

(
Aa

mne
iηmn(z+l) +Ba

mne
−iηmn(z+l)

)
ψmn(x, y), (4.60)

and

ϕa
2(x, y, z) =

∞∑
m=0

∞∑
n=0

(
Ca

mne
iηmnz +Da

mne
−iηmnz

)
ψmn(x, y). (4.61)

But as at z = 0, there exist a soft wall, that gives

ϕa
2(x, y) = 0, z = 0. (4.62)

By using (4.61) into (4.62), we may get

∞∑
m=0

∞∑
n=0

(Ca
mn +Da

mn)ηmnψmn(x, y) = 0, (4.63)

simplification leads to

Da
mn = −Ca

mn. (4.64)

By using the value of Da
mn, from (4.64) into (4.61), we find

ϕa
2(x, y, z) =

∞∑
m=0

∞∑
n=0

2iCa
mn sin(ηmnz)ψmn(x, y). (4.65)
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Here the coefficient Ca
mn and Ba

mn are unknowns once Aa
mn is provided to the system

for excitation of duct modes. As there lies a membrane at z = −ℓ, we consider its

dynamics using Galerkin method to find the unknown amplitudes.

4.5 Galerkin Formulation for Membrane Dynam-

ics

The dynamical response of membrane at interface z = −ℓ, can be given as:

∇2ua(x, y) + µ2ua(x, y) = α(ϕa
2 − ϕa

1), (4.66)

subject to the boundary conditions:

∂ua(x, y)

∂x
− k1u

a(x, y) = 0, x = 0, (4.67)

∂ua(x, y)

∂x
+ k2u

a(x, y) = 0, x = a, (4.68)

∂ua(x, y)

∂y
− k3u

a(x, y) = 0, y = 0, (4.69)

∂ua(x, y)

∂y
+ k4u

a(x, y) = 0, y = b. (4.70)

Here, we assume the solution in generalized Fourier series form as:

ua(x, y) =
∞∑
p=0

∞∑
q=0

Ja
pqχ

a
pq(x, y), (4.71)

where χa
pq(x, y) satisfies the eigenvalue problem associated with (4.66)

∇2χpq + λ2pqχ
a
pq = 0, (4.72)

with subject to boundary conditions:

∂χpq(x, y)

∂x
− k1χpq(x, y) = 0, x = 0, (4.73)
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∂χpq(x, y)

∂x
+ k2χpq(x, y) = 0, x = a, (4.74)

∂χpq(x, y)

∂y
− k3χpq(x, y) = 0, y = 0, (4.75)

∂χpq(x, y)

∂y
+ k4χpq(x, y) = 0, y = b. (4.76)

Note that Ja
pq is unknown that will be found through (4.66). However, to determine

χa
pq, we solve eigenvalue problem given by (4.72) to (4.76). For sake of generality we

assume

χa
pq = XpYq. (4.77)

By using (4.77) into (4.72), we may get

Xp
′′

Xp

= −Yq
′′

Yq
− λ2pq = −γ2p , (4.78)

whereas, for Xp(x), the ordinary differential equation is

Xp
′′(x) + γ2pXp(x) = 0. (4.79)

The solution of (4.79), is

Xp = c21 cos(γpx) + c22 sin(γpx), (4.80)

where c21 and c22 are arbitrary constants. By using (4.73) into (4.80), we may get

Xp = c22

(
γp
k1

cos(γpx) + sin(γpx)

)
. (4.81)

On using (4.74) into (4.81), we obtain

c22

((
1 +

k2
k1

)
γp cos(γpa) +

(
k2 −

γ2p
k1

)
sin(γpa)

)
= 0. (4.82)

For nontrivial solution, c22 ̸= 0, then (4.82) can be rewritten as

((
1 +

k2
k1

)
γp cos(γpa) +

(
k2 −

γ2p
k1

)
sin(γpa)

)
= 0. (4.83)
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Here, the roots of equation (4.83), denoted as γp, will be obtained using numerical

method like Newton - Raphson or Secant method. Hence

Xp =
γp
k1

cos(γpx) + sin(γpx). (4.84)

Here, Xp are orthogonal, satisfying orthogonality relation that is

∫ a

0

XpXldx = δplEl, (4.85)

where

El =

∫ a

0

X2
l dx, (4.86)

whereas, for Yq(y), the ordinary differential equation is

Yq
′′ + γ2qYq = 0, with γq =

√
λ2pq − γ2p . (4.87)

The solution of equation (4.87), is

Yq = c23 cos(γqy) + c24 sin(γqy), (4.88)

where c23 and c24 are arbitrary constants. By using (4.75) into (4.88), we obtain

Yq = c24

(
γq
k3

cos(γqy) + sin(γqy)

)
. (4.89)

On using (4.76) into (4.89), we obtain

c24

((
1 +

k4
k3

)
γq cos(γqb) +

(
k4 −

γ2q
k3

)
sin(γqb)

)
= 0. (4.90)

For nontrivial solution, c24 ̸= 0, then (4.90) can be written as:
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((
1 +

k4
k3

)
γq cos(γqb) +

(
k4 −

γ2q
k3

)
sin(γqb)

)
= 0. (4.91)

Here, the roots of equation (4.91), denoted as γq, will be obtained using numerical

method like Newton - Raphson or Secant method. Hence

Yq =
γq
k2

cos(γqy) + sin(γqy). (4.92)

Here, Yq are orthogonal, satisfying orthogonality relation that is

∫ a

0

YqYmdy = δqmFm, (4.93)

where

Fm =

∫ b

0

Y 2
mdy. (4.94)

In order to show orthogonality we reconsider (4.77), which is

χa
pq = XpYq. (4.95)

On multiplying by χa
lm and integrating over 0 < x < a and 0 < y < b, we may get

∫ a

0

∫ b

0

χa
pqχ

a
lmdxdy = Γlmδplδqm. (4.96)

By using orthogonality relation (4.96), and simplifying, we get

Γlm = ElFm. (4.97)

The value of χa
pq, is

χa
pq =

(
γp
k1

cos(γpx) + sin(γpx)

)(
γq
k2

cos(γqy) + sin(γqy)

)
. (4.98)

On multiplying we get the following form

χa
pq =

γpγq
k1k2

cos(γpx) cos(γqy) +
γp
k1

cos(γpx) sin(γqy) +
γq
k2

cos(γqy) sin(γpx)

+ sin(γpx) sin(γqy).

(4.99)
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By using (4.60),(4.65) and (4.71) into (3.66), we may get

∞∑
p=0

∞∑
q=0

Ja
pq(µ

2 − λ2pq)χ
a
pq = α

∞∑
m=0

∞∑
n=0

(Aa
mn +Ba

mn − 2iCa
mn sin(ηmnl))ψmn. (4.100)

On multiplying with χa
lm and integrating over 0 < x < a and 0 < y < b, we may get

Ja
lm =

α

(µ2 − λ2lm)Γlm

∞∑
r=0

∞∑
n=0

(Aa
rn +Ba

rn + 2iCa
rn sin(ηrnl))∆rnlm. (4.101)

By using orthogonality relation (4.101), and simplifying, we get

∆rnlm =

∫ a

0

∫ b

0

χlmψrndxdy. (4.102)

Accordingly, for region-I, at z = −ℓ, we have

∂ϕa
1

∂z
= ua(x, y). (4.103)

By using (4.60) and (4.71) into (4.103), we may get

i
∞∑

m=0

∞∑
n=0

(Aa
mn −Ba

mn)ηmnψmn(x, y) =
∞∑
p=0

∞∑
q=0

Ja
pqχ

a
pq. (4.104)

Multiplying by ψgj with (4.104) and integrating over 0 < x < a and 0 < y < b, we

may get

Aa
gj −Ba

gj =
1

iηgj△gj

∞∑
p=0

∞∑
q=0

Ja
pq∆gjpq, (4.105)

where

∆gjpq =

∫ a

0

∫ b

0

ψgjχpq. (4.106)

Similarly, for region-II, at z = −ℓ, we have
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∂ϕa
2

∂z
= ua(x, y). (4.107)

By using (4.65) and (4.71) into (4.107), we may get

∞∑
m=0

∞∑
n=0

2iCa
mnηmn cos(ηmnl)ψmn(x, y) =

∞∑
p=0

∞∑
q=0

Ja
pqχpq. (4.108)

By using orthogonality relation, after some mathematical rearrangements, it is found

that

Ca
gj =

1

2i cos(ηgjl)ηgj△gj

∞∑
p=0

∞∑
q=0

Ja
pq

∧
gjpq

, (4.109)

where

∧
gjpq

=

∫ a

0

∫ b

0

ψgjχpqdxdy. (4.110)

4.6 Numerical Results for Soft Wall

The problem of a soft cavity with an anti-symmetric configuration is addressed nu-

merically by truncating the series up to N terms.

The numerical calculations are performed using the software MATHEMATICA, with

the following set of parameters: membrane dimensions ā = 0.2m, b̄ = 0.3m; cavity

length L̄ = 0.1m; air density ρ = 1.2 kg/m3; speed of sound in air c = 343.5m/s;

membrane tension T = 50N; membrane mass density ρm = 0.17 kg/m2; frequency

f = 100Hz; and spring constants k̄1 = k̄2 = k̄3 = k̄4 = 1.

Fig. 4.9 illustrates the real components of the dimensionless normal velocities ϕa
1z(x, y, z)

and ϕa
2z(x, y, z) as functions of x and y at z = −L for the soft-backed cavity. It can

be observed that both components exhibit similar behavior, which is consistent with

the continuity condition of normal velocities at z = −L.
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Similarly, Fig. 4.10 shows the imaginary components of the dimensionless normal

velocities ϕa
1z(x, y, z) and ϕa

2z(x, y, z) against x and y at z = −L for the soft-backed

cavity. Once again, both components display consistent behavior, aligning with the

continuity condition of normal velocities at z = −L.

Figure 4.9: The real components of dimensionless normal velocities ϕa1z(x, y, z)
and ϕa2z(x, y, z) against x and y at z = −L, where ā = 0.2m, b̄ = 0.3m, L̄ = 0.1m

and N = 6 terms (Anti-symmetric Case)

Figure 4.10: The imaginary components of dimensionless normal velocities
ϕa1z(x, y, z) and ϕa2z(x, y, z) against x and y at z = 0, where ā = 0.2m, b̄ = 0.3m,

L̄ = 0.1m and N = 6 terms (Anti-symmetric Case)

To investigate the behavior of the wave at the soft wall, the real part of the anti-

symmetric normal velocity is shown in Fig. 4.11. It is evident that the normal
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velocity is not zero at the soft wall, which is consistent with the boundary condition

imposed by a soft surface. This result aligns with the physical expectation that a soft

boundary allows normal motion of the wave at the wall, unlike a rigid boundary that

would restrict it. The nonzero normal velocity at the soft wall reflects the fact that

the wall can accommodate the wave’s displacement, influencing the energy transfer

and wave propagation within the cavity.

In contrast, the anti-symmetric pressure field becomes zero at the soft wall, as shown

in Fig. 4.12. This implies that no net force is exerted by the pressure field at the wall,

consistent with the soft boundary condition.

The vanishing pressure field at the wall signifies that the soft surface does not resist

the wave’s pressure, allowing the wave to adjust freely at the boundary. The presence

of a soft wall introduces greater flexibility into the system, affecting the wave reflec-

tion and transmission characteristics and modifying the overall pressure and velocity

distribution within the cavity.

This makes the soft-backed cavity more responsive to incident waves, which can have

practical significance in acoustic absorption and vibration control applications.

Figure 4.11: The real component of pressure ϕa2(x, y, z) against x and y at z = −L,
where ā = 0.2m, b̄ = 0.3m, L̄ = 0.1m and N = 6 terms (Anti-symmetric Case)
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Figure 4.12: The real component of dimensionless normal velocity ϕa2z(x, y, z)
against x and y at z = 0, where ā = 0.2m, b̄ = 0.3m, L̄ = 0.1m and N = 6 terms

(Anti-symmetric Case)

The imaginary part of the anti-symmetric normal velocity at the soft wall is shown in

Fig. 4.13. It can be seen that the velocity is not zero at the wall, which is consistent

with the boundary condition for a soft surface. This confirms that the soft wall allows

normal motion of the wave, unlike a rigid wall that would restrict it.

In contrast, the anti-symmetric pressure field at the wall is zero, as illustrated in

Fig. 4.14. This implies that no net force is exerted by the pressure field at the soft

wall, which aligns with the boundary condition for a soft surface. The absence of a

reflected pressure field at the wall indicates that the wave is not reflected in terms

of pressure, allowing the membrane at the interfaces to adjust more freely. This

behavior significantly affects the pressure distribution and the dynamic response of

the membrane, influencing the overall wave propagation within the cavity.

Figure 4.13: The imaginary component of dimensionless pressure ϕa2(x, y, z)
against x and y at z = −L, where ā = 0.2m, b̄ = 0.3m, L̄ = 0.1m and N = 6

terms (Anti-symmetric Case)
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Figure 4.14: The imaginary component of dimensionless normal velocity
ϕa2z(x, y, z) against x and y at z = 0, where ā = 0.2m, b̄ = 0.3m, L̄ = 0.1m

and N = 6 terms (Anti-symmetric Case)



Chapter 5

Conclusion

The present thesis is focused on the modelling of rectangular elastic membrane in

waveguide and then finding the solution of governing boundary value problem by us-

ing Mode-Matching method. For sake of generality the edges of the membrane are

assumed to contain spring like edge conditions. Acoustic radiation are made incident

in normal direction to the membrane which after interaction with membrane are re-

flected and transmitted. Various modes in membrane can be excited to optimize the

scattering characteristic of the waveguide. Three problems are solved in this thesis

by assuming different types of boundary conditions along the membrane.

In Chapter 3, the vertical membrane is assumed in an infinite 3-dimensional waveg-

uide. The acoustic response across the membrane is expressed by using the eigen-

function expansion forms. The membrane response is coupled with fluid and is found

by applying the Galerkin’s formulation. The displacement is projected on orthogo-

nal basis and involve Fourier coefficient as unknowns. The matching conditions at

interface are applied to convert the system into linear algebraic systems which was be

truncated and solved by numerically. The membrane and acoustic modes are shown

numerically for fixed setting of involved parameters.

In Chapter 4, two problems are discussed, first problem contains the elastic mem-

brane in 3-dimensional duct backed by rigid cavity. The symmetric modes propagate

in the duct which are found by applying the Mode-Matching method along with

Galerkin formulation. In the second problem the membrane is assumed to backed by
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soft wall condition. The anti-symmetric modes exist in the setting that calculated by

used the Mode-Matching technique.

For the symmetric mode, it was observed that the normal velocity at the soft wall is

zero, which is consistent with the boundary condition for a rigid surface. This confirms

that a symmetric wave mode imposes a restriction on the normal motion of the wave

at the wall, resulting in a reflected pressure field. The nonzero symmetric pressure

field at the wall generates a force on the membrane positioned at the interfaces,

causing it to vibrate. The interaction between the incident and reflected pressure

fields significantly influences the pressure distribution and the dynamic response of

the membrane, affecting the overall wave dynamics within the cavity. In contrast,

for the anti-symmetric mode, the normal velocity at the soft wall was found to be

nonzero, consistent with the boundary condition for a soft surface. This reflects the

fact that a soft boundary allows normal motion of the wave at the wall, leading

to increased flexibility and energy transfer within the cavity. However, the anti-

symmetric pressure field at the soft wall was observed to be zero, indicating the

absence of reflected pressure. This implies that the soft boundary does not resist the

pressure field, allowing the wave to adjust freely at the boundary.

The study highlights the distinct behavior of symmetric and anti-symmetric modes

in a soft-backed cavity. While symmetric modes result in reflected pressure fields

and restricted normal velocity at the wall, anti-symmetric modes lead to nonzero

normal velocity and zero pressure at the wall. These findings provide valuable insights

into the influence of boundary conditions on wave dynamics within cavities and have

important implications for the design and optimization of acoustic and structural

systems involving soft-walled cavities.
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