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Abstract

In recent years, various studies have extensively explored the integration of neural

networks, particularly to tackle challenges associated with varying initial condi-

tions. These investigations focus on the learning capabilities of neural networks to

enhance system stability and performance, especially in scenarios where the initial

conditions may vary dynamically. Addressing stability challenges in nonlinear sys-

tems, this study explores a solution that can dynamically adapt to varying initial

conditions, enhancing stability and robustness.

Introducing a novel Model Predictive Control (MPC) system based on the Neural

State Space Model (NSSM), this study systematically identifies system dynamics

and trains the MPC using a data-driven approach. The methodology involves

utilizing Neural Networks to understand the functioning of the Inverted Pendulum

system, leading to the creation of an MPC policy based on the acquired knowledge

of system dynamics. The proposed control scheme is designed to impart robustness

and adaptability to nonlinear systems. The novelty of this approach is validated

by implementing it in a system with uncertain dynamics, utilizing data obtained

solely during the training of the neural state-space model.

Simulation results currently demonstrate the remarkable performance of the pro-

posed approach. The effectiveness and adaptability of the proposed approach

are compared with the Feedback Linearization technique and a Neural Networks-

based control trained using a single initial condition. Assessing generalizability

and performance across diverse scenarios, this control approach proved flexible

and efficient in controlling an inverted pendulum system, supported by evaluating

the performance metrics and convergence time.
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Chapter 1

Introduction

1.1 Background

A nonlinear system encompasses a collection of nonlinear equations employed to

characterize a physical device or process that cannot be precisely delineated by a

set of linear equations in any form [1]. The techniques of analysis and design of

linear systems have been well developed, and they are used not only for perfectly

linear systems but also for almost linear systems. However, when the system

is nonlinear the general identification procedure is much more complicated, and

detailed models are often impossible to obtain [2].

States may undergo sudden shifts not just when they cease to exist, but also

when they become unstable when a parameter changes gradually. As a result of

instability, a tiny change may have a great influence in the sense that a minor

disturbance at a particular instant may grow and become important such that

after a long period, the behavior of the system depends largely on the nature of

the disturbance, even though it was small [3].The response of nonlinear systems

is dependent on the input-signal size and initial conditions as well as the system

parameters. A stable response for one input signal may be unstable for another [4].

The simplicity of the control algorithm as well as guaranteeing the stability and

robustness in the closed-loop system is a challenging task in real situations. The

1
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theory of nonlinear dynamical systems, or non-linear control systems if control

inputs are involved, has been greatly advanced since the nineteenth century.

In the literature, system identification has been widely explored. Artificial neural

networks have been used by many authors to identify systems because of their

ability to learn and their good performance for the approximation of nonlinear

functions [4]. It is demonstrated that neural networks can be used effectively for

the identification and control of nonlinear dynamical systems [5].

They come from the need to explain and comprehend real-world occurrences that

display nonlinear behaviors and linkages. In a nonlinear system, the starting

conditions are crucial since they have a significant impact on the behavior of

the system later on [3]. Nonlinear systems, in contrast to linear systems, show

sensitivity to the initial state, resulting in a variety of frequently unanticipated

trajectories. To effectively forecast and manage the dynamic evolution of nonlinear

systems, which affects stability, convergence, and overall system performance, it

is imperative to comprehend and control the impact of initial conditions [6].

Neural networks have significance for modeling and controlling nonlinear systems

because they can learn complex relationships and adapt to changing behaviors

[4]. Moreover, Neural networks are used in control applications to create adaptive

controllers that can adapt to a system’s nonlinear dynamics and provide increased

performance and robustness [7, 8]. Furthermore, neural networks are effective

tools for modeling because they can capture complicated nonlinearities, making

it possible to create adaptable and accurate representations of complex system

dynamics that may challenge conventional analytical methods [8]. Multi-layered

neural networks offer an exciting alternative for modeling complex non-linear sys-

tems [9].

The motivation for using neural networks for modeling and controlling nonlinear

systems comes from the difficulties that come with the complex dynamics and

unpredictable nature of real-world applications [9–13]. When it comes to managing

non-linearities and adjusting to dynamic changes, traditional control techniques

often underperform Neural networks present an appealing option because of their

exceptional capacity to learn from data and recognize intricate patterns [12, 14,
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15]. They offer adaptive techniques for control that can dynamically adapt to

a nonlinear system’s changing environment, improving overall performance and

stability [16].

1.2 Non-Linear Systems: An Overview

Linear control has a well-established background, featuring numerous effective

techniques and a lengthy track record of successful implementations in industrial

settings [17]. Thus, it is natural to wonder why so many researchers and designers

from such diverse fields as aircraft [18] spacecraft control [19], robotics [20], and

biomedical engineering [21], [22], have recently expressed a strong interest in the

development and application of non-linear control methodologies [18–21]. There

are several reasons to be interested in Figure 1.1 [23].

Figure 1.1: Rising Interests in Nonlinear Control

1.2.1 Behavior of Non-Linear System

Nonlinear systems, by definition, are employed to characterize physical systems,

indicating that most systems possess some degree of nonlinearity. Nonstationary
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control systems are typically represented by nonlinear differential equations. Con-

versely, if a control system operates within a limited range and exhibits smooth

nonlinearity, it can be effectively approximated as a linearized system. In such

cases, the system’s dynamics can be described using a set of linear differential

equations [1], [24], [25].

The behavior of nonlinear systems, however, is much more complex. Due to the

lack of linearity and the associated superposition property, nonlinear systems re-

spond to external inputs quite differently from linear systems [2].

1.2.2 Sources of Non-Linearity

Sources of non-linearity in dynamic systems can stem from various physical and

operational characteristics. Here are some common sources: Sources are given

below:

1.2.2.1 Intentional Nonlinearities

Designers deliberately incorporate nonlinearities into control systems, utilizing

advanced tools such as bang-bang optimal control laws and adaptive control laws

[26, 27].

1.2.2.2 Saturation

Within a limited range of input signals, the system’s output exhibits proportion-

ality to the input. However, beyond this range, the output tends to stabilize and

remain nearly constant. Various physical variables, such as a vehicle’s velocity

or electrical impulses, often have upper limits, and once these limits are reached,

linearity diminishes [28, 29]. Figure 1.2 illustrates the saturation non-linearity

phenomenon.This behavior is known as saturation non-linearity, a common char-

acteristic in many physical systems. When the input signal remains within a

specific range, the output maintains a direct, linear relationship with the input,

facilitating predictable and controllable responses. However, as the input signal
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exceeds this predefined range, the system’s ability to respond proportionally di-

minishes. Instead, the output levels off and approaches a near-constant value,

indicating that the system has reached its operational limit.

Figure 1.2: Saturation Non-Linearity

1.2.2.3 Backlash

Backlash refers to the difference between tooth spacing and tooth width in a

mechanical system, crucial for the efficient transmission of gears during rapid

operation. Consequently, minimal input signals may not produce any output.

Backlash is a common occurrence in numerous mechanical and hydraulic systems

[30]. Figure 1.3 depicts the backlash effect, showcasing the hysteresis or delayed

response in a system due to mechanical clearance.

Figure 1.3: Backlash [31]
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1.2.2.4 Dead Zone Nonlinearity

This form of nonlinearity is defined by the system’s lack of response to the provided

input until it surpasses a particular threshold. Conversely, once the input value

exceeds a specified limit, the output abruptly diminishes to zero [27]. Figure 1.4

demonstrates the dead zone non-linearity, depicting a range of input values where

there is no output response, leading to a nonlinear relationship between input and

output signals.

Figure 1.4: Dead zone Non-Linearity

1.2.2.5 Hysteresis

Hysteresis represents the relationship between the current state and the preceding

state of a system. The behavior of ferromagnetic cores in electrical machines and

transformers is often described using nonlinear magnetization curves and equa-

tions [32]. Figure 1.5 illustrates hysteresis, showcasing the phenomenon where a

system’s output depends not only on its current input but also on its history, often

represented by a looped curve indicating lag or memory effects.

In addition to ferromagnetic materials, hysteresis can also be found in other sys-

tems, such as mechanical systems with friction, electronic circuits with compo-

nents like Schmitt triggers, and thermal systems with phase changes. Recognizing
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and modeling hysteresis is essential for accurately predicting and controlling the

behavior of such systems.

Figure 1.5: Hysteresis Non-Linearity

1.2.3 Challenges in Nonlinear System Control

Nonlinear systems present numerous challenges in contrast to linear systems, in-

troducing complexities in their analysis, modeling, and control. Here are some of

the primary challenges associated with nonlinear systems: [23]

1. Complexity of Dynamics:

Nonlinear systems often exhibit complex and intricate dynamics, including

bifurcations, chaos, and multiple stable states. Understanding and predict-

ing the behavior of such systems can be challenging due to the absence of

simple mathematical relationships.The complexity of dynamics in nonlinear

systems demands advanced mathematical and computational approaches to

analyze and predict system behavior. Techniques such as bifurcation theory,

chaos theory, and numerical simulations are essential tools for understanding

the rich and often surprising dynamics that nonlinear systems can exhibit.

[33].

2. Lack of Superposition:

Linear systems follow the concept of superposition, which states that the

reaction to a sum of several inputs is equal to the total of the responses to
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each input. Nonlinear systems do not always follow this concept, making

analysis and synthesis more difficult [1].

3. Limited Generalization:

Nonlinear system behavior can be highly specific to the particular system

under consideration. Generalizing results and methodologies across differ-

ent nonlinear systems can be challenging due to the diversity of nonlinear

behaviors [25].

1.2.4 Importance in Real-world Applications

Acquiring proficiency in the fundamental techniques of nonlinear control analy-

sis and design is paramount for control engineers, significantly enhancing their

effectiveness in addressing practical control problems. Mastery of these methods

not only equips engineers with a diverse skill set but also fosters a deeper under-

standing of the real world, characterized by inherent nonlinearity. This heightened

awareness enables control engineers to navigate and harness the intricacies of di-

verse systems, anticipating and mitigating challenges associated with nonlinear

dynamics. Historically, computational difficulties limited the application of non-

linear control methods; however, recent advances in computer technology have

alleviated these challenges, facilitating more extensive and practical implementa-

tion in real-world scenarios. The convergence of improved computational power

and the demand for sophisticated control solutions underscores the vital role of

nonlinear control in promoting innovation and ensuring the resilience of control

systems in the face of complex, nonlinear dynamics [23].

1.3 Motivation

The motivation behind exploring data-driven control systems stems from the recog-

nition that traditional models may fall short when dealing with nonlinear systems

due to a consistent lack of guaranteed convergence and stability, posing signifi-

cant challenges to the advancement of Neural Networks-based approaches. In this
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context, motivation can be seen as the drive to develop control solutions that can

dynamically adapt to different starting points and navigate the inherent complex-

ities of nonlinear systems. The reliance on a data-driven approach is crucial, as

it allows the control system to learn from experimental data obtained directly

from the plant. Consequently, there is a growing need for enhanced research ef-

forts aimed at refining data-driven techniques for the optimal control of nonlinear

and uncertain systems. Emphasis should be placed on addressing variable initial

conditions, optimizing performance, ensuring resilience, achieving convergence, en-

hancing generalizability, and fulfilling data requirements. This challenge serves as

a significant source of inspiration for our ongoing research endeavors.

1.4 Research Objectives

Considering the limitations and motivations mentioned in the previous part, the

research establishes the following goals and objectives:

1. Develop a precise neural network model for the Inverted pendulum system,

ensuring an accurate representation of its dynamic behavior.

2. Combine the Neural State Space Model (NSSM) with a Model Predictive

Controller (MPC) to improve predictive capabilities and control performance.

3. Implement an adaptive control strategy based on NSSM to determine opti-

mal control actions, ensuring effective system stabilization.

4. Enhance the developed adaptive control to be robust in handling varying

initial conditions, providing stability across a range of system states.

1.5 Thesis Organization

In Chapter 2, a comprehensive literature survey is conducted, focusing on various

control techniques proposed by different researchers. The survey explores a range

of methodologies and strategies employed in the control of Non-Linear Systems.
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This chapter aims to provide a thorough understanding of the evolution of control

techniques, shedding light on the advancements and challenges faced by researchers

in the field. By reviewing the existing literature, the chapter sets the stage for the

subsequent chapters by identifying gaps and areas that require further exploration

in the context of controlling non-linear systems.

Chapter 3 is dedicated to establishing a mathematical model for the Inverted

Pendulum System. The mathematical model is crucial for comprehending the

dynamics of the system. It includes equations and formulations that describe the

physical behavior of the inverted pendulum. To enhance the understanding of

the system’s dynamics, simulations are conducted using MATLAB and Simulink.

This chapter serves as the foundation for the practical aspects of the research,

providing insights into how the system behaves under different conditions and

laying the groundwork for subsequent analysis and implementation.

Chapter 4 outlines the detailed methodology employed in implementing the pro-

posed solutions or models derived from the mathematical analysis in Chapter 3.

This includes a step-by-step description of the procedures, algorithms, and tools

used in the implementation process. The chapter provides transparency in the

technical aspects of translating theoretical concepts into practical solutions. It

discusses the specific techniques and technologies employed, ensuring replicability

and understanding of the implementation process by other researchers or practi-

tioners in the field.

Chapter 5 includes the results and findings derived from the research are pre-

sented. It includes the outcomes of experiments, the performance of the proposed

models, and any insights gained during the implementation phase. The findings

are thoroughly analyzed and discussed to draw meaningful conclusions.Overall,

the findings provide a comprehensive understanding of the performance and effec-

tiveness of the proposed nonlinear control strategies, demonstrating significant im-

provements in stability, robustness, control accuracy, and energy efficiency. These

advancements contribute to the broader field of nonlinear control theory and offer

valuable insights for future research and practical applications. The research suc-

cessfully addressed key challenges associated with nonlinear control of the inverted
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pendulum and highlights the potential for integrating new technologies to further

enhance nonlinear control systems.

The final chapter, Chapter 6, summarizes the research, drawing conclusions based

on the major findings presented in Chapter 5. It also discusses the broader im-

plications of the research within the field of non-linear systems and control. Ad-

ditionally, this chapter provides insights into potential directions for future work,

suggesting areas that could benefit from further exploration or improvement. It

serves as a guide for researchers who may build upon the current study, address-

ing limitations and advancing the state of knowledge in the domain of non-linear

system control.

1.6 Chapter Summary

The introduction delves into the complexities of nonlinear systems, emphasizing

their sensitivity to initial conditions. It positions neural networks as pivotal for

modeling and controlling these systems, driven by their adaptability and ability

to capture intricate nonlinear dynamics. Motivated by the shortcomings of tradi-

tional control methods, the research aims to enhance data-driven approaches for

optimal control in nonlinear and uncertain systems.



Chapter 2

Literature Review

2.1 Introduction

Stability theory holds great significance in system engineering, particularly within

the realms of control systems and automation. This theory plays a crucial role in

addressing both the dynamics and control aspects of these systems [34]. The sta-

bility of a dynamical system, whether subjected to control or disturbance inputs,

is an essential prerequisite for its practical usefulness, particularly in the context

of most real-world applications [35].

Stability signifies that the system’s outputs and internal signals are confined within

acceptable limits, a condition termed Bounded Input and Bounded Output (BIBO)

stability [36]. On the other hand, the system outputs converge towards a specific

equilibrium state of interest, referred to as asymptotic stability [37].

In the realm of nonlinear dynamics and control systems, there exist several concep-

tual types of stability, with three being particularly significant: stability concern-

ing a system’s equilibria, orbital stability involving a system’s output trajectory,

and the structural stability of the system. The foundational idea of stability

originated from the examination of the equilibrium state of a mechanical system,

dating back to 1644 when E. Torricelli investigated the equilibrium of a rigid body

subjected to gravitational force [38].

12



Literature Review 13

G. Lagrange’s classical stability theorem, articulated in 1788, stands as one of the

most renowned outcomes regarding the stability of conservative mechanical sys-

tems. According to this theorem, if a conservative system, situated at an isolated

equilibrium and potentially subjected to straightforward constraints, possesses a

minimum potential energy, then the equilibrium position of the system is deemed

stable [17]. The fundamental concepts of system and trajectory stabilities have

undergone evolutionary progress over time, marked by numerous successful ad-

vancements and developments. These concepts are crucial in understanding and

controlling the behavior of dynamic systems, particularly in the context of non-

linear systems where stability analysis is inherently more complex than in linear

systems.

The concepts of system and trajectory stability have evolved significantly, driven

by theoretical advancements and practical needs. From the foundational work

of Lyapunov to modern computational and data-driven methods, stability theory

continues to be a vital area of research in control theory. Each development has

contributed to a deeper understanding and more robust methods for ensuring the

stability of dynamic systems, particularly in the challenging realm of nonlinear

control. [39].

Since the 1970s, the inverted pendulum has served as the predominant standard in

nonlinear control theory [37].The objective of this study is to enhance this robotic

benchmark and present a comprehensive overview of past and present advance-

ments in nonlinear control theory, all centered around the intricate nonlinearity

and uncomplicated structure of the model. This robotic system is employed to

address and confirm an exploration of novel concepts and challenging issues within

nonlinear control theory.The inverted pendulum, with its simple yet profoundly

nonlinear dynamics, offers a rich platform for studying and testing various control

strategies. Its behavior exemplifies many of the complexities associated with non-

linear systems, including instability, sensitivity to initial conditions, and the need

for robust control methods. By focusing on this model, researchers can explore

fundamental questions and develop innovative solutions that are broadly applica-

ble to a wide range of nonlinear control problems.The inverted pendulum remains

a quintessential model in nonlinear control theory, serving as a bridge between
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theoretical advancements and practical implementations. By continually refining

and testing control strategies on this benchmark, researchers can address funda-

mental issues and push the boundaries of what is possible in nonlinear control.

This study aims to contribute to this ongoing journey, offering new perspectives

and solutions to enhance our understanding and control of nonlinear systems [40].

2.2 Conventional Control Methods: A Review

Traditional control techniques encompass conventional methodologies like PID

(Proportional-Integral-Derivative) controllers, state-space methods, and frequency-

domain analysis. These methods rely on linear system assumptions and mathe-

matical models for controller development, but they often encounter difficulties

when confronted with complex nonlinear systems.

Figure 2.1: Conventional Nonlinear Control Approach

2.2.1 Feedback Linearization Control

Feedback Linearization Control (FLC) serves as a widely adopted strategy for

stabilizing nonlinear systems. This technique transforms nonlinear systems into

linear ones by modifying variables and applying suitable control inputs. FLC

utilizes linear control methodologies to mitigate the nonlinear characteristics of
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a system [41]. Figure 2.1 illustrates the conventional nonlinear control approach,

highlighting the system’s response using established control methodologies distinct

from linear control techniques, such as PID or LQR. However, a notable drawback

of FLC lies in its elimination of crucial nonlinear elements during the design phase

of control [42]. Despite not guaranteeing robust performance against uncertainties,

FLC can substantially mitigate the impact of uncertainties [43].

2.2.2 PID-based Control

In recent years, advancements in control theory have extended the applicability of

the PID controller to nonlinear systems and challenging operating environments.

Research efforts have focused on refining tuning methods, incorporating adaptive

and robust control techniques, and integrating machine learning algorithms to

enhance the PID controller’s capabilities. These developments aim to address the

evolving needs of modern industrial processes, where flexibility, adaptability, and

performance are paramount.

The Proportional Integral Derivative (PID) controller is reliable and offers a prac-

tical control solution for numerous industrial processes. One of its key advantages

is the straightforward implementation and customization it allows, striking a suit-

able balance between ease and cost of implementation. Ongoing research affirms

satisfactory stability margins and overall performance across a diverse array of

processes. The analysis of closed-loop stability for a nonlinear PID control system

involves supervisory control and a modified adaptation rule with projection [44].

2.2.3 Energy-based Control

Energy-based control represents an engineering framework that employs energy as

a primary variable for system analysis and design. This approach centers on the

manipulation and regulation of system energy to achieve the desired performance

and stability.By emphasizing the energetic components of a system, energy-based

control offers a robust framework for comprehending and optimizing dynamic sys-

tem behavior [45].The utilization of energy-based control methods is applied to
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investigate the dynamics of an inverted pendulum on a cart model. Practical

considerations such as friction and quantization are taken into account, ensuring

that the suggested control approaches are adaptable and resilient in real-world

operations [46].

2.2.4 Robust Control

Robust control (RC) is a controller design methodology explicitly tailored to ad-

dress uncertainty, aiming to constrain uncertainty rather than characterize it in

terms of distribution. The primary objective of resilient design is to ensure system

performance despite model flaws and modifications. RCs are designed to handle

significant uncertainties within size constraints, utilizing either pre-defined tem-

poral and state functions or constant regulation of limited uncertainties based on

established bounding functions [47]. Employing robust methodologies is crucial

in creating reliable embedded systems, allowing the exploration of design alter-

natives that remain insensitive to system changes while upholding stability and

performance. The robustness of RCs has garnered significant attention, making

them widely applicable in various domains [48].

2.2.5 Sliding Mode Control

Sliding mode control (SMC) represents an emerging nonlinear control approach

that modifies the dynamics of a nonlinear system by employing a discontinuous

control signal, causing the system to slide across a cross-section of its typical

behavior [49]. The design of an SMC controller is typically divided into two

phases: the first involves creating a sliding surface that fulfills the design criteria,

and the second entails selecting a control rule that attracts the system state to

the switching surface.

In the initial phase, the emphasis is on establishing a sliding surface that meets

the design specifications, exhibiting robust resistance to external disruptions and

uncertainty [50]. It’s crucial to highlight that the employment of discontinuous sig-

nals in Sliding Mode Control (SMC) can result in chattering. This phenomenon,
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in turn, has adverse effects such as diminishing system performance, increasing

energy consumption, contributing to actuator degradation due to heightened me-

chanical wear, and posing risks to overall system stability.

2.2.6 Intelligent Control

Controllers endowed with intelligence are particularly well-suited for handling non-

linear systems, even in the presence of disturbances. The term ”intelligent con-

troller” encompasses a category of control systems that leverage various artificial

intelligence computer technologies. These technologies include fuzzy logic, neural

networks, machine learning, reinforcement learning, and evolutionary computa-

tion, from which the controllers derive their designation [51].

A neural network (NN) is a type of machine learning model in computer science

designed to emulate the organization of the human brain. NNs are constructed

using a network of mathematical equations as their foundational components. In

each successive step, these networks of neurons predict the system’s output based

on both the system’s prior output and input data. Training neural network con-

trollers require a significant amount of time. The term neural control is employed

to mitigate systematic deviations and counteract external disturbances when the

system is distant from its equilibrium state [14].

Reinforcement learning stands as a subfield within machine learning, concentrating

on the training of models to make sequential decisions in response to input data. In

this process, an agent actively engages with its environment, acquiring knowledge

through experiences of both mistakes and rewards [40].

Reinforcement learning stands as a subfield within machine learning, concentrat-

ing on the training of models to make sequential decisions in response to input

data. In this process, an agent actively engages with its environment, acquiring

knowledge through experiences of both mistakes and rewards. Through trial and

error, the agent learns to optimize its decision-making strategy, aiming to max-

imize cumulative rewards over time. This paradigm has found applications in

various domains, including robotics, gaming, finance, and autonomous systems,
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where complex decision-making tasks can benefit from adaptive and data-driven

approaches.Reinforcement learning is a subdivision of machine learning that in-

cludes aspects of both supervised and unsupervised learning, among other tech-

niques. Nonetheless, the teaching process for models in reinforcement learning

differs fundamentally from other machine learning methods. Its key advantage

lies in the ability to learn intricate behaviors without relying on labeled training

data. Furthermore, it excels at making immediate decisions while optimizing for

long-term objectives [52].

2.3 Neural Network-based Models - An Overview

The literature survey on models based on neural networks presents an in-depth

examination of diverse models, their applications, and progress within the neural

network field. This thorough survey is organized to offer insights into the historical

development, fundamental concepts, and current applications of models based on

neural networks.

2.3.1 Historical Perceptive

2.3.1.1 Perceptron and Early Models

The historical evolution of models based on neural networks can be traced back to

the foundational perceptron model, a concept introduced by Warren McCulloch

and Walter Pitts in the 1940s. The perceptron was conceptualized as a simplified

model of a biological neuron, to emulate its fundamental functioning [53]. In this

model, inputs are fed into the network, and through a series of interconnected

layers, information is processed to generate outputs. The learning process entails

fine-tuning the weights associated with each connection in the network, and opti-

mizing them to minimize the difference between predicted and actual outputs for

a given set of inputs. Figure 2.2 provides a visual representation of this iterative

learning process, demonstrating the network’s ability to adapt and improve its

performance over time.
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Figure 2.2: Perceptron Model [54]

Nevertheless, perceptrons faced limitations in addressing complex problems due to

their linear nature and incapability to learn non-linear relationships. The advance-

ment of neural network architectures gained momentum with the introduction of

the multilayer perceptron (MLP) in the 1960s, as depicted in figure 2.3.

Figure 2.3: Multi-layer perceptron

This extension facilitated the development of more sophisticated models by inte-

grating multiple layers of interconnected neurons. This enhancement empowered

the network to capture intricate patterns and relationships within data. However,



Literature Review 20

despite this progress, early neural network models encountered challenges, includ-

ing difficulties in training deep networks attributed to issues like the vanishing or

exploding gradient problem.

2.3.1.2 Backpropagation and Training Algorithms

The subsequent resurgence of interest in neural networks, especially with the ad-

vent of backpropagation by Geoffrey Hinton and others in the 1980s, marked a

pivotal moment. Backpropagation enhances neural network training by iteratively

adjusting weights through the use of gradient descent citer61. The figure visually

illustrates this process, demonstrating how errors are minimized through both

forward and backward passes. Figure 2.4 illustrates the step-by-step process of

updating weights in a neural network using the backpropagation algorithm, fa-

cilitating iterative learning by minimizing the difference between predicted and

actual outputs.

Figure 2.4: Backpropagation algorithm [55]

This breakthrough laid the foundation for the contemporary deep learning era,

giving rise to diverse architectures such as convolutional neural networks (CNNs),

recurrent neural networks (RNNs), and advanced techniques like transfer learning
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and attention mechanisms. In summary, the historical journey from the founda-

tional perceptron to modern neural network architectures underscores the iterative

process of overcoming challenges and refining models to attain their current level

of sophistication and applicability.

2.4 Applications of Neural Network-Based Mod-

els in Control Systems

2.4.1 System Identification

Neural network-based models are employed for system identification, where they

learn and represent the dynamic behavior of complex systems [56]. This facilitates

accurate modeling without explicit knowledge of the system dynamics.

2.4.2 Nonlinear Control

Neural networks excel in effectively managing nonlinearities present in control

systems. Their proficiency lies in approximating intricate nonlinear mappings,

providing a powerful solution for controlling systems with complex dynamics that

may pose challenges for traditional linear controllers. This inherent capability

allows neural networks to navigate and comprehend the nuanced behaviors as-

sociated with nonlinear complexities, ultimately enhancing the adaptability and

overall performance of the control system.

In practical applications, the aptitude of neural networks to handle nonlinearities

becomes particularly advantageous when dealing with real-world scenarios where

system behaviors deviate from linear patterns. By capturing and representing

these nonlinear relationships, these models contribute to more precise predictions

and enable responsive control actions. This broadens the utility of control sys-

tems across diverse and demanding environments, ensuring a resilient and efficient

response to the intricate dynamics associated with nonlinear system behaviors.
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The capacity of neural networks to handle nonlinearities proves particularly valu-

able in real-world applications where system behaviors may deviate from linear

patterns. By capturing and representing nonlinear relationships within the control

framework, these models contribute to more accurate predictions and responsive

control actions. This not only broadens the applicability of control systems to di-

verse and challenging environments but also ensures a robust and efficient response

to the complexities inherent in nonlinear system dynamics [9].

2.4.3 Model Predictive Control (MPC)

Neural network-based models enhance the predictive capabilities of MPC by pro-

viding accurate models for predicting future system behavior. This improves the

decision-making process in real-time control applications [57]. In the realm of con-

trol systems, neural network-based models contribute to various aspects, including

system identification, adaptive control, handling nonlinearities, fault detection, op-

timization, reinforcement learning, robotics control, and enhancing the capabilities

of Model Predictive Control (MPC). These applications showcase the versatility of

neural networks in addressing complex control challenges and optimizing system

performance.

2.5 Literature Review

In [58], a novel approach using Artificial Neural Networks (ANN), specifically

a Feed-Forward Network (FFN), is introduced to tackle the nonlinearity of an

inverted pendulum (IP). The ANN is trained with the ”Trainlm” network function,

employing the Levenberg Marquardt (LM) back-propagation algorithm. The main

focus is on addressing the nonlinear behavior associated with parameters like the

angle and position of the IP. The goal is to enhance accuracy and response time

in comparison to conventional controllers. Through MATLAB simulations, the

paper evaluates the neural network controller’s performance and compares it with

traditional controllers. A notable limitation is the training of neural networks
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using a single initial condition. The conclusion highlights the advantages of ANN,

emphasizing its speed, accuracy, and stability, suggesting its potential for real-time

IP system control.

In [11], explained how Segway is controlled. It compared conventional PID and

a Neural network-based control– to manage the Segway’s position and handlebar

angle. The study used MATLAB simulations and assessed Segway performance

through a simplified inverted pendulum model. The results showed that the NN

controller is better than the traditional PID one, offering improved stability and

response. It suggests that using an NN controller instead of PID can boost the

Segway’s performance in industrial applications. However, it’s worth noting a limi-

tation of the NN PID training process, relying on a single random initial condition,

which might cause oscillation and instability due to noise and measurement er-

rors. It suggests that using an NN controller instead of PID can boost the Segway’s

performance in industrial applications.

In [59], discussed the challenge of stabilizing the Rotary Inverted Pendulum (RIP)

system. It combined a linear quadratic regulator (LQR) for basic control and

a Neural Network compensator to handle deviations and disturbances. Stability

is ensured through analyses. The effectiveness was shown in simulations and real

experiments, proving its ability to handle uncertainties. However, it’s worth noting

a limitation: the control approach is based on a linear method and may miss some

system dynamics. Future research could explore tweaks to enhance performance,

like adjusting LQR gains and refining the neural network’s learning.

In [60], enhanced stable tracking for the inverted pendulum system, proposing a

novel PID controller based on Radial Basis Function (RBF) neural network su-

pervision. An advanced version, IPID-RBF, incorporated both feed-forward and

feedback supervision, improved the system response speed, and reduced track-

ing signal overshoot. Simulations highlight the effectiveness of these controllers

under various input signals, with IPID-RBF outperforming traditional PID and

demonstrating superior tracking precision. Simulations highlight the effectiveness

of these controllers under various input signals, with IPID-RBF outperforming

traditional PID and demonstrating superior tracking precision. While showcasing
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simplicity, robustness, and high accuracy, the study acknowledges the need for

further validation across diverse systems to ensure generalizability.

Table 2.1: Literature Review Table

S.N. Ref Year Contributions Limitations

1 [56] 2020 The paper presented a method

for employing ANN to regu-

late a non-linear inverted pen-

dulum. The ’Trainml’ function

was used for training. This

method focuses on the nonlin-

earity of the position and ve-

locity of an inverted pendulum

Neural Networks

were trained us-

ing a single ini-

tial condition.

2 [61] 2015 It presents a unique method

of stabilizing a cart-inverted

pendulum system using an ar-

tificial neural network (ANN)

and a PID controller based on

LQR. Improved performance

and disturbance rejection were

suggested by this method.

This technique’s

primary draw-

back is that

it requires a

thorough un-

derstanding of

the problem’s

current con-

dition, which

is not always

achievable.

3 [15] 2013 BP neural network combined

with Levenberg-Marquardt to

address the instability issue.

This study built up the FFNN

and used the LQR control

mechanism to gather the data

for Neural Networks and abil-

ity to predict and stabilize sys-

tem behavior effectively.

If the starting

guess is far from

the minimum or

if the matrix is

not functioning

properly, the

LM method may

converge very

slowly.
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4 [16] 2020 The use of traditional PID con-

trol is the primary focus of this

study, which also evaluates an

alternative control based on

neural networks to replace the

PID controller. Based on the

simulation, NN control outper-

formed PID control.

The neural net-

work PID was

trained using a

single random

reference signal.

Noise and mea-

surement errors

might create

oscillation and

instability in the

input signal.

5 [14] 2022 To stabilize the system in this

study, an intelligent control

was created. The controller

was built using an online ra-

dial basis function (RBF) neu-

ral network compensator and

a linear quadratic regulator

(LQR). Lyapunov studies are

used to show that the closed-

loop system is stable.

This control was

set up using a

linear approach

alone, which

does not ac-

count for all

of the system

dynamics.

6 [62] 2021 This study suggests a new

PID controller called PID-

RBF, which is based on the

RBF neural network supervi-

sory control approach. This

technique enables the system’s

reliable tracking signal to be

adjusted adaptively. Both

the system’s reaction time and

the tracking signal’s overshoot

were decreased.

Validation

mainly examines

a system, raising

concerns about

its generaliz-

ability to other

systems.



Literature Review 26

7 [63] 2022 The primary component of

the model reference control

(MRC) in this work is the

application of recurrent para-

consistent neural networks

(RPNNs). The paraconsistent

annotated logic by 2-value an-

notations (PAL2v) rules serves

as the activation function for

the RPNN’s hidden neurons.

In recurrent neural net-

works, the PAL2v neuron was

contrasted with various acti-

vation functions.PAL2v-based

RPNNs effectively overcome

traditional activation function.

Results may

not apply to

other systems;

more testing

is required for

underactuated

mechanical

systems.

8 [64] 2018 This research centers on ap-

plying the Data-driven Model

method in situations when

some model parameters are

imprecise or unclear. This

was created by using a lin-

earized state-space model and

performing an algebraic Ric-

cati Equation to determine the

optimal state feedback control

optimal state feedback control

rule. A Radial Basis Func-

tion (RBF) neural network was

used to model the Inverted

Pendulum system’s dynamic

behavior.

The Radial Ba-

sis Function was

learned using a

modest set of

data samples.
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9 [65] 2014 This study presents a data-

driven modeling technique and

control strategy for severely

nonlinear and fast-responding

Magnetic Levitation (Maglev)

systems. Neural networks

using Gaussian radial basis

function (RBF) were used to

approximate the model coef-

ficients. The system was

successfully stabilized by the

proposed predictive controller,

which was based on the recog-

nized model.

The neural

network model

was trained

using a small

number of data

samples, which

is insufficient to

fully represent

the dynamics.

10 [66] 2018 The use of PID Neural Net-

works to the control of In-

verted Pendulum is the main

topic of this paper. Us-

ing the Levenberg-Marquardt

method, weights were mod-

ified.the simulation’s findings

demonstrated how effective

and adaptable the control is

in managing the inverted pen-

dulum. The study highlights

the neural network’s ability

to handle the system’s nonlin-

ear dynamics, showing supe-

rior performance in maintain-

ing stability and achieving de-

sired responses and the poten-

tial for further enhancement.

Three neurons

and one hid-

den layer were

utilized, which

is insufficient

to adequately

describe the sys-

tem’s dynamics.
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11 [67] 2016 The Furuta pendulum which

is the two-degree-of-freedom

underactuated system, was

used in the study to demon-

strate a unique adaptive neural

network-based control method.

Real-time experiments were

carried out to validate the per-

formance of the proposed con-

troller.

The non-linear

system was

modeled using

a single hidden

Layered Feed-

forward neural

network with six

neurons.

12 [68] 2016 Using an ANN control ap-

proach, this study demon-

strated the flexibility of an on-

line ADALINE controller for

the difficult nonlinear and un-

stable Inverted Pendulum sys-

tem. By combining LQR with

ADALINE, the study showed

increased control efficiency.

In the context

of one system,

the suggested

control method

that makes use

of the Online

ADALINE con-

troller and ANN

was tried and

discussed. It’s

unclear how far

the method can

be expanded

upon and used

with other

highly nonlinear

systems.
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2.6 Research Gap

The existing literature provides valuable insights into the application of neural

network-based controllers for nonlinear systems, particularly in the context of

inverted pendulum dynamics. Nonetheless, a significant research void appears in

the little investigation of control schemes that specifically tackle these systems’

sensitivity to varying initial conditions. Many studies primarily focus on training

controllers with a small number of samples or a single initial condition, ignoring

the wider range of initial conditions. This constraint makes it more difficult to fully

comprehend how resilient and adaptive the controller is in a variety of settings.

It is also necessary to compare and assess the suggested controllers’ adaptability

to nonlinear systems and their potential for use in scenarios not covered in detail

in previous research. To develop control strategies that are capable of handling

varying initial conditions in non-linear systems, it is imperative to bridge this

research gap.

2.7 Problem Statement

Designing controllers for nonlinear systems presents challenges due to their sensi-

tivity to initial conditions. Both traditional control methods and neural network-

based controls face difficulties when trained on a single initial condition. This

struggle arises from the complex relationship between the system’s behavior and

its starting conditions. Solving this challenge requires innovative approaches to

ensure stability and reliability in controlling nonlinear systems.

As a result, a controller that can manage a range of varying initial conditions must

be developed. This research aims to use Neural State Space Model-based Predic-

tive Control to create a sophisticated control strategy. To enable the controller to

adjust and function at its best across a variety of system states, the goal is to train

it on a wide range of initial conditions. The proposed approach seeks to improve

control systems’ resilience and flexibility by tackling the problems that come with

nonlinear dynamics and their sensitivity to initial conditions.



Chapter 3

Mathematical Model of

Non-Linear Systems

3.1 Background

This chapter focuses on the evolution of the dynamics of the inverted pendulum

system, which is nonlinear and unstable. The mathematical model provides the

necessary details to understand the workings of the system.

3.2 Inverted Pendulum System

The inverted pendulum system consists of a cart designed to balance a pendulum.

Because the pendulum would begin to fall at the smallest disturbance, this mecha-

nism is inherently unstable. Thus, to keep a pendulum in equilibrium, some kind of

control is required. A perfect controller would hardly alter the pendulum angle or

cart position to maintain the pendulum’s equilibrium. Developing a near-optimal

controller is a difficult design task [69]. Figure 3.1 depicts an inverted pendulum

system, wherein the pendulum is positioned in an unstable equilibrium state with

its mass above its pivot point, challenging control systems to maintain its upright

position through continuous adjustments.

30
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Figure 3.1: Inverted Pendulum System [70]

Figure 3.1 depicts the free-body diagram for an inverted pendulum placed on

a cart. In the given system, M represents the mass of the Cart, m represents

the mass of the pendulum, and l represents the length of the pendulum which is

located on the top end of the inverted pendulum. A force from outside the system,

represented by F, acts on the cart.

3.3 Mathematical Model of Inverted Pendulum

The mathematical model of an inverted pendulum represents a dynamic system

that captures the relationships between the cart’s position, the pendulum’s angle,

and external forces, governing the motion of a pendulum inverted above its un-

stable equilibrium. The equations typically involve terms representing the inertia

of the cart and pendulum, gravitational forces acting on the pendulum, frictional

forces resisting motion, and control inputs applied to the cart to stabilize the pen-

dulum. These equations may be nonlinear due to the trigonometric terms involved
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in describing the pendulum’s angle and the coupling between the cart’s position

and the pendulum’s motion.

3.3.1 Sum of Forces

The external force u acting on the system must be equal to the mass times the

acceleration of the cart plus the mass times the acceleration of the point mass in

the x-direction, as determined by force balancing in the x-direction. [71]

M
d2

dt2
x + m

d2

dt2
xp = u (3.1)

The distance from the reference to the center of the pendulum is denoted as xp,

and the distance from the center of the pendulum to the center of the cart is

denoted by yp. The expressions for these distances are given by:

xp = x + l sin(θ) (3.2)

yp = l sin(θ) (3.3)

Putting equation(3.2) into(3.1), we get:

(M + m)ẍ−ml sin(θ)(θ̇2) + ml cos(θ)θ̈ = F (3.4)

This is the final equation derived, representing the force balance in the x-direction

for the cart-pendulum system. It considers the masses of the cart and pendulum,

the pendulum angle, its angular velocity (θ̇), and angular acceleration (θ̈). The

external force u acting on the system is also included.

3.3.2 Sum of Torques

Similarly, the system is subjected to a torque balance, where torque is defined

as the product of the distance to the pivot point and the force’s perpendicular

component. In this case, the torque that the acceleration force applies to the mass

is equal to the torque that the gravity force applies to the mass.The acceleration
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force applies to the mass is equal to the torque .This torque balance equation

accounts for the rotational dynamics of the pendulum, balancing the torques acting

on the pendulum mass to maintain its equilibrium position or describe its motion

about the pivot point. By considering these torque balances, along with other

factors such as inertia, friction, and control inputs, the complete dynamics of

the inverted pendulum system can be modeled and analyzed to develop effective

control strategies.[71] The resulting torque balance is given as: The equation is

given by:

(Fx cos(θ))l − (Fy sin(θ))l = (mg sin(θ))l (3.5)

where the force components Fx and Fy are determined as:

Fx = mẍ−ml sin(θ)(θ̇2) + ml cos(θ)θ̈ (3.6)

Fy = −ml cos(θ)(θ̇2) −ml sin(θ)θ̈ (3.7)

Substituting equations (3.6) and (3.7) into equation (3.5), we have:

mẍ cos(θ) −ml sin(θ) cos(θ)(θ̇2)+

ml cos2(θ)θ̈ ml sin(θ) cos(θ)(θ̇2) + ml sin2(θ)θ̈ = m sin(θ)
(3.8)

The sum of torques balancing along the y-axis is given by:

mẍ cos(θ) + mlθ̈ = mgsin(θ) (3.9)

Putting equation (3.9) into equation (3.4) , we get:

ẍ =
F + ml sin(θ)(θ̇2) −mg cos(θ) sin(θ)

M + m−m cos2(θ)
(3.10)

Put the above equation into equation (3.9), we get:

θ̈ =
F cos(θ) − (M + m)g sin(θ) + ml cos(θ) sin(θ)θ̇2

ml cos2(θ) − (M + m)l
(3.11)
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These two equations clearly indicate the presence of a nonlinear system, posing

certain mathematical challenges. These equations may now be stated in state

space form, considering the following state variables:

x1 = θ

x2 = θ̇

x3 = x

x4 = ẋ

In the given system, x1 represents the position of the pendulum, x2 corresponds to

the angular velocity of the pendulum, x3 represents the position of the cart, and

x4 denotes the velocity of the cart, denoted by ẋ. The final state space equations

for the inverted pendulum system may be stated as follows:

ẋ1 = x2 (3.12)

ẋ2 =
F cos(x1) − (M + m)g sin(x1) + ml cos(x1) sin(x1)x

2
2

ml cos2(x1) − (M + m)l

ẋ3 = x4

ẋ4 =
F + ml sin(x1)x

2
2 −mg cos(x1) sin(x1)

M + m−m cos2(x1)

3.3.3 Linearization of Inverted Pendulum

The goal is to place the pendulum in an upright position with θ = 0. The Jacobian

approach is used to linearize the system around this equilibrium position. [72].

The system is linearized with x0 = 0 and u0 = 0. The linearized system is in the

form:

ẋ = Ax + Bu (3.13)

The terms of the Jacobian matrix are obtained in a systematic manner by following

linearization.By evaluating the partial derivatives of each equation with respect
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to the state variables x, we obtain the Jacobian matrix A. Linearization provides

a linear approximation of the system dynamics near the equilibrium point, en-

abling the application of linear control techniques such as LQR (Linear Quadratic

Regulator) or pole placement to design stabilizing controllers.

A =


0 1 0 0

(M+m)g
Ml

0 0 0

−mg
M

0 0 0

0 0 1 0



B =


0

− 1
Ml

0

1
M


The output equation is represented by:

y = Cx

y =

1 0 0 0

0 0 1 0



x1

x2

x3

x4


So, the equation y=Cx essentially means that the output vector y, which contains

the positions of the pendulum and the cart, is determined by linearly combining

the elements of the state vector x using the output matrix C.

3.4 Parameters of System

The simulation of the Inverted Pendulum is done in MATLAB/Simulink 2023b.

The parameters of the system are listed in the table below, which includes the

mass of the cart, the mass of the pendulum, the length of the pendulum, and the

gravitational acceleration. These parameters are crucial for accurately modeling
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and simulating the dynamics of the inverted pendulum system.

Parameters Detail Values

M Cart mass 0.6 kg

m Pendulum mass 0.25 kg

l Length of Pendulum 0.3 m

g Gravitational acceleration 9.8 m/s2

Table 3.1: Parameters of the system

3.5 MATLAB Simulation

s-function (short for system function) is a fundamental component in Simulink. It

is used to represent the dynamics of an inverted pendulum. This includes creating

the inverted pendulum’s equations of motion and adding variables such as cart

and pendulum lengths and masses.

In the context of modeling an inverted pendulum, S-functions are used to create

the system’s equations of motion, incorporating variables such as the cart and pen-

dulum lengths and masses. The dynamics of the inverted pendulum are nonlinear

due to the pendulum’s angle dependence on trigonometric functions like sine and

cosine. The S-function begins by defining the system’s parameters, including the

cart mass (M), pendulum mass (m), pendulum length (l), and gravitational ac-

celeration (g). These parameters are crucial for accurately capturing the system’s

behavior.

3.6 Step Response

s-function is used to analyze the response of the System. Simulink provides tools

for linear and nonlinear system analysis, allowing us to study the system’s behavior

under different scenarios. Simulink also offers linearization tools that allow you to

linearize your model around an operating point, enabling linear system analysis
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techniques such as frequency response analysis, pole-zero analysis, and state-space

analysis.

This can be particularly useful for studying the small-signal behavior of your

system and designing linear control strategies.The step response of the Inverted

Pendulum System is given in the Figure 3.2

Figure 3.2: Step Response for an Inverted Pendulum System

3.7 Chapter Summary

In this chapter, the dynamics of the Inverted Pendulum are discussed in detail.

The behavior of the System is shown using step input. The mathematical model

of the System is discussed and equations of the System are derived using Newton’s

Laws. Then all simulations are shown in MATLAB®/Simulink
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Methodology

We introduce the control strategy in this chapter. In section 4.1, we discussed the

design of our system using two distinct control laws, and then we talked about

how to get data for it. We talked about the process of building a neural state-

space-based model in section 4.2. Moreover, we describe the MPC policy used in

our system in section 4.3. Then we outline the optimization problem formulation

and the steps involved in generating control actions over a finite time horizon. In

section 4.4, we conclude all the implementation steps.

4.1 Design of Experiments

The design of Experiments is a critical step in any data-driven modeling appli-

cation. Before deploying an artificial neural network, it must be trained to solve

specific problems. There are three main learning paradigms:

• Supervised Learning: [68, 73–76]

• Unsupervised Learning: [77–81]

• Reinforcement Learning: [54, 82–85]

We emphasized the importance of supervised learning by using it in our strategy

to train the Neural Networks.
38
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This technique is based on labeled data, which gives the network explicit guidance

and assures that exact outputs match input signals exactly.

4.1.1 Feedback Linearization Technique

To provide the supervised training data for the neural network controller, we use

the direct adaptive control technique described in [56], [68], [86]. A control law for

the inverted pendulum controller was designed based on the following equations.

The force, u, needed to maintain the stability of pendulum stability is determined

by the primary equation.

h1 =
3

4
lg sin(θ) (4.1)

h2 =
3

4
l cos(θ) (4.2)

f1 = m(l sin(θ)θ̇2 − 3

8
g sin(θ)) − ẋ (4.3)

f2 = M + m

(
1 − 3

4
cos2(θ)

)
(4.4)

u =
f2
h2

[
h1 + c1(θ − θd) + c2θ̇ + n1(x− xd) + n2ẋ

]
− f1 (4.5)

xd and θd are the desired position of the cart and the angle of the pendulum,

respectively. The numeric values for c1, c2, n1, and n2 used for the simulation and

the parameters are given in table 4.1.

Parameters Values
M 0.6 kg
m 0.25 kg
l 0.3 m
g 9.8 kg m/s2

c1 50
c2 20
n1 60
n2 38
xd 0.1
θd 0

Table 4.1: Parameters for Feedback Linearization

The implementation of the above control law in MATLAB is shown in Figure 4.1.
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Figure 4.1: Feedback Linearization Control Law

The above control law is integrated with our nonlinear inverted pendulum system

and the arrangement of both is shown in Figure 4.2

Figure 4.2: Feedback control law with inverted pendulum system

After simulating the above feedback linearization model, one hundred and one

trials were carried out. When collecting data for neural state-space modeling, it
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is essential to make sure that the state trajectories explore the entire state space,

considering the diverse operating conditions.

4.1.2 Linear Quadratic Regulator

Linear quadratic regulator, [51, 69, 70, 87]is a state-feedback controller that is

used in many control systems. LQR controller utilizes a linear model to generate

constant gains and it also ensures the global asymptotic stability of the equilibrium

point. [14] The nominal model is obtained by linearizing the nonlinear dynamics

without considering the disturbance term about the equilibrium point. The linear

state-space equation of the inverted pendulum system is obtained as:

The state-space equation is given by:

ẋ = Ax + Bu (4.6)

The state-feedback control signal is selected as:

uLQR = −Kx (4.7)

where K is the state feedback gain vector given by:

K = R−1BTP (4.8)

Here, P is a positive definite symmetric matrix obtained from the solution of the

Algebraic Riccati Equation, which is given below:

ATP + PA− PBR−1BP + Q = 0 (4.9)

where R is a positive constant and Q is also a positive semi-definite symmetric

constant matrix, minimizing the state cost matrix function. The cost function is

given by:

J =

∫ ∞

−∞
(xTQx + Ru2) dx (4.10)
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Remark: By using MATLAB software, a full-state feedback LQR controller is

developed by solving the Algebraic Riccati Equation based on the weighting matrix

Q and state penalty matrix R. The non-linear dynamical equations expressed in

the linear state-space form serve as a foundation for this process.

4.2 Neural State Space Model

Systems show nonlinear behavior in many real-world situations that linear models

are unable to adequately represent. Building state-space models for such systems

is a good use for neural networks because they provide a strong foundation for

learning and capturing nonlinear interactions. [88]

State-space models are used in classical control theory to express the link between

the inputs, outputs, and internal states of dynamic systems, hence describing their

behavior.[89]

Consider the mathematical form of the State Space representation of the System:

The continuous-time Neural State Space equation is given by:

ẋ(t) = f(x(t) + h(x(t))u(t)) (4.11)

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the input vector. The functions

f and h are used for static non-linear mapping [20]

The discrete formulation of the Neural State Space has the following form [57]:

x(k + 1) = f(x(k) + h(x(k))u(k)) (4.12)

where x(k) ∈ Rn is the state vector, u(k) ∈ Rm is the input vector, and these are

typically represented by linear functions [90].

The state equation may be rewritten for the sampling instant k. The model

becomes:

x(k) = f(x(k − 1) + h(x(k − 1))u(k − 1)) (4.13)
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4.2.1 Training of NSSM Model

The use of a neural state-space model as a novel modeling technique is presented.

The Neural Network (NN) was trained using data collected from the simulated

plant, optimizing its parameters to minimize the difference between model pre-

dictions and actual observations. This model incorporates various neural network

topologies, including wide, shallow, narrow, and deep architectures.

4.2.2 Performance Parameters

There are some performance matrices like mean squared error, mean absolute

error, and stability time which are used to study the performance of the model

which are discussed below in detail.

4.2.2.1 Mean Squared Error

MSE is a measure of the average squared difference between the actual and the

predicted values. It is calculated by taking the average of the squared differences

between the actual value and the predicted value. [91]

MSE is calculated as:

MSE =
1

N

N∑
i=1

(yi − ŷi)
2 (4.14)

where N represents the number of data points, yi represents the actual values of

the data points, and ŷi represents the predicted values.

4.2.2.2 Mean Absolute Error

MAE is a measure of the average absolute difference between predicted and actual

values. It is computed by taking the average of the absolute differences between

each predicted and actual value. [91]

MAE =
1

n

n∑
i=1

|yi − ŷi| (4.15)
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where n represents the number of data points, yi represents the actual values of

the data points, and ŷi represents the predicted values.

4.2.2.3 Stability Time

Settling time or stability time is a term used to refer to the period that is needed for

a system’s response to reach and stay within a certain range of its final equilibrium

value after a disturbance or change in input. It quantifies how fast a model helps

in returning the system back into balance.

4.3 MPC for the Baseline Model

To ensure regulation of the pendulum system, the Model Predictive Control (MPC)

policy for the Neural State Space Model (NSSM) [92] optimizes control inputs over

a given period. This means that there is a need to minimize the cost function

defined as follows:

JN(x0, u0) =
N−1∑
k=0

Q(x(k), u(k)) + T (x(N)) (4.16)

The cost of the stage is represented by Q(x(k), u(k)), reflecting the current state

x and control input u at each step. The aim is to drive all states of the system

to zero subject to system constraints. Moreover, there exists a terminal cost term

T (x(N)) that measures the expense associated with a final state.

This study does not apply a terminal cost. The MPC algorithm optimizes control

inputs u over a prediction horizon N , thereby affecting the future behavior of the

system.

The optimization problem defining an initial policy for MPC can be formulated

as follows:

(x0, u0) = min
x̄,ū

JN(x̂, u) (4.17)
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subject to:

x̂(k + 1) = f̂(x̂(k)) + ĥ(x̂(k))u(k)

x̂(0) = x̂0

where f̂ is the Neural State Space Model dynamics. Additionally, constraints on

control inputs and states are considered:

umin ≤ u(k) ≤ umax (4.18)

xmin ≤ u(k) ≤ xmax

The above expressions represent the constraints on the input force and the system,

ensuring that the system operates within the safe operating region.

4.4 Methodology

Step 1: Data Collection and Model Training

• For Neural State Space Model (NSSM), experimental data was collected from

the simulated plant.

• Train the NSSM using the collected data, providing a data-driven represen-

tation of the system dynamics.

Step 2: MPC Design

• Define the MPC cost function based on the states of the Nonlinear State

Space Model (NSSM).

• Formulate the optimization problem to minimize the cost function consider-

ing constraints and dynamics of the system.

• Specify constraints on states, inputs, and other variables such as cart posi-

tion, pendulum angle, velocity, and control input limits.
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• Choose prediction and control horizons for the MPC.

• Formulate the optimization problem as a finite-horizon constrained optimiza-

tion problem.

• Use numerical optimization techniques like quadratic programming (QP)

or nonlinear programming (NLP) solvers to solve the optimization problem

online at each time step.

• Adjust controller parameters and constraints as needed to achieve desired

performance and stability.

Step 3: Integration with NSS

• Use the learned NSSM to predict the system behavior inside the MPC frame-

work.

• Establish the control and state constraints in compliance with the system’s

physical bounds.

Step 4: Simulation and Closed-Loop Control

• Simulate the MPC baseline policy in a closed-loop fashion.

• Implement real-time adjustments based on the established policy.

Step 5: Performance Analysis

• Analyze the performance of the MPC baseline policy in stabilizing the pen-

dulum system.

• Analyze the convergence of the states toward the desired values.

The procedure for stabilizing a pendulum system is depicted in the flowchart, as

shown in Figure 4.3. It emphasizes a systematic approach from data collection to

real-time adjustment.
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Figure 4.3: Flowchart of the Methodology

4.5 Chapter Summary

This chapter covers the design with two distinct control laws, data acquisition, neu-

ral state-space model construction, and the implementation of Model Predictive

Control (MPC). The optimization problem formulation and steps for generating

control actions over a finite time horizon are outlined, providing a holistic overview

of the chapter’s key contributions.



Chapter 5

Implementation and Results

5.1 Configurational Aspects of Simulations

MATLAB 2023b was used for the simulation. Each experiment lasted for 10 sec-

onds, and state trajectories were recorded after every 0.01 seconds. The Nonlinear

Model Predictive Controller (NL-MPC) is initialized using the nlmpcMultistage

function, indicating a 10-stage MPC with 4 state variables and 1 manipulated vari-

able. State constraints are set for the pendulum angle (θ) with a minimum of −π

and a maximum of π. The manipulated variable was constrained to the range

[−2, 2]. The cost function for NL-MPC is defined as the sum of squares of all four

state variables of the pendulum. The cost function is expressed in 5.1

J = x2
1 + x2

2 + x2
3 + x2

4 (5.1)

After implementing the above model, one hundred and one experiments were

conducted against a simulated plant, each starting at different initial conditions

[θ0, θ̇0, x0, ẋ0].

After that, we load the data, and it consists of two cell arrays of timetables – the

state trajectories Y and the input trajectories U . Set N , which is the number

of training experiments, equal to 100, less one experiment, and reserve the last

experiment for validation. The Neural State Space Model (NSSM) was used for

48
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control purposes by the NL-MPC model. These simulation settings and parameters

give a detailed account of how to set up a nonlinear pendulum control system with

constraints using the Neural State Space model with NL-MPC. The total numbers

of signals is calculated as:

Total experiments = 101 experiments

Total variables = 4 states

Samples per experiment = 1000 samples

Total training signals = 100 × 4 = 400 signals

Validation signal = Last Experiment

Total samples for training = 400 × 1000 = 4, 00, 000 samples

Designing an efficient Neural State Space Model (NSSM) for Model Predictive

Control (MPC) requires careful consideration of different architectures and hy-

perparameters. This involves systematically evaluating various designs to identify

which gives accurate and efficient predictions for the system. Detailed NSSM

architectures and hyperparameters are given in the next section.

5.2 Neural State Space Model Parameters

Finding the best design for the prediction model is possible by experimenting with

different topologies. Model generalization from training data to unknown data is

influenced by the topology selected. Several topologies are considered and listed

in Table 5.1.

Topology Layers Neurons
Shallow 1 64
Deep 3 64
Narrow 1 10
Wide 1 1000

Table 5.1: Topologies of NSSM

The prediction model requires the activation functions, number of hidden layers,

and hidden nodes in the NSSM, and other hyperparameters to be configured are
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S.N. Parameters Values
1 Optimizer Adam
2 Decay Factor 0.900
3 Loss Function Mean Absolute Error
4 Learning Ratio 0.001
5 Epochs 500, 1000
6 Activation Function Sigmoid, tanh
7 Input Interpolation Spline
8 Batch Size 101

Table 5.2: Training Parameters for NSSM

listed in Table 5.2. The ‘Glorot’ initializer is used to set the weights of the neural

network, and zeros are set as the biases. Additionally, it is important throughout

the learning phase of training epochs. The network is trained using 500 and 1000

training epochs in our NSSM model designs. The ADAM optimizer is used to

obtain the ideal weights.

5.3 FBL-based Neural State Space Model

In this section, we explore the results obtained through the application of the

Neural State Space technique, delving into a detailed examination of the simula-

tion setup. The evaluation utilizes crucial metrics, including Mean Squared Error

(MSE), Mean Absolute Error (MAE), Relative Absolute Error, and stability time.

These metrics collectively contribute to a thorough assessment of the suggested

models, revealing insights into their effectiveness in capturing system dynamics

and ensuring stability. The comprehensive analysis presented herein aims to of-

fer nuanced perspectives on the performance of the proposed designs, shedding

light on their suitability for addressing the intricacies of the underlying system

dynamics.

The simulation setup involves carefully calibrated parameters to reflect real-world

scenarios as closely as possible, ensuring that the results are both reliable and

applicable. Various test cases, including different initial conditions and exter-

nal disturbances, were used to evaluate the robustness of the models. MSE and

MAE provide a measure of the average deviation between the predicted and actual
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values, offering a clear indication of the model’s accuracy. The Relative Absolute

Error offers a normalized view, making it easier to compare performance across dif-

ferent scales and conditions. Stability time, a key performance indicator, measures

how quickly the system returns to equilibrium after a disturbance, thus reflect-

ing the model’s effectiveness in maintaining control and stability.Through rigorous

testing and analysis, we identified strengths and potential areas for improvement

in the proposed models. For instance, models that excelled in minimizing MSE

and MAE demonstrated high precision in predicting the system’s behavior under

standard conditions. However, some models showed variability in stability time,

indicating a need for further refinement to enhance their responsiveness to sudden

changes. The insights gained from these evaluations are instrumental in guid-

ing future iterations of model development, focusing on optimizing the balance

between accuracy and stability.

5.3.1 Shallow NSSM

The Shallow Neural State Space Model (NSSM) configuration comprises a single

layer with 64 neurons, offering simplicity with moderate capacity. This design

choice reflects a deliberate consideration of the trade-off between model complexity

and computational efficiency. By opting for a shallow architecture, the model

maintains a relatively straightforward structure while still possessing sufficient

capacity to capture the underlying dynamics of the system.

Furthermore, the choice of a shallow architecture aligns with the goal of achieving

a balance between model complexity and interpretability. By keeping the model

relatively simple, it becomes easier to interpret its internal workings and under-

stand how input features are transformed into output predictions. This trans-

parency is particularly valuable in domains where explainability and insight into

the model’s decision-making process are essential.Overall, the configuration of the

Shallow NSSM with a single layer of 64 neurons reflects a thoughtful approach to

model design, aiming to strike a pragmatic balance between complexity, capacity,

and interpretability. This configuration serves as a practical compromise, offering

a model that is both capable of capturing the system’s dynamics and tractable for
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analysis and interpretation. The performance parameters for Shallow NSSM are

shown in table 5.3.

X1 X2 X3 X4 Total

MSE 0.050 0.285 6.186 2.399 2.23

MAE 0.128 0.206 1.781 1.010 0.781

Relative Absolute Error 1.1775 1.0054 1.0264 -0.1024 2.04

Stability time 9 9 9 9 9

Table 5.3: FBL-based Shallow NSSM Results

Output response for the initial condition [θ0, θ̇0, x0, ẋ0] = [0, 1, 1, 0] is shown in

Figure 5.1. All the states and phase portraits are shown in Figure 5.2

Figure 5.1: System states for IC = [0, 1, 1, 0]
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Figure 5.2: FBL-based Shallow Neural State Space Model Response (a) Pen-
dulum Position (b) Pendulum Velocity (c) Cart Position (d) Cart Velocity (e)

Pendulum Phase Portrait (f) Cart Phase Portrait (g) Control Input
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5.3.2 Deep NSSM

The Deep Neural State Space Model (NSSM) stands out for its multi-layered

architecture comprising three layers, each consisting of 64 neurons are shown in

table 5.4. The Narrow Network’s characterization as a single-layer architecture

with only 10 neurons. This tailored design is engineered to effectively capture

complex, hierarchical features inherent in the data.

Table 5.4: FBL-based Deep NSSM Results

X1 X2 X3 X4 Total
MSE 0.032 0.287 6.982 2.464 2.44
MAE 0.130 0.211 1.886, 1.050 0.819
Relative Absolute Error 1.080 1.00 0.98 -1.03 2.01
Stability time: 9 9 4.5 7 7.375

Output response for the initial condition [θ0, θ̇0, x0, ẋ0] = [0, 2, 1, 0] is shown in

Figure 5.3. All the states and phase portraits are shown in Figure 5.4

Figure 5.3: System states for IC = [0, 2, 1, 0]
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Figure 5.4: FBL-based Deep Neural State Space Model Response (a) Pen-
dulum Position (b) Pendulum Velocity (c) Cart Position (d) Cart Velocity (e)

Pendulum Phase Portrait (f) Cart Phase Portrait (g) Control Input
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5.3.3 Narrow NSSM

The Narrow Network is characterized by a single layer comprising only 10 neurons.

Table 5.5 shows the performance metrics for the FBL-based Narrow NSSM. In the

Table 5.5: FBL based Narrow NSSM Results

X1 X2 X3 X4 Total
MSE 0.033 0.280 9.278 2.852 3.11
MAE 0.111 0.199 2.192 1.201 0.92
Relative Absolute Error 1.0945 1.0002 1.5164 -0.87 1.6
Stability time - - - - -

provided context, the presence of ’-’ indicates that stability has not been achieved.

Output response for the initial condition [θ0, θ̇0, x0, ẋ0] = [1, 1, 1, 0] is shown in

Figure 5.5. All the states and phase portraits are shown in Figure 5.6

Figure 5.5: System states for IC = [1, 1, 1, 0]
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Figure 5.6: FBL-based Narrow Neural State Space Model Response (a) Pen-
dulum Position (b) Pendulum Velocity (c) Cart Position (d) Cart Velocity (e)

Pendulum Phase Portrait (f) Cart Phase Portrait (g) Control Input
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5.3.4 Wide NSSM

The Wide Network features a single layer with an extensive 1000 neurons. This

architecture aims to capture a broad spectrum of features and relationships within

the data.

Table 5.6 shows the performance metrics for the FBL-based Narrow NSSM.

Table 5.6: FBL based Wide NSSM Results

X1 X2 X3 X4 Total
MSE 0.058 0.293 6.200 2.299 2.21
MAE 0.185 0.317 1.782 1.019 0.82
Relative Absolute Error 1.1384 1.0129 1.1489 -0.695 0.88
Stability time 8 4 9 9 7.5

Output response for the initial condition [θ0, θ̇0, x0, ẋ0] = [3, 0, 1, 0] is shown in

Figure 5.7. All the states and phase portraits are shown in Figure 5.8

Figure 5.7: System states for IC = [3, 0, 1, 0]
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Figure 5.8: FBL-based Wide Neural State Space Model Response (a) Pen-
dulum Position (b) Pendulum Velocity (c) Cart Position (d) Cart Velocity (e)

Pendulum Phase Portrait (f) Cart Phase Portrait (g) Control Input
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5.4 LQR-based Neural State Space Model

This section discusses the results of simulations using the LQR-based NSSM.

5.4.1 Shallow NSSM

The Shallow Neural State Space Model (NSSM) is characterized by a simplified

architecture, consisting of a single layer with 64 neurons. Table 5.7 shows the

performance metrics for the LQR-based Shallow NSSM.

Table 5.7: LQR-based Shallow NSSM Results

X1 X2 X3 X4 Total
MSE 0.033 0.052 0.062 2.848 0.99
MAE 0.138 0.099 0.119 0.480 0.209
Relative Absolute Error 1.4713 1.0106 0.7599 -0.303 1.204
Stability time 3.8 4 8 6 5.45

Output response for the initial condition [θ0, θ̇0, x0, ẋ0] = [2, 1, 2, 3] is shown in

Figure 5.9. All the states and phase portraits are shown in Figure 5.10

Figure 5.9: System states for IC = [2, 1, 2, 3]
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Figure 5.10: LQR-based Shallow Neural State Space Model Response (a)
Pendulum Position (b) Pendulum Velocity (c) Cart Position (d) Cart Velocity

(e) Pendulum Phase Portrait (f) Cart Phase Portrait (g) Control Input
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5.4.2 Deep NSSM

The Deep Neural State Space Model (NSSM) is distinguished by its multi-layered

architecture, featuring three layers with 64 neurons each. This design is specifically

crafted to capture intricate and hierarchical features within the data. Table 5.8

shows the performance metrics for the LQR-based Deep NSSM.

Table 5.8: LQR-based Deep NSSM Results

X1 X2 X3 X4 Total
MSE 0.011 0.051 0.218 2.964 0.811
MAE 0.075 0.054 0.202 0.526 0.214
Relative Absolute Error 1.5136 1.0276 0.7387 -0.208 1.14
Stability time 2.5 5 3.5 3.5 3.6

Output response for the initial condition [θ0, θ̇0, x0, ẋ0] = [2, 1, 2, 3] is shown in

Figure 5.11. All the states and phase portraits are shown in Figure 5.12

Figure 5.11: System states for IC = [2, 1, 2, 3]
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Figure 5.12: LQR-based Deep Neural State Space Model Response (a) Pen-
dulum Position (b) Pendulum Velocity (c) Cart Position (d) Cart Velocity (e)

Pendulum Phase Portrait (f) Cart Phase Portrait (g) Control Input
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5.4.3 Narrow NSSM

The Narrow LQR NSSM is characterized by a streamlined configuration, incorpo-

rating a single layer with a limited set of neurons. This simplified architecture is

tailored for scenarios where efficiency and simplicity are prioritized.

Table 5.9 shows the performance metrics for the LQR-based Deep NSSM.

Table 5.9: LQR based Narrow NSSM Results

X1 X2 X3 X4 Total
MSE 0.01 0.04 0.211 2.98 0.81
MAE 0.08 0.05 0.222 0.54 0.22
Relative Absolute Error 1.54 1.02 0.72 0.04 0.83
Stability time 6 4 7.5 7 6.12

Output response for the initial condition [θ0, θ̇0, x0, ẋ0] = [2, 1, 2, 3] is shown in

Figure 5.13. All the states and phase portraits are shown in Figure 5.14

Figure 5.13: System states for IC = [2, 1, 2, 3]
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Figure 5.14: LQR-based Narrow Neural State Space Model Response (a)
Pendulum Position (b) Pendulum Velocity (c) Cart Position (d) Cart Velocity

(e) Pendulum Phase Portrait (f) Cart Phase Portrait (g) Control Input



Implementation and Results 66

5.4.4 Wide NSSM

The Wide Neural State Space Model (NSSM) is characterized by a single layer

with an extensive configuration of 1000 neurons. This architecture is designed to

capture a diverse and intricate range of features and relationships within the data.

Table 5.10 shows the performance metrics for the LQR-based Wide NSSM.

Table 5.10: LQR based Wide NSSM Results

X1 X2 X3 X4 Total
MSE 0.073 0.038 0.907 3.716 1.18
MAE 0.204 0.066 0.492 0.902 0.411
Relative Absolute Error 1.3377 1.0392 1.0525 -0.073 0.030
Stability time 6.5 3.5 4.5 3 4.37

Output response for the initial condition [θ0, θ̇0, x0, ẋ0] = [1, 3, 0, 2] is shown in

Figure 5.15. All the states and phase portraits are shown in Figure 5.16

Figure 5.15: System states for IC = [1, 3, 0, 2]
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Figure 5.16: LQR-based Wide Neural State Space Model Response (a) Pen-
dulum Position (b) Pendulum Velocity (c) Cart Position (d) Cart Velocity (e)

Pendulum Phase Portrait (f) Cart Phase Portrait (g) Control Input
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5.5 Discussion and Comparison

5.5.1 Comparative Analysis of FBL NSSM

A thorough comparative study of Feedback Linearization Neural State Space Mod-

els (FBL NSSM) is included in this section. The relative accuracy, stability, and

adaptability of several models including shallow, deep, narrow, and wide are con-

sidered.

5.5.1.1 MSE and MAE

Wide and shallow models often have lower MSE and MAE, indicating better per-

formance. Increased MSE and MAE values suggest that the narrow model has

trouble capturing system dynamics.

5.5.1.2 Relative Absolute Error

The deep model displays a relatively balanced performance with lower relative

absolute error, indicating robustness in capturing system dynamics. In contrast,

the shallow, wide, and narrow models exhibit differences in relative absolute er-

ror, suggesting varying degrees of adaptability and effectiveness in modeling the

underlying dynamics.

5.5.1.3 Stability Time

In the evaluation, both deep and shallow models demonstrate consistent stability

times, indicating reliable performance in maintaining system stability. However,

the narrow model exhibits oscillations and lacks stability. In contrast, the stability

times vary across different states in the wide model, suggesting nuanced dynamics

that may require further investigation.

In conclusion, the choice of model depends on the specific requirements of the

control system, considering factors such as stability, accuracy, and adaptability to
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system dynamics. The shallow and wide models generally show better performance

across the metrics considered. The narrow model, despite exhibiting higher error

metrics, might still have practical utility depending on the specific application and

trade-offs between accuracy and stability. The deep model demonstrates compet-

itive accuracy with reduced MAE and MSE but there are stability trade-offs, as

seen by the differences in stability times between states.

5.5.2 Comparative Analysis of LQR NSSM

This section conducts a detailed comparative analysis of LQR-based Neural State

Space Models (LQR NSSM). Evaluating various model topologies, including shal-

low, deep, narrow, and wide architectures, provides insights into their relative

performance. Metrics such as Mean Squared Error (MSE), Mean Absolute Er-

ror (MAE), relative absolute error, and stability times across different states are

examined to discern the strengths and limitations of each LQR NSSM model.

5.5.2.1 MSE and MAE

Both shallow and deep models demonstrate lower Mean Squared Error (MSE)

and Mean Absolute Error (MAE), suggesting higher accuracy in predicting system

behavior. Surprisingly, the narrow model also exhibits competitive accuracy with

lower error metrics despite its minimalist architecture. However, the wide model

displays higher error metrics, particularly in MSE, indicating potential challenges

in accurately capturing the system’s dynamics with its extensive architecture.

5.5.2.2 Relative Absolute Error

The narrow model stands out with the lowest relative absolute error, indicating

enhanced adaptability and precision in capturing system dynamics. In contrast,

the shallow, deep, and wide models display differing levels of relative absolute error

across various states, suggesting variations in their ability to effectively model the

complexities of the system. These results underscore the importance of considering
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the trade-offs between model complexity and adaptability when designing neural

network architectures for dynamic system modeling and control.

5.5.2.3 Stability Time

Shallow and deep models show consistent stability times across states. The narrow

model exhibits stability with varying times. The wide model shows variations in

stability times, with higher values for X1 and X3.

In summary, the choice of LQR NSSM model depends on the specific control

system requirements, with considerations for accuracy, stability, and adaptability.

The narrow model stands out for its lower relative absolute error, indicating better

adaptability, while shallow and deep models showcase competitive accuracy and

stability. The wide model, despite higher error metrics, may still find utility

depending on the specific application requirements.

5.5.3 Comparison of FBL & LQR NSSMs

5.5.3.1 Shallow Models

The FBL NSSM demonstrates overall stability with a total MSE of 2.23 and

maintains stable stability times across different states. In comparison, the LQR

NSSM showcases competitive performance with a lower total MSE of 0.99 and

consistent stability times. These results suggest that both models are effective in

capturing the system dynamics, with the LQR NSSM exhibiting slightly better

accuracy and stability.

5.5.3.2 Deep Models

The FBL NSSM demonstrates competitive accuracy with a total MSE of 2.44,

showcasing its capability to approximate system dynamics effectively. However,

it exhibits variations in stability times across simulations. In contrast, the LQR

NSSM displays a lower MSE of 0.811 and maintains consistent stability times,
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highlighting superior accuracy and stability in capturing the system’s behavior.

These findings underscore the importance of considering both accuracy and sta-

bility when evaluating different modeling approaches for dynamic systems.

5.5.3.3 Narrow Models

FBL NSSM experiences instability, indicated by unstable behavior and oscillations.

LQR NSSM performs well with a total MSE of 0.81, demonstrating stability and

accuracy.

5.5.3.4 Wide Models

FBL NSSM shows stability with variations in stability times and a total MSE

of 2.21. LQR NSSM presents a lower MSE of 1.18 and varying stability times,

suggesting a trade-off between accuracy and stability.

FBL NSSM demonstrates flexibility with varying model performances across dif-

ferent topologies. LQR NSSM shows consistent stability and competitive accuracy

across various model architectures.

The choice between FBL NSSM and LQR NSSM depends on specific control sys-

tem requirements. In our case, FBL NSSM offers flexibility with trade-offs between

accuracy and stability, while LQR NSSM presents consistent stability and com-

petitive accuracy.

5.5.4 Comparison of LQR NN With Other Techniques

In our study, we employed controllers to compare their response with the Neural

Network Controller, aiming to identify linear behavior while enhancing accuracy

and response time through MATLAB simulation. Our observations indicate that

the proposed design outperforms other controllers, demonstrating improved per-

formance in terms of accuracy and response time. This finding underscores the

effectiveness of our approach in achieving superior control outcomes compared to

conventional controller designs.
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5.5.4.1 Comparison With [56]

The observed performance of the LQR NSSM trained with varying initial condi-

tions, showcasing faster stabilization and return to the equilibrium position (aver-

aging between 2 to 3 seconds), underscores its remarkable control capabilities com-

pared to the alternative technique, Feedforward Neural Network (FFNN), trained

with a single initial condition.

This compelling evidence suggests that the LQR NSSM, with its inherent adapt-

ability to diverse initial conditions, outperforms the FFNN in achieving more rapid

and stable control responses for the pendulum system. The ability of the LQR

NSSM to swiftly adapt to changing conditions not only enhances its performance

but also exemplifies its robustness and suitability for real-time control applications.

In Figure 5.17, the phase portraits depict the trajectories of the system dynamics

under different control techniques. It is evident from the comparison that the

trajectories associated with the LQR NSSM exhibit smoother and more stable

behavior compared to those of the alternative technique.

Figure 5.18 further corroborates these findings by showcasing the system response

under both control methodologies. The response plots clearly indicate that the

LQR NSSM achieves faster stabilization and return to the equilibrium position,

demonstrating its superior control capabilities.

These visual representations provide compelling evidence of the effectiveness of the

LQR NSSM approach in managing the dynamics of the pendulum system. The

smoother trajectories and faster response times exhibited by the LQR NSSM high-

light its ability to achieve stable and efficient control, underscoring its superiority

over alternative techniques.

Overall, the phase portraits and system response plots presented in Figures 5.17

and 5.18 serve as concrete evidence supporting the conclusion that the LQR NSSM

outperforms alternative methods in terms of stability and control effectiveness in

the context of the inverted pendulum system.
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Figure 5.17: Phase portraits for FBNN and LQR

Furthermore, the demonstrated effectiveness of the LQR NSSM in managing di-

verse initial conditions serves as a testament to its adaptability and versatility.

Beyond its application in the pendulum system, this method holds promise for

addressing a multitude of control challenges across different domains. By provid-

ing stable and efficient control even in the face of uncertainties and variations,

the LQR NSSM opens doors to applications in industries ranging from robotics

and autonomous vehicles to aerospace and industrial automation. Its robust per-

formance under varying conditions not only enhances system stability but also

improves overall operational efficiency, making it a valuable asset in the quest for

advanced control solutions in complex real-world scenarios.
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Figure 5.18: Pendulum response for FBNN and LQR NSSM

5.5.4.2 Comparison of LQR NN With [93]

The performance evaluation reveals that the LQR NSSM, trained with varying

initial conditions, excels in achieving quicker stabilization and returning to the

equilibrium position, with an average time of two to three seconds. In contrast, the

feedback linearization method demonstrates comparatively slower performance.

The performance metrics showcased in Figure 5.19 clearly indicate that the LQR

NSSM achieves faster stabilization and smoother response trajectories compared

to the FBL technique. This superiority is particularly evident when observing

the system’s behavior under varying initial conditions. Despite fluctuations and

uncertainties, the LQR NSSM consistently demonstrates robust control, ensuring

rapid stabilization and return to the desired equilibrium position.



Implementation and Results 75

Figure 5.19: Pendulum response for LQR NSSM and FBL

The performance evaluation elucidates that the LQR NSSM, trained with diverse

initial conditions, exhibits remarkable proficiency in achieving rapid stabilization

and swiftly returning to the equilibrium position, typically within an average time

frame of two to three seconds. Conversely, the feedback linearization method

demonstrates comparatively slower performance across the spectrum of initial

conditions. This stark contrast underscores the superior control capabilities of

the LQR NSSM, highlighting its effectiveness in adeptly handling a wide range

of initial conditions and surpassing the feedback linearization method in terms

of both speed and stability. Moreover, these findings highlight the LQR NSSM’s

robustness across diverse environments, reinforcing its status as a dependable so-

lution for real-world applications. Its adaptability and reliability position it as

a frontrunner in the realm of dynamic system control, promising transformative

impacts across a spectrum of industries and scenarios.
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5.5.5 Comparative Analysis for Varying Initial Conditions

In this section, a comprehensive comparison was conducted by systematically vary-

ing initial conditions to assess the performance of each controller. A total of 10

distinct initial conditions were considered, providing a diverse set of scenarios

to generalize our evaluation. The specific details of these 10 initial conditions,

assessed for each controller, are outlined in the table provided. Each initial condi-

tion is represented by a set of values corresponding to the pendulum position (x1),

pendulum velocity (x2), cart position (x3), and cart velocity (x4). These initial

conditions cover a wide range of possible starting states for the system, allow-

ing for a comprehensive assessment of each controller’s ability to handle various

scenarios.

By systematically varying these initial conditions and analyzing the controllers’

responses, we gain valuable insights into their performance across different operat-

ing conditions and their robustness in real-world applications. The specific details

of these 10 initial conditions, assessed for each controller, are outlined in the table

below.

Table 5.11: Multiple Initial Conditions

S.N. Initial Conditions [x1, x2, x3, x4]

1 IC-1 [2, 3, -2, 2]

2 IC-2 [1, -3, -1, 0]

3 IC-3 [3, 3, -2, 3]

4 IC-4 [3, 0, 2, -2]

5 IC-5 [0, 3, 2, 3]

6 IC-6 [1, -3, 2, 3]

7 IC-7 [1, 2, 1, -1]

8 IC-8 [1, -2, 1, -3]

9 IC-9 [-1, -3, -2, 2]

10 IC-10 [1, -1, 3, -3]

Here x1 represents the pendulum position, x2 represents the pendulum velocity,

x3 represents the cart position, and x4 represents the cart velocity.



Implementation and Results 77

Table 5.12: Multiple Initial Condition Response for FBL Technique

ICs ST(x1) ST(x2) ST(x3) ST(x4) SV(x1) SV(x2) SV(x3) SV(x4)

IC-1 - - - - - - - -

IC-2 4 4.2 6.9 7.5 0 0 -75 0

IC-3 7 5.5 - 8 0 0 -75 0

IC-4 7.5 6.9 8.9 9 0 0 -76 0

IC-5 8.9 3.6 9.2 7.2 0 0 0 0

IC-6 8 4.4 9.3 7.4 0 0 0 0

IC-7 7 4.2 9 7.4 0 0 0 0

IC-8 4 3.6 7 9 0 0 0 0

IC-9 8 4 9.5 7.7 0 0 0 0

IC-10 6.7 3.8 9.3 7.2 0 0 0 0

Table 5.13: Multiple Initial Condition Response for FFNN control

ICs ST(x1) ST(x2) ST(x3) ST(x4) SV(x1) SV(x2) SV(x3) SV(x4)

IC-1 8 5.4 9.0 7.2 0 0 10.3 0

IC-2 6.0 4.0 9.4 9.1 0 0 7.6 0

IC-3 6.9 6.0 9.1 7.3 0 0 10 0

IC-4 6.8 6.4 9.1 6.5 0 0 10.2 0

IC-5 6.0 3.2 9.2 8.1 0 0 10.2 0

IC-6 3.2 3.9 - 7.0 -4 0 77 7.7

IC-7 6.5 4.8 9.6 7.5 0 0 8.9 0

IC-8 6 3.3 9.6 8.6 0 0 7.5 1.4

IC-9 3.9 4.8 - - -3 0 38.4 4.7

IC-10 6 5.7 - 7.3 0 0 8.7 0

Table 5.12 presents the Settling Time (ST) results for ten different initial condi-

tions using the FBL Technique. In Table 5.13, the Settling Time outcomes for the

same initial conditions are provided, this time employing FFNN. Additionally, Ta-

ble 5.14 displays the Settling Time results for the LQR technique under the same

initial conditions. In cases where stability is not attained within 10 seconds, it is

denoted by ’-’. These tables offer a comparative analysis of the settling behavior
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achieved by each technique across various starting conditions, providing valuable

insights into their respective effectiveness and efficiency in achieving stable system

responses.

Table 5.14: Multiple Initial Condition Response for LQR control

ICs ST(x1) ST(x2) ST(x3) ST(x4) SV(x1) SV(x2) SV(x3) SV(x4)

IC-1 4.2 5.2 3.2 3.9 0.007 0 0 0

IC-2 4.2 5.8 5.0 6.0 0 0 0 0

IC-3 3.6 3.6 4.1 4.1 0 0 0 0

IC-4 3.2 9.2 5.3 5.7 0 0 0 0

IC-5 7.0 5.3 3.1 3.5 0 0 0 0

IC-6 5.4 5.6 4.6 4.0 0 0 0 0

IC-7 4.6 4.6 3.7 3.9 0 0 0 0

IC-8 5.3 6.0 3.1 3.2 0 0 0 0

IC-9 5.6 5.0 4.4 4.3 0 0 0 0

IC-10 5.1 6.8 3.8 4.0 0 0 0 0

5.6 Overall Performance

FFNN achieved faster settling times on average compared to Feedback Lineariza-

tion and LQR NSSM. However, it showed inconsistent settling values with larger

deviations in the equilibrium points in some cases. Feedback Linearization had

moderate settling times but remained stable for all initial conditions. Settling

values were generally closer to the desired values compared to FFNN. LQR NSSM

achieved the fastest settling times and stable behavior for all initial conditions.

Settling values were consistently close to the desired values.

5.6.1 Sensitivity to Initial Conditions

FFNN: Was more sensitive to initial conditions. While faster on average, settling

times varied significantly and sometimes diverged depending on the initial values.
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Feedback Linearization: Showed moderate sensitivity. Settling times varied mod-

erately between different initial conditions. LQR NSSM: Was the least sensitive

to initial conditions. Settling times were consistently fast and stable regardless of

the starting values.

5.6.2 Trade-offs and Limitations

FFNN: Offers potentially faster settling times but requires careful training and

hyperparameter tuning to ensure stability and consistent performance across dif-

ferent initial conditions. Feedback Linearization: Offers a good balance between

settling time and stability but might not achieve the fastest performance com-

pared to other techniques. LQR NSSM: Achieves the fastest and most stable

performance but requires accurate system modeling and might be more complex

to implement compared to other methods.

5.7 Conclusion

In a comparative analysis of the three controllers based on the provided data,

the Feedback Linearization Technique and the Linear Quadratic Regulator with

Nonlinear State Space Model (LQR NSSM) exhibit overall stability across various

initial conditions, with the Feedback Linearization showing effectiveness in re-

turning to the zero-equilibrium point. The FFNN (Feedforward Neural Network)

demonstrates competitive stability and efficiency in returning to zero, except for

instability observed in IC-6, which affects its performance. Both Feedback Lin-

earization and LQR NSSM consistently return to zero for stable scenarios. How-

ever, the choice between the controllers should be tailored to specific application

requirements, considering factors such as stability, settling times, and the ability

to return to the equilibrium point. Further investigation and refinement may be

needed, particularly addressing instability issues, to enhance the overall efficiency

of the controllers in real-world applications. The choice of the best technique de-

pends on your specific priorities and system characteristics. If minimizing settling
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time is your primary concern: FFNN could be a good option, but be aware of

its potential instability and sensitivity to initial conditions. If seeking a balance

between performance and stability: Feedback Linearization might be a suitable

choice. If stability and consistent performance are critical: LQR NSSM is the rec-

ommended option, even though it might involve more complex implementation.

Ultimately, the best approach is to evaluate each technique on your specific sys-

tem and initial conditions to determine the one that delivers the most desirable

results.



Chapter 6

Conclusion and Future Work

6.1 Conclusion

In conclusion, this study presents a novel and pioneering approach to address-

ing the challenges associated with maintaining stability and achieving desired

states in nonlinear systems, with a specific focus on the inverted pendulum sys-

tem. Through the integration of a data-driven Model Predictive Control (MPC)

framework built upon the Neural State Space Model (NSSM).

By leveraging Neural Networks to capture the nonlinear dynamics of the system,

our framework demonstrates exceptional capacity to handle varying initial condi-

tions effectively. The fusion of NSSM with MPC enables seamless integration of

system dynamics identification and control policy establishment, leading to im-

proved stability across diverse initial conditions.

Extensive simulations provide strong evidence of the efficacy of our proposed ap-

proach, showcasing superior performance even amidst varying starting parameters.

Moreover, the potential for real-world implementation and practical scenarios is

substantial, suggesting promising avenues for future applications beyond simula-

tion environments.

In essence, this innovative approach not only promises enhanced stability in in-

verted pendulum systems but also sets a precedent for future advancements in

81
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nonlinear control systems, thus contributing significantly to the field of control

theory and engineering.

6.2 Future Work

About the future prospects, many directions for research become apparent. The

extension of the proposed framework to real-world, complex, and high-dimensional

systems would give room to investigate its scalability and applicability to vari-

ous domains. Searching the use of modern machine learning methods or various

combined controller solutions could improve the agility and performance of the

proposed approach.

Besides, investigating real-world implementations and running tests on physical

systems would confirm the practicality of the proposed methodology. The robust-

ness to uncertainties and disturbances, as well as practical implementation, can

be further explored to make its more general applicability.

Additionally, the embedding of online learning elements or adaptive strategies in

the MPC framework may lead to ongoing improvement and adjustment to chang-

ing system dynamics. Collaboration with control theory and machine learning

experts can lead to the generation of valuable interdisciplinary insights and the

realization of more advanced and robust control systems.
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[45] A. Siuka and M. Schöberl, “Applications of energy based control methods for

the inverted pendulum on a cart,” Robotics and Autonomous Systems, vol. 57,

no. 10, pp. 1012–1017, 2009.

[46] W. Zhong and H. Rock, “Energy and passivity based control of the double

inverted pendulum on a cart,” in Proceedings of the 2001 IEEE International

Conference on Control Applications (CCA’01)(Cat. No. 01CH37204). IEEE,

2001, pp. 896–901.

https://www.researchgate.net/publication/236012685_The_Inverted_Pendulum_Benchmark_in_Nonlinear_Control_Theory_A_Survey
https://www.researchgate.net/publication/236012685_The_Inverted_Pendulum_Benchmark_in_Nonlinear_Control_Theory_A_Survey
https://ieeexplore.ieee.org/abstract/document/1429366
https://ieeexplore.ieee.org/abstract/document/1429366


Bibliography 88

[47] M. Kelly and A. Ruina, “Non-linear robust control for inverted-pendulum 2d

walking,” in 2015 IEEE International Conference on Robotics and Automa-

tion (ICRA). IEEE, 2015, pp. 4353–4358.

[48] R. Khan, F. M. Malik, A. Raza, N. Mazhar, H. Ullah, and M. Umair, “Ro-

bust nonlinear control design and disturbance estimation for ball and beam

system,” in 2020 3rd International Conference on Computing, Mathematics

and Engineering Technologies (iCoMET). IEEE, 2020, pp. 1–6.

[49] A. K. Yadav, P. K. Pathak, S. V. Sah, and P. Gaur, “Sliding mode-based fuzzy

model reference adaptive control technique for an unstable system,” Journal

of The Institution of Engineers (India): Series B, vol. 100, pp. 169–177, 2019.

[50] S. Riachy, Y. Orlov, T. Floquet, R. Santiesteban, and J.-P. Richard, “Second-

order sliding mode control of underactuated mechanical systems i: Local sta-

bilization with application to an inverted pendulum,” International Journal

of Robust and Nonlinear Control: IFAC-Affiliated Journal, vol. 18, no. 4-5,

pp. 529–543, 2008.

[51] P. Ponce, A. Molina, and E. Alvarez, “A review of intelligent control systems

applied to the inverted-pendulum problem,” American Journal of Engineering

and Applied Sciences, vol. 7, no. 2, pp. 161–207, 2014.

[52] P. N. Dao and Y.-C. Liu, “Adaptive reinforcement learning strategy with

sliding mode control for unknown and disturbed wheeled inverted pendulum,”

International Journal of Control, Automation and Systems, vol. 19, no. 2, pp.

1139–1150, 2021.

[53] R. Pramoditha, “The concept of artificial neurons (perceptrons) in neural

networks,” Article from Towards Data Science, 2021.

[54] C. F. Touzet, “Neural reinforcement learning for behaviour synthesis,”

Robotics and Autonomous Systems, vol. 22, no. 3-4, pp. 251–281, 1997.

[55] Saffron Edge. Feedforward vs backpropagation ann. Accessed on

Feb. 13, 2024. [Online]. Available: https://www.linkedin.com/pulse/

feedforward-vs-backpropagation-ann-saffronedge1

https://www.linkedin.com/pulse/feedforward-vs-backpropagation-ann-saffronedge1
https://www.linkedin.com/pulse/feedforward-vs-backpropagation-ann-saffronedge1


Bibliography 89

[56] D. Upadhyay, J. Singh, and L. Kumar, “An improved approach of neural

network to non-linear inverted pendulum system,” Turkish Online Journal of

Qualitative Inquiry (TOJQI), vol. 11, no. 4, pp. 1214–1222, October 2020,

research Article.
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