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Abstract

In this thesis, a higher grade Darcy Forchheimer porous model is presented and Solved

by using finite element method. The Darcy–Forchheimer law of porosity is a modification

of Darcy’s law, which describes fluid flow through porous media. It is an extension of

Darcy’s law to account for non-linear flow behavior at high velocities or in highly perme-

able media. To this end, the governing flow dynamics of Higher grade Darcy-Forchheimer

model is described by a set of partial differential equations (PDEs) in vector tensor nota-

tions. The component forms of the model is calculated by the concepts of tensor calculus.

The governing set of PDEs are obtained which are then non-dimensionalized by suitable

transformation of the associated variables. The domain of computation along with pre-

scribed boundary conditions are discussed. To solve the developed higher grade Darcy

Forchheimer model problem finite elment procedure is adopted. Finite element method

is briefly discussed and weak formulation of the model problem is derived. The finite

element model problem is implemented in open source code FreeFEM++. Results are

computed and discussed for varying values of the physical parameters of the problems.

Mesh independence of the solution is shown through mesh independence analysis. More-

over, streamline plots of velocities and isotherms are plotted and discussed.
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Chapter 1

Introduction and Literature Survey

Heat transfer mechanism has been known for its great importance in many engineering

and medical sciences for last many decades. Because of the great utility of heat energy

for mankind, thermodynamics is really related to many other areas. Applications of heat

transfer process are playing an important role in construction [1], fuel filling system [2],

air compressor [3], and food industry [4]. In this context, the working fluids with excellent

thermophysical properties have a significant task to carry out in managing thermal energy

and for this purpose, fluid dynamics is indeed playing a critical role. Researchers highlight

various important factors to improve the thermal process, such as the participation of

porous medium, open and closed cavities, application of magnetic effects, nanofluids,

micro-sized channel, etc. to improve the thermal convection process. Studies have clearly

demonstrated that heat convection in fluids can be enhanced by the physical geometry,

boundary conditions, and thermal characteristics of the flow.

Heat transfer through Forchheimer porous media has been examined in literature in

a variety of contexts that are relevant to their uses. For example, Dero et al. [5] used

to analyze radiative magnetized rotating hybrid nanofluid in order to investigate the ra-

diation’s effect in a Darcy-Forchheimer porous medium. They came to understand that

the problem’s dual solutions are impacted by the medium’s porosity. Ganesh et al. [6]

employed a Darcy-Forchheimer medium in their analysis of the boundary layer flow of

a thermally stratified liquid with slip, viscous, and ohmic dissipation effects. They uti-

lized Runga Kutta method with shooting method to calculate the results numerically.

1
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Elbashbeshy and Bazid [7] examined the creation of heat internally as well as suction or

injection across a stretching surface in a porous media. In a porous medium, Abbas et al. [8]

investigated the behavior of Magnetohydrodynamics Williamson nanoflow in relation to

heat generation and viscous dissipation. Saleem et al. [9, 10] investigated how nanoflow b

ehaved in a porous media and its relevant consequences. The unsteady vis-cous

incompressible flow through a porous medium confined between two constant porous

plates is analyzed by Attia et al. [11]. The effect of the medium’s porosity was examined

using plates with a constant pressure gradient condition. Naganthran and colleagues [12]

examined the free convection problem.

They used the RK method with the shooting method to analyze heat transfer within the

context of the Cosserat boundary layer flow. Their analysis shows that there is a strong

momentum transport as the Darcy number increases. Khan and Kaneez [13] also looked

into the hybrid nanofluid flow within the context of the Cosserat continuum. They

numerically solved the problem using a finite element method of continuous time

discretization. In a non-Newtonian setting, Riaz et al. [14] analyzed the nanofluid flow

through a porous rectangular channel using the Nelder Mead method in conjunction with

the genetic algorithm and Homotopy pertur-bation method.

In the Darcy-Forchheimer porous medium, Loganathan et al. [15] presented on the entropy

features in a higher-grade continuum flow. Using a Darcy-Forchheimer porous medium,

Rasool et al. [16] seek to study the magnetohydrodynamic Jeffry nanofluid flow for the

transfer of heat and mass.

They investigated the impact of a fluctuating magnetic field on mass and heat transfer

in a porous medium. The reader is referred to Habibishandiz and Saghir [17] for a

critical review and comprehensive literature study on the heat trans-fer enhancement

methods within porous considerations. A comprehensive examination of the analysis of

microorganisms and nanofluids in relation to porous considerations is carried out in

their study. In a porous flow between two parallel plates, Umavathi [18] examined the

chemical reactive flow with convective boundary conditions. The common method based

on RK and shooting was used to calculate the effect of Darcy and viscous dissipation.

They addressed the issue in a non-Fourier thermal setting, Loganathan [19] also

investigated the viscoelastic flow over a convectively heated porous surface using the RK

method. In  the  presence  of  a  porous medium, Kataria and Mittal [20] investigated
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the thermal and hydrodynamic effects on the oscillating vertical plate. Sheikheleslami

et al. [21] have studied the effects of heat generation and thermal diffusion in nanofluid

porous flow passing by a plate. Using the homotopy analysis method, Patel et al. [22]

examined nanofluid flow over a shrinking/stretching sheet while taking radiation effects

into account in a Cosserat continuum. Mittal et al. [23] have studied the Micropolar

ferrofluid flow with convective heat treatments using a similar semi-analytical approach.

With viscous dissipation taken into account, Kataria et al. [24] also examine the non-

linear radiation effect on micropolar Magnetohydrodynamics flow. Mittal and Patel [25]

investigated the effects of heat generation with nonlinear radiation in two-dimensional

Casson fluid flow with mixed convective heat transfer. Sheikholeslami et al. [26] have

also investigated the effects of radiation on heat transfer in three-dimensional settings

with suspension micro-mixing. Boundary conditions for thermal flux were investigated,

and the impact of the Darcy number on various physical attributes was demonstrated.

Magneto-hydro-dynamics (MHD), is the  study of electrically active flows, s uch as 

plasma, liquid  metals, and salt water, with the help of external or internal induced mag-

netic field effects [27]. Numerous studies have already been conducted to examine how 

MHD effects can enhance heat transport mechanisms.

Grosan et al. [28] have numeri-cally investigated buoyancy force dominated

convective flow to investigate the effects of an external magnetic field and internal heat

generation within a rectangular enclosure with a porous medium. An analysis has been

conducted of the governing parameters, which include the cavity aspect ratio (a),

inclination angle (γ), Hartmann number (Ha), Rayleigh number (Ra), and so on.

Variations in the external magnetic field caused a reduction in the convective heat

distribution.

In a lid-driven enclosure with porous media, Khanefar and Chamka [29] numerically

investigated the unsteady mixed convection. Utilizing the Brinkman-extended Darcy

model has an impact on the average Nusselt number. He discovered that raising Darcy

number increases the rate of heat transfer, and that raising Darcy number while lowering

Richardson number also raises Nusselt number. Rahman et al. [30] present a similar ob-

servation with unsteady flow and reach the same conclusions when using the Brinkman

extended Darcy model with induced semi-circular heaters induced at the bottom wall of

a lid-driven cavity. In a two-dimensional experiment, Vishnuvardhanarao and Das [31]
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drove a two-sided lid parallel in a square cavity that was filled with a saturated fluid

porous medium. According to this observation, heat transfer through the lid enclosure

increases when the porosity in the enclosure decreases and the Grashof number effect

is more pronounced when Grashof number increases. The Maxwell Brinkman model

inside a lid-driven square cavity was used to introduce the porous medium by Hassan

and Ismael [32].

The findings unequivocally demonstrate that an increase in heat trans-fer is observed

with a decreasing Darcy number because there are porous layers present at two

distinct locations. A review of the literature also revealed that the Brinkman

Forchheimer-extended Darcy model, which combines Brinkman extended Darcy Model

and Brinkman Forchheimer Darcy Model, is an advanced model for confining porous me-

dia. Numerically mixed convection flow in a porous vertical channel with heat sources at

the walls was the conclusion reached by Hadim and Chen [33]. Porosity has the effect of

making average Nusselt number in the vertical flow increase as Darcy number decreases.

In 2016, Sureshkumar and Muthtamilselvan [34] observed Copper nanoparticles in a fluid

in a porous enclosed geometry. A similar model was recently considered for this geom-

etry. A longer Brinkman Forchheimer Darcy Model is used to determine the impact of

heat transfer rate. While porosity remains constant, average Nusselt number rises with

a high Darcy number because a higher Darcy number causes the fluid’s permeability

and flow conductance to increase.

Additionally, a higher heat transfer rate is observed in the enclosure with a decrease in

the Richardson number. The numerical modeling of mixed convection with Copper-

nanoparticles in a square-filled enclosure that divided the moving plate kept in the

middle was investigated by Nagarajan and Akbar [35]. A small adjustment to the

parameters has no effect on the average Nusselt number because the heat transfer rate

increases with a rise in the Darcy number. Kumar et al. [36] found a significant

comparison between Brinkman Forchheimer Darcy Model and Brinkman ex-tended

Darcy Model. The outcomes shown in this model are the same as those of [35], but in

each case there are distinct changes due to the effects of the Darcy, Grashof, and

Richardson numbers. When the inertial term that is displayed in the BFDM is absent,

the BDM yields increasing values for Jeng, Tzeng, and average Nusselt number. The

investigation incorporating aluminum foams in fluid-saturated porous media was exam-

ined in [37]. Thus, higher heat transfer rate results for low Darcy number due to greater

porosity effect on momentum and energy equation. In a similar way, Kumar and Gupta
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investigated flow and heat transfer in non-darcy porous media in ([38, 39]). The numeri-

cal analysis of forced flow in a horizontal open channel with a cavity demonstrating the

induction of a porous medium containing Titanium oxide nanoparticles was investigated

by Nasrin and Alim [40]. It was observed that the rate of heat transfer is greatly increased

by an increase in Titanium oxide nanoparticles. Also, for low Darcy number values, the

average Nusselt number increases.

1.1 Thesis Contribution

In this thesis, we present a higher grade Darcy-Forchheimer  porous flow in a square cavity 

with semi-circular heaters at the bottom wall. To this end, the governing dynamics of 

the flow model are presented in the form of partial differential equations (PDEs) in 

vector-tensor notation.

The component form of the governing PDEs is calculated using concepts from tensor

calculus. The obtained model is non-dimensionalized with chosen Similarity

transformations. Weak formulation of the model problem is constructed. Finite element

model is derived which is afterwards implemented through FreeFEM++. A brief

introduction of FreeFEM++ can be found at https://freefem.org/. The implemented

code is used to analyze the flow mechanics within a square cavity with two heaters at the

bottom wall of the cavity. Mesh independence of the solutions is achieved and presented

through Tables. Results are presented and discussed for varying physical parameters of

interest.

1.2 Objectives

The objectives of this study are:

• To develop a two dimensional higher grade Darcy Forchheimer model using tensor

calculus.

• To develop Finite element weak formulation of the presented two-dimensional higher

grade Darcy Forchheimer model.
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• To implement the presented model in open source code Free Fem++.

• To compute the developed Finite Element model numerically through Free Fem++.

• To simulate the presented model on a square domain with semi-circular heaters at

the bottom wall of computational domain.

• To analyze different material parameters effect on the higher grade Darcy Forch-

heimer flow within cavity under suitable chosen boundary conditions.

1.3 Thesis Layout

This thesis is further composed of the following chapters:

• Chapter 2 demonstrates the introductory basics of fluid dynamics. A brief dis-

cussion about the basic definitions, governing laws for fluid motion and governing

equations have been illustrated. Dimensionless physical quantities of interest are

also mentioned briefly related to the problems.

• In Chapter 3, the finite element method has been explained by taking an example

of a simple two-dimensional poisson problem is solved to explain the numerical

procedure for the achievement of results.

• In Chapter 4, numerical simulations of  heat transfer through a higher grade Darcy 

Forchheimer porous model are presented using the Finite Element Method (FEM) 

based on the Galerkin weighted residual.

We convert the system of dimensional equations into the dimensionless equations 

and add the necessary boundary condi-tions in order to solve the governing 

equations.

• With appropriate transformations, in Chapter 5 the dimensional form is trans-

formed into a dimensionless form.

The equations are integrated over the whole domain and are transformed from

the strong form to the weak form by multiplying PDEs by test functions of the

same space. Ultimately, we obtained an approxi-mated solution by using the set

of approximated trial functions that are valid only over a portion of the domain.
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• Chapter 6 Results are presented in the form of graphs, isotherms and streamlines.

• Chapter 7 contains the conclusion of this work.

The work’s references are enumerated in Bibliography.



Chapter 2

Basic Terminologies

In this chapter we are going to discuss basic concepts, definitions and governing laws

related to the fluid dynamics. Dimensionless quantities are also discussed which seems to

be helpful in the subsequent chapters.

2.1 Basic Definitions

2.1.1 Physical Properties of the Fluid

• Mass Density or Density

Density or Mass Density of a fluid is defined as the ratio of the mass of a fluid to

its volume. Thus mass per unit volume of a fluid is called density. It is denoted by

ρ. The unit of mass density in SI unit is Kg per cubic metre, i.e., Kg/m3.

Mathematically, mass density is written as:

ρ =
Mass of fluid

Volume of fluid
.

The value of density of water is 1 gm/cm3 or 1000 Kg/m3.

• Pressure

When a fluid is contained in a vessel, it exerts force at all points on the sides and

bottom and top of the container. The force per unit area is called pressure.

8



9

If,

P= The force, and

A= Area on which the force acts; then intensity of pressure,

p =
P

A
.

The pressure of a fluid on a surface will always act normal to the surface.

• Viscosity

Viscosity is defined as the property of a fluid which determines its resistance to

shearing stresses. It is a measure of the internal fluid friction which causes resistance

to flow. It is primarily due to cohesion and molecular momentum exchange between

fluid layers, and as flow occurs, these effects appear as shearing stresses between

the moving layers of fluid.

• Kinematic Viscosity

It is defined as the ratio between the dynamic viscosity and density of fluid. It is

denoted by symbol ν read as “nu”.

Mathematically,

ν =
µ

ρ
.

• Thermal Conductivity

The Fourier heat conduction law states that the heat flow is proportional to the

temperature gradient. The coefficient of proportionality is a material parameter

known as the thermal conductivity, which may be a function of several variables.

2.2 Dimensionless Parameters

The following dimensionless numbers will appear in the discussion given in the next chap-

ters.

Prandtl Number

This number expresses the ratio of the momentum diffusivity (viscosity) to the thermal
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diffusivity. It characterizes the physical properties of a fluid with convective and diffu-

sive heat transfers. It describes, for example, the phenomena connected with the energy

transfer in a boundary layer. It expresses the degree of similarity between velocity and

diffusive thermal fields or, alternatively, between hydrodynamic and thermal boundary

layers. With Pr = 1 and grad p = 0, the thermal and hydrodynamic fields are similar.

For example, if diverse molten materials have equal Prandtl numbers, they have similar

velocity and temperature fields in crystallization.

Pr =
ηcp
λ
,

where, η represents the dynamic viscosity, cp denotes the specific heat capacity and λ

stands for thermal conductivity.

Reynolds Number

Re =
wL

ν
,

This number expresses the ratio of the fluid inertia force to that of molecular friction

(viscosity). It characterizes the hydrodynamic conditions for viscous fluid flow. It deter-

mines the character of the flow (laminar, turbulent and transient flows). For a laminar

flow Re < 2000 is valid, for a transient flow 2000 < Re < 4000, and for a turbulent flow

it is Re > 4000. With low values of the Re number, the viscous friction muffles the orig-

inating dynamic influence of the flow relatively quickly and intensively, due to which the

streamlines and elementary fluid volumes cannot be deformed substantially and the flow

remains laminar. With large Re numbers, the dynamic flow effect cannot be equalized by

viscous friction and the flow stability is lost, which is manifested by swirls and turbulence

in the fluid.

Grashof Number

Gr =
L3gβ∆T

ν2
,

It expresses the buoyancy-to-viscous forces ratio and its action on a fluid. It characterizes

the free non-isothermal convection of the fluid due to the density difference caused by the

temperature gradient in the fluid.
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Hartmann Number

The Hartmann number (Ha) is a dimensionless number used in fluid mechanics and mag-

netohydrodynamics (MHD) to characterize the relative importance of electromagnetic

forces to viscous forces within a flow. It’s particularly relevant in situations where a

conducting fluid is influenced by a magnetic field.

The formula for the Hartmann number is:

Ha = Bo

√
µσ

,
ρ

The Hartmann number indicates the relative dominance of magnetic forces over viscous

forces. A high Hartmann number implies that the magnetic forces are strong compared

to viscous forces, leading to significant suppression of flow instabilities and turbulence

due to the magnetic field. On the other hand, a low Hartmann number indicates that 

viscous forces are dominant, and the magnetic effects may be negligible in influencing the

flow behavior.

Forchheimer Number

The Forchheimer number (Fr) is indeed a dimensionless parameter used in fluid mechan-

ics, but it’s not directly related to the resistance in  porous media as previously mentioned. 

Instead, the Forchheimer number pertains to the inertial forces relative to gravitational 

forces in a flow.

The Forchheimer number is defined as:

Fr =
u2

gL
.

The Forchheimer number indicates the importance of inertial forces compared to grav-

itational forces in the flow. It is particularly relevant in situations where gravitational

effects are significant, such as in free-surface flows or flows involving sloping surfaces.

Porosity Number

The term porosity number λ typically refers to a dimensionless parameter used in the

study of flow through porous media, particularly in the context of permeability and ef-

fective porosity. This parameter is also known as the Carman-Kozeny constant or the
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Kozeny-Carman constant. The porosity number is important in understanding and pre-

dicting the flow behavior through porous materials, such as packed beds, porous mem-

branes, or soil. It quantifies how the porosity affects the resistance to fluid flow, taking

into account the structure and geometry of the porous medium.

2.3 Types of Fluid Flow

2.3.1 Steady and Unsteady Flows

• Steady Flow

The type of flow in which the fluid characteristics like velocity, pressure, density,

etc. at a point do not change with time is called steady flow. Mathematically, we

have: (
∂u

∂t

)
x0,y0,z0

= 0;

(
∂v

∂t

)
x0,y0,z0

= 0;

(
∂w

∂t

)
x0,y0,z0

= 0;

(
∂p

∂t

)
x0,y0,z0

= 0;

(
∂ρ

∂t

)
x0,y0,z0

= 0; and so on

where (x0, y0, z0) is a fixed point in a fluid field where these variables are being

measured w.r.t. time.

Example: Flow through a prismatic or non-prismatic conduit at a constant flow

rate Qm3/s is steady. (A prismatic conduit has a constant size shape and has a

velocity equation in the form u = ax2 + bx+ c, which is independent of time t).

• Unsteady Flow

It is that type of flow in which the velocity, pressure or density at a point change

w.r.t. time. Mathematically, we have:

(
∂u

∂t

)
x0,y0,z0

̸= 0;

(
∂v

∂t

)
x0,y0,z0

̸= 0;

(
∂w

∂t

)
x0,y0,z0

̸= 0;

(
∂p

∂t

)
x0,y0,z0

̸= 0;

(
∂ρ

∂t

)
x0,y0,z0

̸= 0 and so on

Example: The flow in a pipe whose valve is being opened or closed gradually

(velocity equation is in the form u = ax2 + bx(t) ).



13

2.3.2 One, Two and Three Dimensional Flows

• One Dimensional Flow

It is that type of flow in which the flow parameter such as velocity is a function of

time and one space co-ordinate only. Mathematically:

u = f(x),

v = 0, w = 0.

where u, v and w are velocity components in x, y and z directions respectively.

Example:

Flow in a pipe where average flow parameters are considered for analysis.

• Two Dimensional Flow

The flow in which the velocity is a function of time and two rectangular space

coordinates is called two dimensional flow. Mathematically:

u = f1(t, x, y),

u = f2(t, x, y),

w = 0.

Examples:

(i) Flow between parallel plates of infinite extent.

(ii) Flow in the main stream of a wide river.

• Three Dimensional Flow

It is that type of flow in which the velocity is a function of time and three mutually

perpendicular directions. Mathematically:

u = f1(t, x, y, z),

v = f2(t, x, y, z),

w = f3(t, x, y, z).
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Examples:

(i) Flow in a converging or diverging pipe or channel.

(ii) Flow in a prismatic open channel in which the width and the water depth are

of the same order of magnitude.

2.3.3 Laminar and Turbulent Flows

• Laminar Flow

A laminar flow is one in which paths taken by the individual particles do not cross

one another and move along well defined paths.

Examples:

(i) Flow through a capillary tube.

(ii) Flow of blood in veins and arteries.

(iii) Ground water flow.

• Turbulent Flow

A turbulent flow is that flow in which fluid particles move in a zig zag way.

Example: High velocity flow in a conduit of large size. The majority of fluid flow

issues that arise in engineering practice are turbulent in nature.

2.3.4 Compressible and Incompressible Flows

• Compressible Flow

It is that type of flow in which the density ρ of the fluid changes from point to point

(or in other words density is not constant for this flow). Mathematically:

ρ ̸= constant.

Example: Flow of gases through orifices, nozzles, gas turbines, etc.

• Incompressible Flow

It is that type of flow in which density is constant for the fluid flow. Liquids are

generally considered flowing incompressibly. Mathematically, ρ = constant.

Example: Subsonic aerodynamics.



15

2.4 Fundamental Laws

2.4.1 Conservation of Mass; the Continuity Equation

The principle of conservation of mass can be stated as the time rate of change of mass in a

fixed volume is equal to the net rate of flow of mass across the surface. The mathematical

statement of the principle results in the following equation, known as the continuity (of

mass) equation
∂ρ

∂t
+∇.(ρv) = 0, (2.1)

where ρ is the density of the medium, v the velocity vector, and ∇ is the nabla or del

operator. The continuity equation in (2.1) is in conservation (or divergence) form since it

can be derived directly from an integral statement of mass conservation. By introducing

the material derivative or Eulerian derivative operator
D

Dt

D

Dt
=

∂

∂t
+ v.∇, (2.2)

the continuity equation (2.1) can be expressed in the alternate, non-conservation (or

advective) form

∂ρ

∂t
+ v.∇ρ+ ρ∇.v =

Dρ

Dt
+ ρ∇.v = 0. (2.3)

For steady-state conditions, the continuity equation becomes

∇.(ρv) = 0. (2.4)

When the density changes following a fluid particle are negligible, the continuum is termed

incompressible and we have
Dρ

Dt
= 0. The continuity equation (2.3) then becomes

∇.v = 0, (2.5)

which is often referred to as the incompressibility condition or incompressibility con-

straint.
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2.4.2 Conservation of Momentum

The principle of conservation of linear momentum (or Newton’s Second Law of motion)

states that the time rate of change of linear momentum of a given set of particles is equal

to the vector sum of all the external forces acting on the particles of the set, provided

Newton’s Third Law of action and reaction governs the internal forces. Newton’s Second

Law can be written as
∂ρv

∂t
+∇.(ρv⊗ v) = ∇.σ + ρf, (2.6)

where ⊗ is the tensor (or dyadic) product of two vectors, σ is the Cauchy stress tensor

(N/m2) and f is the body force vector, measured per unit mass and normally taken to be

the gravity vector. Equation (2.6) describes the motion of a continuous medium, and in

fluid mechanics they are also known as the Navier equations. The form of the momentum

equation shown in (2.6) is the conservation (divergence) form that is most often utilized

for compressible flows. This equation may be simplified to a form more commonly used

with incompressible flows. Expanding the first two derivatives and collecting terms

ρ

(
∂v

∂t
+ v∇.v

)
+ v

(
∂ρ

∂t
+∇.ρv

)
= ∇.σ + ρf. (2.7)

The second term in parentheses is the continuity equation (2.1) and neglecting this term

allows (2.7) to reduce to the non-conservation (advective) form

ρ
Dv

Dt
= ∇.σ + ρf, (2.8)

where the material derivative (2.2) has been employed.

The principle of conservation of angular momentum can be stated as the time rate of

change of the total moment of momentum of a given set of particles is equal to the

vector sum of the moments of the external forces acting on the system. In the absence of

distributed couples, the principle leads to the symmetry of the stress tensor:

σ = (σ)T , (2.9)

where the superscript T denotes the transpose of the enclosed quantity.
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2.4.3 Conservation of Energy

The law of conservation of energy (or the First Law of Thermodynamics) states that the

time rate of change of the total energy is equal to the sum of the rate of work done by

applied forces and the change of heat content per unit time. In the general case, the First

Law of Thermodynamics can be expressed in conservation form as

∂ρet

∂t
+∇.ρvet = −∇.q+∇.(σ.v) +Q+ ρf.v, (2.10)

where et = e + 1/2v.v is the total energy (J/m3), e is the internal energy, q is the heat

flux vector (W/m2) and Q is the internal heat generation (W/m3). The total energy

equation (2.10) is useful for high speed compressible flows where the kinetic energy is

significant. For incompressible flows, an internal energy equation is more appropriate

and can be derived from (2.10) with use of the momentum equation (2.6). Taking the

dot product of the velocity vector with the momentum equation produces an equation

for the kinetic energy; this equation is subtracted from the total energy equation (2.10)

to produce the conservation (divergence) form of the internal energy equation

∂ρe

∂t
+∇.ρve = −∇.q+Q+ Φ, (2.11)

where Φ is a dissipation function that is defined by

Φ = σ : ∇v. (2.12)

In Eq. (2.12) ∇v is the velocity gradient tensor which will be defined more completely in

the following sections. The thermal energy equation in (2.11) can be simplified further by

expanding the derivatives on the left-hand side of the equation and using the continuity

equation. The resulting equation is the non-conservative (advective) form of the energy

equation

ρ
De

Dt
= −∇.q+Q+ Φ, (2.13)

which is the standard form used for incompressible flows. Constitutive relations for e and

q will be defined in the next sections and allow (2.13) to be expressed in terms of the

temperature T.
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2.5 Porous Medium

A porous medium refers to a material containing voids or pores that allow fluid (such as 

liquids or gases) to pass through. These voids can vary in size and shape, and the material 

itself can range from natural substances like soil and rock to engineered materials such 

as ceramics and foams.

Key characteristics of porous media include:

Permeability: This describes how easily fluids can flow through the ma terial. It depends 

on factors like pore size, shape, and connectivity.

Porosity: This is the fraction of the total volume of the material that is occupied by 

voids or pores. It indicates the potential storage  capacity for fluids within the medium. 

Porous media are important in various fields such as geology, hydrology, civil engineering, 

chemical engineering, and biology. They play a crucial role in processes like groundwater 

flow, o il e xtraction, fi ltration, an d ca talysis. Th e be havior of  flu ids in por ous med ia is 

often complex and can be described by various mathematical models, including Darcy’s 

law for fluid flow and models for solute transport.

2.6 Darcy Forchheimer Porous Flow

A fluid fl ow re gime th rough po rous media in  wh ich Fo rchheimer’s qu adratic resistance

law and Darcy’s law are both simultaneously applicable is known as a Darcy-Forchheimer

flow.

An explanation of each part is provided below:

2.6.1 Darcy’s Law:

This law states that the velocity of flow (µ) is directly proportional to the pressure

gradient and describes the flow of a fluid through a porous medium (such as soil or a

filter).

v = −k
µ
∇p

where:
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• v is the velocity vector,

• k is the permeability of the porous medium,

• µ is the dynamic viscosity of the fluid,

• ∇p is the pressure gradient.

2.6.2 Forchheimer’s Law:

This law extends Darcy’s law by incorporating a quadratic resistance term to account for

inertial effects at higher flow velocities:

v = −k
µ
∇p− B

µ
v|v|.

Here,

• B is the Forchheimer coefficient,

• v|v| represents the magnitude of the velocity vector squared.

When both Forchheimer’s law and Darcy’s law hold true, it means that viscous forces

(which are governed by Darcy’s law) and inertial forces (which are accounted for by Forch-

heimer’s law) combine to characterize the flow through the porous medium. Applications

of Darcy-Forchheimer flow can be found in many natural and engineering systems, in-

cluding groundwater flow, oil reservoir engineering, filtration processes, and more, where

fluid flow through porous media needs to be accurately modeled.

2.7 Darcy Forchheimer Medium

This is known as the Darcy-Forchheimer equation, which represents fluid flow through

porous media. It extends the application of Darcy’s law to laminar flow by including

additional terms to account for inertial and non-linear effects that become significant
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at higher flow velocities or in more complex porous structures. The equation typically

appears like this:

∆P = −µ
k
Q− ρ

k
αQ2,

where

• ∆P is the pressure drop across the porous medium,

• µ is the dynamic viscosity of the fluid,

• k is the permeability of the porous medium,

• ρ is the fluid density,

• α is the Forchheimer coefficient,

• Q is the volumetric flow rate.

The Darcy term in this equation is represented by the first term on the right-hand side.

It is inversely proportional to the permeability k and proportional to the flow rate Q.

The Forchheimer effect is taken into account by the second term, which is proportional

to Q2. This effect becomes significant in more complex geometries or at higher flow rates.

When flow through porous media changes from laminar to turbulent or when the porosity

and geometry of the medium have a substantial impact on the flow characteristics, the

Darcy-Forchheimer equation comes in handy.

2.8 Higher Grade Darcy Forchheimer Flow Model

and its Applications

The term higher grade Darcy-Forchheimer flow model generally describes additions to

or changes made to the fundamental Darcy-Forchheimer model in order to add more

complexity or enhance accuracy in particular situations. An outline of these improvements

and their uses is provided below:
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2.8.1 Extended Forchheimer Terms

In order to more accurately represent non-linear effects at high flow velocities, higher-

order terms in Forchheimer’s law beyond the quadratic term may occasionally be taken

into consideration. This may entail adding higher-order or cubic terms to the velocity

dependency, like:

v = −k
µ
∇p− B1

µ
v|v| − B2

µ
v|v|2 − ...

These higher-order terms account for more complex fluid-solid interactions in porous

media.

2.8.2 Non-Newtonian Fluid Models

The Darcy-Forchheimer model must be modified for fluids that behave non-Newtonianly,

such as viscoelastic fluids, power-law fluids, or Herschel-Bulkley fluids. This entails de-

scribing how viscosity changes with shear rate using rheological parameters incorporated

into the flow equations.

2.8.3 Anisotropic and Heterogeneous Porous Media

A common feature of porous media in the real world is heterogeneity, or the spatial vari-

ation in permeability, or anisotropic permeability, which is direction-dependent. In order

to handle spatial variability, advanced Darcy-Forchheimer models incorporate stochastic

techniques or introduce tensors to describe permeability.

2.8.4 Multi-Phase Flow

The Darcy-Forchheimer model can be expanded to include extra terms that take into

account interfacial forces, capillary pressure effects, and the relative permeabilities of

various phases in applications involving multiphase flow (such as oil-water or gas-liquid

flows).
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2.8.5 Thermal and Chemical Effects

The Darcy-Forchheimer model can be combined with mass and energy conservation equa-

tions for applications involving chemical transport (solute transport and reactions) or heat

transfer (thermal convection in porous media). This enables precise simulation of trans-

port processes in porous media and includes terms for heat conduction, advection, and

dispersion.

Applications:

• Petroleum Engineering:

Modeling fluid flow in oil  reservoirs considering non-linear flow behavior due to

high velocities or complex fluid rheology.

• Environmental Engineering:

Studying ground water  flow  and contaminant trans-port in heterogeneous aquifers.

• Geotechnical Engineering:

Assessing seepage through soil  structures  considering  anisotropic permeability and

non-Newtonian behavior of pore fluids.

• Biomedical Engineering:

Simulating blood flow in porous tissues or artificial implants where non-

Newtonian effects or porous structure influence flow character-istics.

For the purpose of representing more realistic flow behaviors in intricate porous media

systems, higher grade Darcy-Forchheimer flow models are necessary. They have applica-

tions in many different fields, including engineering design, environmental remediation,

and biomedical applications, where precise prediction of fluid flow and transport phenom-

ena is essential. As computational and experimental techniques progress, these models

also do, providing a greater understanding and means of simulating interactions between

fluid-porous media in a variety of real-world scenarios.
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2.9 Heat and Mass Transfer Phenomenon and Re-

lated Properties

Heat transfer is the phenomenon of transferring energy and entropy from one place to

another. The formal definition of heat transfer and its different types are given below.

• Heat Transfer

Heat transfer is a branch of engineering that deals with the transfer of thermal

energy from one point to another within a medium or from one medium to another

due to the occurrence of a temperature difference. Heat transfer may take place in

one or more of its three basic forms: conduction, convection, and radiation.

• Mass Transfer

Mass transfer is the flow of molecules from one body to another when these bodies

are in contact or within a system consisting of two components when the distribu-

tion of materials is not uniform. When a copper plate is placed on a steel plate,

some molecules from either side will diffuse into the otherside. When salt is placed

in a glass and water poured over it, after sufficient time the salt molecules will

diffuse into the water body. A more common example is drying of clothes or the

evaporation of water spilled on the floor when water molecules diffuse into the air

surrounding it. Usually, mass transfer takes place from a location where the par-

ticular component is proportionately high to a location where the component is

proportionately low. Mass transfer may also take place due to potentials other

than concentration difference.

• Conduction

Conduction is the transfer of heat from one part of a body at a higher temperature to

another part of the same body at a lower temperature, or from one body at a higher

temperature to another body in physical contact with it at a lower temperature.

The conduction process takes place at the molecular level and involves the transfer

of energy from the more energetic molecules to those with a lower energy level.

This can be easily visualized within gases, where we note that the average kinetic

energy of molecules in the higher-temperature regions is greater than that of those
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in the lower-temperature regions. The more energetic molecules, being in constant

and random motion, periodically collide with molecules of a lower energy level and

exchange energy and momentum. In this manner, there is a continuous transport of

energy from the high-temperature regions to those of lower temperature. In liquids,

the molecules are more closely spaced than in gases, but the molecular energy

exchange process is qualitatively similar to that in gases. In the solids that are

nonconductors of electricity (dielectrics), heat is conducted by lattice waves caused

by atomic motion. In the solids that are good conductors of electricity, this lattice

vibration mechanism is only a small contribution to the energy transfer process, the

principal contribution being that due to the motion of free electrons, which move

in a similar way to molecules in a gas.

• Convection

The process of heat transfer between a surface and a fluid flowing in contact with

it is called convection.

Types of Convection:

• Natural Convection or Free Convection

If the flow is caused by the buoyant forces generated by heating or cooling of the 

fluid the process is called as natural or free convection.

• Forced Convection

If the flow is caused by an external device like a pump or blower, it is termed as 

forced convection.

• Radiation

Radiation, or more correctly thermal radiation, is electromagnetic radiation emitted

by a body by virtue of its temperature and at the expense of its internal energy.

Thus thermal radiation is of the same nature as visible light, X-rays, and radio

waves, the difference between them being in their wavelengths and the source of

generation. The eye is sensitive to electromagnetic radiation in the region from

0.39 to 0.78 µm; this is identified as the visible region of the spectrum. Radio

waves have a wavelength of 1 × 103 to 2 × 1010 µm, and X-rays have wavelengths
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of 1 × 10−5 to 2 × 10−2 µm, while the bulk of thermal radiation occurs in rays

from approximately 0.1 to 100 µm. All heated solids and liquids, as well as some

gases, emit thermal radiation. The transfer of energy by conduction requires the

presence of a material medium, while radiation does not. In fact, radiation transfer

occurs most efficiently in a vacuum. On the macroscopic level, the calculation of

thermal radiation is based on the Stefan-Boltzmann law, which relates the energy

flux emitted by an ideal radiator (or blackbody) to the fourth power of the absolute

temperature.

2.10 Magnetohydrodynamics

The study of electrically conducting fluid motion in the presence of a magnetic field,

such as that of liquid metals and plasmas, is known as magnetohydrodynamics. Mag-

netohydrodynamics’ central premise is that current may be produced by magnetic fields

in conductive fluids in motion, which in turn exerts force on the fluid and modifies the

magnetic field itself. Hannes Alfven, who understood the significance of the electric cur-

rents carried by a plasma and the magnetic field they create, established the fundamental

equations of magnetohydrodynamics. Alfven combined the fluid dynamics equations with

Ampere and Faraday’s electrodynamics rules to create a revolutionary mathematical the-

ory. The physics of the sun, solar wind, and stellar atmospheres, as well as space plasmas

in earth and planetary magnetospheres, were all explained by this theory.



Chapter 3

Basics of Finite Element Method

There are numerous similarities between the finite volume method and the finite element

method. In 2D, the domain is composed of a set of discrete finite elements, which are

typically triangles or quadrilaterals; in 3D, however, tetrahedra or hexahedra are more

frequently utilized. Before the equations are integrated over the whole domain, they

are multiplied by a weight function. To ensure continuity of the solution across element

boundaries, the simplest finite element methods approximate the solution within each

element using a linear shape function. From its values at the corners of the elements,

such a function can be built. Typically, the weight function takes the same shape. After

substituting this approximation into the weighted integral of the conservation law, the

equations that need to be solved are derived by requiring that the integral’s derivative

with respect to each nodal value be zero. This means that the best solution within the set

of permitted functions should be chosen (the one with the least residual). A collection of

non-linear algebraic equations is the end product. Moreover, a brief discussion has been

done for the numerical methodology adopted for the solution of governing equations.

A simple two-dimensional poisson problem is also solved here to explain the numerical

procedure for the achievement of results.

3.1 Formulation of FEM Model

The Formulation of FEM Model is based on the following methods:

26
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• Direct Method

• Variational Method

• Weighted Residuals

If the physical formulation of the problem is described as a differential equation, then the

most popular solution method is the Method of Weighted Residuals.

3.1.1 Weighted Residual Method

Method of weighted residual is useful method to find approximate solutions if the physical

problem is described as a differential equation of the form

Lu = f, (3.1)

where f is known function, u represent dependent variable and it is considered as unknown

function, L shows differential operator for spatial derivative of u. Using weighted residual

method, approximate solution or trial solution ũ(x) which satisfy boundary conditions

is assumed. Since ũ is an approximate solution, so it will not satisfies the differential

equation (3.1).

R(ũ(x)) = Lũ− f ̸= 0, (3.2)

where

ũ(x) =
N∑
i=1

uiϕi(x), (3.3)

and

ũ(x) = u1ϕ1(x) + u2ϕ2(x) + u3ϕ3(x) + ...+ uNϕN(x).

The functions ϕi are used as basis functions. As the function space ϕ has finite dimensions,

in general the expression (3.3) cannot satisfy the differential equation (3.1) in the domain

for each point. This implies that the approximate solution or trial solution ũ cannot be

same like u (exact solution). By letting N grow, the approximate solution becomes very

close to the exact solution. From residual (3.2), by finding a way to make this residual

small or approximately zero, the approximated solution of BVP can be evaluated. In finite
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element method (FEM), the approximate solution can be obtained by making suitable

number of weighted integrals of residual over the domain Ω, be zero.

∫
Ω

wRdΩ = 0, (3.4)

where w= {wi; i = 1, 2, ..., N} is the suitable collection of weighting functions, which

shows that obtained approximated solution is for N being finite.

w(x) =
N∑
i=1

wiψi(x) = w1ψ1(x) + w2ψ2(x) + ...+ wNψN(x), (3.5)

where ψi(x) are “known functions” and wi are “constant parameters”.

By using (3.5) in (3.4), we get

[A]u = F,

as a system of algebraic equations. By solving above system for N−unknowns, u
′
is is

provided that a suitable weight function w is selected.

Example To obtain approximate solutions to a differential governing equation.

d2u

dx2
− u = −x, 0 < x < 1, (3.6)

u(0) = 0, and u(1) = 0.

• The first step in the methods of weighted residual is to assume a trial function

which contains unknown coefficients to be determined later. For example, a trial

function,

ũ(x) = ax(1− x) = ax− ax2, (3.7)

is selected as an approximate solution to Eq. (3.6). Here, “ ∼ ” denotes an approx-

imate solution which is usually different from the exact solution.

• The trial function is choosen here such that it satisfies the boundary conditions i.e.,

ũ(0) = 0 and ũ(1) = 0,

and it has one unknown coefficient “a” to be determined.
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• In general, accuracy of an approximated solution is dependent upon proper selection

of the trial function. However, a simple form of trial function is selected for the

present example to show the basic procedure of the methods of weighted residual.

• Once a trial function is selected, residual is computed by substituting the trial

function into the differential equation. That is, the residual R(x) becomes

R(x) =
d2ũ

dx2
− ũ+ x

= −2a− ax(1− x) + x.

R(x) = −2a− ax+ ax2 + x. (3.8)

• Because ũ is different from the exact solution, the residual does not vanish for all

values of “x” within the domain. Some of the methods of weighted residual are

explained below.

In the Galerkin Method, the weight function w is the derivative of the approximating

function ũ(x) with respect to the unknown coefficient (a):

w =
dũ(x)

da
=

d

da

(
ax− ax2

)
.

= x− x2.

So the weighted residual statement becomes

∫ 1

0

wR(x)dx = 0.

∫ 1

0

(x− x2){−2a− ax+ ax2 + x}dx = 0.

Again, the math is straightforward but tedious. Direct evaluation leads to the algebraic

equation:

a =
0.083

0.366
= 0.2267.

Now putting a = 0.2267 in (3.7), we get

ũ(x) = ax− ax2 = (0.2267)x− (0.2267)x2 = 0.2267x(1− x).
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3.1.1.1 Galerkin Finite Element Method

This is a Finite Element Analysis technique which uses “Galerkin weighted residual

method” to get variational formulation of continuous problem for each individual ele-

ment. These elements are the subdomains of the whole physical domain Ω. Main steps

of GFEM for one-dimensional problem are given below:

• Discretize the whole computational domain say Ω= [c, d] of physical problem into

different number of small subdomains, i.e., y0 = c, y1, ..., yL = d Define the size for

each subdomain say hi such that hi= (yi+1 − yi), for i = 1, 2, ..., (L − 1). Each

subdomain is known as element ‘e′. Here y′is are nodal points or node values and

hi is called mesh size or element size. All the elements should be non-overlapping,

i.e., ei
⋂
ej= 0, for i ̸= j.

• The strong form of PDEs of the given problem is converted to weak form. To

get weak formulation, multiply the differential equation by the weight functions

(test functions) say w. These test functions must satisfy the homogeneous Dirichlet

boundary conditions for the Dirichlet boundary data. Apply integration by parts

using Neumann and Robbin type boundary conditions to set boundary integrals if

required.

• Approximate the infinite dimensional solution and test spaces say v and W respec-

tively by constructing or defining finite dimensional spaces say vh and Wh for the

achievement of discrete solution. Let vh ≈ v and Wh ≈ W, where vh and Wh are

known as finite dimensional trial solution and test spaces respectively.

• Apply Galerkin discretization to approximate finite dimensional trial solution and

trial test spaces. Choose the approximate solution function vh as find vh ε (vh ⊂ v)

such that a(vh, wh) = b(wh), for all wh ε (Wh ⊂ W ). Here a(vh, wh) represents bilin-

ear formulation while b(wh) notifies linear formulation of the respective differential

equation.

• Represent the approximate solution over an element with finite dimensional trial

solution space vh by setting the linear combination of basis function φ′
js with the
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nodal unknowns v′js such that

veh =
NEN∑
j=1

vejφ
e
j . j = 1, 2, ..., NEN. (3.9)

These basis functions φ′
is and interpolation polynomial are of same type (geom-

etry). Similarly choose a set of linearly independent basis function φ′
is for finite

dimensional trial test space Wh such that

we
h =

NEN∑
j=1

we
iφ

e
i . i = 1, 2, ..., NEN. (3.10)

• Substitute these approximate solution functions veh and approximate test functions

we
h from Eqs. (3.9) and (3.10) into variational formulation of problem which yields

a linear elemental system of algebraic equations as given below

c

(NEN∑
j=1

vejφ
e
j , φ

e
i

)
= d(φe

i ), (i, j) = 1, 2, ..., NEN. (3.11)

NEN∑
j=1

c(φe
j , φ

e
i )v

e
j = d(φe

i ), (i, j) = 1, 2, ..., NEN. (3.12)

where vej are the solution values at respective nodal points of element e.

• The above formulations will generate an algebraic linear system of equations, which

contains equal number of equations as the number of elemental nodes and will be

written in compact form as

[Ae]{ve} = {Be}. (3.13)

• Combine all local elemental systems like in Eq. (3.13) to get a global system of

equations which will give the approximate solution over the whole computational

domain Ω= [c, d].

[Ae]{v} = {B}. (3.14)

• The global system of equations in Eq. (3.14) comprises of algebraic equations is

then solved by using any linear solver to get the final approximate solution.
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Consider a following 2D poisson problem for the illustration of solution methodology

by GFEM.

Example Given below is a steady 2D poisson equation over the domain.

−∇.(∇S) = f. or (3.15)

−
(
∂2S

∂x2
+
∂2S

∂y2

)
= f in Ω (3.16)

S = 0 on dΩ (3.17)

S is to be found, f is known, Ω is domain which is bounded, open and connected and ∂Ω

is the boundary.

• To make weak formulation, select test function w(x, y) satisfying the homogenous

Dirichlet boundary condition, i.e., w(x, y)= 0 on ∂Ω. By multiplying Eq. (3.15) with

test function and integrate over the elemental domain gives the following variational

form

−
∫
Ωe

w∆SdΩ =

∫
Ωe

wfdΩ, or (3.18)

−
∫
Ωe

w
∂

∂x

(
∂S

∂x
dΩ

)
−
∫
Ωe

w
∂

∂y

(
∂S

∂y
dΩ

)
=

∫
Ωe

wfdΩ. (3.19)

• Reduce second order derivatives of S in Eq. (3.19) to get first order derivatives by

applying following Green’s identity

∫
Ω

w
∂G

∂n
dΩ = −

∫
Ω

G
∂w

∂n
dΩ +

∮
Γ

wG→ n dΓ, (3.20)

we get the following elemental weak formulation

∫
Ωe

(
∂w

∂x

∂S

∂x
+
∂w

∂y

∂S

∂y

)
dΩ =

∫
Ωe

wfdΩ. (3.21)

• Approximate the solution over the element e by using

Se(x, y) =
NEN∑
j=1

Se
jφ

e
j(x, y), (3.22)
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where Sj’s are approximate solution values at the elemental nodal points and φj’s

are preselected basis functions.

• Substitute the approximate solution Eq. (3.22) into variational formulation Eq. (3.21)

we get

∫
Ωe

[(NEN∑
j=1

Se
j

∂φe
j

∂x

)
∂w

∂x
+

(NEN∑
j=1

Se
j

∂φe
j

∂y

)
∂w

∂y

]
dΩ =

∫
Ωe

wfdΩ. (3.23)

• For Galerkin FEM approximation to choose weight function of type w(x, y) =

ϕe
i (x, y) to get the following elemental system

∫
Ωe

[(NEN∑
j=1

Se
j

∂φe
j

∂x

)
∂φe

i

∂x
+

(NEN∑
j=1

Se
j

∂φe
j

∂y

)
∂φe

i

∂y

]
dΩ =

∫
Ωe

φe
ifdΩ. (3.24)

Equation (3.22) gives

NEN∑
j=1

[ ∫
Ωe

(
∂φe

j

∂x

∂φe
i

∂x
+
∂φe

j

∂y

∂φe
i

∂y

)
dΩ

]
{Se

j} = Ωeφe
ifdΩ. (3.25)

• The ith elemental system in Eq. (3.25) will generate a discrete system of algebraic

ith number of equations which is expressed as

AS = F, (3.26)

where Ae, Se, F e are elemental stiffness matrix, elemental solution and elemental

force vector matrix respectively.

• All such local elemental systems combine to give global system as below, which will

finally provide the approximate solution of problem in Eq. (3.15).

AS = F, (3.27)



Chapter 4

Mathematical Model of Two

Dimensional higher grade Darcy

Forchheimer porous model

To derive the mathematical problem we consider an unsteady mixed convective higher

order flow through a porous-medium. The time t > 0, and the particles of fluid are

assumed to attain the flow velocity generally represented by the vector field

V = (u, v, w)T . (4.1)

In this consideration, we consider square cavity as shown in Figure 4.1. The velocity

therefore reduces to V = (u, v)T . The strain in the motion of the particles is calculated

from the first and second order Rivlin-Ericksen tensors defined respectively by

A1 = ∇V+ (∇V)T , (4.2)

and

A2 = ∂tA1 + (V.∇)A1 + (∇V).A1 + A1.(∇V)T , (4.3)

The strain leads to Cauchy stress which is assumed here in the framework of higher grade

continuum as follows

τ = −pI + µA1 + α1A2 + α2A1.A1, (4.4)

34
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where p presents the hydrostatic pressure, I denotes the identity tensor, µ > 0, charac-

terize nanofluid dynamic viscosity. The parameters α1 and α2 are material constants.

α1 ≥ 0, µ ≥ 0 and α2 + α2 = 0.

Following the Darcy law in case of viscoelastic porous medium is taken to be

∇p = − φ

K

(
µ+ α1

∂

∂t

)
V. (4.5)

Where K represents permeable parameter and φ denotes the porosity parameter in the

porous nano-medium.

The Darcy-Forchheimer resistance ‘r’ is defined as

r = ∇p− cFρφ√
K

V2. (4.6)

putting Eq. (4.5) in eq. (4.6), we get

r = − φ

K

(
µV+ α1

∂V

∂t

)
− cFρφ√

K
V2.

Consider Eq. (4.4),

τ = −pI + µA1 + α1A2 + α2A
2
1,

where

A1 = ∇V+ (∇V)T , and A2 =
dA1

dt
+ A1(∇V) + (∇V)TA1.

let α2=-α1, then Eq. (4.4) becomes:

τ = −pI + µ[∇V+ (∇V)T ] + α1

[
dA1

dt
+ A1(∇V) + (∇V)TA1

]
+ (−α1)A

2
1,

τ = −pI + µ[∇V+ (∇V)T ] + α1

[
dA1

dt
+ A1(∇V) + (∇V)TA1 − A2

1

]
,

⇒ τ = −pI + µ[∇V+ (∇V)T ] + α1

[
∂A1

∂t
+ (V.∇)A1 + A1(∇V) + (∇V)TA1 − A2

1

]
,

⇒ τ = −pI+µ[∇V+(∇V)T ] +α1

[
∂A1

∂t

]
+α1

[
(V.∇)A1+A1(∇V)+ (∇V)TA1−A2

1

]
,
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⇒ τ = −pI + µ[∇V+ (∇V)T ]

+ α1
∂

∂t

(
∇V+ (∇V)T

)
+ α1

[
(V.∇)A1 + A1(∇V) + (∇V)TA1 − A2

1

]
.

(4.7)

Since

A1 = ∇V+ (∇V)T ,

In matrix form

A1 =


∂u

∂x

∂u

∂y
∂v

∂x

∂v

∂y

+

∂u∂x ∂v

∂x
∂u

∂y

∂v

∂y

 =

 2
∂u

∂x

∂u

∂y
+ v,x

v,x+u,y 2v,y

 . (4.8)

Consider

A1.A1 =

 2
∂u

∂x

∂u

∂y
+ v,x

v,x +u,y 2v,y


 2

∂u

∂x

∂u

∂y
+ v,x

v,x +u,y 2v,y

 ,

⇒ A2
1 =

 4u2,x+(u,y +v,x )(v,x +u,y ) 2u,x (u,y +v,x ) + (u,y +v,x )(2v,y )

2u,x (v,x+u,y ) + 2v,y (v,x +u,y ) (v,x+u,y )(v,x+u,y ) + 4v2,y

 .

As,

(V.∇) = Vmem.∂kek = Vk∂k = (u∂x + v∂y).

⇒ (V.∇)A1 = (u∂x + v∂y)

A11
1 A12

1

A21
1 A22

1

 .

Also,

(A1)(∇V) =

A11 A12

A21 A22

u,x u,y

v,x v,y

 =

A11u,x+A12v,x A11u,y +A12v,y

A21u,x+A22v,x A21u,y +A22v,y

 ,

and

(∇V)TA1 =

u,x v,x

u,y v,y

A11 A12

A21 A22

 =

A11u,x +A12v,x A21u,x+A22v,x

A11u,y +A12v,y A21u,y +A22v,y

 .
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Thus τ in Eq. (4.7) becomes:

τ = −p+ µ[A1] + α1
∂

∂t

(
A1

)
+ α1

(u∂x + v∂y)

A11
1 A12

1

A21
1 A22

1


+ α1

A11 A12

A21 A22

u,x u,y

v,x v,y

 =

A11u,x+A12v,x A11u,y +A12v,y

A21u,x+A22v,x A21u,y +A22v,y


+ α1

u,x v,x

u,y v,y

A11 A12

A21 A22

 =

A11u,x+A12v,x A21u,x +A22v,x

A11u,y +A12v,y A21u,y +A22v,y


− α1

 4u2,x +(u,y +v,x )(v,x+u,y ) 2u,x (u,y +v,x ) + (u,y +v,x )(2v,y )

2u,x (v,x +u,y ) + 2v,y (v,x+u,y ) (v,x +u,y )(v,x +u,y ) + 4v2,y

 .
or,

τ = −p+ µ


 2

∂u

∂x

∂u

∂y
+ v,x

v,x +u,y 2v,y




+ α1
∂

∂t


 2

∂u

∂x

∂u

∂y
+ v,x

v,x +u,y 2v,y


+ α1

(u∂x + v∂y)

A11
1 A12

1

A21
1 A22

1



+ α1

A11 A12

A21 A2

2

u,x u,y

v,x v,y

 =

A11u,x +A12v,x A11u,y +A12v,y

A21u,x +A22v,x A21u,y +A22v,y



+ α1

u,x v,x

u,y v,y

A11 A12

A21 A22

 =

A11u,x +A12v,x A21u,x+A22v,x

A11u,y +A12v,y A21u,y +A22v,y



− α1

 4u2,x+(u,y +v,x )(v,x +u,y ) 2u,x (u,y +v,x ) + (u,y +v,x )(2v,y )

2u,x (v,x +u,y ) + 2v,y (v,x +u,y ) (v,x +u,y )(v,x +u,y ) + 4v2,y

 .

The components of the stress tensor τ are thus

τ11 = −p+ µ

(
2
∂u

∂x

)
+ α1

∂

∂t

(
2
∂u

∂x

)
+ α1

[
(u∂x + v∂y)A11

+ (A11u,x +A12v,x ) + (A11u,x +A12v,x )− 4u2,x −(u,y +v,x )(v,x+u,y )

]
,
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or,

τ11 = −p+ 2µu,x +2α1
∂

∂t
(u,x ) + α1

[
(u∂x + v∂y)A11

+ 2(A11u,x +A12v,x )− 4u2,x −(u,y +v,x )(v,x +u,y )

]
,

τ22 = −p+ µ(2v,y ) + α1
∂

∂t
(2v,y ) + α1

[
(u∂x + v∂y)A22 + (A21u,y +A22v,y )

+ (A21u,y +A22v,y )− 4v2,y −(v,x +u,y )(v,x+u,y )

]
,

or,

τ22 = −p+ 2µv,y +2α1
∂

∂t
(v,y ) + α1

[
(u∂x + v∂y)A22 + 2(A21u,y +A22v,y )

− 4v2,y −(v,x+u,y )(v,x +u,y )

]
,

τ21 =

(
µ+ α1

∂

∂t

)
[v,x+u,y ] + α1

[
(u∂x + v∂y)A21 + A21u,x+A22v,x+A11u,y +A12v,y

− 2[u,x (v,x +u,y ) + v,y (v,x +u,y )]

]
,

Now, since

∇.τ = ∂mem.τijei ⊗ ej = ∂iτijej = (∂1τ11 + ∂2τ21, ∂1τ12 + ∂2τ22),

∴ τ12 =

(
µ+ α1

∂

∂t

)
[u,y +v,x ] + α1

[
(u∂x + v∂y)A12 + A11u,y +A12v,y +A21u,x +A22v,x

− 2[u,x (u,y +v,x ) + v,y (u,y +v,x )]

]
.

Now, the conservation law of momentum is considered in porous medium is given by

ρ

(
∂V

∂t
+ V.∇

)
V = (∇.τ + r) + b+ g(θ − θo)

where θ is the temperature field.

The x-component of equation is given by

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=

1

ρ

[
∂xτ11 + ∂yτ21 −

φ

K

(
µ+ α1

∂

∂t

)
u−

(
cFρφ√
K

)
u2
]

+ bx + gx(βθ)(θ − θo),

(4.9)
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The y-component of equation is given by

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
=

1

ρ

[
∂xτ12 + ∂yτ22 −

φ

K

(
µ+ α1

∂

∂t

)
v −

(
cFρφ√
K

)
v2
]

+ by + gy(βθ)(θ − θo).

(4.10)

In Eq. (4.9) and Eq. (4.10), we are left to calculate the terms (∂xτ11+∂yτ21) and (∂xτ12+

∂yτ22), respectively.

Here we show the calculations of the following terms ∂xτ11, ∂yτ21, ∂xτ12, ∂yτ22. The

term ∂xτ11 is expressed as

• ∂xτ11 =
∂

∂x

[
− p+ 2

(
µ+ α1

∂

∂t

)
∂u

∂x
+ α1

{(
u
∂

∂x
+ v

∂

∂y

)
A11 + 2

(
A11

∂u

∂x
+ A12

∂v

∂x

)
− 4

(
∂u

∂x

)2

−
(
∂u

∂y
+
∂v

∂x

)2}]
.

(4.11)

Since, A1 is given as in Eq. (4.8)

A1 =

A11 A12

A21 A22

 =

 2
∂u

∂x

∂u

∂y
+ v,x

v,x +u,y 2v,y

 .

using it in Eq. (4.11), we obtain

∂xτ11 = −∂p
∂x

+ 2

(
µ+ α1

∂

∂t

)
∂

∂x

(
∂u

∂x

)
+ α1

∂

∂x

{(
u
∂

∂x
+ v

∂

∂y

)(
2
∂u

∂x

)
+ 2

((
2
∂u

∂x

)
∂u

∂x
+

(
∂u

∂y
+
∂v

∂x

)
∂v

∂x

)
− 4

(
∂u

∂x

)2

−
(
∂u

∂y
+
∂v

∂x

)2}
,

⇒ ∂τ11
∂x

= −∂p
∂x

+ 2

(
µ+ α1

∂

∂t

)
∂2u

∂x2
+ α1

∂

∂x

{
2

(
u
∂2u

∂x2
+ v

∂2u

∂x∂y

)
+ 2

(
2

(
∂u

∂x

)2

+
∂u

∂y

∂v

∂x
+

(
∂v

∂x

)2)
− 4

(
∂u

∂x

)2

−
(
∂u

∂y
+
∂v

∂x

)2}
,

⇒ ∂τ11
∂x

= −∂p
∂x

+ 2

(
µ+ α1

∂

∂t

)
∂2u

∂x2
+ α1

∂

∂x

{
2

(
u
∂2u

∂x2
+ v

∂2u

∂x∂y

)
+ 4

(
∂u

∂x

)2

+ 2
∂u

∂y

∂v

∂x
+ 2

(
∂v

∂x

)2

− 4

(
∂u

∂x

)2

−
(
∂u

∂y

)2

−
(
∂v

∂x

)2

− 2
∂u

∂y

∂v

∂x

}
,
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⇒ ∂τ11
∂x

= −∂p
∂x

+ 2

(
µ+ α1

∂

∂t

)
∂2u

∂x2
+ α1

∂

∂x

{
2

(
u
∂2u

∂x2
+ v

∂2u

∂x∂y

)
+ 2

(
∂v

∂x

)2

−
(
∂u

∂y

)2

−
(
∂v

∂x

)2}
.

(4.12)

The term ∂yτ21 is expressed as:

• ∂τ21
∂y

=

(
µ+ α1

∂

∂t

)
∂

∂y

(
∂v

∂x
+
∂u

∂y

)
+ α1

∂

∂y

[(
u
∂

∂x
+ v

∂

∂y

)
A21 + A21

∂u

∂x
+ A22

∂v

∂x

+ A11
∂u

∂y
+ A12

∂v

∂y
− 2

{
∂u

∂x

(
∂v

∂x
+
∂u

∂y

)
+
∂v

∂y

(
∂v

∂x
+
∂u

∂y

)}]
.

Using A11, A12, A21, A22 from Eq. (4.8) gives

∂τ21
∂y

=

(
µ+ α1

∂

∂t

)(
∂2v

∂x∂y
+
∂2u

∂y2

)
+ α1

∂

∂y

[(
u
∂

∂x
+ v

∂

∂y

)(
∂v

∂x
+
∂u

∂y

)
+

(
∂v

∂x
+
∂u

∂y

)
∂u

∂x
+

(
2
∂v

∂y

)
∂v

∂x
+

(
2
∂u

∂x

)
∂u

∂y
+

(
∂u

∂y
+
∂v

∂x

)
∂v

∂y
− 2

{
∂u

∂x

(
∂v

∂x

+
∂u

∂y

)
+
∂v

∂y

(
∂v

∂x
+
∂u

∂y

)}]
,

⇒ ∂τ21
∂y

=

(
µ+ α1

∂

∂t

)(
∂2v

∂x∂y
+
∂2u

∂y2

)
+ α1

∂

∂y

[
u
∂2v

∂x2
+ u

∂2u

∂x∂y
+ v

∂2v

∂x∂y
+ v

∂2u

∂y2

+
∂v

∂x

∂u

∂x
+
∂u

∂y

∂u

∂x
+ 2

∂v

∂y

∂v

∂x
+ 2

∂u

∂x

∂u

∂y
+
∂u

∂y

∂v

∂y
+
∂v

∂x

∂v

∂y
− 2

{
∂u

∂x

∂v

∂x
+
∂u

∂x

∂u

∂y

+
∂v

∂y

∂v

∂x
+
∂v

∂y

∂u

∂y

}]
.

(4.13)

The term ∂xτ11 and ∂yτ21 is obtained by adding Eq. (4.12) and Eq. (4.13), as below

∂xτ11 + ∂yτ21 =

−
∂p

∂x
+ 2

(
µ+ α1

∂

∂t

)
∂2u

∂x2
+ α1

∂

∂x

{
2

(
u
∂2u

∂x2
+ v

∂2u

∂x∂y

)
+2

(
∂v

∂x

)2

−
(
∂u

∂y

)2

−
(
∂v

∂x

)2}


+



(
µ+ α1

∂

∂t

)(
∂2v

∂x∂y
+
∂2u

∂y2

)
+ α1

∂

∂y

[
u
∂2v

∂x2
+ u

∂2u

∂x∂y
+ v

∂2v

∂x∂y
+ v

∂2u

∂y2

+
∂v

∂x

∂u

∂x
+
∂u

∂y

∂u

∂x
+ 2

∂v

∂y

∂v

∂x
+ 2

∂u

∂x

∂u

∂y
+
∂u

∂y

∂v

∂y
+
∂v

∂x

∂v

∂y
− 2

{
∂u

∂x

∂v

∂x
+
∂u

∂x

∂u

∂y

+
∂v

∂y

∂v

∂x
+
∂v

∂y

∂u

∂y

}]

 ,
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or,

∂xτ11 + ∂yτ21 =

−
∂p

∂x
+ 2

(
µ+ α1

∂

∂t

)
∂2u

∂x2
+ α1

∂

∂x

{
2

(
u
∂2u

∂x2
+ v

∂2u

∂x∂y

)
+2

(
∂v

∂x

)2

−
(
∂u

∂y

)2

−
(
∂v

∂x

)2}


+



(
µ+ α1

∂

∂t

)(
∂2v

∂x∂y
+
∂2u

∂y2

)
+ α1

∂

∂y

[
u
∂2v

∂x2
+ u

∂2u

∂x∂y
+ v

∂2v

∂x∂y
+ v

∂2u

∂y2

+
∂v

∂x

∂u

∂x
+ 3

∂v

∂y

∂v

∂x
+ 3

∂u

∂x

∂u

∂y
+
∂u

∂y

∂v

∂y
− 2

∂u

∂x

∂v

∂x
− 2

∂u

∂x

∂u

∂y
− 2

∂v

∂y

∂v

∂x

−2
∂v

∂y

∂u

∂y

]

 ,

or,

∂xτ11 + ∂yτ21 =

−
∂p

∂x
+ 2

(
µ+ α1

∂

∂t

)
∂2u

∂x2
+ α1

∂

∂x

{
2

(
u
∂2u

∂x2
+ v

∂2u

∂x∂y

)
+2

(
∂v

∂x

)2

−
(
∂u

∂y

)2

−
(
∂v

∂x

)2}


+


(
µ+ α1

∂

∂t

)(
∂2v

∂x∂y
+
∂2u

∂y2

)
+ α1

∂

∂y

[
u
∂2v

∂x2
+ u

∂2u

∂x∂y
+ v

∂2v

∂x∂y
+ v

∂2u

∂y2

−∂v
∂x

∂u

∂x
+
∂v

∂y

∂v

∂x
+
∂u

∂x

∂u

∂y
− ∂u

∂y

∂v

∂y

]
 .

The term ∂xτ12 is given as

• ∂τ12
∂x

=

(
µ+ α1

∂

∂t

)
∂

∂x

(
∂u

∂y
+
∂v

∂x

)
+ α1

∂

∂x

[(
u
∂

∂x
+ v

∂

∂y

)
A12 + A11

∂u

∂y
+ A12

∂v

∂y

+ A21
∂u

∂x
+ A22

∂v

∂x
− 2

{
∂u

∂x

(
∂u

∂y
+
∂v

∂x

)
+
∂v

∂y

(
∂u

∂y
+
∂v

∂x

)}]
,

which upon substitutions of A11, A12, A21, A22 from Eq. (4.8),

⇒ ∂τ12
∂x

=

(
µ+ α1

∂

∂t

)(
∂2u

∂x∂y
+
∂2v

∂x2

)
+ α1

∂

∂x

[(
u
∂

∂x
+ v

∂

∂y

)(
∂u

∂y
+
∂v

∂x

)
+

(
2
∂u

∂x

)
∂u

∂y
+

(
∂u

∂y
+
∂v

∂x

)
∂v

∂y
+

(
∂v

∂x
+
∂u

∂y

)
∂u

∂x
+

(
2
∂v

∂y

)
∂v

∂x

− 2

{
∂u

∂x

(
∂u

∂y
+
∂v

∂x

)
+
∂v

∂y

(
∂u

∂y
+
∂v

∂x

)}]
,
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or,

∂τ12
∂x

=

(
µ+ α1

∂

∂t

)(
∂2u

∂x∂y
+
∂2v

∂x2

)
+ α1

∂

∂x

[
u
∂2u

∂x∂y
+ u

∂2v

∂x2
+ v

∂2u

∂y2
+ v

∂2v

∂x∂y

+ 2
∂u

∂x

∂u

∂y
+
∂u

∂y

∂v

∂y
+
∂v

∂x

∂v

∂y
+
∂v

∂x

∂u

∂x
+
∂u

∂y

∂u

∂x
+ 2

∂v

∂y

∂v

∂x

− 2

{
∂u

∂x

∂u

∂y
+
∂u

∂x

∂v

∂x
+
∂v

∂y

∂u

∂y
+
∂v

∂y

∂v

∂x

}]
.

(4.14)

The term ∂yτ22 is given as

• ∂τ22
∂y

= −∂p
∂y

+ 2

(
µ+ α1

∂

∂t

)
∂2v

∂y2
+ α1

∂

∂y

[(
u
∂

∂x
+ v

∂

∂y

)
A22 + 2

(
A21

∂u

∂y
+ A22

∂v

∂y

)
− 4

∂2v

∂y2
−
(
∂v

∂x
+
∂u

∂y

)(
∂v

∂x
+
∂u

∂y

)]
,

or,

⇒ ∂τ22
∂y

= −∂p
∂y

+ 2

(
µ+ α1

∂

∂t

)
∂2v

∂y2
+ α1

∂

∂y

[(
u
∂

∂x
+ v

∂

∂y

)(
2
∂v

∂y

)
+ 2

((
∂v

∂x
+
∂u

∂y

)
∂u

∂y
+

(
2
∂v

∂y

)
∂v

∂y

)
− 4

∂2v

∂y2
−
(
∂v

∂x
+
∂u

∂y

)(
∂v

∂x
+
∂u

∂y

)]
,

or,

⇒ ∂τ22
∂y

= −∂p
∂y

+ 2

(
µ+ α1

∂

∂t

)
∂2v

∂y2
+ α1

∂

∂y

[
2u

∂2v

∂x∂y
+ 2v

∂2v

∂y2
+ 2

(
∂v

∂x

∂u

∂y
+

(
∂u

∂y

)2

+ 2

(
∂v

∂y

)2)
− 4

∂2v

∂y2
−
((

∂v

∂x

)2

+
∂v

∂x

∂u

∂y
+
∂u

∂y

∂v

∂x
+

(
∂u

∂y

)2)]
.

(4.15)

Adding Eq. (4.14) and Eq. (4.15) implies

∂xτ12 + ∂yτ22 =



(
µ+ α1

∂

∂t

)(
∂2u

∂x∂y
+
∂2v

∂x2

)
+ α1

∂

∂x

[
u
∂2u

∂x∂y
+ u

∂2v

∂x2
+ v

∂2u

∂y2

+v
∂2v

∂x∂y
+ 2

∂u

∂x

∂u

∂y
+
∂u

∂y

∂v

∂y
+
∂v

∂x

∂v

∂y
+
∂v

∂x

∂u

∂x
+
∂u

∂y

∂u

∂x
+ 2

∂v

∂y

∂v

∂x

−2

{
∂u

∂x

∂u

∂y
+
∂u

∂x

∂v

∂x
+
∂v

∂y

∂u

∂y
+
∂v

∂y

∂v

∂x

}]



+

−
∂p

∂y
+ 2

(
µ+ α1

∂

∂t

)
∂2v

∂y2
+ α1

∂

∂y

[
2u

∂2v

∂x∂y
+ 2v

∂2v

∂y2
+ 2

(
∂v

∂x

∂u

∂y
+

(
∂u

∂y

)2

+2

(
∂v

∂y

)2)
− 4

∂2v

∂y2
−
((

∂v

∂x

)2

+
∂v

∂x

∂u

∂y
+
∂u

∂y

∂v

∂x
+

(
∂u

∂y

)2)]
 ,
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or,

∂xτ12 + ∂yτ22 =



(
µ+ α1

∂

∂t

)(
∂2u

∂x∂y
+
∂2v

∂x2

)
+ α1

∂

∂x

[
u
∂2u

∂x∂y
+ u

∂2v

∂x2
+ v

∂2u

∂y2

+v
∂2v

∂x∂y
+ 3

∂u

∂x

∂u

∂y
+
∂u

∂y

∂v

∂y
+
∂v

∂x

∂u

∂x
+ 3

∂v

∂y

∂v

∂x
− 2

∂u

∂x

∂u

∂y
− 2

∂u

∂x

∂v

∂x

−2
∂v

∂y

∂u

∂y
− 2

∂v

∂y

∂v

∂x

]



+

 −∂p
∂y

+ 2

(
µ+ α1

∂

∂t

)
∂2v

∂y2
+ α1

∂

∂y

[
2u

∂2v

∂x∂y
+ 2v

∂2v

∂y2
+ 2

∂v

∂x

∂u

∂y
+ 2

(
∂u

∂y

)2

+4

(
∂v

∂y

)2

− 4
∂2v

∂y2
−
(
∂v

∂x

)2

− 2
∂v

∂x

∂u

∂y
−
(
∂u

∂y

)2]
 ,

or,

∂xτ12 + ∂yτ22 =


(
µ+ α1

∂

∂t

)(
∂2u

∂x∂y
+
∂2v

∂x2

)
+ α1

∂

∂x

[
u
∂2u

∂x∂y
+ u

∂2v

∂x2
+ v

∂2u

∂y2

+v
∂2v

∂x∂y
+
∂u

∂x

∂u

∂y
− ∂u

∂y

∂v

∂y
− ∂v

∂x

∂u

∂x
+
∂v

∂y

∂v

∂x

]


+

−
∂p

∂y
+ 2

(
µ+ α1

∂

∂t

)
∂2v

∂y2
+ α1

∂

∂y

[
2u

∂2v

∂x∂y
+ 2v

∂2v

∂y2
+

(
∂u

∂y

)2

+ 4

(
∂v

∂y

)2

−4
∂2v

∂y2
−
(
∂v

∂x

)2]
 .

The thermal energy balance is described by

ρCp

{
∂

∂t
+ U.∇

}
θ = ∇(k∇θ),

or, (
∂T

∂t
+ U.∇θ

)
=

k

ρCp

∇(∇θ),

or, (
∂T

∂t
+ U.∇θ

)
=

k

ρCp

(∆θ).

4.1 Problem Description

Consider a lid Driven square cavity with two semi-circular heated cylinders at its bottom

wall. The computational domain is a square box of fluid, with the configuration and its

boundary conditions expressed by the equation for the left-right side wall u = v = 0. The
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top lid of the square is driven by a velocity of u = 0 as shown in the figure below. The

physical model consists a square closed cavity with moving top adiabatic ceiling and it has

two semi-circular heaters on the bottom wall while vertical walls have lower temperature

than that of heaters as presented in Fig. 4.1 with boundary conditions. The length

and width of the 2-D cavity is equal to each other and it is filled with porous medium.

Diameters of the semicircular heaters are taken as d1 and d2, respectively. Gravity acts in

y-direction. In the physical model, the half circular cylinders are heated as isothermally

and their temperature is lower than that of vertical walls.

Figure 4.1: Computational Domain with two semi-circular heaters.

4.1.1 Dimensional Form of the Governing Equations

On the account of the above discussion, now we are able to describe the dimensional form

of the governing equations for the problem.

x−component of momentum equation:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=

1

ρ
−∂p
∂x

+

(
µ+ α1

∂

∂t

){
2
∂2u

∂x2
+

(
∂2v

∂x∂y
+
∂2u

∂y2

)
− φ

K
u

}
+ α1

∂

∂x

[
2

(
u
∂2u

∂x2
+ v

∂2u

∂x∂y

)
+

(
∂v

∂x

)2

−
(
∂u

∂y

)2]
+ α1

∂

∂y

[
u
∂2v

∂x2
+ u

∂2u

∂x∂y
+ v

∂2v

∂x∂y
+ v

∂2u

∂y2
− ∂v

∂x

∂u

∂x
+
∂v

∂y

∂v

∂x

+
∂u

∂x

∂u

∂y
− ∂u

∂y

∂v

∂y

]
−
(
cFρφ√
K

)
u2


− σB2

ou+ ρgx(βθ)(θ − θo).

(4.16)
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y−component of momentum equation:

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
=

1

ρ
−∂p
∂y

+

(
µ+ α1

∂

∂t

){
2
∂2v

∂y2
+

(
∂2u

∂x∂y
+
∂2v

∂x2

)
− φ

K
v

}
+ α1

∂

∂x

[
u
∂2u

∂x∂y
+ u

∂2v

∂x2

+v
∂2u

∂y2
+ v

∂2v

∂x∂y
+
∂u

∂x

∂u

∂y
− ∂u

∂y

∂v

∂y
− ∂v

∂x

∂u

∂x
+
∂v

∂y

∂v

∂x

]
+ α1

∂

∂y

[
2u

∂2v

∂x∂y
+ 2v

∂2v

∂y2

+

(
∂u

∂y

)2

+ 4

(
∂v

∂y

)2

− 4
∂2v

∂y2
−
(
∂v

∂x

)2]
−
(
cFρφ√
K

)
v2


− σB2

ov + ρgy(βθ)(θ − θo).

(4.17)

Energy equation:

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
=

k

ρCp

(
∂2θ

∂x2
+
∂2θ

∂y2

)
. (4.18)

The associated conditions for boundaries are given below:

• On the cavity’s left wall (Γ3)

u = v = 0, and T = Tc. (4.19)

• On the cavity’s right wall (Γ3)

u = v = 0, and T = Tc. (4.20)

• On the cavity’s bottom wall (Γ2, Γ3)

u = v = 0, and T = Tc on flatted boundary

and

u = v = 0, and T = Th on circular heater.

(4.21)

• On the cavity’s top wall (Γ1)

v = 0, T = Tc, and u = 0. (4.22)
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4.1.2 Dimensionless Parameters

Let

x̂ =
x

L
, ŷ =

y

L
, û =

u

uo
, v̂ =

v

uo
, t̂ =

uo
L
t, and P =

p

ρu2o
. (4.23)

be the dimensionless parameters.

4.2 Conversion of Dimensional equations into Dimen-

sionless equations

To convert equations (4.16)-(4.18) into the dimensionless form, certain derivatives are

required which have been calculated here in this sub-section.

• x̂ =
x

L
⇒ ∂x̂

∂x
=

1

L
.

• ŷ =
y

L
⇒ ∂ŷ

∂y
=

1

L
.

• û =
u

uo
⇒ u = uoû.

• v̂ =
v

uo
⇒ v = uov̂.

• t̂ = uo
L
t ⇒ ∂t̂

∂t
=
uo
L
.

• ∂u

∂t
=
∂u

∂t̂

∂t̂

∂t
=

∂

∂t̂
(u)

∂

∂t
(t̂) =

∂

∂t̂
(uoû)

uo
L

= uo
∂û

∂t̂

uo
L

=
u2o
L

∂û

∂t̂
,

• ∂v

∂t
=
∂v

∂t̂

∂t̂

∂t
=

∂

∂t̂
(v)

∂

∂t
(t̂) =

∂

∂t̂
(uov̂)

uo
L

= uo
∂v̂

∂t̂

uo
L

=
u2o
L

∂v̂

∂t̂
,

• ∂u

∂x
=
∂u

∂x̂

∂x̂

∂x
=

∂

∂x̂
(u)

∂

∂x
(x̂) =

∂

∂x̂
(uoû)

1

L
=
uo
L

∂û

∂x̂
,

• ∂u

∂y
=
∂u

∂ŷ

∂ŷ

∂y
=

∂

∂ŷ
(u)

∂

∂y
(ŷ) =

∂

∂ŷ
(uoû)

1

L
=
uo
L

∂û

∂ŷ
,

• ∂v

∂x
=
∂v

∂x̂

∂x̂

∂x
=

∂

∂x̂
(v)

∂

∂x
(x̂) =

∂

∂x̂
(uov̂)

1

L
=
uo
L

∂v̂

∂x̂
,

• ∂v

∂y
=
∂v

∂ŷ

∂ŷ

∂y
=

∂

∂ŷ
(v)

∂

∂y
(ŷ) =

∂

∂ŷ
(uov̂)

1

L
=
uo
L

∂v̂

∂ŷ
,
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•
(
∂u

∂y

)2

=

(
uo
L

∂û

∂ŷ

)2

=
u2o
L2

(
∂û

∂ŷ

)2

,

•
(
∂v

∂x

)2

=

(
uo
L

∂v̂

∂x̂

)2

=
u2o
L2

(
∂v̂

∂x̂

)2

,

•
(
∂v

∂y

)2

=

(
uo
L

∂v̂

∂ŷ

)2

=
u2o
L2

(
∂v̂

∂ŷ

)2

,

• ∂2u

∂x2
=

∂

∂x

(
∂u

∂x

)
=

∂

∂x

(
uo
L

∂û

∂x̂

)
=

∂

∂x̂

∂x̂

∂x

(
uo
L

∂û

∂x̂

)
=

∂

∂x̂

1

L

(
uo
L

∂û

∂x̂

)
=
uo
L2

∂2û

∂x̂2
,

• ∂2u

∂y2
=

∂

∂y

(
∂u

∂y

)
=

∂

∂y

(
uo
L

∂û

∂ŷ

)
=

∂

∂ŷ

∂ŷ

∂y

(
uo
L

∂û

∂ŷ

)
=

∂

∂ŷ

1

L

(
uo
L

∂û

∂ŷ

)
=
uo
L2

∂2û

∂ŷ2
,

• ∂2v

∂x2
=

∂

∂x

(
∂v

∂x

)
=

∂

∂x

(
uo
L

∂v̂

∂x̂

)
=

∂

∂x̂

∂x̂

∂x

(
uo
L

∂v̂

∂x̂

)
=

∂

∂x̂

1

L

(
uo
L

∂v̂

∂x̂

)
=
uo
L2

∂2v̂

∂x̂2
,

• ∂2v

∂y2
=

∂

∂y

(
∂v

∂y

)
=

∂

∂y

(
uo
L

∂v̂

∂ŷ

)
=

∂

∂ŷ

∂ŷ

∂y

(
uo
L

∂v̂

∂ŷ

)
=

∂

∂ŷ

1

L

(
uo
L

∂v̂

∂ŷ

)
=
uo
L2

∂2v̂

∂ŷ2
,

• ∂2u

∂x∂y
=

∂

∂x

(
∂u

∂y

)
=

∂

∂x̂

∂x̂

∂x

(
uo
L

∂û

∂ŷ

)
=

∂

∂x̂

1

L

(
uo
L

∂û

∂ŷ

)
=
uo
L2

∂2û

∂x̂∂ŷ
,

• ∂2v

∂x∂y
=

∂

∂x

(
∂v

∂y

)
=

∂

∂x̂

∂x̂

∂x

(
uo
L

∂v̂

∂ŷ

)
=

∂

∂x̂

1

L

(
uo
L

∂v̂

∂ŷ

)
=
uo
L2

∂2v̂

∂x̂∂ŷ
,

• u∂u
∂x

= (uoû)
uo
L

∂û

∂x̂
=
u2o
L
û
∂û

∂x̂
,

• v∂u
∂y

= (uov̂)
uo
L

∂û

∂ŷ
=
u2o
L
v̂
∂û

∂ŷ
,

• u∂v
∂x

= (uoû)
uo
L

∂v̂

∂x̂
=
u2o
L
û
∂v̂

∂x̂
,

• v∂v
∂y

= (uov̂)
uo
L

∂v̂

∂ŷ
=
u2o
L
v̂
∂v̂

∂ŷ
,

• u∂
2u

∂x2
= (uoû)

uo
L2

∂2û

∂x̂2
=
u2o
L2
û
∂2û

∂x̂2
,

• u∂
2v

∂x2
= (uoû)

uo
L2

∂2v̂

∂x̂2
=
u2o
L2
û
∂2v̂

∂x̂2
,

• v∂
2u

∂y2
= (uov̂)

uo
L2

∂2û

∂ŷ2
=
u2o
L2
v̂
∂2û

∂ŷ2
,

• v∂
2v

∂y2
= (uov̂)

uo
L2

∂2v̂

∂ŷ2
=
u2o
L2
v̂
∂2v̂

∂ŷ2
,

• v ∂
2u

∂x∂y
= (uov̂)

uo
L2

∂2û

∂x̂∂ŷ
=
u2o
L2
v̂
∂2û

∂x̂∂ŷ
,
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• v ∂2v

∂x∂y
= (uov̂)

uo
L2

∂2v̂

∂x̂∂ŷ
=
u2o
L2
v̂
∂2v̂

∂x̂∂ŷ
,

• u ∂2u

∂x∂y
= (uoû)

uo
L2

∂2û

∂x̂∂ŷ
=
u2o
L2
û
∂2û

∂x̂∂ŷ
,

• u ∂2v

∂x∂y
= (uoû)

uo
L2

∂2v̂

∂x̂∂ŷ
=
u2o
L2
û
∂2v̂

∂x̂∂ŷ
,

• ∂u

∂x

∂v

∂x
=
uo
L

∂û

∂x̂

uo
L

∂v̂

∂x̂
=
u2o
L2

∂û

∂x̂

∂v̂

∂x̂
,

• ∂u

∂y

∂v

∂y
=
uo
L

∂û

∂ŷ

uo
L

∂v̂

∂ŷ
=
u2o
L2

∂û

∂ŷ

∂v̂

∂ŷ
,

• ∂u

∂x

∂u

∂y
=
uo
L

∂û

∂x̂

uo
L

∂û

∂ŷ
=
u2o
L2

∂û

∂x̂

∂û

∂ŷ
,

• ∂v

∂x

∂v

∂y
=
uo
L

∂v̂

∂x̂

uo
L

∂v̂

∂ŷ
=
u2o
L2

∂v̂

∂x̂

∂v̂

∂ŷ
,

• θ̂ = θ − θo
θo

⇒ θ = θo + θoθ̂ = θo(1 + θ̂),

• ∂θ

∂t
=

∂

∂t
(θ) =

∂

∂t̂

∂t̂

∂t
(θ) =

∂

∂t̂

uo
L
(θ) =

uo
L

∂

∂t̂
(θo + θoθ̂) =

uo
L
θo
∂θ̂

∂t̂
,

• ρ(Cp)
∂θ

∂t
= ρ(Cp)

µ

ρL2
θo
∂θ̂

∂t̂
=

(Cp)µ

L2
θo
∂θ̂

∂t̂
,

• ∂θ

∂x
=

∂

∂x
(θ) =

∂

∂x̂

∂x̂

∂x
(θ) =

∂

∂x̂

1

L
(θ) =

1

L

∂

∂x̂
(θo + θoθ̂) =

1

L
θo
∂θ̂

∂x̂
=
θo
L

∂θ̂

∂x̂
,

• ∂2θ

∂x2
=

∂

∂y

(
∂θ

∂y

)
=

∂

∂x̂

∂x̂

∂x

(
θo
L

∂θ̂

∂x̂

)
=

∂

∂x̂

1

L

(
θo
L

∂θ̂

∂x̂

)
=
θo
L2

∂2θ̂

∂x̂2
,

• ∂θ

∂y
=

∂

∂y
(θ) =

∂

∂ŷ

∂ŷ

∂y
(θ) =

∂

∂ŷ

1

L
(θ) =

1

L

∂

∂ŷ
(θo + θoθ̂) =

1

L
θo
∂θ̂

∂ŷ
=
θo
L

∂θ̂

∂ŷ
,

• ∂2θ

∂y2
=

∂

∂y

(
∂θ

∂y

)
=

∂

∂ŷ

∂ŷ

∂y

(
θo
L

∂θ̂

∂ŷ

)
=

∂

∂ŷ

1

L

(
θo
L

∂θ̂

∂ŷ

)
=
θo
L2

∂2θ̂

∂ŷ2
,
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Equation (4.16) becomes:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=

1

ρ
−∂p
∂x

+

(
µ+ α1

∂

∂t

){
2
∂2u

∂x2
+

(
∂2v

∂x∂y
+
∂2u

∂y2

)
− φ

K
u

}
+ α1

∂

∂x

[
2

(
u
∂2u

∂x2
+ v

∂2u

∂x∂y

)
+

(
∂v

∂x

)2

−
(
∂u

∂y

)2]
+ α1

∂

∂y

[
u
∂2v

∂x2
+ u

∂2u

∂x∂y
+ v

∂2v

∂x∂y
+ v

∂2u

∂y2
− ∂v

∂x

∂u

∂x
+
∂v

∂y

∂v

∂x

+
∂u

∂x

∂u

∂y
− ∂u

∂y

∂v

∂y

]
−
(
cFρφ√
K

)
u2


− σB2

ou+ ρgx(βθ)(θ − θo).

or,

u2o
L

∂û

∂t̂
+
u2o
L
û
∂û

∂x̂
+
u2o
L
v̂
∂û

∂ŷ
=

1

ρ
−∂p
∂x

+

(
µ+ α1

∂

∂t̂

∂t̂

∂t

){
2
uo
L2

∂2û

∂x̂2
+

(
uo
L2

∂2v̂

∂x̂∂ŷ
+
uo
L2

∂2û

∂ŷ2

)
− φ

K
uoû

}
+ α1

∂

∂x̂

∂x̂

∂x

[
2(

u2o
L2
û
∂2û

∂x̂2
+
u2o
L2
v̂
∂2û

∂x̂∂ŷ

)
+
u2o
L2

∂2v̂

∂x2
− u2o
L2

∂2û

∂ŷ2

]
+ α1

∂

∂ŷ

∂ŷ

∂y

[
u2o
L2
û
∂2v̂

∂x̂2
+
u2o
L2
û
∂2û

∂x̂∂ŷ
+
u2o
L2
v̂

∂2v̂

∂x̂∂ŷ
+
u2o
L2
v̂
∂2û

∂ŷ2
− u2o
L2

∂v̂

∂x̂

∂û

∂x̂
+
u2o
L2

∂v̂

∂ŷ

∂v̂

∂x̂
+
u2o
L2

∂û

∂x̂

∂û

∂ŷ
− u2o
L2

∂û

∂ŷ

∂v̂

∂ŷ

]
−
(
cFρφ√
K

)
(uoû)

2


− σB2

o(uoû).

⇒ u2o
L

[
∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ

]
=

1

ρ
−∂p
∂x

+

(
µ+ α1

∂

∂t̂

uo
L

){
uo
L2

[
2
∂2û

∂x̂2
+

(
∂2v̂

∂x̂∂ŷ
+
∂2û

∂ŷ2

)]}
−
(
µ+ α1

∂

∂t̂

uo
L

)
φ

K
uoû

+α1
∂

∂x̂

1

L

[
u2o
L2

(
2

(
û
∂2û

∂x̂2
+ v̂

∂2û

∂x̂∂ŷ

)
+
∂2v̂

∂x2
− ∂2û

∂ŷ2

)]
+ α1

∂

∂ŷ

1

L

[
u2o
L2

(
û
∂2v̂

∂x̂2

+û
∂2û

∂x̂∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)]
−
(
cFρφ√
K

)
(uoû)

2


− σB2

o(uoû).

⇒ u2o
L

[
∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ

]
= −1

ρ

∂p

∂x
+

1

ρ

(
uo
L2
µ+ α1

∂

∂t̂

u2o
L3

)[
2
∂2û

∂x̂2
+

(
∂2v̂

∂x̂∂ŷ
+
∂2û

∂ŷ2

)]
− 1

ρ

(
uoµ+ α1

∂

∂t̂

u2o
L

)
φ

K
û

+
1

ρ
α1

∂

∂x̂

[
u2o
L3

(
2

(
û
∂2û

∂x̂2
+ v̂

∂2û

∂x̂∂ŷ

)
+
∂2v̂

∂x2
− ∂2û

∂ŷ2

)]
+

1

ρ
α1

∂

∂ŷ

[
u2o
L3

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ

+ v̂
∂2v̂

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)]
− 1

ρ

(
cFρφ√
K

)
u2oû

2 − σB2
o(uoû).
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or,

∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ
= − L

u2o

1

ρnf

∂

∂x̂

∂x̂

∂x
(p) +

1

ρ

(
L

u2o

uo
L2
µ+ α1

∂

∂t̂

u2o
L3

L

u2o

)[
2
∂2û

∂x̂2
+

(
∂2v̂

∂x̂∂ŷ

+
∂2û

∂ŷ2

)]
− 1

ρ

(
L

u2o
uoµ+ α1

∂

∂t̂

u2o
L

L

u2o

)
φ

K
û+

1

ρ
α1

∂

∂x̂

[
u2o
L3

L

u2o

(
2

(
û
∂2û

∂x̂2
+ v̂

∂2û

∂x̂∂ŷ

)
+
∂2v̂

∂x2
− ∂2û

∂ŷ2

)]
+

1

ρ
α1

∂

∂ŷ

[
u2o
L3

L

u2o

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂

+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)]
− L

u2o

1

ρ

(
cFρφ√
K

)
u2oû

2 − L

u2o
σB2

o(uoû).

or,

∂û

∂t̂
+ û

∂û

∂x̂
+ v̂

∂û

∂ŷ
= −L ∂

∂x̂

1

L

(
p

ρu2o

)
+

1

ρ

(
1

Luo
µ+ α1

∂

∂t̂

1

L2

)[
2
∂2û

∂x̂2
+

(
∂2v̂

∂x̂∂ŷ

+
∂2û

∂ŷ2

)]
− 1

ρ

(
L

uo
µ+ α1

∂

∂t̂

)
φ

K
û+

1

ρ
α1

∂

∂x̂

[
1

L2

(
2

(
û
∂2û

∂x̂2
+ v̂

∂2û

∂x̂∂ŷ

)
+
∂2v̂

∂x2
− ∂2û

∂ŷ2

)]
+

1

ρ
α1

∂

∂ŷ

[
1

L2

(
û
∂2v̂

∂x̂2
+ û

∂2û

∂x̂∂ŷ
+ v̂

∂2v̂

∂x̂∂ŷ
+ v̂

∂2û

∂ŷ2
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂

+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ

)]
− L

1
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or,

∂û
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∂û
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∂û

∂ŷ
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∂x̂
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1
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û+
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û
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)
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∂ŷ2
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∂ŷ
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∂ŷ
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or,

∂û
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∂û
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∂ŷ
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∂x̂
+
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û
∂2v̂

∂x̂2
+ û
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+ v̂

∂2v̂

∂x̂∂ŷ
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∂û

∂x̂
+
∂v̂

∂ŷ
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∂û

∂x̂

∂û
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∂ŷ

∂v̂

∂ŷ
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∂û
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∂ŷ
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∂ŷ

∂v̂

∂x̂

+
∂û
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∂û

∂x̂
+ v̂

∂û
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∂ŷ2
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∂x̂∂ŷ
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∂ŷ
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∂ŷ2
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∂ŷ

∂v̂

∂ŷ
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2.

Equation (4.17) becomes:
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=
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∂ŷ
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− σB2

o(uov̂) + ρgy(βθ)(θo + θoθ̂ − θo).



52

or,
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∂v̂

∂x̂
+ v̂

∂v̂

∂ŷ
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∂ŷ

∂v̂

∂ŷ
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∂ŷ
− ∂v̂

∂x̂

∂û
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∂û

∂ŷ
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∂ŷ2
+

(
∂2û
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∂ŷ
− ∂û
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or,
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∂ŷ

)2

− 4
1

uo

∂2v̂

∂ŷ2
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+
∂2v̂

∂x̂2

)]
−
(
L

uo

µ

ρ
+
α1

ρ

∂

∂t̂

)
φ

K
v̂+

1

ρ
α1

∂

∂x̂

[
1

L2

(
û
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∂ŷ2
+ v̂

∂2v̂

∂x̂∂ŷ
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∂ŷ

∂v̂

∂x̂

)]
+

1

ρ
α1

∂

∂ŷ
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K
+
L

uo
σB2

o

]
v̂ +

1

ρ
α1

∂

∂x̂

[
1

L2

(
û
∂2û

∂x̂∂ŷ
+ û

∂2v̂

∂x̂2
+ v̂

∂2û

∂ŷ2

+ v̂
∂2v̂

∂x̂∂ŷ
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂

)]
+

1

ρ
α1

∂

∂ŷ

[
1

L2

(
2û

∂2v̂

∂x̂∂ŷ
+ 2v̂

∂2v̂

∂ŷ2
+(

∂û

∂ŷ

)2

+ 4

(
∂v̂

∂ŷ

)2

− 4
1

uo

∂2v̂

∂ŷ2
−
(
∂v̂

∂x̂

)2)]
− L

(
cFφ√
K

)
v̂2 +

Gr

Re2
θ̂.

or,

∂v̂

∂t̂
+ û

∂v̂

∂x̂
+ v̂

∂v̂

∂ŷ
= −∂P

∂y
+

(
1

Re
+ γ

∂

∂t̂

)[
2
∂2v̂

∂ŷ2
+

(
∂2û

∂x̂∂ŷ
+
∂2v̂

∂x̂2

)]
−
[(

1

Re
+ γ

∂

∂t̂

)
λ+

Ha

]
v̂ + γ

∂

∂x̂

[(
û
∂2û

∂x̂∂ŷ
+ û

∂2v̂

∂x̂2
+ v̂

∂2û

∂ŷ2
+ v̂

∂2v̂

∂x̂∂ŷ
+
∂û

∂x̂

∂û

∂ŷ
− ∂û

∂ŷ

∂v̂

∂ŷ
− ∂v̂

∂x̂

∂û

∂x̂
+
∂v̂

∂ŷ

∂v̂

∂x̂

)]
+ γ

∂

∂ŷ

[(
2û

∂2v̂

∂x̂∂ŷ
+ 2v̂

∂2v̂

∂ŷ2
+

(
∂û

∂ŷ

)2

+ 4

(
∂v̂

∂ŷ

)2

− 4
1

uo

∂2v̂

∂ŷ2
−
(
∂v̂

∂x̂

)2)]
− Frv̂

2 +
Gr

Re2
θ̂.

Equation (4.18) becomes:

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
=

k

ρCp

(
∂2θ

∂x2
+
∂2θ

∂y2

)
.

or,
uo
L
θo
∂θ̂

∂t̂
+ uoû

θo
L

∂θ̂

∂x̂
+ uov̂

θo
L

∂θ̂

∂ŷ
=

k

ρCp

(
θo
L2

∂2θ̂

∂x̂2
+
θo
L2

∂2θ̂

∂ŷ2

)
.

or,
uo
L
θo

(
∂θ̂

∂t̂
+ û

∂θ̂

∂x̂
+ v̂

∂θ̂

∂ŷ

)
=
θo
L2

k

ρCp

(
∂2θ̂

∂x̂2
+
∂2θ̂

∂ŷ2

)
.

or,

uo

(
∂θ̂

∂t̂
+ û

∂θ̂

∂x̂
+ v̂

∂θ̂

∂ŷ

)
=

1

L

k

ρCp

(
∂2θ̂

∂x̂2
+
∂2θ̂

∂ŷ2

)
.

or,

∂θ̂

∂t̂
+ û

∂θ̂

∂x̂
+ v̂

∂θ̂

∂ŷ
=

µ

Luoρ

k

µCp

(
∂2θ̂

∂x̂2
+
∂2θ̂

∂ŷ2

)
.

or,

∂θ̂

∂t̂
+ û

∂θ̂

∂x̂
+ v̂

∂θ̂

∂ŷ
=

1

RePr

(
∂2θ̂

∂x̂2
+
∂2θ̂

∂ŷ2

)
.
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By simple manipulations and after ignoring the hats on the variables for convenience,

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂P

∂x
+

(
1

Re
+ γ

∂

∂t

)[
2
∂2u

∂x2
+

(
∂2v

∂x∂y
+
∂2u

∂y2

)]
−
[(

1

Re
+ γ

∂

∂t

)
λ+Ha

]
u+ γ

∂

∂x

[(
2

(
u
∂2u

∂x2
+ v

∂2u

∂x∂y

)
+
∂2v

∂x2
− ∂2u

∂y2

)]
+ γ

∂

∂y

[(
u
∂2v

∂x2
+ u

∂2u

∂x∂y
+ v

∂2v

∂x∂y
+ v

∂2u

∂y2
− ∂v

∂x

∂u

∂x
+
∂v

∂y

∂v

∂x
+
∂u

∂x

∂u

∂y
− ∂u

∂y

∂v

∂y

)]
− Fru

2.

(4.24)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −∂P

∂y
+

(
1

Re
+ γ

∂

∂t

)[
2
∂2v

∂y2
+

(
∂2u

∂x∂y
+
∂2v

∂x2

)]
−
[(

1

Re
+ γ

∂

∂t

)
λ+

Ha

]
v + γ

∂

∂x

[(
u
∂2u

∂x∂y
+ u

∂2v

∂x2
+ v

∂2u

∂y2
+ v

∂2v

∂x∂y
+
∂u

∂x

∂u

∂y
− ∂u

∂y

∂v

∂y
− ∂v

∂x

∂u

∂x
+
∂v

∂y

∂v

∂x

)]
+ γ

∂

∂y

[(
2u

∂2v

∂x∂y
+ 2v

∂2v

∂y2
+

(
∂u

∂y

)2

+ 4

(
∂v

∂y

)2

− 4
1

uo

∂2v

∂y2
−
(
∂v

∂x

)2)]
− Frv

2 +
Gr

Re2
θ.

(4.25)

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
=

1

RePr

(
∂2θ

∂x2
+
∂2θ

∂y2

)
. (4.26)

4.3 Dimensionless Governing Equations

In the absence of viscous elasticity, the model reduces to γ = 0. The set of transformed

dimensionless equations can be written as

x-Component of Momentum Equation:

∂u

∂t
+u

∂u

∂x
+ v

∂u

∂y
= −∂P

∂x
+

1

Re

[
2
∂2u

∂x2
+

(
∂2v

∂x∂y
+
∂2u

∂y2

)]
−
[
λ

Re
+Ha

]
u−Fru

2. (4.27)

y-Component of Momentum Equation:

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −∂P

∂y
+

1

Re

[
2
∂2v

∂y2
+

(
∂2u

∂x∂y
+
∂2v

∂x2

)]
−
[
λ

Re
+Ha

]
v−Frv

2 +
Gr

Re2
θ.

(4.28)

Energy Equation:

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
=

1

RePr

(
∂2θ

∂x2
+
∂2θ

∂y2

)
. (4.29)
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The associated dimensionless boundary conditions are as follows:

• On the cavity’s left wall (Γ3)

u = v = 0, and θ = 0. (4.30)

• On the cavity’s right wall (Γ3)

u = v = 0, and θ = 0. (4.31)

• On the cavity’s bottom portions (Γ2, Γ3)

u = v = 0, and θ = 0,

and

u = v = 0, and θ = 100.

(4.32)

• On the cavity’s top wall (Γ1)

v = θ = 0, and u = 0. (4.33)

The dimensionless parameters are:

λ =
L2φ

K
, Ha =

L

uo
σB2

o , Fr =
LcFφ√
K

, Re =
uoL

ν
, Gr =

L3ρg(βθ)θo
ν2

, P r =
µCp

k
.

(4.34)



Chapter 5

Finite Element Formulation and

Numerical Procedure

5.1 Numerical Solution

The Galerkin based Finite Element Method (FEM) is utilized to numerically solve the

nonlinear partial coupled (PDEs) (4.27) to (4.29) with corresponding boundary condi-

tions (4.30) to (4.33). For weak formulation, the dimensional form is converted into

dimensionless form through similarity transformations. The strong form of the equations

is converted into the weak form by multiply PDEs by test functions of the same space

and the equations are integrated over the entire domain. Finally, we used the set of

approximated trial functions valid only over a part of the domain to get approximated

solution.

The main steps for the methodology are further listed below:

5.1.1 Strong Form of Governing Equations

The set of governing PDEs from Eqs. (4.27) to (4.29) are initially known as strong form

which are re-written as

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂P

∂x
+ a1

[
2
∂2u

∂x2
+

(
∂2v

∂x∂y
+
∂2u

∂y2

)]
− a2u− a3u

2, (5.1)

57
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∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −∂P

∂y
+ a4

[
2
∂2v

∂y2
+

(
∂2u

∂x∂y
+
∂2v

∂x2

)]
− a5v − a6v

2 + a7θ, (5.2)

and
∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
= a8

(
∂2θ

∂x2
+
∂2θ

∂y2

)
. (5.3)

In the above set of equations, the values of a1, a2, ...a8 are expressed as:

a1 = a4 =
1

Re
, a2 = a5 =

[
λ

Re
+Ha

]
, a3 = a6 = Fr,

a7 =
Gr

Re2
, and a8 =

1

RePr
.

5.1.2 Weak/Variational Formulation

Weak formulation is a variational method which is used to transform differential equations

into integral form by multiplying the dependent variables with suitable test function and

then integrated over the whole computational domain. Here u, v, θ and P are solution

spaces defined on continuously varying infinite dimensional space Ω, the matter of fact is

that the achievement of the solution in such a large space is not possible. The main objec-

tive is to find some suitable spaces to get functions with finite properties or parameters.

To start with weak formulation we need to define some special functions, which we called

test functions for the residuals to find approximate solution. Let W and Q be the test

space of infinite dimensions in which W= [H1(Ω), H1(Ω), H1(Ω)] and Q = L2(Ω). Let

w̃ be the respective test function such that w̃ ε W. For the variational formulation the

components of momentum and energy equations are multiplied by test function w̃ ε W.

The weak formulation of the strong form of governing PDEs from Eqs. (5.1) to (5.3) is

written below:

The weak form for x−component of momentum equation (5.1) as follows:

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂P

∂x
+ a1

[
2
∂2u

∂x2
+

(
∂2v

∂x∂y
+
∂2u

∂y2

)]
− a2u− a3u

2.

Multiplying by test function w̃ first and then integrate over computational domain,

∂u

∂t
w̃ +

[(
u
∂u

∂x

)
+

(
v
∂u

∂y

)]
w̃ = −∂P

∂x
w̃ + 2a1

∂2u

∂x2
w̃

+ a1
∂2v

∂x∂y
w̃ + a1

∂2u

∂y2
w̃ − a2uw̃ − a3u

2w̃.

(5.4)
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As − ∂

∂x
(Pw̃) + P

∂w̃

∂x
= −∂P

∂x
w̃,

∂

∂x

(
∂v

∂y
w̃

)
=
∂v

∂y

∂w̃

∂x
+
∂v

∂x

∂w̃

∂y
.

So, equation (5.4) becomes:

∂u

∂t
w̃ +

[(
u
∂u

∂x

)
+

(
v
∂u

∂y

)]
w̃ = − ∂

∂x
(Pw̃) + P

∂w̃

∂x
+ 2a1

∂2u

∂x2
w̃ + a1

[
∂v

∂y

∂w̃

∂x
+
∂v

∂x

∂w̃

∂y

]
+ a1

∂2u

∂y2
w̃ − a2uw̃ − a3u

2w̃.

∫
Ωn

∂u

∂t
w̃dΩ +

∫
Ωn

[(
u
∂u

∂x

)
+

(
v
∂u

∂y

)]
w̃dΩ

= −
∫
Ωn

∂

∂x
(Pw̃)dΩ + P

∫
Ωn

∂w̃

∂x
dΩ + 2a1

∫
Ωn

∂2u

∂x2
w̃dΩ + a1

∫
Ωn

[
∂v

∂y

∂w̃

∂x

+
∂v

∂x

∂w̃

∂y

]
dΩ + a1

∫
Ωn

∂2u

∂y2
w̃dΩ− a2

∫
Ωn

uw̃dΩ− a3

∫
Ωn

u2w̃dΩ.

As

∫
Ωn

∂u

∂t
w̃dΩ +

∫
Ωn

[
u
∂u

∂x
+ v

∂u

∂y

]
w̃dΩ

=

∫
Ωn

(un+1 − un)

δt
w̃dΩ +

∫
Ωn

[
u
∂u

∂x
+ v

∂u

∂y

]
w̃dΩ.

=
1

δt

∫
Ωn

un+1w̃dΩ− 1

δt

∫
Ωn

unw̃dΩ +

∫
Ωn

[
u
∂u

∂x
+ v

∂u

∂y

]
w̃dΩ.

=
1

δt

∫
Ωn

un+1w̃dΩ− 1

δt

(
un o xn

)
w̃dΩ.

1

δt

∫
Ωn

un+1w̃dΩ− 1

δt

(
un o xn

)
w̃dΩ

= −
∫
Ωn

∂

∂x
(Pw̃)dΩ + P

∫
Ωn

∂w̃

∂x
dΩ + 2a1

∫
Ωn

∂2u

∂x2
w̃dΩ + a1

∫
Ωn

[
∂v

∂y

∂w̃

∂x

+
∂v

∂x

∂w̃

∂y

]
dΩ + a1

∫
Ωn

∂2u

∂y2
w̃dΩ− a2

∫
Ωn

uw̃dΩ− a3

∫
Ωn

u2w̃dΩ.

1

δt

∫
Ωn

un+1w̃dΩ− 1

δt

(
un o xn

)
w̃dΩ

= −
���

���
��*

0∫
Ωn

∂

∂x
(Pw̃)dΩ + P

∫
Ωn

∂w̃

∂x
dΩ + 2a1

∫
Ωn

∂2u

∂x2
w̃dΩ + a1

∫
Ωn

[
∂v

∂y

∂w̃

∂x
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+
∂v

∂x

∂w̃

∂y

]
dΩ + a1

∫
Ωn

∂2u

∂y2
w̃dΩ− a2

∫
Ωn

uw̃dΩ− a3

∫
Ωn

u2w̃dΩ

1

δt

∫
Ωn

un+1w̃dΩ− 1

δt

(
un o xn

)
w̃dΩ

= P

∫
Ωn

∂w̃

∂x
dΩ + 2a1

∫
Ωn

∂2u

∂x2
w̃dΩ + a1

∫
Ωn

[
∂v

∂y

∂w̃

∂x
+
∂v

∂x

∂w̃

∂y

]
dΩ

+ a1

∫
Ωn

∂2u

∂y2
w̃dΩ− a2

∫
Ωn

uw̃dΩ− a3

∫
Ωn

u2w̃dΩ

(5.5)

Using Green’s theorem for Laplacian term as

∫
Ω

ψ∆ϕ dΩ = −
∫
Ω

∇ϕ∇ψ dΩ +

∫
Ω

ψ(∇ϕn) dΓ

Here, ψ = w̃, ∆ϕ =
∂2u

∂x2
, ∆ϕ =

∂2u

∂y2
, ∇ϕ =

∂u

∂x
, ∇ϕ =

∂u

∂y
, ∇ψ =

∂w̃

∂x
, ∇ψ =

∂w̃

∂y

As ∇ϕn =
∂ϕ

∂n
= nx

∂ϕ

∂x
+ ny

∂ϕ

∂y
(ϕ = u)

So,

∫
Ωn

[
∂2u

∂x2
+
∂2u

∂y2

]
w̃dΩ

=

[
−
∫
Ωn

∂u

∂x

∂w̃

∂x
dΩ +

∮
Γ

w̃

(
nx
∂u

∂x

)
dΓ

]
+

[
−
∫
Ωn

∂u

∂y

∂w̃

∂y
dΩ +

∮
Γ

w̃

(
ny
∂u

∂y

)
dΓ

]

Now (5.5) becomes as

1

δt

∫
Ωn

un+1w̃dΩ− 1

δt

(
un o xn

)
w̃dΩ =

P

∫
Ωn

∂w̃

∂x
dΩ + 2a1

[
−
∫
Ωn

∂u

∂x

∂w̃

∂x
dΩ +

∮
Γ

w̃

(
nx
∂u

∂x

)
dΓ

]
+ a1

∫
Ωn

[
∂v

∂y

∂w̃

∂x
+
∂v

∂x

∂w̃

∂y

]
dΩ

+ a1

[
−
∫
Ωn

∂u

∂y

∂w̃

∂y
dΩ +

∮
Γ

w̃

(
ny
∂u

∂y

)
dΓ

]
− a2

∫
Ωn

uw̃dΩ− a3

∫
Ωn

u2w̃dΩ
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Taking Domain as current time step value, we have

1

δt

∫
Ωn+1

un+1w̃dΩ− 1

δt

(
un o xn

)
w̃dΩ = P n+1

∫
Ωn+1

∂w̃

∂xn+1
dΩ+

2a1

[
−
∫

Ωn+1

∂un+1

∂xn+1

∂w̃

∂xn+1
dΩ +

∮
Γ

w̃

(
nx
∂un+1

∂xn+1

)
dΓ

]
+ a1

∫
Ωn+1

[
∂vn+1

∂yn+1

∂w̃

∂xn+1
+
∂vn+1

∂xn+1

∂w̃

∂yn+1

]
dΩ + a1

[
−
∫

Ωn+1

∂un+1

∂yn+1

∂w̃

∂yn+1
dΩ

+

∮
Γ

w̃

(
ny
∂un+1

∂yn+1

)
dΓ

]
− a2

∫
Ωn+1

un+1w̃dΩ− a3

∫
Ωn+1

unun+1w̃dΩ

which is weak form of x−component of momentum equation.

Similarly, we obtain the weak form for y−component of momentum equation (5.2) as

follows:

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −∂P

∂y
+ a4

[
2
∂2v

∂y2
+

(
∂2u

∂x∂y
+
∂2v

∂x2

)]
− a5v − a6v

2 + a7θ.

Multiplying by test function w̃ first and then integrate over computational domain,

∂v

∂t
w̃ +

[(
u
∂v

∂x

)
+

(
v
∂v

∂y

)]
w̃ = −∂P

∂y
w̃ + 2a4

∂2v

∂y2
w̃

+ a4
∂2u

∂x∂y
w̃ + a4

∂2v

∂x2
w̃ − a5vw̃ − a6v

2w̃ + a7θw̃

(5.6)

As − ∂

∂y
(Pw̃) + P

∂w̃

∂y
= −∂P

∂y
w̃

∂

∂x

(
∂u

∂y
w̃

)
=
∂u

∂y

∂w̃

∂x
+
∂u

∂x

∂w̃

∂y

So, equation (5.6) becomes:

∂v

∂t
w̃ +

[(
u
∂v

∂x

)
+

(
v
∂v

∂y

)]
w̃ = − ∂

∂y
(Pw̃) + P

∂w̃

∂y
+ 2a4

∂2v

∂y2
w̃ + a4

[
∂u

∂y

∂w̃

∂x
+
∂u

∂x

∂w̃

∂y

]
+ a4

∂2v

∂x2
w̃ − a5vw̃ − a6v

2w̃ + a7θw̃.

∫
Ωn

∂v

∂t
w̃dΩ +

∫
Ωn

[(
u
∂v

∂x

)
+

(
v
∂v

∂y

)]
w̃dΩ
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= −
∫
Ωn

∂

∂y
(Pw̃)dΩ + P

∫
Ωn

∂w̃

∂y
dΩ + 2a4

∫
Ωn

∂2v

∂y2
w̃dΩ + a4

∫
Ωn

[
∂u

∂y

∂w̃

∂x

+
∂u

∂x

∂w̃

∂y

]
dΩ + a4

∫
Ωn

∂2v

∂x2
w̃dΩ− a5

∫
Ωn

vw̃dΩ− a6

∫
Ωn

v2w̃dΩ + a7

∫
Ωn

θw̃dΩ

As

∫
Ωn

∂v

∂t
w̃dΩ +

∫
Ωn

[
u
∂v

∂x
+ v

∂v

∂y

]
w̃dΩ

=

∫
Ωn

(vn+1 − vn)

δt
w̃dΩ +

∫
Ωn

[
u
∂v

∂x
+ v

∂v

∂y

]
w̃dΩ

=
1

δt

∫
Ωn

vn+1w̃dΩ− 1

δt

∫
Ωn

vnw̃dΩ +

∫
Ωn

[
u
∂v

∂x
+ v

∂v

∂y

]
w̃dΩ

=
1

δt

∫
Ωn

vn+1w̃dΩ− 1

δt

(
vn o yn

)
w̃dΩ.

1

δt

∫
Ωn

vn+1w̃dΩ− 1

δt

(
vn o yn

)
w̃dΩ

= −
∫
Ωn

∂

∂y
(Pw̃)dΩ + P

∫
Ωn

∂w̃

∂y
dΩ + 2a4

∫
Ωn

∂2v

∂y2
w̃dΩ + a4

∫
Ωn

[
∂u

∂y

∂w̃

∂x

+
∂u

∂x

∂w̃

∂y

]
dΩ + a4

∫
Ωn

∂2v

∂x2
w̃dΩ− a5

∫
Ωn

vw̃dΩ− a6

∫
Ωn

v2w̃dΩ + a7

∫
Ωn

θw̃dΩ

1

δt

∫
Ωn

vn+1w̃dΩ− 1

δt

(
vn o yn

)
w̃dΩ

= −
�
���

����*
0∫

Ωn

∂

∂y
(Pw̃)dΩ + P

∫
Ωn

∂w̃

∂y
dΩ + 2a4

∫
Ωn

∂2v

∂y2
w̃dΩ + a4

∫
Ωn

[
∂u

∂y

∂w̃

∂x

+
∂u

∂x

∂w̃

∂y

]
dΩ + a4

∫
Ωn

∂2v

∂x2
w̃dΩ− a5

∫
Ωn

vw̃dΩ− a6

∫
Ωn

v2w̃dΩ + a7

∫
Ωn

θw̃dΩ

1

δt

∫
Ωn

vn+1w̃dΩ− 1

δt

(
vn o yn

)
w̃dΩ

= P

∫
Ωn

∂w̃

∂y
dΩ + 2a4

∫
Ωn

∂2v

∂y2
w̃dΩ + a4

∫
Ωn

[
∂u

∂y

∂w̃

∂x
+
∂u

∂x

∂w̃

∂y

]
dΩ

+ a4

∫
Ωn

∂2v

∂x2
w̃dΩ− a5

∫
Ωn

vw̃dΩ− a6

∫
Ωn

v2w̃dΩ + a7

∫
Ωn

θw̃dΩ.

(5.7)
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Using Green’s theorem for Laplacian term as

∫
Ω

ψ∆ϕ dΩ = −
∫
Ω

∇ϕ∇ψ dΩ +

∫
Ω

ψ(∇ϕn) dΓ

Here, ψ = w̃, ∆ϕ =
∂2v

∂x2
, ∆ϕ =

∂2v

∂y2
, ∇ϕ =

∂v

∂x
, ∇ϕ =

∂v

∂y
, ∇ψ =

∂w̃

∂x
, ∇ψ =

∂w̃

∂y∫
Ωn

[
∂2v

∂x2
+
∂2v

∂y2

]
w̃dΩ

=

[
−
∫
Ωn

∂v

∂x

∂w̃

∂x
dΩ +

∮
Γ

w̃

(
nx
∂v

∂x

)
dΓ

]
+

[
−
∫
Ωn

∂v

∂y

∂w̃

∂y
dΩ +

∮
Γ

w̃

(
ny
∂v

∂y

)
dΓ

]
.

Now (5.7) becomes as

1

δt

∫
Ωn

vn+1w̃dΩ− 1

δt

(
vn o yn

)
w̃dΩ =

P

∫
Ωn

∂w̃

∂y
dΩ + 2a4

[
−
∫
Ωn

∂v

∂x

∂w̃

∂x
dΩ +

∮
Γ

w̃

(
nx
∂v

∂x

)
dΓ

]
+ a4

∫
Ωn

[
∂u

∂y

∂w̃

∂x
+
∂u

∂x

∂w̃

∂y

]
dΩ

+ a4

[
−
∫
Ωn

∂v

∂y

∂w̃

∂y
dΩ +

∮
Γ

w̃

(
ny
∂v

∂y

)
dΓ

]
− a5

∫
Ωn

vw̃dΩ− a6

∫
Ωn

v2w̃dΩ + a7

∫
Ωn

θw̃dΩ

Taking Domain as current time step value, we have

1

δt

∫
Ωn+1

vn+1w̃dΩ− 1

δt

(
vn o yn

)
w̃dΩ = P n+1

∫
Ωn+1

∂w̃

∂yn+1
dΩ+

2a4

[
−
∫

Ωn+1

∂vn+1

∂xn+1

∂w̃

∂xn+1
dΩ +

∮
Γ

w̃

(
nx
∂vn+1

∂xn+1

)
dΓ

]
+ a4

∫
Ωn+1

[
∂un+1

∂yn+1

∂w̃

∂xn+1
+
∂un+1

∂xn+1

∂w̃

∂yn+1

]
dΩ + a4

[
−
∫

Ωn+1

∂vn+1

∂yn+1

∂w̃

∂yn+1
dΩ

+

∮
Γ

w̃

(
ny
∂vn+1

∂yn+1

)
dΓ

]
− a5

∫
Ωn+1

vn+1w̃dΩ− a6

∫
Ωn+1

vnvn+1w̃dΩ + a7

∫
Ωn+1

θn+1w̃dΩ

which is weak form of y−component of momentum equation.

The energy equation in the same way becomes:

∂θ

∂t
+ u

∂θ

∂x
+ v

∂θ

∂y
= a8

(
∂2θ

∂x2
+
∂2θ

∂y2

)
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Multiplying by test function w̃ first and then integrate over computational domain,

∂θ

∂t
w̃ +

[(
u
∂θ

∂x

)
+

(
v
∂θ

∂y

)]
w̃ = a8

(
∂2θ

∂x2
+
∂2θ

∂y2

)
w̃

∫
Ωn

∂θ

∂t
w̃dΩ +

∫
Ωn

[(
u
∂θ

∂x

)
+

(
v
∂θ

∂y

)]
w̃dΩ = a8

∫
Ωn

(
∂2θ

∂x2
+
∂2θ

∂y2

)
w̃dΩ

As

∫
Ωn

∂θ

∂t
w̃dΩ +

∫
Ωn

[
u
∂θ

∂x
+ v

∂θ

∂y

]
w̃dΩ

=

∫
Ωn

(θn+1 − θn)

δt
w̃dΩ +

∫
Ωn

[
u
∂θ

∂x
+ v

∂θ

∂y

]
w̃dΩ

=
1

δt

∫
Ωn

θn+1w̃dΩ− 1

δt

∫
Ωn

θnw̃dΩ +

∫
Ωn

[
u
∂θ

∂x
+ v

∂θ

∂y

]
w̃dΩ

=
1

δt

∫
Ωn

θn+1w̃dΩ− 1

δt

(
θn o xn

)
w̃dΩ

1

δt

∫
Ωn

θn+1w̃dΩ− 1

δt

(
θn o xn

)
w̃dΩ = a8

∫
Ωn

(
∂2θ

∂x2
+
∂2θ

∂y2

)
w̃dΩ (5.8)

Using Green’s theorem for Laplacian term as

∫
Ω

ψ∆ϕ dΩ = −
∫
Ω

∇ϕ∇ψ dΩ +

∫
Ω

ψ(∇ϕn) dΓ

So,

∫
Ωn

[
∂2θ

∂x2
+
∂2θ

∂y2

]
w̃dΩ

=

[
−
∫
Ωn

∂θ

∂x

∂w̃

∂x
dΩ +

∮
Γ

w̃

(
nx
∂θ

∂x

)
dΓ−

∫
Ωn

∂θ

∂y

∂w̃

∂y
dΩ +

∮
Γ

w̃

(
ny
∂θ

∂y

)
dΓ

]

Now (5.8), becomes:

1

δt

∫
Ωn

θn+1w̃dΩ− 1

δt

(
θn o xn

)
w̃dΩ =

a8

[
−
∫
Ωn

∂θ

∂x

∂w̃

∂x
dΩ +

∮
Γ

w̃

(
nx
∂θ

∂x

)
dΓ−

∫
Ωn

∂θ

∂y

∂w̃

∂y
dΩ +

∮
Γ

w̃

(
ny
∂θ

∂y

)
dΓ

]
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Taking Domain as current time step value, we have

1

δt

∫
Ωn+1

θn+1w̃dΩ− 1

δt

(
θn o xn

)
w̃dΩ = a8

[
−
∫

Ωn+1

∂θn+1

∂xn+1

∂w̃

∂xn+1
dΩ

+

∮
Γ

w̃

(
nx
∂θn+1

∂xn+1

)
dΓ−

∫
Ωn+1

∂θn+1

∂yn+1

∂w̃

∂yn+1
dΩ +

∮
Γ

w̃

(
ny
∂θn+1

∂yn+1

)
dΓ

]

Find (u, v, θ) ε W and P ε Q such that

1

δt

∫
Ωn+1

un+1w̃dΩ− 1

δt

(
un o xn

)
w̃dΩ− P n+1

∫
Ωn+1

∂w̃

∂xn+1
dΩ−

2a1

[
−
∫

Ωn+1

∂un+1

∂xn+1

∂w̃

∂xn+1
dΩ +

∮
Γ

w̃

(
nx
∂un+1

∂xn+1

)
dΓ

]
− a1

∫
Ωn+1

[
∂vn+1

∂yn+1

∂w̃

∂xn+1
+
∂vn+1

∂xn+1

∂w̃

∂yn+1

]
dΩ− a1

[
−
∫

Ωn+1

∂un+1

∂yn+1

∂w̃

∂yn+1
dΩ+

∮
Γ

w̃

(
ny
∂un+1

∂yn+1

)
dΓ

]
+ a2

∫
Ωn+1

un+1w̃dΩ + a3

∫
Ωn+1

unun+1w̃dΩ = 0,

(5.9)

1

δt

∫
Ωn+1

vn+1w̃dΩ− 1

δt

(
vn o yn

)
w̃dΩ− P n+1

∫
Ωn+1

∂w̃

∂yn+1
dΩ−

2a4

[
−
∫

Ωn+1

∂vn+1

∂xn+1

∂w̃

∂xn+1
dΩ +

∮
Γ

w̃

(
nx
∂vn+1

∂xn+1

)
dΓ

]
− a4

∫
Ωn+1

[
∂un+1

∂yn+1

∂w̃

∂xn+1
+
∂un+1

∂xn+1

∂w̃

∂yn+1

]
dΩ− a4

[
−
∫

Ωn+1

∂vn+1

∂yn+1

∂w̃

∂yn+1
dΩ+

∮
Γ

w̃

(
ny
∂vn+1

∂yn+1

)
dΓ

]
+ a5

∫
Ωn+1

vn+1w̃dΩ + a6

∫
Ωn+1

vnvn+1w̃dΩ− a7

∫
Ωn+1

θn+1w̃dΩ = 0,

(5.10)

1

δt

∫
Ωn+1

θn+1w̃dΩ− 1

δt

(
θn o xn

)
w̃dΩ− a8

[
−
∫

Ωn+1

∂θn+1

∂xn+1

∂w̃

∂xn+1
dΩ

+

∮
Γ

w̃

(
nx
∂θn+1

∂xn+1

)
dΓ−

∫
Ωn+1

∂θn+1

∂yn+1

∂w̃

∂yn+1
dΩ +

∮
Γ

w̃

(
ny
∂θn+1

∂yn+1

)
dΓ

]
= 0.

(5.11)
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for all w̃ ε W and P ε Q.

For the Galerkin discretization, the infinite dimensional test and trial spaces are approx-

imated by finite dimensional spaces. In particular, following are the trial and test spaces

Trial Spaces:

u ≈ uh, v ≈ vh, θ ≈ θh and P ≈ Ph.

Test Spaces:

W ≈ Wh and Q ≈ Qh.

Find (uh, vh, θh) ε Wh and P h ε Qh such that

1

δt

∫
Ωn+1

un+1
h w̃hdΩ− 1

δt

(
unh o x

n

)
w̃hdΩ− P n+1

h

∫
Ωn+1

∂w̃h

∂xn+1
dΩ

− 2a1

[
−
∫

Ωn+1

∂un+1
h

∂xn+1

∂w̃h

∂xn+1
dΩ +

∮
Γ

w̃h

(
nx
∂un+1

h

∂xn+1

)
dΓ

]
− a1

∫
Ωn+1

[
∂vn+1

h

∂yn+1

∂w̃h

∂xn+1

+
∂vn+1

h

∂xn+1

∂w̃h

∂yn+1

]
dΩ− a1

[
−
∫

Ωn+1

∂un+1
h

∂yn+1

∂w̃h

∂yn+1
dΩ +

∮
Γ

w̃h

(
ny
∂un+1

h

∂yn+1

)
dΓ

]

+ a2

∫
Ωn+1

un+1
h w̃hdΩ + a3

∫
Ωn+1

unhu
n+1
h w̃hdΩ = 0,

(5.12)

1

δt

∫
Ωn+1

vn+1
h w̃hdΩ− 1

δt

(
vnh o y

n

)
w̃hdΩ− P n+1

h

∫
Ωn+1

∂w̃h

∂yn+1
dΩ

− 2a4

[
−
∫

Ωn+1

∂vn+1
h

∂xn+1

∂w̃h

∂xn+1
dΩ +

∮
Γ

w̃h

(
nx
∂vn+1

h

∂xn+1

)
dΓ

]
− a4

∫
Ωn+1

[
∂un+1

h

∂yn+1

∂w̃h

∂xn+1

+
∂un+1

h

∂xn+1

∂w̃h

∂yn+1

]
dΩ− a4

[
−
∫

Ωn+1

∂vn+1
h

∂yn+1

∂w̃h

∂yn+1
dΩ +

∮
Γ

w̃h

(
ny
∂vn+1

h

∂yn+1

)
dΓ

]

+ a5

∫
Ωn+1

vn+1
h w̃hdΩ + a6

∫
Ωn+1

vnhv
n+1
h w̃hdΩ− a7

∫
Ωn+1

θn+1
h w̃hdΩ = 0,

(5.13)

1

δt

∫
Ωn+1

θn+1
h w̃hdΩ− 1

δt

(
θnh o x

n

)
w̃hdΩ− a8

[
−
∫

Ωn+1

∂θn+1
h

∂xn+1

∂w̃h

∂xn+1
dΩ

+

∮
Γ

w̃h

(
nx
∂θn+1

h

∂xn+1

)
dΓ−

∫
Ωn+1

∂θn+1
h

∂yn+1

∂w̃h

∂yn+1
dΩ +

∮
Γ

w̃h

(
ny
∂θn+1

h

∂yn+1

)
dΓ

]
= 0.

(5.14)
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for all w̃h ε Wh and P h ε Qh.

FEM approximation is achieved by using the approximate trial solution functions and trial

test functions. These functions are the linear combination of nodal unknowns and shape

functions which are linearly independent. Given below are the trial solution functions:

uh =
m∑
j=1

ujξj, vh =
m∑
j=1

vjξj, θh =
m∑
j=1

θjξj, Ph =
l∑

j=1

Pjηj.

Similarly following trial approximated functions are defined for test spaces:

w̃h =
m∑
i=1

w̃iξi.

In all above relations ξj and ηj are the shape functions. By using these approximations

in Eqs. (5.12) to (5.14), weak formulation can be expressed as

(5.12)⇒

1

δt

∫
Ωn+1

[( m∑
j=1

ujξj

)n+1

−
(( m∑

j=1

ujξj

)n

o xn
)]
ξidΩ−

( l∑
j=1

Pjηj

) ∫
Ωn+1

∂ξi
∂x

dΩ−

2a1

[
−
∫

Ωn+1

∂

∂x

( m∑
j=1

ujξj

)
∂ξi
∂x

dΩ +

∮
Γ

ξi

(
nx

∂

∂x

( m∑
j=1

ujξj

))
dΓ

]
−

a1

∫
Ωn+1

[
∂

∂y

( m∑
j=1

vjξj

)
∂ξi
∂x

+
∂

∂x

( m∑
j=1

vjξj

)
∂ξi
∂y

]
dΩ− a1

[
−
∫

Ωn+1

∂

∂y

( m∑
j=1

ujξj

)
∂ξi
∂y

dΩ

+

∮
Γ

ξi

(
ny

∂

∂y

( m∑
j=1

ujξj

))
dΓ

]
+ a2

∫
Ωn+1

( m∑
j=1

ujξj

)
ξidΩ

+ a3

∫
Ωn+1

( m∑
j=1

ujξj

)n( m∑
j=1

ujξj

)n+1

ξidΩ = 0.

1

δt

∫
Ωn+1

[( m∑
j=1

ujξj

)n+1

−
(( m∑

j=1

ujξj

)n

o xn
)]
ξidΩ−

l∑
j=1

∫
Ωn+1

∂ξi
∂xn+1

ηn+1
j dΩ{P n+1

j }+ 2

a1

m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂xn+1

∂ξi
∂xn+1

dΩ{un+1
j } − a1

m∑
j=1

∫
Ωn+1

[
∂ξn+1

j

∂yn+1

∂ξi
∂xn+1

+
∂ξn+1

j

∂xn+1

∂ξi
∂yn+1

]
dΩ{vn+1

j }

+ a1

m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂yn+1

∂ξi
∂yn+1

dΩ{un+1
j }+ a2

m∑
j=1

∫
Ωn+1

ξn+1
j ξidΩ{un+1

j }
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+ a3

∫
Ωn+1

( m∑
j=1

ujξj

)n( m∑
j=1

ujξj

)n+1

ξidΩ =

m∑
j=1

∮
Γ

ξi

[(
nx

∂ξn+1
j

∂xn+1

)
+

(
ny

∂ξn+1
j

∂yn+1

)]
dΓ{un+1

j }.

(5.15)

(5.13)⇒

1

δt

∫
Ωn+1

[( m∑
j=1

vjξj

)n+1

−
(( m∑

j=1

vjξj

)n

o yn
)]
ξidΩ−

( l∑
j=1

Pjηj

) ∫
Ωn+1

∂ξi
∂y

dΩ−

2a4

[
−
∫

Ωn+1

∂

∂x

( m∑
j=1

vjξj

)
∂ξi
∂x

dΩ +

∮
Γ

ξi

(
nx

∂

∂x

( m∑
j=1

vjξj

))
dΓ

]
−

a4

∫
Ωn+1

[
∂

∂y

( m∑
j=1

ujξj

)
∂ξi
∂x

+
∂

∂x

( m∑
j=1

ujξj

)
∂ξi
∂y

]
dΩ− a4

[
−
∫

Ωn+1

∂

∂y

( m∑
j=1

vjξj

)
∂ξi
∂y

dΩ

+

∮
Γ

ξi

(
ny

∂

∂y

( m∑
j=1

vjξj

))
dΓ

]
+ a5

∫
Ωn+1

( m∑
j=1

vjξj

)
ξidΩ

+ a6

∫
Ωn+1

( m∑
j=1

vjξj

)n( m∑
j=1

vjξj

)n+1

ξidΩ− a7

∫
Ωn+1

( m∑
j=1

θjξj

)n+1

ξidΩ = 0,

1

δt

∫
Ωn+1

[( m∑
j=1

vjξj

)n+1

−
(( m∑

j=1

vjξj

)n

o yn
)]
ξidΩ−

l∑
j=1

∫
Ωn+1

∂ξi
∂yn+1

ηn+1
j dΩ{P n+1

j }+ 2

a4

m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂xn+1

∂ξi
∂xn+1

dΩ{vn+1
j } − a4

m∑
j=1

∫
Ωn+1

[
∂ξn+1

j

∂yn+1

∂ξi
∂xn+1

+
∂ξn+1

j

∂xn+1

∂ξi
∂yn+1

]
dΩ{un+1

j }

+ a4

m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂yn+1

∂ξi
∂yn+1

dΩ{vn+1
j }+ a5

m∑
j=1

∫
Ωn+1

ξn+1
j ξidΩ{vn+1

j }

+ a6

∫
Ωn+1

( m∑
j=1

vjξj

)n( m∑
j=1

vjξj

)n+1

ξidΩ− a7

m∑
j=1

∫
Ωn+1

ξn+1
j ξidΩ{θn+1

j } =

m∑
j=1

∮
Γ

ξi

[(
nx

∂ξn+1
j

∂xn+1

)
+

(
ny

∂ξn+1
j

∂yn+1

)]
dΓ{vn+1

j }

(5.16)

(5.14)⇒

1

δt

∫
Ωn+1

[( m∑
j=1

θjξj

)n+1

−
(( m∑

j=1

θjξj

)n

o xn
)]
ξidΩ− a8

[
−
∫

Ωn+1

∂

∂x

( m∑
j=1

θjξj

)
∂ξi
∂x

dΩ
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+

∮
Γ

ξi

(
nx

∂

∂x

( m∑
j=1

θjξj

))
dΓ−

∫
Ωn+1

∂

∂y

( m∑
j=1

θjξj

)
∂ξi
∂y

dΩ

+

∮
Γ

ξi

(
ny

∂

∂y

( m∑
j=1

θjξj

))
dΓ

]
= 0.

1

δt

∫
Ωn+1

[( m∑
j=1

θjξj

)n+1

−
(( m∑

j=1

θjξj

)n

o xn
)]
ξidΩ + a8

m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂xn+1

∂ξi
∂xn+1

dΩ{θn+1
j }

+
m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂yn+1

∂ξi
∂yn+1

dΩ{θn+1
j } =

m∑
j=1

∮
Γ

ξi

[(
nx

∂ξn+1
j

∂xn+1

)
+

(
ny

∂ξn+1
j

∂yn+1

)]
dΓ{θn+1

j }.

(5.17)

From Eqs. (5.15) to (5.17), we get the discretized system of nonlinear algebraic equations

as

[A∗(u, v)]{X∗} = {F ∗}+ {Q∗}.

The matrix notation of A∗(u, v), X∗, F ∗ and Q∗ can be written as


K11 K12 B1 K14

K21 K22 B2 K24

BT
1 BT

2 K33 K34

K41 K42 K43 K44


︸ ︷︷ ︸

A∗


u

v

P

θ


︸︷︷ ︸
X∗

=


F1

F2

F3

F4


︸ ︷︷ ︸

F ∗

+


Q1

Q2

Q3

Q4


︸ ︷︷ ︸

Q∗

. (5.18)

Here A∗, X∗, F ∗ and Q∗ are called block stiffness matrix, block solution vector, block

load vector and block boundary vector respectively. The local elemental entries of block

stiffness matrix are given as

K11 =
1

δt

∫
Ωn+1

[( m∑
j=1

ujξj

)n+1

−
(( m∑

j=1

ujξj

)n

o xn
)]
ξidΩ + 2a1

m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂xn+1

∂ξi
∂xn+1

dΩ{un+1
j }+ a1

m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂yn+1

∂ξi
∂yn+1

dΩ{un+1
j }+ a2

m∑
j=1

∫
Ωn+1

ξn+1
j ξidΩ{un+1

j }

+ a3

∫
Ωn+1

( m∑
j=1

ujξj

)n( m∑
j=1

ujξj

)n+1

ξidΩ,

K12 = −a1
m∑
j=1

∫
Ωn+1

[
∂ξn+1

j

∂yn+1

∂ξi
∂xn+1

+
∂ξn+1

j

∂xn+1

∂ξi
∂yn+1

]
dΩ{vn+1

j },
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K14 = 0,

K21 = −a4
m∑
j=1

∫
Ωn+1

[
∂ξn+1

j

∂yn+1

∂ξi
∂xn+1

+
∂ξn+1

j

∂xn+1

∂ξi
∂yn+1

]
dΩ{un+1

j },

K22 =
1

δt

∫
Ωn+1

[( m∑
j=1

vjξj

)n+1

−
(( m∑

j=1

vjξj

)n

o yn
)]
ξidΩ + 2a4

m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂xn+1

∂ξi
∂xn+1

dΩ{vn+1
j }+ a4

m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂yn+1

∂ξi
∂yn+1

dΩ{vn+1
j }

+ a4

m∑
j=1

∫
Ωn+1

ξn+1
j ξidΩ{vn+1

j }+ a5

∫
Ωn+1

( m∑
j=1

vjξj

)n( m∑
j=1

vjξj

)n+1

ξidΩ,

K24 = −a7
m∑
j=1

∫
Ωn+1

ξn+1
j ξidΩ{θn+1

j },

K44 =
1

δt

∫
Ωn+1

[( m∑
j=1

θjξj

)n+1

−
(( m∑

j=1

θjξj

)n

o xn
)]
ξidΩ + a8

m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂xn+1

∂ξi
∂xn+1

dΩ{θn+1
j }+

m∑
j=1

∫
Ωn+1

∂ξn+1
j

∂yn+1

∂ξi
∂yn+1

dΩ{θn+1
j }

K33 = 0,

K34 = 0,

K41 = 0,

K42 = 0,

K43 = 0.

The entries K13, K23 and K31, K32 are the pressure matrices with their respective

transposes can be written as

Bij
1 =

l∑
j=1

∫
Ωn+1

∂ξi
∂xn+1

ηn+1
j dΩ{P n+1

j },

Bij
2 =

l∑
j=1

∫
Ωn+1

∂ξi
∂yn+1

ηn+1
j dΩ{P n+1

j },
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(Bij
1 )

t =
l∑

j=1

∫
Ωn+1

∂ηn+1
j

∂xn+1
ξidΩ{P n+1

j },

(Bij
2 )

t =
l∑

j=1

∫
Ωn+1

∂ηn+1
j

∂yn+1
ξidΩ{P n+1

j },

F1 = 0,

F2 = 0,

F3 = 0,

F4 = 0,

Q1 =
m∑
j=1

∮
Γ

ξi

[(
nx

∂ξn+1
j

∂xn+1

)
+

(
ny

∂ξn+1
j

∂yn+1

)]
dΓ{un+1

j },

Q2 =
m∑
j=1

∮
Γ

ξi

[(
nx

∂ξn+1
j

∂xn+1

)
+

(
ny

∂ξn+1
j

∂yn+1

)]
dΓ{vn+1

j },

Q3 = 0,

Q4 =
m∑
j=1

∮
Γ

ξi

[(
nx

∂ξn+1
j

∂xn+1

)
+

(
ny

∂ξn+1
j

∂yn+1

)]
dΓ{θn+1

j }.

The discrete system of non-linear algebraic equations in matrix form can be written as:


K11 K12 B1 0

K21 K22 B2 K24

BT
1 BT

2 0 0

0 0 0 K44




u

v

P

θ

 =


0

0

0

0

+


Q1

Q2

0

Q4

 (5.19)

An examination of the weak form Eqs. (5.12) to (5.14) and the finite element matrices

in (5.18) shows that ξi should be atleast linear functions of x and y. Discretization of the

domain is performed using selected two-dimensional finite elements. One of the simplest

two-dimensional elements is the three-noded triangular element. This is also known as

linear triangular element. The element is shown in Figure 5.2. It has three nodes at the

vertices of the triangle and the variable interpolation within the element is linear in x

and y as given below.
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Figure 5.1: Systematic Computational Domain

Figure 5.2: Linear Triangular Element

u = a1 + a2x+ a3y (5.20)

or

u = [1 x y]


a1

a2

a3

 (5.21)
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where ai is the constant to be determined. The interpolation function, Eq. (5.20) should

represent the nodal variables at the three nodal points. Therefore, substituting the x and

y values at each nodal point gives
u1

u2

u3

 =


1 x1 y1

1 x2 y2

1 x3 y3



a1

a2

a3

 (5.22)

Here, xi and yi are the coordinate values at the ith node and ui is the nodal variable as

seen in Figure 5.2. Inverting the matrix and rewriting Eq. (5.22) give
a1

a2

a3

 = [A]−1


u1

u2

u3



a1

a2

a3

 =
1

|A|


x2y3 − x3y2 x3y1 − x1y3 x1y2 − x2y1

y2 − y3 y3 − y1 y1 − y2

x3 − x2 x1 − x3 x2 − x1



u1

u2

u3

 (5.23)

For the finite element computation, the element nodal sequence must be in the same

direction for every element in the domain. Substituting the Eq. (5.23) into Eq. (5.21),

we obtain

u = [1 x y]
1

|A|


x2y3 − x3y2 x3y1 − x1y3 x1y2 − x2y1

y2 − y3 y3 − y1 y1 − y2

x3 − x2 x1 − x3 x2 − x1



u1

u2

u3



u =
1

|A|

[
ξ1, ξ2, ξ3

]
u1

u2

u3


=

3∑
i=1

ξiui

where,

ξ1 =
1

|A|
[(x2y3 − x3y2) + x(y2 − y3) + y(x3 − x2)],
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ξ2 =
1

|A|
[(x3y1 − x1y3) + x(y3 − y1) + y(x1 − x3)],

ξ3 =
1

|A|
[(x1y2 − x2y1) + x(y1 − y2) + y(x2 − x1)].

For a linear triangular element, Eq. (5.9) to (5.11), becomes

u =
3∑

i=1

uiξi, v =
3∑

i=1

viξi, θ =
3∑

i=1

θiξi, P =
3∑

i=1

Piηi, w̃ =
3∑

j=1

w̃jηj.

(5.9)⇒

1

δt

3∑
i=1

∫
Ωn+1

[
(uiξi)

n+1 −
(
(uiξi)

n o xn
)] 3∑

j=1

w̃jη
n+1
j dΩ−

3∑
i=1

3∑
j=1

(Piηi)
n+1

∫
Ωn+1

∂w̃jη
n+1
j

∂xn+1
dΩ

− 2a1

3∑
i=1

3∑
j=1

[
−
∫

Ωn+1

∂(uiξi)
n+1

∂xn+1

∂w̃jη
n+1
j

∂xn+1
dΩ +

∮
Γ

w̃jη
n+1
j

(
nx
∂(uiξi)

n+1

∂xn+1

)
dΓ

]

− a1

3∑
i=1

3∑
j=1

∫
Ωn+1

[
∂(viξi)

n+1

∂yn+1

∂w̃jη
n+1
j

∂xn+1
+
∂(viξi)

n+1

∂xn+1

∂w̃jη
n+1
j

∂yn+1

]
dΩ

− a1

3∑
i=1

3∑
j=1

[
−
∫

Ωn+1

∂(uiξi)
n+1

∂yn+1

∂w̃jη
n+1
j

∂yn+1
dΩ +

∮
Γ

w̃jη
n+1
j

(
ny
∂(uiξi)

n+1

∂yn+1

)
dΓ

]

+ a2

3∑
i=1

3∑
j=1

∫
Ωn+1

(uiξi)
n+1w̃jη

n+1
j dΩ + a3

( 3∑
j=1

)2 3∑
j=1

∫
Ωn+1

(uiξi)
n(uiξi)

n+1w̃jη
n+1
j dΩ = 0,

(5.24)

(5.10)⇒

1

δt

3∑
i=1

∫
Ωn+1

[
(viξi)

n+1 −
(
(viξi)

n o yn
)] 3∑

j=1

w̃jη
n+1
j dΩ−

3∑
i=1

3∑
j=1

(Piηi)
n+1

∫
Ωn+1

∂w̃jη
n+1
j

∂yn+1
dΩ

− 2a4

3∑
i=1

3∑
j=1

[
−
∫

Ωn+1

∂(viξi)
n+1

∂xn+1

∂w̃jη
n+1
j

∂xn+1
dΩ +

∮
Γ

w̃jη
n+1
j

(
nx
∂(viξi)

n+1

∂xn+1

)
dΓ

]

− a4

3∑
i=1

3∑
j=1

∫
Ωn+1

[
∂(uiξi)

n+1

∂yn+1

∂w̃jη
n+1
j

∂xn+1
+
∂(uiξi)

n+1

∂xn+1

∂w̃jη
n+1
j

∂yn+1

]
dΩ

− a4

3∑
i=1

3∑
j=1

[
−
∫

Ωn+1

∂(viξi)
n+1

∂yn+1

∂w̃jη
n+1
j

∂yn+1
dΩ +

∮
Γ

w̃jη
n+1
j

(
ny
∂(viξi)

n+1

∂yn+1

)
dΓ

]
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+ a5

3∑
i=1

3∑
j=1

∫
Ωn+1

(viξi)
n+1w̃jη

n+1
j dΩ + a6

( 3∑
i=1

)2 3∑
j=1

∫
Ωn+1

(viξi)
n(viξi)

n+1w̃jη
n+1
j dΩ

− a7

3∑
i=1

3∑
j=1

∫
Ωn+1

(θiξi)
n+1w̃jη

n+1
j dΩ = 0,

(5.25)

(5.11)⇒

1

δt

3∑
i=1

∫
Ωn+1

[
(θiξi)

n+1 −
(
(θiξi)

n o xn
)] 3∑

j=1

w̃jη
n+1
j dΩ− a8

3∑
i=1

3∑
j=1

[
−
∫

Ωn+1

∂(θiξi)
n+1

∂xn+1

∂w̃jη
n+1
j

∂xn+1
dΩ +

∮
Γ

w̃jη
n+1
j

(
nx
∂(θiξi)

n+1

∂xn+1

)
dΓ−

∫
Ωn+1

∂(θiξi)
n+1

∂yn+1

∂w̃jη
n+1
j

∂yn+1
dΩ +

∮
Γ

w̃jη
n+1
j(

ny
∂(θiξi)

n+1

∂yn+1

)
dΓ

]
= 0.

(5.26)

Eq. (5.24) to (5.26) are solved through FEM code Free Fem++. These equations are along

with B.Cs are implemented in Free Fem++, the code is used to compute the solution for

variant parameter on the computational domain.



Chapter 6

Numerical Results and Discussion

6.1 Validation

To validate the numerical results obtained by the presented model and its implemented

code the model is first reduced to the following

∂P

∂x
− 1

Re

{
2
∂2u

∂x2
+

∂2v

∂x∂y
+
∂2u

∂y2

}
= f1

∂P

∂y
− 1

Re

{
2
∂2v

∂y2
+

∂2u

∂x∂y
+
∂2v

∂x2

}
= f2

(6.1)

The assumptions used in here are the steady state case without convection. Moreover,

the parameters Fr = λ = Ha = 0. Consider a unit domain Ω with the velocity fields U

and V vanishing at the boundary ∂Ω. The exact solution to problem with PDEs in (6.1)

is given as

U = Re
(
x4 − 2x3 + x2

) (
4y3 − 6y2 + 2y

)
,

V = −Re
(
y4 − 2y3 + y2

) (
4x3 − 6x2 + xy

)
,

P = y5 + x5 − 1/3,

(6.2)

with

f1 = 5x4 −
(
x4 − 2x3 + x2

)
(24y − 12)−

(
12x2 − 12x+ 2

) (
4y3 − 6y2 + 2y

)
,

f2 = 5y4 +
(
12y2 − 12y + 2

) (
4x3 − 6x2 + 2x

)
+
(
y4 − 2y3 + y2

)
(24x− 12) .

(6.3)
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The numerical results obtained through the implemented code are compared with the

exact solution in Table 6.1. In Table 6.1, error norms are computed between the numerical

solution of the problem with Re = 20 and the exact solution. It is observed that the

difference between the numerical and exact solution is remarkably reduced at the mesh

refinement level is increased and a good accuracy of the numerical solution is achieved.

This clearly shows the efficient implementation of the code in FreeFEM++.

Mesh level No. of Triangles No. of Vertices P − error U − error

1 3746 1954 0.00181821 0.000235475

2 15160 7741 0.000737664 5.45433e-05

3 61010 30826 0.000340759 1.40162e-05

4 94512 47657 0.000251415 8.49309e-06

5 137518 69240 0.000222057 6.26907e-06

6 137518 69240 0.000222057 6.26907e-06

Table 6.1: L2 − error norms of pressure and velocity values for Re = 20 at different
mesh refinement levels.

6.2 Results and Discussion

In this section, the computed numerical results are presented in the form of tables and

plots. The weak formulation of the developed model in earlier chapter is first used to

derive the finite element equations in the form of matrix vector equation which is then

implementd in the open source code FreeFEM++. FreeFEM++ is open source finite

element code which can be modified to implement user’s own mathematical model. The

geometry of the problem is also implemented in the FreeFEM++ code. The results

are computed for the velocities and temperature based on the finite elements model are

presented. The plots of stream function Ψ are generated form the computed velocities by

solving following mathematical equation.

∫
Ω

(
∂Ψ

∂x

∂Ψ̃

∂x
+
∂Ψ

∂y

∂Ψ̃

∂y

)
dΩ =

∫
Ω

Ψ̃

(
∂u

∂y
− ∂v

∂x

)
dΩ, (6.4)
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where Ψ̃ is the test function for the stream function Ψ. The stream function plots are com-

puted for varying values of the physical parameters. The physical parameters considered

in this analysis are the Reynolds number, Prandtl number, porosity parameter, Hart-

mann number, Forchheimer number and Grashof number. In Table 6.2 and Table 6.3

mesh independence of the numerically computed solutions are shown. Seven different

mesh levels are chosen and domain of computation is discretized into finite element do-

mains with seven different refinement levels. The number of triangular in the coarser

mesh are chosen to be ne = 62 having vertices nv = 45, whereas the finer most mesh is

having ne = 21386 number of triangular elements having vertices nv = 10941. In Ta-

ble 6.2, the minimum and maximum values of the computed stream function values are

shown. It is observed that both the minimum and maximum stream function values are

not varying after the sixth mesh refinement level, i.e. when the number of the finite ele-

ments are selected to be ne = 17684. Moreover, in Table 6.3 the minimum and maximum

values of the vertical component of the velocities are shown at varying meshes. It can

be seen that both the minimum and maximum values of the velocities are invariant after

the sixth mesh refinement level. Therefore, it is concluded that the for mesh independent

solutions of the present problem a mesh with 17684 number of triangular elements is

sufficient. Therefore, in computations of the results presented in this thesis a mesh with

17684 number of finite element is chosen.

Mesh level No. of Triangles No. of Vertices Ψmin Ψmax

1 62 45 -0.037548 0.036073

2 182 114 -0.0477243 0.0494242

3 702 397 -0.0477243 0.0494242

4 2828 1505 -0.0477243 0.0494242

5 6332 3302 -0.0480131 0.0522319

6 17684 9068 -0.0480869 0.0523016

7 21386 10941 -0.0480869 0.0523016

Table 6.2: Streamline values at different mesh levels
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Mesh level No. of Triangles No. of Vertices vmin vmax

1 62 45 -0.406404 0.370682

2 182 114

3 702 397

4 2828 1505

-0.487147 0.28919

-0.487147 0.28919

-0.487147 0.28919

5 6332 3302

6 17684 9068

7 21386 10941

-0.472527 0.277248

-0.473467 0.277314

-0.473467 0.277314

Table 6.3: Velocity values at different mesh levels

In Figure 6.1 the streamline plots of the velocities are shown for varying Forchheimer

number. The other parameters chosen are Re = 200, λ = 5.5, Gr = 20.5, Pr = 0.3, and

Ha = 1. The plots are shown at the simulation time t = 2.5 where a time step size of

δt = 0.01 is chosen in the computations. Four different values of the Forchheimer number

are selected to show the behavior of the streamline velocities. It is observed by increasing

the Darcy-Forchheimer number both the minima and maxima of the stream function

increases. Moreover, the zero of the stream function shifts towards the negative x−axis

while increasing the Darcy-Forchheimer number. In Figure 6.3 the streamline plots of the

velocities are shown for varying values of the Grashof number. These streamline plots

are computed with zero velocity boundary conditions while a temperature at the semi-

circular boundaries is taken to be a value of 100. The physical parameters chosen in the

computation of these subfigures are Re = 200, λ = 0, Fr = 0, Pr = 0.3, andHa = 1. The

velocities are generated due to the coupling of the thermal convection in the momentum

equation of the model. It is seen that when Gr = 0 is taken in the non-dimensional model

for computation then this thermal convection becomes absent in simulation model and

therefore the velocities are not generated as seen in Figure 6.3 (a). However, when value

of Gr is taken other than zero in the simulation the thermal convection is activated and

the coupling term in the momentum equation thus leads to the generation of the non-zero

velocities and therefore the streamline plots are possible to observe in this case, see for

instance Figure 6.3(b). Moreover, it is observed that both the maximum and minimum

values of the stream function are increased with increased in the Grashof number. In

Figure 6.3, the streamline plots are shown in the test cases where the simulations are
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run with Forchheimer number F r = 100. The streamline plots are depicted for two 

different Grashof number while the other parameters are chosen to be Re = 200, λ = 5.5, 

P r = 0.3, and Ha = 1. It is observed that in this case when Darcy-Forchheimer medium 

is considered the stream contours of the stream function’s positive plateau are expanded 

towards the left region of the geometry while the contours of the stream function negative 

plateau are contracting over the domain with higher Grashof number. 

In Figure 6.4 time evolution of the stream function plots are shown. The parameters chosen 

in these computations are Re = 200, Gr = 30, λ = 5.5, F r = 100, P r = 0.3, and Ha = 1. 

The dimensionless time t is varied from t = 0 to t = 0.5 with a time step size of δt = 0.01. It 

is seen that initially the stream values are originated near the semi-circular boundaries of 

the domain. These stream contours are dominant initially in the mid-section (around y = 0 

line) of the computational domain while with the passage of time passing the stream 

contours at the right and left end boundaries of the domain grows and dominate over the 

contours at the mid-section of the domain. In Figure 6.5, isotherms for varying values of 

the Prandtl number are shown. The Prandtl number is varied from P r = 1.3 to P r = 7.3, 

while the other parameters are fixed as Re = 200, λ = 5.5, F r = 100, Gr = 30, and Ha = 1. 

It is seen that with increasing the Prandtl number the temperature distribution in the 

medium becomes slower. 

It means increasing the Prandtl number increases the thermal resistence in the medium. In 

Figure 6.6, isotherm plots are computed for vayring values of the Hartmann number. The 

other prameters are chosen to be Re = 2, λ = 5.5, F r = 100, Gr = 80, and P r = 7.3. It is 

seen that with increasing the Hartmann number the temperature in the medium is 

distributed over a wider region. The increase in the Hartmann number leads to a decrease 

in the thermal resistance therefore temperature is distributed form the semi-circular 

boundaries to a wider area within the medium. In Figure 6.7, the porosity effect on the 

isotherms is depicted. The temperature distribution over a wider region is observed with 

changing the medium characteristic i.e. the porosity. The parameter λ is accounting here 

the medium porosity factor which is varied from λ = 1.5 to λ = 50.5. The computation are 

performed over a simulation time t = 2.5. The other parameters chosen in these 

simulations are Re = 2, Ha = 7.5, F r = 100, Gr = 80, and P r = 7.3. It is seen that the 

distribution of the temperature in the medium is highly effected by the medium’s porosity. 

In a highly porous medium the temperature is more likely distributed over a wider region of 

the domain.
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(a)

Stream velocities for Fr = 0

(b)

Stream velocities for Fr = 100

(c)

Stream velocities for Fr = 120

(d)

Stream velocities for Fr = 150

Figure 6.1: Streamline plots for varying values of Forchheimer number Fr.



82

(a)

Streamline plot for Gr = 0

(b)

Streamline plot for Gr = 10

(c)

Streamline plot for Gr = 30

Figure 6.2: Streamline plots for varying values of Grashof number Gr in the non-
Forchheimer medium.
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(a)

Streamline plot for Gr = 10

(b)

Streamline plot for Gr = 30

Figure 6.3: Streamline plots for varying values of Grashof number Gr in the Forch-
heimer medium.
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(a)

At time t = 0.05

(b)

At time t = 0.25

(c)

At time t = 0.35

(d)

At time t = 0.5

Figure 6.4: Time evolution of the Streamline function Ψ.
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(a)

For Pr = 1.3

(b)

For Pr = 3.3

(c)

For Pr = 7.3

Figure 6.5: Isotherm plots for varying values of Prandtl number Pr in the Forchheimer
medium.
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(a)

For Ha = 1.

(b)

For Ha = 5.

(c)

For Ha = 10.

Figure 6.6: Isotherm plots for varying values of Hartmann number Ha in the Forch-
heimer medium.
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(a)

For λ = 1.5

(b)

For λ = 30.5

(c)

For λ = 50.5

Figure 6.7: Isotherm plots for varying values of porosity parameter λ.



Chapter 7

Conclusions and Future Work

This thesis presents an analysis of a higher-grade Darcy Forchheimer porous model using

the finite element method. The higher grade Darcy-Forchheimer model’s flow dynamics

are described using partial differential equations (PDEs) in vector tensor notation. The

model’s component forms are computed using tensor calculus concepts. The governing set

of PDEs is produced and then non-dimensionalized by appropriate variable transforma-

tion. The domain of computation is selected and boundary conditions are described. The

developed model problem is then solved using a finite element numerical approach. Weak

formulation of the presented model problem is calculated. The finite element model prob-

lem is developed. The developed model problem is then implemented using open source

code FreeFEM++. Different test cases are simulated for varying physical parameters.

Mesh Independence analysis is also been performed where seven different mesh refine-

ment levels are chosen. If is found that the solution get mesh independent after sixth

mesh refinement level. The results are shown for stream function plots and isotherms for

these varying parameters. Some of the main findings of this investigation are summarized

as:

• As the Darcy-Forchheimer number grows, the stream function’s minima and max-

ima also increase.

• When considering the Darcy-Forchheimer medium, the positive plateau contours

of the stream function expand towards the left region of the geometry, while the

negative plateau contours contract over the domain with higher Grashhoff numbers.

88
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• The maximum and minimum values of the stream function rise with the Grashhoff

number.

• Initially, stream values begin at the domain’s semi-circular boundaries. Initially,

stream contours dominate the mid-section of the computational domain. However,

as time passes, stream contours at the right and left end boundaries of the domain

increase and take over the mid-section contours.

• Increasing the Prandtl number leads to slower temperature dispersion in the medium.

Increasing the Prandtl number increases thermal resistivity in the material.

• It is observed that when the Hartmann number increases, the temperature in the

medium is diffused across a larger range. As the Hartmann number increases, the

thermal resistance decreases, causing temperature to spread from the semi-circular

borders over a larger region of the medium.

• The porosity of the medium significantly affects its temperature distribution. In a

porous media, temperature is more evenly distributed across the domain.

In future, this analysis can be extended to three dimensions. Three dimensional

analysis of the model can be dealt using finite element approach. Three dimensional

analysis of the model will be natural choice to observe some more realistic phenomenon

which are of practical interest of the industry.
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[16] Ghulam Rasool, Anum Shafiq, and Hülya Durur. Darcy-Forchheimer relation in

magnetohydrodynamic jeffrey nanofluid flow over stretching surface. Discrete &

Continuous Dynamical Systems-Series S, 14(7), 2021.

[17] M Habibishandiz and MZ Saghir. A critical review of heat transfer enhancement

methods in the presence of porous media, nanofluids, and microorganisms. Thermal

Science and Engineering Progress, 30:101267, 2022.

[18] JC Umavathi. Flow characteristics in a parallel-plate porous channel under con-

vective boundary conditions and triple diffusion for the non-darcy porous matrix.

Propulsion and Power Research, 10(4):396–411, 2021.

[19] Karuppusamy Loganathan, Nazek Alessa, and Safak Kayikci. Heat transfer analysis

of 3-D viscoelastic nanofluid flow over a convectively heated porous riga plate with

cattaneo-christov double flux. Frontiers in Physics, 9:641645, 2021.

[20] Hari R Kataria and Akhil S Mittal. Velocity, mass and temperature analysis of

gravity-driven convection nanofluid flow past an oscillating vertical plate in the

presence of magnetic field in a porous medium. Applied Thermal Engineering, 110:

864–874, 2017.

[21] M Sheikholeslami, Hari R Kataria, and Akhil S Mittal. Effect of thermal diffusion

and heat-generation on mhd nanofluid flow past an oscillating vertical plate through

porous medium. Journal of Molecular Liquids, 257:12–25, 2018.

[22] Harshad R Patel, Akhil S Mittal, and Rakesh R Darji. MHD flow of micropo-

lar nanofluid over a stretching/shrinking sheet considering radiation. International

Communications in Heat and Mass Transfer, 108:104322, 2019.

[23] Akhil S Mittal, Harshad R Patel, and Rakesh R Darji. Mixed convection microp-

olar ferrofluid flow with viscous dissipation, joule heating and convective boundary

conditions. International Communications in Heat and Mass Transfer, 108:104320,

2019.



Bibliography 93

[24] Hari R Kataria, Mital Mistry, and Akhil Mittal. Influence of nonlinear radiation on

MHD micropolar fluid flow with viscous dissipation. Heat Transfer, 51(2):1449–1467,

2022.

[25] Akhil S Mittal and Harshad R Patel. Influence of thermophoresis and brownian

motion on mixed convection two dimensional MHD casson fluid flow with non-linear

radiation and heat generation. Physica A: Statistical Mechanics and its Applications,

537:122710, 2020.

[26] M Sheikholeslami, Hari R Kataria, and Akhil S Mittal. Radiation effects on heat

transfer of three dimensional nanofluid flow considering thermal interfacial resistance

and micro mixing in suspensions. Chinese journal of physics, 55(6):2254–2272, 2017.

[27] F Mabood, S Shateyi, MM Rashidi, E Momoniat, and NJAPT Freidoonimehr. MHD

stagnation point flow heat and mass transfer of nanofluids in porous medium with

radiation, viscous dissipation and chemical reaction. Advanced Powder Technology,

27(2):742–749, 2016.

[28] T Grosan, C Revnic, I Pop, and DB Ingham. Magnetic field and internal heat

generation effects on the free convection in a rectangular cavity filled with a porous

medium. International Journal of Heat and Mass Transfer, 52(5-6):1525–1533, 2009.

[29] Khalil M Khanafer and Ali J Chamkha. Mixed convection flow in a lid-driven en-

closure filled with a fluid-saturated porous medium. International Journal of Heat

and Mass Transfer, 42(13):2465–2481, 1999.
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